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Fourier coefficients
of Jacobi forms
over Cayley numbers

Minking Eie

Abstract. In this paper, we shall compute explicitly the Fourier coef-
ficients of the Eisenstein series

1 - . (az+b
Eim(z,w) = 5 Z (cz+d)~* Zexp {27rzm (mN(t)
(c,d)=1 t€o
w  cN(w)
+U(t’cz+d) cz+d)}

which is a Jacobi form of weight k and index m defined on H; xCc, the

product of the upper half-plane and Cayley numbers over the complex
field C. The coefficient of e2™i(?*+(t:2)) with nm > N(t), has the form

2(k — 4)
By e Ip]s,, .

Here S, is an elementary factor which depends only on v,(m), