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Abstract. Resnikoff [12] proved that weights of a non trivial singu-
lar modular form should be integral multiples of 1/2, 1, 2, 4 for the
Siegel, Hermitian, quaternion and exceptional cases, respectively. The
0-functions in the Siegel, Hermitian and quaternion cases provide ex-
amples of singular modular forms (Krieg [10]). Shimura [15] obtained
a modular form of half-integral weight by analytically continuing an
Eisenstein series. Bump and Baily suggested the possibility of applying
an analogue of Shimura’s method to obtain singular modular forms, i.e.
modular forms of weight 4 and 8, on the exceptional domain of 3 x 3
hermitian matrices over Cayley numbers. The idea is to use Fourier
expansion of a non-holomorphic Eisenstein series defined by using the
factor of automorphy as in Karel [7]. The Fourier coefficients are the
product of confluent hypergeometric functions as in Nagaoka [11] and
certain singular series which we calculate by the method of Karel [6]. In
this note we describe a modular form of weight 4 which may be viewed
as an analogue of a 6 zero-value and as an application, we consider
its Mellin transform and prove a functional equation of the Eisenstein
series which is a Nagaoka’s conjecture (Nagaoka [11]).
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Introduction.

As it is well-known, the classical §-functions are modular forms of
half-integral weight with respect to a congruence subgroup. They pro-
vide examples of modular forms of singular weights (or critical weights).
Resnikoff [12], using differential operators, proved an interesting
theorem that weights of a non trivial singular modular form should be
some integral mutiples of 1/2,1,2,4 for the Siegel, Hermitian, quater-
nion and exceptional cases, respectively. Later he proved the converse.
Krieg [10] considered 6-functions in the Hermitian and quaternion cases
and showed that they are the modular forms in Resnikoff’s Theorem.
However, in the exceptional case, one does not know how to construct
f-functions. It has been a long-standing problem since Baily [1] ini-
tiated the study of automorphic forms on the exceptional domain, to
construct a “f-function” on the exceptional domain, that is, to con-
struct modular forms of weight 4 and 8, if they exist.

Raghavan considered a non-holomorphic Eisenstein series of degree
3 in the Siegel case. He obtained a modular form of weight 4 by an-
alytic continuation and showed that it is a f-function. Shimura [15]
actually obtained a modular form of half-integral weight by analyti-
cally continuing an Eisenstein series. Daniel Bump and Walter Baily
suggested the possibility of applying an analogue of Shimura’s method
to obtain singular modular forms, i.e. modular forms of weight 4 and
8, on the exceptional domain. The idea is to use the Fourier expansion
of a non-holomorphic Eisenstein series. We use a factor of automor-
phy similar to that defined by Karel [7] to define a non-holomorphic
Eisenstein series; we thank him for his ideas which he shared in a pri-
vate conversation. The Fourier coefficients are the product of confluent
hypergeometric functions and certain singular series which are called
Siegel series or Whittaker functions. The confluent hypergeometric
functions were studied by Nagaoka [11]. The singular series for the
full rank case were explicitly calculated by Karel [6] who used it to
prove that there is a common denominator for the Fourier coefficients
of a holomorphic Eisenstein series defined by Baily [1]. We calculate
the singular series for the singular cases by modifying Karel’s method.
Thus we calculate the Fourier coefficients completely. Using an esti-
mate on confluent hypergeometric functions, the Eisenstein series can
be continued as meromorphic functions to the whole complex plane and
especially by considering s — 0, we obtain an interesting result that
we have a holomorphic modular form of weight k unless k = 2,6, 10.
Thus we obtain modular forms of weight 4 and 8. Nagaoka [11] made
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a conjecture on a functional equation of an Eisenstein series similar to
our Eisenstein series. The constant term of the Fourier expansion of
the Eisenstein series contains an “Epstein zeta function”. We consider
the Mellin transform of the modular form of weight 4 just like a 6-
function (Riemann’s trick) to get a functional equation of the “Epstein
zeta function” and of the Eisenstein series.

It is noted that there is no modular form of the lowest weight 1/2,
1,2 with respect to the full modular group in the Siegel, Hermitian
and quaternion cases, respectively. Non-zero modular forms of these
weights exist only with respect to congruence subgroups. But in our
exceptional case, the modular form of lowest weight is a modular form
with respect to the full modular group.

1. An exceptional modular group and its Eisenstein series.

We recall several definitions of an exceptional group of type E7 (of
index -25) and a tube domain from Baily [1].

(i) Integral Cayley numbers and exceptional Jordan algebras. Let
€ be the Cayley algebra and o be the integral Cayley numbers. Let
0, =0z Zy, €, = 0QzQ,.

We define an exceptional Jordan algebra J as the vector space of
matrices X = (z;j), zi; € € satisfying z;; = Ij;, suppied with the
product

XoY=.;_(XY+YX),

where XY is the ordinary matrix product. Let e;; be the 3 x 3 matrix
with a 1 in the intersection of the i-th row and j-th column and zeros
elsewhere, and let e; = €;;,1=1,2,3.

If X € J, then we shall write

Q

X =

< 8I
[STRS S
N

Define
tr(X)=a+b+c

and an inner product (-,-) on J by

(X,Y)=tr(XoY).
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Moreover we define
det(X) = abc —aN(z) — bN(y) — cN(z) + tr((z2)y),
and define a symmetric trilinear form (-,-,-) on J x J x J by lettiﬁg
(X, X,X) =det(X).

Then we define a bilinear mapping (X,Y) — X XY of J x J into J
by requiring the identity

(X xY,2)=3(X,Y,2)
to hold. We have

bc— N(z) yzZ—cz zz — by
(1.1) XxX=| zy—cx ac—N(y) ZTy-—az
zZr — by yr —az ab— N(z)
Since X o (X x X) = (det X)e for any X € J, where ¢ = D(1,1,1),

X x X plays the role of a matrix adjoint for X € J.
We define

R ={X €J: det X # 0},
R ={X€J: det X =0, X x X #0},
K ={XeJ: X xX=0, X #0},
Ro = {0}.
Then J is the disjoint union of these four sets. Finally we denote by

£ the set of squares of elements of J and put & = & N K, 1 =1,2,3.
Then & is a cone and & is open and convex in J. We let

30 = {‘X 63 LIy €o, 17] = 172a3}’
this lattice is self-dual with respect to the inner product (-,-). Let
30) = 30 = {X = (ziv) € J: zis = 0 unless both 7,7’ < j}, and
A(j) = A; =3(7) NJo. We identify 3U) with j x j hermitian matrices
over Cayley numbers.

(ii) An ezceptional group of type E;. Define two subgroups of
GL(3) as follows:

S=1{g: ¢g€GL(J), det(¢X)=r(g)det(X), v(g) #0},

(12) IJ={g€s: v(g)=1}.
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We define g* € § so that (¢X,¢*Y) = (X,Y). Let
T={Z=X+iY €Jc: X€J, Y € &f}.
The group of holomorphic automorphisms of the domain ¥ has been
described by Freudenthal [5] as follows (¢f. Baily [1]). Let V and V' be

two real vector spaces, each isomorphic to J, and let = and =’ be copies

of R. Let W=V =6V @ ZE'. Define a quartic form Q on W¢ by
Q(w) = (X x X, X' x X") — £det X — ¢'det X' — %((X,X') — €2,
and an alternating form {-,-} by
{wr, w2} = (X1, X3) — (X2, X]) + 6165 — &85,
for w = (X,& X', ¢"). Then

S={9€GL(W): Qg=20Q, g{-,-}={}}

defines a connected algebraic Q-group of type E7;. The group § is
embedded in G by operating on W

(1.3) k(X6 X' €)= (X, v(k) ',k X" u(k)E), keS.

A copy, P*, of the additive group J is embedded in § by letting p'g, for
B € 3, be defined by

pIB(Xag»XI>€I) = (X17617X1a62/l)7

where

(14) X}=X"+2B><X'+§B><B,, X, =X'"+¢B,
& =¢+(B,X)+(BxB,X')+¢édetB, £ =¢.

Define ¢ € G by

(1.5) UX,6X,¢) = (-X",-¢, X,¢),

and let pg = 7 'p'_pe.

Let No = {g € §: ¢(0,0,0,¢') =(0,0,0,¢"), ¢',¢" € R}. Then
Ny is a maximal Q-parabolic subgroup of §. Define ic; = p.,. -p_e; - p.. ,
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and ¢ be the product of all ¢; for j € J if J is a subset of {1,2,3} and
let () ={1,...,7}. Then we have Bruhat decomposition

3
(1.6) So = |J Noow()Nog -

j=0

Let W;, be the lattice in Wy given by W, =V, @ Z & Vol @ Z, where V,
and V, are identified with the lattice J,. Then let

1"={g€$: gW, =W, }.

I’ is an arithmetic subgroup of Gg and I' shares two most important
properties with Sp,(Z), that is, I is a unicuspidal and maximal discrete
subgroup of I'. Let I'y = I' N Npg. Then by Baily [1, p. 531], Iy is the
semi-direct product of 8§, and P}. (Here 8, = {£I}J, by Baily [1, p.
524]). We note that G has a center Z; = {£I}, and §/Z, = Hol(%).

(iii) The group action and Eisenstein series.  The exceptional
group Gg of type of E7 (of index -25) acts on the tube domain ¥ =
{(Z=X+iY €Jc: Y € &F}. In Baily [1], the explicit form of the
action (defined by Harish-Chandra) is given by showing that for each
g € Gr and Z € T there is a unique solution Z; € ¥, A€ Jcand k € §
such that

(1.7) P -9 =pakpl, .

Now we put

(1) Z- 9= Zl )
(2) 3(Z,9)=ke8, 3(Z,9)=v((Z,9)),
where v is as in (1.2). Then (1) define the action of Gg on ¥ and j(Z, g)

is the canonical factor of automorphy as in Karel [7](c¢f. Borel [3]).
Then we have the following properties of j(Z,v):

(1) j(Z,pp) =1 for all B € Jr ,
(i) i(Z,7v)=1 foryel,,
(iid) i(2,0) = det(~2),

(iv) 3(Z,9192) = 3(Z,91)1(Z - 91,92) -
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Moreover, if J(Z,g) is the functional determinant of g at Z, then we
have,

(v) J(Z,9) =3j(Z,9)7 "8

(i)-(v) can be proved by (1.3), (1.4), (1.5) and (1.6) and Tsao [16,
Theorem 5.3].

Let f be a holomorphic function on ¥ which for some integer £ > 0
satisfies

(1.8) f(Z-9)=£(2)j(Z,v)}, Z€T, ver.

Then f is called a modular form of weight k¥ on ¥ with respect to I". If
we take in particular v = —I, then we can see easily that Z -y = Z,
j(Z,v) = —1. Therefore if k is an odd integer, then f = 0. So we
consider only a modular form of even weight. From (1.8), f(Z + B) =
f(Z), B € J,. This implies that f has a Fourier expansion, and since
the lattice J, is self-dual, this has the form

f(Z) — Z a(T)CZWi(T’Z).

T€J,

Now we define an Eisenstein series as follows

Bo(2)= )Y i(Z,7)7Mi(Z2,)7,
YET'/To

where k is even positive integer and s € Cand Z = X +:Y, Y € &].
Since I'y is a semi-direct product of +{I}J, and P}, this is well-defined
and converges absolutely and uniformly on compact subsets of ¥ if
k + Res > 18.

The purpose of this note is to prove the following two theorems.

Theorem A. Ei ((Z) can be continued as a meromorphic function in
s to a whole complez plane and
1) Ex s(Z) 13 finite at s =0 for all k,
2) Exo(Z) is holomorphic in Z unless k = 2,6,10,
3) Exo(Z) is a modular form of weight k with rational Fourier
coefficients unless k = 2,6, 10,
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4) E40(Z) and Eg o(Z) are singular modular forms,

Eio(Z) =1+ 240 Z o3(A(T))e2m(T:2),
TeJ3}, rank T=1

where o3(t) =2, a® and A(T) is as in Karel [6, p. 186].
Theorem B. Let
(s) = (det Y)"/p(s)p(s = 4)p(s = 8)(s = 2)(s = 4)Eo,5(2),
where p(s) = 77°/?T(5/2)((s). Then ¥(s) can be continued as a mero-
morphic function in s to a whole complez plane with a simple pole at

s=20,1,5,8,10,13,17,18 and satisfies a functional equation

U(18 —s) = ¥(s).

2. Fourier expansion of the Eisenstein series.
By (1.6), we have a relative Bruhat decomposition
3
So = [J Nog(j)Nog -
=0
By Tsao [16], every element of Nyge(jyNog can be represented by
up’xyNog/Nog s p €30, X €33
Now we show that, for g € up'ye;yNog/Nog ,
(2.1) §(9,2) = £ det((Z - u); + X)R(X),
where (Z - p); is the left upper corner j x j matrix of Z - y and «(X)
is as in Baily [1, p. 522]. For g € pp'x¢(j)Nog/Nog, ¢ = up'yxi(;)p for

p € Nog. Then

P79 = (pzupx(7))p = (Pakp'z, )k1P5,
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where p = kyp's. Therefore we get
Pz 9 =pakkip .

Now by using the formula for ¢(;), we can see that v(k) = det((Z - u); +
X). Also by Tsao [16, p. 266], we have v(k;) = (X ). Therefore we
get (2.1).

Therefore we can decompose the Eisenstein series as follows
Ex.(2) = 1+ E;)(2) + By (2) + EQ)(Z),
where
E{N(Z)
= X > RX)TEIS(Z )+ Xk 4 33
pe()€det(i) Now/Now X €3$)/4;

Si(za,B) = Z det(z 4+ a)~*det(z + a)7~.
GGAJ‘

)1

As we will see in Section 3, S;(z;a, §) has a Fourier expansion

w3 A))Si(z0,8) = Y ™ MIe iy hia, B) .

h€EA;

Therefore we have the Fourier expansion of E,(ch:

| 1 *— S S
E/EQ(Z)z Z Z —61((/1 lY)j,T;k+-2-,§)
pi(i) €30ty Nog/Nog TEA; 7
(2.2) . S(T’ k' + 5)627"'(7",(“‘-1)()"_)

=Y ATyl T,

T€A; pu;)€T0e(j)Nog/Nog
where Z = X + 1Y and

1
o(T,Y,s) = ;61((u*‘ly)j,T;k+ )S(T,k+s),
J

N »

S

2’
o ~() A

pi = p(Ig/A;),

S(T,k+s)= Z f(X )~k +9) 2mi(TX)
XeI/A;
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3. Confluent hypergeometric function.

Consider the infinite series

Sm(2, L 1 @,8) = Y det(z +a)"*det(Z + a) 77,
a€L,,

where z € Hp,, z =z + 1y, y € &}, L, is a lattice in 3]({'). This has a
Fourier expansion

p3E" [ Lm)Sm(2, L 2 0, B) = > 2™ hDe (y b o, B),
heL!,

where L., is the dual lattice of L,, with respect to (-,-),
1
(2,9) = 5 tx(ey +y2)
and ,u(ﬁl(Rm)/Lm) is the measure of 31(&"1)/13,“ and

€m(g,h:a,B)= / e~ 2mi(h2) det(z + ig) ~*det(z — ig) P dz,
3

(m)
[

where g € &}. Consider the function

Mm(g,h:a,B) = / e~ 9 det(z + h)* (™ det(z — h)F (™) dz |
Q(h)

where Q(h) = {z € 3](Rm) :z+h >0}, k(m)=4m—3.

S. Nagaoka [11] defined the following function w,, and gave a the-
orem on its analytic continuation and functional equation but did not
publish a proof. In this section we prove his assertion and get the ad-
ditional results which are necessary for the analytic continuation of the
Eisenstein series.

We denote by V(p, g, ) the subset of 3%{') consisting of the elements
with p positive, ¢ negative, and r zero eigenvalues (p + ¢ +r = m).
The precise definition of eigenvalues is as follows. When m = 3, the
eigenvalues of an element h € 3](;' ) are defined as the roots of a cubic
equation

t® — tr(h)t? + tr(h x h)t — det(h) = (te — h,te — h,te — h) =0,
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where z X y denotes the crossed product of z,y € 3%1;) cf. Baily [1, p.
516]). In case m = 2, as in Shimura [13], we define the eigenvalues of

h e Jf{) to be the roots of a quadratic equation t2 —tr(h)t +det(h) = 0.
Moreover, as in Shimura [13], we introduce the notion of the eigenvalues

of h relative to g for h € 31(Rm) and g € &Y. In case of m = 3, we define
them to be the roots of an equation

2 — (g,h)t? + (g9 x g,h x h)t — det(g)det(h) = 0.

When m = 2, they are defined as the roots of an equation t? — (g, h)t +
det(g)det(h) = 0. Now we denote by é(hg) (respectively, 74 (hg)) the
product (respectively, the sum) of all positive eigenvalues of h relative
to g. Moreover, we put

6-(hg) = 6+((—=h)g9), 7-(hg)=T7+((=h)g)

and
7(hg) = 74+(hg) + T—(hg).

We also denote by p(hg) the smallest absolute value of non zero eigen-
values of h relative to g if h # 0; u(hg) = 1 if h = 0. We define, as
in Baily [1, p. 520], a* € 8 so that (az,a*y) = (z,y) for all z and y.
Then from the definitions , we can see easily that the above quantities
are invariant under the map (g, h) — (a*g,ah) for all a € 8.

Now we can show the following facts as in Shimura [13, sections 1

and 2].

1) 1m(9,0: @, B) = T + B — (m)) detg"(™=a=F

m—1
where  Tpm(s) = ™"~ J] I(s — 4n) = / e~ det z° (™) dz .
L

n=0

2) Mm(g,€ : a,B) = e~ 9egmletb=—r(m)c (95 a, p),

where  (m(g:a,8) = / e~ det(u + &)* ™ det uf = (™ du.
£
3)
Em(gv h: @, ﬂ) - lam'_l Zm(ﬂ—a) 2"“‘(’") 7Tm(a+ﬂ)
Tn(@) T (8) ' nm(27g,h : @, B).
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4)If g € &1, h € V(p,q,7), p+ q+r = m, then there exists a € §
such that a*g is diagonal and a h = diag(1,, —1,,0,).

5) d(az) = v(a)*™dz  fora€$, v(a*)=v(a)!,
6) mm(9,—h:a,B)=nm(g,h:a,pB).

7) Let 0k (g9,h : @, B) = det g®+tP—*(m)y (g, h : &, B). Then for
alla € 8§,
Mm(9,h s @, B) = np(a”g,ah: o, B).

Define for g € &/, , h € V(p,q,r),
wWm(g, h:a,B)=27P>"98 T,(8—4(m—p))~!
Ty(a—4(m—q))"'Tr(a+ B — &(m))™"
61 (hg)" TG (hg) <=2
n:n(gvh : ay/B)‘

(3.1)

Theorem. The function w,, can be continued as a holomorphic func-
tion in (a, ) to the whole C? and satisfies the functional equation

(3.2)  wm(g,h:a,8)=wm(g,h:k(m)+4r — B,k(m)+4r — a).

Moreover, for every compact set T C C?, there exist two positive con-
stants A,B depending only on T such that

(33) - |wm(g,h:a, B)] < Ae” ™M1+ p(hg)™P)
for all (g,h) € &F, x 38™ and (a,B) € T.

PROOF. Casel. m =2.
We note that Hj is a domain of type IV as in Shimura [13].
Because of (4), (6) and (7), it is enough to consider the cases

L (10 10 1 0 (A0
“loo0/)°\o 1)° 0 —1)" 9T 0
where 0 < A\ < A,

@) h:((l) 8) Then

n2(g,h:a,pB) = / e~ det(z + h)**Pdet(z — h)P~*® dg .
ztheRT
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By Shimura [13], the equation preceding (4.29) with 2\; =a, 2X; =b
and k(2) = 5,

n(g,h: a,B) = w220+ 71072 (20,) 74 (24,)5 7P
I‘(a+ﬂ—-5)(1(2/\1 :a—4,ﬂ—4).

So we get
(3.4) wa(g,h:a,B) =21t Mwi(2\ ta— 4,8 —4),

where w1 (g; a, ) = I‘(ﬁ)‘lgﬂg‘(g; a, ) for g > 0. Our assertion follows
from (3.4) by Shimura [13, Theorem 3.1].

.. 1 0
(i) h= (0 1). Then
m(gh - e, f) = / e~@D) det(z + h)*>det(z — h)P~* da
cheR]

= ¢~ (M1tA2) 92(atf-5) C2(29 : @, B).

By Theorem 3.1 in Shimura [13] with a = 2X;, b = 2X,, we get

(g :a,B) = /]RsCI(/\l + AW :ia,8)G(A(14+W):a—4,8—-4)
cem MW (1 4 W)t

where W = ||w]||?. Therefore we get

nlg,h 0 ) me P 270 [ e AT w2
IRB

1+ W) w1 (2(A1 + X W) e, B)
w1(2A2(14+W):a—4,8—4)dw.

Then our assertion follows from this expression as in Shimura [13, The-
orem 3.1, Case IV].

(iii) h=<(1) _01) Then

n2(g,h:a,B) = / e_(g”‘)det(:c + h)* " det(z — h)ﬂ—s dz |
ztheR}
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By (4.28) in Shimura [13] with a = 2A;, b = 2);, we get

n2(g,h:a,B) = 220+23-106—(A1+Az)/ 6—2(A1+A2)W(1 + W)"+/"5
R8

G 2M(1+W):a,5—-4)
122214+ W) : B,a — 4) dw.

Therefore

wz(g, b Ot,ﬂ) — 92 (/\1/\2)2 e—(/\1+/\2)
. / e 2 FAIW (1 L W3 (20 (1 + W) : 0, B — 4)
]KB
wi1(2A2(1+ W) : B,a — 4) dw.

Our assertion follows from this expression as in Shimura [13, Theorem
4.2, Case IV].

Case 2. m =3.

Because of (4), (6) and (7), it is enough to consider the cases

0 1 0 0
o}, (o -1 o},
0 0 0 0

O O O OO
S OO
v
o
OO

OO OO

0 = (5 omet=(38). (303 %)

Let z = yz* 'Z), where z is a 2 x 2 Hermitian matrix over the

Cayley numbers. Then

773(gvh : a’ﬂ) =
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a—9 B—9
=/ e~ (M)~ Aace (z _tk y) det (z _*k y) dzdydc.
Q(h) y ¢ y ¢

Put u=z—clyy*. fy= (yl ), then
Y2
«_ (Ny1) w2 )
i ( v N(w))

Therefore

z Y + . . _ a1 * +
(y* C)E.ﬁs if and only if 2z —-cyy* € Ry, ¢>0,
and
z Y — _ a1l *
det (y* c) = cdet(z —c yy").

Then Q(h) is mapped into Q' = {(u,y,c): uxk € &} by (z,y,¢) —
(u,y,c¢). So

773(9,’1 : avﬂ) =

/ e_()"")_’\ac_()"c_ly”‘)det(u + k)o‘“gdet(u - k)ﬂ_gc“'*'ﬂ_w dudydc

B 78 F(a + 8- 9) /\3—(ﬂ+ﬂ—9)
- det\*

. / e~ MW det(u + k)*Odet(u — k)P 2 du
ueRy

m80(a + 8 — 9)A; (@A
= ( detAZa 772(/\,]6'(1"‘4,,3—4)-

Therefore we get

. w3(g,h 1 a,B)=2"P" % wo (N k:a—4,0—
(3.5) (9,h:a,B) =27 4 1B wy(\ ko — 4,8 — 4)

1 0 1 0
fork—<0 1>,<0 _1>,and

(3.6) w3(g,h:a,ﬁ):7r42‘4w2(/\,k:a—4,ﬂ—4)
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for k = (1 0). Our assertion follows from these relations by Case 1.

00
100
(i) h={0 1 0]|. By(2),
00 1
31 13(g,€ : 0, ) = e (@) A0 (2g 2 0, ),
(3.8) (s(9:a,B) = /+ e 9" det(z + £)*~det 2#~° da.
'qa

As in Shimura [13, p. 283], we make the following substitution

ez ¥y (v v
T \yt o v w )’

u=1z y=w?+uw)?, rwr=c—(z+1)], r=(1+vv*)1/2.

NOTE. Here we define
* * __ N(Ul) ’1)11_72 . _ (%]
v*v = N(v;)+ N(vz), vv —( V2B N(v2)> 1fv—(v2>,
Y[E] = i N(&) + y2N(&) + (y12 &2, &)

Y = }/1 y12> 2(51).
' (ylz y2 )’ ¢ 3)

Then we can prove that

A[B¢] = B AB ],
where A, B are 2 x 2 Hermitian matrices over Cayley numbers. (Here
B*AB is well-defined since B(AB) = (BA)B which follows from the
identity (az)a = a(za) for a, ¢ Cayley numbers.) And also
tr((ay)z) = tr(2(y2)) = tr((y2)z) = tr(y(=2)).

Therefore we can show that

(z+ D] =2""], (z+1)7'[y] =z[].
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Here 27! represents Jordan algebra inverse of z and we can show by
direct calculation that det(z(z + 1)) = det z det(z + 1). Hence

rwr=c—z"y|,
c+l—(z+1) Yl=c+l—zp]=rwr+r’=r1+w)r.

Therefore

det(z +¢)=det(z + 1)(c+1—(2+1)"'[y])
=det(1+ u)(1 4+ w)(1 +v*v),
detz = det z(c — 27 ![y]) = det u(1 + v*v)w.

By the above substitution, ﬁ;r is mapped bijectively into {(u,v,w) :
u>0,w>0,v€C€?}=R. Then

g((:Ty:;)) =r? Clet(u2 + U)4 =(1+v*v)det ut det(1 + u)4 ‘

Therefore

Cs(g . a,ﬂ) _ / e—(A,u)—Ag(rwr+(u+l)[v])det(u + 1)0:—5
R

-det u? 75 (1 4+ w)* w0 (1 + v*v)* P17 dudvdw

= / </ e~ OFAsv™ W det(y + 1)* P det uf~° du)
veF \Ju>0

. (/ e—/\arzu)(l +w)a—9wﬂ—9 dw>
w>0

. e—/\3(N(vl)+N(v2))(1 + U*U)a+ﬁ—17 dv
:/ A+ Azvv* t o, B) (1 (A3(1 +v*v) :a— 8,5 —8)
veEF

. e—/\a(N(v1)+N(U2))(1 + ,U*v)ﬂ+ﬂ—-l7 dv.

where F' = €% . Therefore we get
wi(g,e:0a,8) =278
. / walh + Agvv*, € a, B)wi(2(1 + v*v) s a — 8, 8 — 8)
F

) e—)\a(1+v‘v)()‘l)\2)ﬂ/\§(1 + U*U)a_gdet(/\ + )\va*)—ﬂ dv .
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This integral expression provides the analytic continuation of w3. Now
we can assume Aj, A, > A3. Then we have

det(A + Azvv*) < A Aq(1 +v*v).
By induction, we get
|ws(g,e:a,B)] < Ae " *(1 + u(hg)~5).

(Use Lemma 2.8 in Shimura [13, p. 278]).
To prove the functional equation, consider

T3(B)¢(g:9— B, )
- /+ e~ (99T (8) det(z + €) Pdet 2~ do

3

=/ e_(-"")/ e~ B2+ §(u)P~0 du det 79 dz
_3 &5
=/ e_(“’e)é(u)ﬂ'S/ e~ s+ w2 det 2270 dzdu
_3 "
=I‘3(a)/ e~ det a(y + ¢)"*det ay®? °v(a)® dy
/3

=T3(a) /+ e"(y'“hls)det(y +e)"det y?%u(a)P > dy

3

=T3(a)v(a)~*((a* e 99—, B).

(Here we have taken a € § such that ¢ = a¢ and let ay = u.)
Here v(a) = detg, a*~! and g have the same eigenvalues, 7.e. there

exists a,b € GL(3](R3)) such that bg = a*~'e. So we have (3(a*~ ¢ :
9-0a,B8)=((9:9—a,B). Therefore

T3(B)Ca(g : 9 — B, @) =Ts(a)det ¢" (39 : 9 — a, ).

This proves the functional equation (3.2) from (3.1) and (3.8).

10 0
(iii) Rh=|0 1 0 |. Then
00 -1

ns(g,h: o, B) = / e~ 9% det(z + h)* *det(z — h)?* dz.
Q(h)
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_[z+1 y . _(=z-1 Y
x+h_<y* c-—l)’ e h—<y* c+1)'
As in Shimura [13, p. 289], we make the following substitution

(z’y’c) - (u,v,w),
u=z-—1-2vv", w=c—1-2v",
v = (1 _,,.7,*)—1/27., r= (Z + 1)—-1/2(C+ 1)_1/2:(}-

Here

l—rr*=1—(c+1)" Yz 4+1)V2yy*(z +1)71/?

=(z4+ 1)V 41— (c+ D) Tyy* )z + 1) V2 e 8] .
(Here we use the fact that (az)(ya) = a(zy)a, for a,z,y € € in order
to justify the associativity.) And

l+vv*=(1—-rr*)™!,
r=(1 +vv*)"1/2v,
det(1+vv*) =1+ v*v,
c—1—(z+1)yl=c—1—(c+ r*r
=(c+1)(1-r*r)—2

= (c+1)(1+v")? (1 — M)

c+1
=(1+v*v) 'w,
z—1—(c+ D) Wyy* =z—-1—(z+1)Y2rr*(z +1)'/2
=+ ?2Q-rr)(z+1)Y2 -2
=(z+ D21 +vo*)™?
(2 4+1=2(1+vv"))(z+1)71/?2)
=(z+ DY +vo") u(z +1)71/?).

(Here we can show by direct calculation that zz71/2 = 21/2 for 2 € & .)
Now we can check by direct calculation that

det(zwz — 2) = det w det(2? — 2w™!).
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(Both are well-defined.) Therefore

det(z —1—(c+ 1) lyy*) = det((z + )21 —rr*)(z + 1)1/2 = 2)
= det(1 +vv*) 'detu.

The substitution maps Q(h) into Q' = {(u,v,w): u > 0,w > 0,v €
€2?}. Here the inverse map is given by

z=u+1+2v0",
c=w+1+2v%,
y=(z+1)2(c+1)?r,
r=(1+vv*) Y%,

and the Jacobian determinant is

O(u,v,w) det (@)

d(z,r,c) or
O(z,r,c)  Or
d(z,y,c) Oy

= det((z + 1)_1/2(c +1)71/2)8
= (c+1)"Bdet(z +1)7*.

As in Shimura [13, p. 278], we can show

det (%) =det(1 —rr*)™ = det(1 + vv*)°.

Therefore

0(z,y,c)

— 4 8 *\—9
B, v, w) =det(z+1)*(c+1)°det(1 +vv*)7".

So we have

773(9, h L, ﬂ)
= / e~ (MutlH2ovT)=As(wHI+20"v) Jet (4 4 2(1 4 v o*))* 0

(14 v*v)_(o‘_g)w“_g(w +2(1+ v*v))ﬂ"gdet(l +v v*)_(ﬂ_g)
-det uP~%det(u + 2(1 4 vv*)* (w + 2(1 + v*v))®
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-det(1 + vv*)? dudvdw .

Let K = vv*, K' = v*v. And we note that 1 + v*v = det(1 + vv*).
Therefore we get

n3(g, h: ‘a,ﬂ) =e ' / e~ MW det(u 4 2(1 + K))**det uf~°
QI

(w4214 KPPt
) e—z(A,k’)—2AaK”(1 + K" dudvdw .

Here
/ e~ MW det(u + 2(1 + K))*Pdet uf~°
u>0
= (det(2(1 + K)))* TP~ (a* '\ a, 8 — 4).

(Take a € § such that 2(1 + K) = ae. Actually, a : ¢ — (2(1 +
K)Y2z(2(1 4+ K))M/2)

/ e 2% (w + 2(1 + K"))P 1w dw
w>0
=/ 6—2/\3(1+K')w(1 + w)ﬂ—lwa—S 2a+ﬂ—9(1 +I\H)a+ﬂ-—9 dw
w>0
=20FA=9(1 4 KA (2)03(1 4+ K') : B,a — 8).

Therefore

773(9’ h: a,,@) —e M1y 23(a+ﬂ_9)

. /F (@ N, f—4) G(2As(1+ K') : B, — 8)

X 6—2(/\,1\’)—2/\31\"(1 + I\.'I)a+ﬂ—9‘dv,
where F = €2. So

w3(g, h: CV,B) — 2—le—trg / 6—2(/\,1\')—2/\31\"c(/\,l-i—K)(l + I(,)S
F

- (det A)? A3 LUQ(—;-O,*—I/\,&" ta, B —4)
w1 (2A3(1+ K') : B,a — 8) dv.
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Now we have

wa(zat A e s, B 4)] < A(1+ u(hg)P)em GBI+,

|w1(2As(1+ K') : B, — 8)| < A(1 + p(hg)™ 7).

(Use u(X) < p(3a*71X).) Therefore

|ws(g,h @ B)] SA(L+ pu(hg)™5) (det A)2 X4 e=7(h9)

/ e~2NK) =20 K (1 | K1Y
F

if (@, B) stays in a compact set T in C? and A, B > 0 are constants

depending only on T.
By Holder’s inequality,

/6—2()\,1()—2/\31\"(1 +I\.rl)3 dv
F

] , 1/2
< (/ et K det(1 + K)® do / e K (1 4 K')3 dv)
F F
< A(det )TN (1 + p(hg) 7).

(Here we use Lemma 2.8 in Shimura [13, p. 278] in the second in-
equality.) Therefore this proves the analytic continuation as well as the
inequality. On the other hand,

w3(g,h:9—-4,9—a)
— 2—16—trg/ 6—2(/\,1{')—2,\31(’e(,\,l+1\')(1 + K')3(det /\)2/\%
F

.wQ(%a*_lz\,e :9—-8,5—a)w1(2X3(1+ K'):9—a,1 - f8)dv
=w3(g,h:a,pB).
This completes the proof of the Theorem.
From (3) and (3.1), we have

ém(ga h; O(,ﬂ) = Iom]_lim(ﬂ—a) 2‘P7r11’ Fr(a + ,5 - n(m))
Trn—g(@) ' Tm—p(8) ™
- det g"(m)""_ﬂé,,.(hg)o‘"’zq_"(m)
. 6-(hg)ﬂ+2p_”(m)wm(27rg, h;a, B),

(3.9)
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if h € V(p,q,r), where |0,| = 2™(x(m)=1) 5nd
¢ =(2p —m)a+(2¢ —m)B + (m +r)r(m) + 4pg,
% =pa+gB+r+4(r(r—1)—pq).
Furthermore, we have

Corollary. If h € V(p,0,r),
(310) wm(g, h’ a, 47.) - wm(g, h’ K;(m)’ ﬂ) = 2_PK(M)7r4PTe_(9,h).

PROOF. The case when r =0, i.e. h € &}, , follows from (2) and (3.1)
by observing that

Cm(g; (M), B) = / e~ @0 det uP "™ dy = T, (B) det g7
£

If h € V(p,0,r) with r > 0, the formula follows from (3.4), (3.5) and

(3.6) by noting that wy(g;1,3) = 1.

4. The singular series S(T,s).

(4.1) S(T,s)= Y e TXg(x).
X € /A;

T 0
0 0
singular matrix if T has rank equal to j. In this section we calculate
S(T, s) for T a singular matrix by Karel’s method (cf. Karel [6]). For T
nonsingular, Karel [6] gave explicit formulas. We modify his method to
get the results for the case when T is singular. The idea is to represent

S(T,s) in terms of S(Ty,s — 8(3 —j)).

By Baily [1], we can assume T = where T; is a j X j non-

Theorem. (1) j =1,

C(s—1) L
) fr=0,
(4.2) S(t,s) = 1 s 20
—C—ES_) Z a s Zf # .

a|t,a>0
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i) =2,
e FT=0,
w3 s =1 Coen S8, ¥T=(y
Z’(TC(ls'—_I) plng%(Ps‘*’), if det T #0.
(i) j =3,

¢(s = 9)¢(s — 13)¢(s — 17)
((s)¢(s —4)¢(s —8) ~

(s — 9)¢(s — 13)¢(s — 16)5(t s —16)

(4.4.2) S(T,s) =

@by ST =T s = 9)i(s - 8)
t 00
fT=[0 0 0].
00 0
(4.4.c) S(T, s) = C(SC( ;)C)(i(s 12)5(Tl,s—8)
. T2 ¢
if T = ( 0 0).
(4.4.4) S(T,s):C(S)C(3_14)C(S_8) I 7@,

pldet T

if det T # 0, where fF. is a polynomial. (See Karel [6])
By Karel [6, pp. 186-187], we have

S(T,s) = [[ Sp(T.s),
p

(4.5) S(Tos) = Y, (T, X)ry(X)~°,
X€3(1)p/AU)p
(1—p~)7'S,(T,s) = Zam(T)p :
(4.6)

Otm(T) - ng ) )
X

ifT=0.

):
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where X € A(j),/p™A(j), and 7i(X) =0 mod-p™(~V for 2 < < 5.
When j = 1, the results are well-known (See Karel [6]). So we
calculate the cases j =2 and j = 3.

1) The case j = 2. By Karel [6], we can assume T = D(t,t'),
where t|t' in Z,. Let ¢ = p™, w = wm. By (4.6),

Sp(T,s)=(1=p~*) Y am(T)p™™

m=0

(1) = Tl
Z
where Z € A(2),/p™A(2),, Z* =0 mod-p™. By Karel [6, (6.2)],
g , 9
(4.7 am(T)=¢* Y w* > [Al, t+hb=0 mod-g.
b=1 h=1

(i) T=0. Heret=1¢ =0. So we have, by using the fact that

g q
an(0)=¢* Y > [h]h, (hb=0 mod-g)

b=1 h=1
q q m
=¢' > (W Y W =" (R =a" > P M,
h=1 a,b=1 h=1 k=0

where M is the number of A mod-p™ with v™(h) = k;

fk=m.

Mk:{(p—l)pm-k-l, if k< m,

m—m =1
3

Therefore

am (@™ —p™ (A = p*™) +p°™(1 - p*)
1-—pt )

am(0) =p
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So we have

1— p4—s

(1-p°=°)(1-p°)
_ (Q-p™)A-p*"°)
SP(O’S) - (1 —ps_")(l _p9—s) .

(1=p7)7'5,(0,5) =

() T = (3 g),meo. By (4.7),

9 4
am(T) = ¢* Z Z[h]'fn , t+hb=0 modgq.
b=1 h=1
By Karel [6, (6.5)], we have

Sp(T,s) = (1= p~")(1 = p*~")rp(T, )

rp(Ty8) = ) ap(T)p™™
m=0
am(T) = p*™(an(T) — a1 (T))
p™ v (t;b) v (t)
(D) =[t0n Y, Y p =0t D p7% )
b=1 k=0 k=0 b mod-p™

b=0 mod-p*

Let v = v™(t) = min{m, v(t)}, 7 = v(t). Then we have
a;n(T) — p4v ZP——3kpm—k — prn Zp4k'

k=0 k=0

So
oo v o v
(T, 8) = Z pld=oImym Zp4k _ Z pB=o)m sz;k
_ Zpu Z pm5=0) Zp4k (p°~ ")k
m=

r

1 9—s\k
== P

k=0
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Therefore

Sy(T9) = L2 i);lslp S
k=0

Since Sp(t,s) = (1 —p~*) 5o PF17*), we have

S __md—s
S,(T,s) = ((11_11:5_3))((11 _pps_s)) Sp(t,s —8) for T = ((t) 8) .

2) j = 3. By Karel [6], we can assume T = D(t,t',t"), where
t|t', t'|t" in Z,. As in Karel [6, p. 191], let U = D(0,0,1) and we use
the letters j, k, [, m, n to denote rational integers; a, b, ¢, h, £ denote
p-adic integers; u, v, w, z, y, z denote elements of 0,. The letters W,
Z will be used for elements of A, of the respective forms

(1) (1)

a
Welet X = | z =cU+ W + Z. The letters H will denote

o O
o B Q
O OO

K

N OO

o N

SN————
N

O o 8

y
z

N o 8

c
any elements in p™A,, with

M u 0
H=|a A" 0
0 0 O

and the letter K will denote the sum H + hU. Primed and subscripted
variables will always have the same generic meaning as the correspond-
ing variables without primes and subscripts. Let

) b -z 0
Z2=2UxZ=| -z a 0].
0 0 0

Then X* = 'U + W' 4 Z', where ¢ = ab— N(z) = Q(2), W' =
2WoZ,Z' =W*+cZ, i.e.

0 0 —by+zz bc—N(z) yz—czx O
W=(00 zy—az |, Z'= zy—cz ac—N(y) 0].
* %

L]

0 0 0
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We have detX = cQ(Z)+ (W*,Z) and by (4.6)

an(T)= 3 W™
(48) X mod-¢q

(X* =0 mod-g, detX =0 mod-¢?).
Using the block decomposition X = cU + W + Z, we get
(4.9) an(T) =Y Y wTeUtwsd),

Z(q) ¢,W(q)

where Z, ¢, W satisfy: (i) Q(Z) =0 mod-g, (ii) W* +¢Z =0 mod-g,
(iil) WZ = 0 mod-g, (iv) cQ(Z)+ (W*, Z) = 0 mod-¢%. This may be

rewritten

T)=> TP (T;Z), (Q(Z)=0 mod-g),

Z(q)

with
6m(T Z Z w(TcU+W)
c,W(q)

where ¢, W are summed under the restrictions (ii), (iii), (iv) of (4.9).
By Karel [6, p. 192], we can assume Z = D(a,b,0) in order to calculate
Bm(T;Z) and alb in Z,, i.e. vy(a) < vp(b) < m. Then by Karel [6,
(8.4), p. 193], we get

(4.10) " Bn(T; Z) = ZZ (H+hZ,W*)

where K, W are summed (mod-¢?) with the restrictions WZ = 0
mod-¢q and

qt" + (H,Z)+ hQ(Z) =0 mod-¢%.

Now we calculate S,(T,s) for T = D(t,t',0), t|t' (¢, t' might be
zero.) in terms of S,(T",s) for T' = D(t,t"). From (4.10), we have

(411) ¢ On(T52) = 33 Sem

where K = H + hU, H € p™A,, K and W are summed (mod-¢?) with

the restrictions

WZ =0 modq, (H,Z)+hQ(Z)=0 mod-¢*.
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Rearranging (4.11),
7 On(T52)= 323 S
where W, K are summed (mod-¢?) with
(4.12) WZ =0 mod-q, (H,Z)+ hQ(Z) =0 mod-¢*.

CLAIM: we may add the restriction on W that N(y) = 0 mod-p¢,
where ¢ = v,(a).

h6 Ug 0
PROOF OF CLAIM. Suppose hg and Hy = | 4o hy 0 | satisfy (4.12),
0 0 O
i€
(4.13) hoab + bhy + ahy =0 mod-g,
hIO Ug 0
Then hg and H = | o hy +h" 0 | also satisfy (4.12) provided
0 0 0

h"a =0 mod-¢%. Since (H + hZ,W*) = —h"N(y) + o, where o does
not depend on A", so

Foem 3 (S ™).
hoh'u R
But by setting k' = h{ + «, we see that

—k" N(y) —aN(y)\ —hYN(y)
Wom y=< E Wym y)zo !

R a mod-gq?
aa=0 mod-q?

=0, unless N(y) =0 mod-a.

In this case, multiplying (4.12) by N(y) gives
—(R" + hb)aN(y) = K'N(y) mod-p>™*+¢.

Given h € Z,, h' =0 mod-g, the number of A" mod-¢? satisfying (4.13)
and A" =0 mod qis pSif h=0 mod-p¢~*, ie. h =0 mod-p™
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and is zero otherwise. (k = v™(p™™Q(Z)) = min{m,v,(p™™Q(2))} =
—m 4+ vp(a) + vy(b). So k < ( = v,(a).) Since Z = D(a,b,0),

a(H + hZ,W*) = hk'(bN(y) — aN(2))

4.14
(4.14) — ha’N(2) + atr(uzg) mod-p?™*¢.

Note that A" does not appear on the right side of (4.14). Therefore

(H+hZ,W*) _ a(H+hZ,W*)
Z Wom = 2 Yam+¢
K h,H
_ —ha?N(z) k' (bN(y)—aN(z))
= Z Wam+¢ Z Wam+¢
h mod-gq? h’ mod-q?
atr(uzy) 1
> w300,
2 mod-g¢? h

where h = 0 mod-p™~?»® b’ =0 mod-¢ and v = 0 mod-q. Here
S u» 1 =p¢ by the above argument. So we have

(4.15) 0¥ B (T; Z) = p'om+<+or(®) Z 1,
y,Z

where y and z are summed (mod-¢?) and satisfy by = az = 0 mod-g,

a®N(z) = 0 mod-p™*$*+»®) bN(y) = aN(z) mod- p"""c and z§ =
0 mod-q. Equivalently, y and z satisfy that ¢~ by, ¢~'az are in o,,
aN(z) =0 mod-p™*t*»®) bN(y) =0 mod-p"‘*‘C and z§ = 0 mod-p™.
Thus, N(¢~'by) = N(¢~'az) = 0 mod-p*. Replacing y by ¢~ 'by and
z by q‘laz, (4.15) becomes

(4.16) Bm(T; Z) = p~ ™53 " A(y),

where y € 0,/p?™+*¥~C0o, satisfies N(y) = 0 mod-p* and where A(y) is
the number of z € 0,/p™ o0, satlsfymg 2§ = N(z) =0 mod-p*. (Here
2§ =0 mod-p* implies §z = 0 mod-p*.) By Karel [6, p. 181, Lemma

2.4],
A(y) 8(m+( k) 4k(zp3u Zpiiu 1),

v=0

where f = f(y) = v¥(y;p7*N(y)). S

f
A(y) — p8m+8(—4k ( Zp3u _ Zp3u—4) ]
v=0

v=1
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Then from (4.16),

f f

Psm_8<+3kﬁm(T; Z) - Z Zpliu ZP3V_4

y mod-p2mtk-¢ »=0 =1
N(y)=0 mod-p

f
(4.17) = (Zp“”—-i:p“”)( > _1)

where

of = Z 1 and aL:Zaf.

2m4k—¢ f=v

=>_,1, wherey € 0,/p?™+t*=Co, satisfies v¥(y;p~*N(y)) > v,
k+v

Here o/,

t.e. y =0 mod-p* and N(y) =0 mod-p*™. If we write y = p”yo,
then N(y) =0 mod-p**” is equivalent to N(yo) = 0 mod-p*~; hence,

o, = E 1.
y mod-p2mtk—¢-v
N(y)=0 mod-p*~"

By Karel [6, p. 182, Corollary of Lemma 2.4], if v < k, (the case v =k
is obvious),

k—v ) k—v—1 .
UL=p8(2m—C)p4(k—V)(Zp31_ Z p¥1).
1=0 1=0

Substituting this into (4.17) yields

k—v—1

k—v
_8m k,Bm T Z) Zp.’}up (ZP&' _ Z p31 1
=0 1=0
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k k—v ) k—v—1 .
_ Zp3u—4p—4u( Zp.'h _ z pr—l)
v=1 =0 =0
k—1 k—v—1
— Zp—u Zpaz Zp Z p3i—1
v=0 1=0 1=0
k—v—1
_Z —u—4zp31+zpu4 Zp -1
v=1 =0
Here
k—1 k—v—1 k k—p ' k k—pn -
Zp—u p Z —p+1 Zpih—l — Zp—p Zpih ,
v=0 =0 p=1 1=0 p=1 =0
= —v—4 = — : —v—4 3
p Yo =>"p ZP
v=1 =0 v=2

Therefore we have
k . k—1 '
p_8m_k,3m(T; Z) — Zpiiz _ 2p31—5 )
=0 =0

Because
o pT ZpT V(P TIZ)) = v™(ZpTMR(Z) 1=k - 1,
we can write
B(T; Z) = p*™ (Brn(T3 Z) = B 1 (T5p7 2))

where ik k s
BT Z) = { P i p™, HZEM,

otherwise.

b

So

am(T)= Y WP Ba(T;2)

Z mod-p™

=y W BL(T; Z)

Z mod-p™



EXCEPTIONAL MODULAR FORM OF WEIGHT 4 171

- > WPpira (Tip'Z).
Z mod-p™

Here 8., (T;p™*Z) = 0 unless Z = 0 mod-p. So

> wAptm s, (T;p™'Z)

Z mod-p™

= Y WO, (T 2).

Z mod-p™-—1
Therefore we write
am(T) = p*™(a(T) — ot 1 (T)),

where
o (T)= Y, wPB(T;2).
Z mod-p™

Hence

(418)  Sp(T,s)=(1—-p~*)(1-p*"*) Y an(T)p!*~9"

m=0
m
am(T)= Y wPPB(T;2)=p" Y adh,
Z mod-p™ k=0
where ¢ = p* Zf:o p* and
T )

Z mod-p™
v"™(ZpT " Q(Z))=k

In particular, any such Z satisfies v™(Z) > k, so we may replace Z by
p*Z. Since v™(p*Z; p?*~™Q(Z)) = k is equivalent to

™K (Z;pFmQ(2)) =0,

E= w(T;Z), where Z mod-p™~* satisfies Q(Z) = 0 mod-p™~*
Z " m—k

and either Z # 0 mod-p or Q(Z) # 0 mod-p™+'=*. Thus, ¢ =
! ! (k <m), ¥m = 9, where

m—k = ¥m-—-1-k
S )

Z mod-p”
Q(Z)=0 mod-p”
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Hence
(4.19) @ (T) = p*™(am(T) = oy (1)),
where ~
a',;,(T) = Z Ck Vg -
k=0

' !
Let T = (g o) T = (B ,3,)- Then ¢(T) = &, (T"), (2 x 2

case). By Karel [6, p. 189, (6.4) (2 x 2 case)],
oy (T') = p* (o, (T') — &, 4(T")).

So -
am(T) = ek p* ™ B (@ (T') — @ (T")) -
k=0
Let
k .
ck =p*br, b= Zp‘3’ and b_; =0.
1=0
Then
m-—1
W) = 3 P b alp o (T) = 3 5™ by oty (T')
k=0 k=0

=p'™ Z i (T")(b5 — bj—1)

j—O

=p'™ Z @ (TP~

i=0

Therefore by (4.18), (4.19) and the fact that
Sl (T) = 1y (T',5 - 8)
p=0

by Karel [6, p. 189, (6.5)],

(l—p—s)—l(l_ N 15 (T,s) = Za (T)p(4 s)m
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= 3 2™ (an(T) = elp s (1)
=0

p(s—a)man (T)

m

NIE

— (1 _p8—3)

3
Il
o

oo m
— (1 _pS—s) Z p(S—s)mp4m Zp_s"a’m—j(T,)

m=0 j=0
oo oo

— (1 _p8—s) Zp—&; Z p(12—s)ma:n_j(Tl)
Jj=0 m=j

(set m —j = p)
oo ) - oo
— (1 _p8—.s) ZP—BJP(IZ—s)] Zp(m_s)“a:,(T')
J=0 =0

=(1-p* ) rp(T',s—8) > _(p°*)

=0
L1 5,(Ts-8§)
C1-pr(-pP)(1-pi2e)

Therefore

1=p°%)1— 4—3 ,
Sp(T,s) = (g _p“;_%gl _212_2) Sp(T',s - 8).

() T=0.
_ (Q-p)A-p*) <2 .
Sp(0,5) = =1 = p=0) S,(02%2, s — 8)
_ _(Q-p)a-p)(1-p"*)
(1=p*=2) (1 —p=2)(1=p'"~*)

t 00
(ii)T:(O 0 0), t#0.

0 0O

1-p=*)(1—p*~* ,
Sy(T,s) = ((l_p’;_sigl_212_3)5,,(1",3—8)

_ _(A=-p)a-p (1 -p*7)
= (1 —pg_s)(l _p13—s)(1 _.p16—s) Sp(t,S — 16) .
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t 00
Gi)T={0 ¢ 0].
0 0 0

(1—p=)(1=p*~)
S)(T8) = gy ey (T = 9)

_A-p)A=p)A =) 13,
- (1 _ pg_a) fT(p )a

where fF.(p'37*) is a polynomial. This completes the proof of the the-
orem.

5. Proof of Theorem A.

Because of the inequality (3.3), the Fourier expansion (2.2) con-
verges uniformly on compact subsets of C. Since each term in the
series can be continued as a meromorphic function in s, it follows that
Ey s(Z) can be continued as a meromorphic function in s to the whole
s-plane. And in particular we can take the limit s — 0 term by term.

1) E{')(Z). By (2.2), (3.9) and (4.2) and the fact that
(38 /) = p(R/Z) = 1,

we have
alt,y,5) = i kAT (k4 Sy gkl el
5.1.a s 1 "
(5.1.a) wl(27‘ry,t,k+ )m(zal k )
ift>0,
alt,y,s) =i K21k /2 r(f)—l y ko2 [go/2-1
5.1.b 1 L
(5.1.b) wl(27ry,tk+ )m(zal k )
al |t|
ift <0, and
aft,,5) = i 2y Dk s~ DIk 4 5)
(5.1.c) s C(k+s—1)

TG ((k+s) °
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if t = 0. Here we use the fact that I'(s) function has simple poles only
at s =0,—1,—2,... and the residue at s = —k is 1/((—1)*k!) and we
have

((2h) = (20 B /(2020)),  ((~2k) =0,
((~(2b— 1)) = (~1)*Bu/(2k),  C(0) = —1/2,

where By are Bernoulli numbers. Also from (3.10), we have
w27y, t; k,0) = 27 1e~ 2"yt ift>0.

Therefore, letting s — 0, we have

172k
——tk—lg—2myt Za]_k, ift>0,
Bi alt
0, ift<O0,
0, ift=0and k > 2,

1
— if t = dk=2.
“Byy 1 0 an 2

a(t,y,s) =

2) E,(czz(Z) Because of I'-factors in &, we can easily see that
if T € V(p,gq,7), ¢ > 0, then a(T,Y,s) — 0 as s — 0 for all .
Therefore it suffices to consider the cases ¢ = 0. By (2.2), (3.9) and (4.3)

and the fact that ,u(ﬁl(;)/Az) = u(€/o) = 27*, we have the following
three cases:

a(T, Y, S) :i_2k 22+2k 7r2k+3—4 F(k + %)—1 F(k + % _ 4)—1

cdet T*+*/2=3det Y /2 wy(27Y, T k + _;. 2)

! —k—s
sy L AT,

pldetT

(5.2.a)

ifT >0;

a(T, Y,S) — i_2k 27—3 7Tk+%_3 F(k +5— 5)
T(k+5/2)7 T(k+5 —4)7' I(5)™"
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(5.2.b) -det Y®~k=e 5, (TY)k+e/2-5
cwy(20Y, T k + %%
_ C(k+s—135) O—k—s
C(k+s)((k+s—4)(za )

alt

ifT:(é g),t>0;and

a(T,Y,s) =i~ 2k 2127 2k=20 26 Dk 4 5 — 5)T(k + s — 9)
S S S S
Tk 4+ =) G B VAT VR |
L(k+35)7'T(k +5 -4 7'T(5)7'T(5 - 4)

(5.2.c)
—k-s C(E+s5—=5)((k+s—9)
.d ty5 k—s C(
© Ck+s)(k+s—4)
fT=0.
Now let s — 0. Then we have:
IfT=0,
) 1 e
oT,Y,s)={ (detY)™, ifk=6,
0, otherwise .
IfT >0,
(:)(det T)*=> [ @) e ™V, ifk>s,
a(T, Y,S) = pldet T
0, ifk=24.

t 0
IfT_<0 0),t>0,

%(det Y) 16 (TY)wy(2nY, T;6,0)
aT.Y,s)={ -(Taee®), k=6,
0, otherwise .

(Here (*) means that it is a rational number.)
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3) E,(caz(Z ). Again because of I'-factors in {3, we can easily show
that if T € V(p,q,7), ¢ > 0, then a(T,Y,s) — 0 as s — 0 for all k.
Therefore it suffices to consider the cases ¢ = 0. By (2.2), (3.9), (4.4)
and the fact that

H@ [hs) = W@ [o%) = 2712,
we have the following four cases

— j—3k 9343k _3k+s/2-12 p(p 4 Sy-1
a(T,Y,s) =17°"2 s L'k + 2)
-Hk+§—®”ﬂk+%—&”@a¥f”’

(5.3.2) - (det T)k+5/2=9 oy (20Y, T k + _;_’ g)
1
T+ o)kt —4(k+s—8)

I A2,

pldet T

fT >0;

d

2
-mk+§-xydngyfmk+s—mmayf—“s

a(T,Y, s) = i3k gk=s+12 p2bkda—1lpef _g_)—l T(k + 4)!

S S

(5.3.b) 6L (TY)KHe/2=0 oy (27Y, Tk 4 =, =

22
. C(k+s—09)
C(k+35)((k+s—4)((k+s—8)

. H fé)"l (p13—k—.s) ,

pldet Ty

if:r=(T1 0)11>m

0 O

a(T, Y',S) =i_3k 2——k—23+21 7rk+s/2—2 F(k‘ + %)—1
s 1 s —1r, S\ —1

- S _4)7'I(k+ S —8)7ir(E

L'k + 5 4)7 I'(k + 5 8) (2)

S

-m§—4y4mk+s—mrw+s—1m
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(5.3.¢) (det Y) k=0 6 (TY) /279 y(27Y, T k +

isz(

H. H. Kim

S S8
23
 ((k+s—9)(k+s —13)

C(k+s)C(k +5—4)((k+5—8)

. a17-—k—-s ’
(2a)
t 00
0 0 0],t>0;and also
0 00

a(T,Y,s) =i_3k 2—3k—3s+30 18 F(k + g)_l

S S s
N N S 1 Z_8)1! -1
D(k+3 = 4)7'T(k+ 5 - 8)7'T(3)

(5.3.d) -Ng-@*rg—srww+s—m

T(k+s—13)I(k+s—17)(detY)*~F~*
C(k+s—9)((k+s—13)¢(k +s—17)
C(k+s)(k+s—4)(k+s—8)

fT=0.

IfT=0,

Now let s — 0. Then we have:
G
a(T,Y,s) = ?(det Y)™!, if k=10,
0, otherwise .

S%(det V)16, (TY) ws(2nY,T; 10, 0)

oT,Y,)=4 (Saa”), k=10,

0, otherwise.
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(T, 0
IfT_(O 0>,T1>0,

(
%(det Y) 1 é64(TY) w3(27Y,T;10,0)
a(T,Y,S)-—‘ ' H f%l(ps)’ if k=10,
pldet Ty
0, otherwise.
T >0,
(*)(det T)*—° H f%(pQ—k)e—Zw(T,Y)’ k> 10
oT,Y,s) = pldet T
0, if £k <10.

.(Here (*) means that it is a rational number.)

Therefore we can summarize our results as follows:

1) E s(Z) is finite at s = 0 for all &,

2) Ek,0(Z) is holomorphic in Z unless k = 2,6, 10,

3) Ex(Z) is a modular form of weight k with rational Fourier
coefficients unless k£ = 2,6, 10,

4) E40(Z) and Ego(Z) are singular modular forms,

Ei9(Z) =1+ 240 Z Zas(t) e21rit(Z-u)1,
#t(1)€Jot(1) Noa/Nog 1EZ

where 03(t) = Za|t‘13- In Section 6, we show that the summation
pe1y € Joe(1)Nog/Nog is equivalent to p € Jo/(P1),. Therefore

Es0(Z) =14 240 Z o3(A(T)) 62"i(T’Z),
Tej3t, rank T=1

where A(T) is as in Karel [6, p. 186]. We also consider the Mellin
transform (see Section 6) of E4¢(Z) just like §-function in order to
obtain a functional equation of “Epstein zeta function”.
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6. Proof of Theorem B.

In this section we prove Theorem B which is a Nagaoka’s conjecture
on the functional equation of the Eisenstein series. But we have a
slightly different functional equation. In the case of the group Sp2(Z)
acting on the Siegel upper half-space of degree 2, Kaufhold [9] obtained
a functional equation of an Eisenstein series. We follow his procedure.

From the Fourier expansion of Ey ,(Z), we can decompose Eg 4(Z)
as follows:

EO,S(Z) = <I>0(s, Z) + @1(3, Z) + @2(3, Z) + @3(3, Z) ,

where

_ i *—1 .f f 1x1
@0(3,2)—1 + Z 61((# Y)1’072?2)S(0 ’S)
n(1)€Jot(1) Nog/Nog
1 —1 .S S 2x2
+ Z _262((# Y)2507§’§) S(O 73)

r(2)€Jot(2)Nog/Nog

1 .8 s 3x3
+N3£3(Y’0,2’2)S(0 ,3),

JEEIEIED SR DI (e SN E

uL(l)eagt(l)NoQ/N‘)Q tEZ—O
- *—1
. S(t’s)e%nt(u X

1
DS > W T Tig,3)

t(2yE€Jot(2yNog/N TEA,
#H2) et o2/ 0QrankT:l

. S(T’S)CZWi((p‘_IX)LT)

! 53 i
+ Z _353(YvT5§,§)5(T,5)52 X7

T€EAs
rank T=1

(2= Y3 Gl YR Tig)

t(2y€Jot2yNog/ N, T€EA,
Be(2)€J0t(2) Nog/ T Tio

- S(T, s) 627ri((u'_1X)z,T)
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+ Y éa(YT )S(T,s)ez"‘(x’T),

T€EAs
rank T=2

B3(s,2) = Y - §3(YT )S(T 5) e2mXT)

TEAs
det T#0

Here p1 =1, p2 = 2_4, §3 = 212,

1) ®o(s,Z). By (3.9), (4.2), (4.3) and (4.4), we have

®o(s,2) =1+2°7*7D(s — 1)1“(%)—11“(%)—1_4(3 -1

¢(s)
> (WY1
1e(1y€J02(1y Nog/Nog
16(s = 5)¢(s —9)
C(s)¢(s —4)

+ 216—23 71,10 1-\2(%)—11-12(3 _ 5)112(%)_
S deurE
pL(;)GJ,L(z)NoQ/NoQ
+ (det V')°—* 24235 27 Fg(%)_lf‘g(g)_lr3(s —9)

¢(s = 9)¢(s —13)¢(s — 17)
((s)C(s —4)C(s —8)

Now we use the identities

F(S) — 23—1 7,(.—1/2 F(%)F s+1

L pls) =72 T(5)C(s).

Then we have

@o(S,Z) =14 Z ('u*—lY i—s p(;('s‘)l)

s ps = 5)p(s = 9)(s — 6)(s — 8)
p(5)p(s — )(s — 2)(s — 4)

9)p(s —13)p(s — 17)(s — 14)(s — 16)
p(s)p(s —4)p(s — 8)(s —2)(s — 4)

#e(1)€J0r(1) Nog/Nog

+ > det(p*~1Y)3

pt(2)€Jot(2) Nog/Nog

+ (det Y' 9—3s p('b
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Now let us look at the following series

p1(Y,s) = > (w77,
[JL(I)GJ‘,L“)NOQ/NQQ

pa(Y,5) = > det(uTlY);
2t(2)€Jst(2) Nog/Nog

By Ba‘lly [11 p.- 528]7 NOQ = {g € SQ : 9(0,0,0,6’) = (0,010a£”), 6115”
€ Q}. Since (1) = t,, (Here we take (j) = {1,2,...,j} while in Baily
(j)={3—-7+1,...,3}.) we can show, by direct calculation,

”(1)(07 0,0, 6,) = (—6’61,0,0,0) ’

where e; = diag(1,0,0). Therefore if pjeq) = poryp for py,ps € J,
and p € Nyg, then p1(e1,0,0,0) = p2(€eq,0,0,0) for some £ € Q. i.e.
pre1r = Euger. But py,p2 € J, and J”-ii*' is stable under J, so £ = 1. In
the notation of Baily [1, p. 520], uy 2 € (P1)o. Therefore

p1(Y,s) = > (WY1
€I, [~
pi~pe it prer=pre;

Here (p*7'Y); = (p*7'Y,e;) = (Y, ey ) and by Baily [1, Lemma 3.2],
we have 1-1 correspondence

J6/(P1)e — &5 NJ,, primitive.

(1] — pes.
Therefore
prY,s)= D (Yope)* = D (Y, X)™°.
p€Jo/~ Xeatny,
primitive

On the other hand, v(3) = ¢, te,, and so ¢(2(0,0,0,£") = (0,0,{'es,0).
(use the fact that e; x eg = %—63, e X e3 = %ez.) So if pyezy = paiz)p
for p1,p2 € Jo and p € Noyg, then p;1(0,0,e3,0) = p2(0,0,€es,0) for
some £ € Q. ie. pies = Eudes. But (u]'p2)* € Jp, and so £ = 1. In
the notation of Baily [1, p. 520], u; ' u2 € (P; )o. Therefore

pa(Y,8) = > det(u* 1Y)
pE€I [~
pi~pz  iff ples=pjes
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But det(Y); = (Y x Y)33 = (Y x Y, e3), and so we have

pa(Vis) = 3 (Y x pt Y e)

€Iy [/~
= Z (Y xY,pu*e3)”*
€Iy [~
= Y (YxY,X)=¢(Y xY,s).
Xeftny,
primitive
Here )
-1 Y xY.
detY X
Therefore

P2(Y.5) = pa((det V)Y, 5) = (det V) o (Y7 5).

Now consider E; o(Z)

Es0(Z) =1+ 240 Z 203(15) e2mit(Z-un
#(1)€%0¢(1) Nog/Nog tEL

where a3(t) = 3, a®. As we saw in Section 5, Fy ¢(Z) is a modular
form of weight 4, and so

E4,0(—Z—l) = E4‘0(Z) det(—Z)4 .
Take Z =irY, r > 0. Then we have
Exo(=Y™") = r'%(det V)" EyofirY).

We consider the Mellin transform of Ej o(:7Y): By Fubini’s Theorem,
we have

/ (Eqo(irY) —1)r*~tdr
0
0

= 240 Z ZUz(t)/ e~ 2mtr(” T Y o= g

t(1)€J N Nog tEZ
re(1)€Jot1yNog/ oo €L
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= 240(27)"°T'(s) ( Z Ug(t)t_’) 01(Y,s8) = Z(Y,s).

teZ
t>0

Here by the well-known identity,
Y os(t)t™ =((s)((s —3), for Re(s) >4.

tez
t>0

Let Z(Y,s) = fol + f°. Then
/01(E4,0(irY) —1)r*tdr
_ /Ol(r—”(detY)-4E4,0(%Y-1) —1)reldr
_ /100((det V) uEo(iuY ") — 1)u—*"Vdu (set ;1- = )
_ /loo [(detY)-4u12(E4,o(i WY1y = 1)
+(det Y)~*ul? — 1} w1 du
_ /lw(det V)4 (Ero(iuY™) — 1)ull=* du

+/ [(det V) tulle — u_s—l} du .
1

Here

oo -4
/ [(det V) tultTe — u_s‘l] du = _1 __(det Y) )
1 S 12 -5

for Re(s) > 12. Therefore

1 (detY)™*
2009 = =~

+/°° [(Er;,o(i rY)—1)r* " 4 (det V) H(Ey o rY 1) = 1)rtt =2 dr.
1

Here the integral inside Z(Y,s) is holomorphic in s, and so Z(Y,s) is
continued as a meromorphic function in s and satisfies the functional

equation:

Z(Y™112 —s) = Z(Y,s) (det Y)*.
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Therefore
\I’()(S, Z)
= (det Y)*/p(s)p(s — 4)p(s — 8) (s — 2)(s — 4)®o(s, Z)
= (detY)*/?p(s)p(s — 4)p(s — 8) (s —2)(s — 4)
(6.1) + (det Y)°~*/2p(s — 9)p(s — 13)p(s — 17) (s — 14)(s — 16)
+2%2mxs—nmayyﬂms—&

240
+Z(Y 71,5 = 5)(det Y)>~%/2p(s — 9).

So ¥y(s, Z) is continued as a meromorphic function in s which has pole
of order 1 at s =0,1,5,8,10,13,17,18 and by the well-known identity,
p(s) = p(1 — s), we have

Uo(18 —s5,Z) = ¥y(s,2).
REMARK. ¥(s,Z) has at most a pole of order 1 at s = 9, but because

of the functional equation, ¥y (s, Z) cannot have a pole of order 1. So
¥y(s,Z) has no pole at s = 9.

2) &5(s, 2).

1 s s i
®3(s,2Z) = X:Zﬁﬂxﬁiiyﬂﬂﬂé (X1

TEAs
det T#0

We prove that for each T, detT # 0,
X() = (det Y)*/2p(s)p(s — 4)p(s — 8)(s — 2)(s — 4)

1 s S
: ;}'Efi(Ya T7 _2'1 5) S(T’S)a

satisfies the functional equation
X(18 —s) = x(s).
First, we prove that fF(X) satisfies a functional equation

XX = (X)),
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where

d = deg (f}) = vy (det T)
and
Sp(T,s) = (L=p~*)(1 = p*7*)(1 = p°7°) f2(»°™°).
It suffices to consider the case T' = diag(t1, t2,t3), t1|t2, t2|t3 in Z,. Let
Ti = vp(ti). Then 7y <1 <73
If 7, =0, then by Karel [8, p. 553],

T2 1 _ XT3+T2+1-2]€
P X) = 4 k
fH(X) gp X ——=—

From this expression, we get
X (X = fR(X).
Again by Karel [8, p. 553], if 7 = 0, we have the formula

S(P™T,s)

— -1 3m —1 2m y2m
ST~ XX +OXT) X

+ Cl(X) quXm + Co(X),
where ¢ = p*, X = p°~*.(see Karel [8, p. 553] for the definition of Cy
and C,.) Then
Fpmg(X) = FRX)(Co(XTH) XM 4+ Co(X 1) P X
+C1(X) @™ X™ + Co(X)).
Therefore X*™ X747 {7 (X)) = fP.p(X) for T with = 0. So we

proved that
XX = fA(X) for all T.

From this functional equation, we have

[1 2= T 26"

pldet T pldet T

— det 71"~ T f2°),

pldetT
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where

[det T = [ »*-
pldetT

Now in order to prove the functional equation of x(s), it suffices to
consider the cases T € V(3,0,0) and T € V(2,1,0) by Section 3, (6).
(i) T € V(3,0,0). By (3.9) and (4.4),
1 s s s s s
2 3 S 6y = 93 p3s/2—12pe S-S 1S gyt
(Y T35, 3)S(T,s) = 2 r TG - 47T - 8)
 (det Y)™*/2(det T)*/2=9 wy(27Y, T; % g)

‘ [ e fF7(P°7°)
((s)¢(s —4){(s—8) "

So we have

x(s) = 221 77 (det T)*/27° wy(2nY, T; g, %)
I A=) (s —2)(s—4)...(s —16).
p|detT

Therefore from the functional equation of w3 and f%., we have
X(18 —s) = x(s).

(ii) T € V(2,1,0). By (3.9) and (4.4),

1 s s 35 _3s/2—12 1S \—1p/ 5 =11 5\—1
il .22 — s bl 2o i 2
(det Y)P 72 64 (TY)*/2~7 6_(TY)*/?7®

‘w3(2nY, T %’ —;—) S(T,s).
So
x(s) = 22 178 (det Y)* 2 6, (TY )77 6_(TY)*/?7°
-w3(27Y, T, ) H ).

pldet T

N »

s
5 )
Therefore from the functional equation of ws and and the fact that

54(TY)6_(TY) = det Y |det T,
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we have again x(18 — s) = x(s). Here x(s) is holomorphic for all T and
because of the inequality of w3 in the Theorem in Section 3,

(6.2) Ty(s,Z) = (det ¥)*/2p(s)p(s — 4)p(s — 8)(s — 2)(s —4) Bs(s, Z),

converges and so is holomorphic in s.

3) &,(s,2).
@3(s, Z) 3 S e Y e T3 2, D)
S = _— C— -
2(S, o NP Mz# 2, D)
niz) ot Noa/Nog TE07
. S(T,S) eZﬂ'i((u'_IX)z,T)
1 s s 2mi(X,T)
+ E —&(Y,T;-,=)S(T,s)e L
M3 2°2
TEAs
rank T=2

By Baily [1, Lemma 3.2],

_ T, 0O
T=p < 0 0)
runs over all T € Az, rankT = 2 if T} runs over all T} € Ay, detT # 0
and p € J,/(P5 )o. But as we saw in Section 6, (1),

Hi(2) € job(z)NoQ/NoQ if and only if p€3,/(P5 ) -

Therefore

1 s s .
§ - L2 2 T 2mi(X,T)
#363(Y3Ta272)5( ,s)e

T€EAs
rank T=2

_Z Z 16(((/1*“1}’)2 *) (T 0)5 S)

- —/ Q3 ) 1 e e

p TEA, M3 * * 0 0 22
det T#0

. 5((%’; 8) ) 2T T X))

where pi(2) € Jot(2)Nog/Nog- But there exists pg € Jg such that

(72 ) ( ) (D))
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So
(.6 2)49)
(739G 93

Therefore we have

- *—1
@2(3, Z) — Z Z a(T,s) 62#1((# X)2,T) ,
€J, Nog/N TeA
Bi(2) L(2) o/ DQdet T;ZO
where

(T, 8) = (1Y )0, Ti 5, 3) S(T.5)

A 9.6 9494 )
We show that, for all T € A, det T # 0,
X(s) = (det Y)*/? p(s)p(s — 4)p(s — 8) (s — 2)(s — 4) a(T, s)
= x(18 — s).

It suffices to consider the cases T € V(2,0) and T € V(1,1) by Section
3, (6).
(i) T € V(2,0). By (3.5), (3.9), (4.3) and (4.4), we have

T, s) = 2° 7° = r(g)-lr(g — 4) Vdet(u* 1Y),/ (det T)*/2~5

r—1 58 1 ~
. w2(27r(p Y)2,T, 27 Z)C(S)C(S _ 4) H fg"(Ps )

pldet T
16—s _s—3pS\-1p/S\—1p S _ 413 oy-1
+2"°7 5 I(5)T'I(5) 75 ~4)7' (5 - 8)
‘T(s — 9) (det Y)?~* det(p*~1Y)2/*~°(det T)*/?~*
-wz(zw(ﬂ*-lmz,T;g _ 4,% —4)

¢(s—9) P, 13—s
- fr7°).
<(s>4(s—4)<(s—8)p|ET g
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By using the identities,

s+1
2 )

I(s) = 2°~1 7172 P(g)r(

p(s) = 7 ~*/2 (5) ((s),

we can write

S 8

a(T,s) =2 72 det(p*~1Y); */*(det T)*/275 wy(2m(u* 1Y )y, T 53)

(s—6)(s—8) 5—s
e @)
p(s)p(s — 4 p,gT T
+ 20 774 (det V) ~*(det T)*/?Odet(p*1Y)3/*™°
s 5 p(s —9)
242 ) e - e - 8)

e I A,

cwo (21 (p* 1Y), T

pldet T
Therefore

X(s) =24 772 (det Y)*/2det (u* 1Y), */*
wa(2n(u Y ), T 5, 5) pls — 8)
(s —2)(s—4)(s—6)(s—8)
(et T)*/27% T 26°)

pldet T
+ 24772 (det V)~ 2det(pu* 1Y)/ 20
wn(2m( Y )2, T35 = 4,5 — 4) pls = 9)
(s —10)(s — 12)(s — 14)(s — 16)

(et Ty ] ).

pldet T

By using the functional equation of wj, p and

(detT7)™ [ A@*™)= ] A0,

pldet T pldetT
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we have x(18 —s) = x(s).
(i) T € V(1,1). By (3.5), (3.9), (4.3) and (4.4), we have
a(T,s) = 210 x4 I‘(g)_lI‘(%)_ldet(p*_lY)g_s/2|det T|*/2-3
s s
cwa(2m(p* 1Y), T > E)S(T’S)
20-2s _s—3 /S 11 S “1pS\-1p 3 -1
= ——4)7 (7)) I'(z - -
$2972 S D) - )T — 4) 7T - 9)
(et Y)°~* det(p*1Y)3/* 7 |det T|*/2~7
. N T 0
WQ(Z’/T(/l Y)Q,T, ) 4, ) 4)5 (( 0 0) ,S)
= 212 172 det(p* 1Y )2 Py (20 (Y )y, T

' (det T)*/2~3 IL,jaec 7 F57(2°7°)
pls)p(s = 4)(s =2)(s = 4)
+ 227 72(det Y)°*det(p* 1Y)y 2"

. s s
w2(27r(/1 1Y)2’T;§a'2—)

(s —9) |det T1*/> 7 T] jger 7 F7(P"°7°)
p(s)p(s —4)p(s — 8)(s —2)(s — 4)

S S

;_2'35)

Therefore

x(s) =22 772 (det Y)*/2det(u* ' Y)2 " 2wy (20 (u* 1Y ), T; 2, 2)

2’2
p(s =8) et TI*** ] fH(P°*)
pldetT

+212772 (det V)~ 2det(p* 1Y)y 2T
- S S
wwp(2m (Y )0, T 55 5) pls = 9)

et T)27T T ™).
pldetT

So again we have x(18—s) = x(s). Here x(s) is 2 meromorphic function
for all T which has a pole of order 1 at s = 8,10 and because of the
inequality of wy in the Theorem in Section 3,

(6.3) ¥a(s,2) = (detY)sﬂp(s)p(s—4)p(s—8) (s—2)(s—4)®2(s,2),
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converges and so is meromorphic in s.
4) ®,(s,Z). We write
0y(s,2) = (5, 2) + 21(5,2),

where
! _ 1 x—1 s s
(s, 2)= ), ) mﬁ((u Y)iti5,5)
;LL(I)GJ.,L(I)NoQ/No@tEZ -0
S(t,s) e21rit(p'_1X)1
+ 0y —53(YT —)S(T s) e2mi(X.D)
T€As
rank T=1
" *— S
®,(5,2) = > > #—52((,1 "), T3 3, 3)

;u(z)Ej,,L(z)NoQ/NoQ T€E€A2 rank T=1
Y
. S(T, s) e2mi(n* 77 X)2,T)

(1) ®,(s,Z). We have the 1-1 correspondence

{T €eAss  rankT =1} «— {peq) € Jot(1)Nog/Nog} x {t € Z -0},

byT=,u(

O O -
o O O

0
0) Also there exists po € Jg such that
0

e ((u* 'Y), *>= ((u*‘OIY)l 2)

t 0 t 0
Ho <0 02><2>:(0 Ozxz)-
By (3.4), (3.5),

v 0 t 0 ) 88, o0 8 —tn s s
w3((0 *>7<0 02><2>72,§)—2 T e wl(2yl,§._8’§_8).
Therefore by (3.9), (4.2) and (4.4), we have

®,(s,Z) = > > <;11—£1((u*‘1Y)1,t;—;—,—;-)S(t,s)

pL(l)EJgL(l)N()Q/NDQ teEZ—0
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(O ) (s o))

. e21rit(u.'_1X)1

=Z Z e21ri|t|(Z';.¢)1 |t|-—-1 (7(3/2(#*—1}/);-3/2 |t|3/25(t,3)

u tEZ—0
S S8
cwr (4rft|(p* Y ) =, =
wl( 7T| |(Du‘ )1 2’2)
+ 924—2s 7rs/2+6 (det Y)Q—s
0 SHE I

cwy (A [t|(u* 7Y )y ; -8, % - 8)
T(3)'T(;) TG - 4™
T(5 - 4)‘11“(5 —8)7'T(s —9)
-T'(s —13)5(t,s — 16)

(s = 9)¢(s — 13)¢(s — 16))
(()(s—a)(s—8) )

Here we use the identity
B(s) = |t|*/* S(t,5) ((s) = B2 —s).

(¢f. Kaufhold [9]) Therefore we can write

¥(52) =Y 3 e () o)

W&o pLs)
22
(Y)Y (et V)P wn (At (MY a5~ 8,5~ 8)
B(s —16)p(s — 9)p(s — 13)(s — 14)(s — 16)) _
p()p(s — Dp(s = 8)(s — (s —4)

From the functional equation of w3, p(s) and f(s),

cwy (4t (Y )g;

(6.4) (detY)*/?p(s)p(s —4)p(s —8) (s —2)(s—4) ®1(s, Z) = ¥y(s, 2),
satisfies the functional equation

U, (s,2)=0;(18 — s, Z).
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On the other hand, because of the inequality of w; in the Theorem in
Section 3, ¥,(s, Z) converges and defines a meromorphic function in s
which has a pole of order 1 at s = 5,8,10,13.

(i1) <I>Ill(s, Z) . In order to prove the functional equation of (I>’1' (s,2),
we need to look at an Eisenstein series on the tube domain

D ={z=x+iv: Xe3?, v>o0},

which is the boundary component of . For an element X = (; i) €

3® we let det X = ab — N(z) and tr X = a + b. We also define
I ={g€3?: det(¢X) = det(X)}.

Tsao studied an action of a subgroup G(2) of G on the boundary com-
ponent T2 in (Tsao [16, p .254]). G is isogeneous to SO(10,2). We
can dcfine an Eisenstein series E',(:g(Z) on ¥ in the exactly same way
as E 4(Z) and can get E'fg(Z) which is a holomorphic modular form
of weight 4 on T2 and which is given by

ERZ)=1+240 Y Y oy(t)etmiZmn,

(2) tez
E:] /(Po)o t>0

where P,y is the m1n1mal pabohc subgroup of J) which is the stability
group of the linc Re; where e, = diag(1,0).

REMARK. Recently Eie and Krieg [4] studied modular forms on T

using Fourier-Jacobi expansion. Especially they obtained E‘g (Z) in
terms of theta series

EEZO)(Z) _ Z e21ri‘r(Z,hI_lt) )
h€o?

The equivalence of two expressions come from the well-known formula
#{a€o: n=N(a)} =240 o3(a) forallmn > 1.

Now consider the following series which is an “Epstein zeta func-
tion”

PD(Ys) = > W)= Y (Yiope) ™,

n€I /(Po)e r€IP /(Po)s
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forY > 0and s € C.
Now we apply the Mellin transform of Eizg(Z ) in the exactly same way
as E;0(Z) to get the analytic continuation and a functional equation
of (Y, s): If we let

z<2>(Y,s)=/ P Y EQ) (irY) - 1) dr,
0
then

ZP(Y,s) = 240(2m) 7 T(s)((s) (s = 3) P (Y, ),
ZA(Y1,8—5)=(detY)* ZP3(Y,s).
Z@(Y,s) has a pole of order 1 at s = 0,8. Here if detY = 1, then

Y-l = ( b_ _:E) for Y = ((_1 x) The transformation
- a T b

(e )=r(7)
z b -z a
isin 35,2) since it preserves the determinant and the lattice J,. Therefore
p@ (Y, s) = P (Y,5).
Soif detY =1, we have
ZO(Y,8—s)= ZP(Y,s).
Now let us come back to &) (s, Z). We have 1-1 correspondence

{TeAy: rankT =1} e {v €IP/(Po)o} x {t € Z -0},

byT=v (é 8) and there exists v € J](R?) such that

wfyr *\ _(vy1 O ot 0 _ [t O
)-8 0 0)=60)

Therefore by (3.4) and (4.3), we have (set (u*7'Y ), =y)

1
;;52(7/*_13/,<(t) 8);3,%)5((6 8),8)
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= 96—s p9+s/2 Fg(%)_lrz(g)—lr(g —4)I'(s —5)
(dety)®~* (v 1)}/ P70 oo /27 RO
*— s S
(4t Ty — 45— 4)

15 -
=55 =8) oy . _
- e

Therefore by using the identities

B(s) = "2 5(1,9)¢(s),  pls) =2 T(5) (),
we get

X(s) = (det Y)*/2 p(s)p(s — 4)p(s — 8) (s — 2)(s — 4) &, (s, Z)

- Z Z Z (det Y)*/? det(p*~'Y)3™*

I"Egn/('P;)n yejgz)/(’po)n tEZ—0
(TN (Y )) 8 2 T W T Y20 g1
(4t T W T Y ) — 45— 9)

- B(s —8) p(s —5)p(s — 8) (s — 6)(s — 8).

Now any element of vy € J,/(Ps), can be written uniquely

y=pv p€L/(P5le, vE(P;)o/(Pe)e,

where P, is the minimal parabolic subgroup of J which is the sta-
bility group of the "flag” (3{1},3{1:2}) (see Baily [1, p. 520]). But
(P3 )o/(Px)o is identified in a natural way with 35,2)/(?0)0 . Therefore

we can write

()= Y DT (det¥)det(y YT (Y)Y
7650/(1:,')0 teZ—0

L2l T Y gy w1(4w|tl(7*‘1Y)1;§ —4
-B(s —8)p(s —5)p(s —8)(s—6)(s —8).

S

>4
34

On the other hand, any element of v € J,/(P.), can be written uniquely

y=p-v, w€I/(P1)o, vE(P1)o/(Ps)o-
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Then (v*7'Y); = (Y,ve1) = (Y,uve1) = (Y, pe;) since v € (P1), -
Therefore

X(S) = Z (det Y)S/Z(#*—ly)s/Z—s 6-2""“[(#‘_11/)1 Itl—l
”630/(1,1)0

(4t (w MY )55 — 4,5 —4) B(s — 8)
- pls = 5)p(s — 8) (s — 6)(s — 8)

(X ey,

vE(P1)o/(Pa)o

Here det((uv)*~'Y)s = (u*7'Y x p*~'Y,v*e3) and we have 1-1 corre-
spondence

v € (P1)s/(Pu)o «— v* € (Py )o/(Px)o -

But (P] )s/(Ps)s can be identified in a natually way with ng)/(PO)o
and note that

p* 7Y x p* 7Y =det(p* YY) (p*TY) T = (det Y)(p* 1Y) 7L
Therefore

S det((u) Y

I/E('Pl),/('P.),

- ¥ ((detY)(ﬂ*_ly){—2{3},ue3>s_s

veI? /(Po)o
RO ((det Y)Y ) gy — 5) :

where (,u*'lY){_zl’g} is the right lower corner 2 x 2 submatrix of
(p*~'Y)~1. But

det(u 1Y) sy = (7)™ X (1Y) )
= ((det ) 'u*71Y,e;) = (det V) 7} (u*7'Y); .
Since

ZA(Y,s) =240 (27)7°T(s) {(s)¢(s — 3) B (Y, s)
= (240) 27° 772 (s — 1)(s — 3) p(s)p(s — 3) o' P (Y, s),
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we have

_ 2’2 det YY/2(u*—1y)~5/2
X&)=Y (X Spldet¥) Y
Fego/(pl)o tEZ—0
e 27t (Wt TIY ) Itl-—l

(6.5) N CL M SEE R

2
B(s - 8)
- Z® ((det V)2 (a7 V)2 (0 1Y) gy = 5) ) -

_4)

Note that det((det Y)l/z(/i*_lY)l_l/z(p*"lY){_213}) = 1. Therefore by

the functional equation of p, 8, w; and Z?, we have the functional
equation: x(18 —s) = x(s). Also because of the inequality of w; in
the theorem in Section 3, x(s) converges and defines a meromorphic
function in s which has a pole of order 1 at s = 5,13. Therefore by
(6.1), (6.2), (6.3), (6.4) and (6.5),

U(s) = (det Y)*/2 p(s)p(s — 4)p(s — 8) (s — 2)(s — 4) Eo(Z)
=Vo($,2)+ ¥1(s,2) + Va(s,Z) + ¥o(s,2),
can be continued as a meromorphic function in s to a whole complex

plane which has a pole of order 1 at s = 0,1,5,8,10,13,17,18 and
satisfies the functional equation:

U(18 — s) = ¥(s).
This completes the proof of Theorem B.

REMARK. As in Shimura [14], considering residues E ((Z) at s = 2,
we get the following result: (i) If k = 4, E4 ((Z) has a simple pole at
s = 2 and the residue at s = 2 is

1 -1 -1 2ni(T(Z-
= > det(p*'Y);' > H(T) T ZwW)
s €1y o Moo

where b(T) € Q.
(i1) If k = 8, Eg 4(Z) has a simple pole at s = 2 and the residue
is ((detY)™!/m3)x (singular modular form of weight 8 with rational
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Fourier coefficients). Here we note that for py € J, Z -y = p*~1Z and
soIm(Z - p)=p*7'Y.
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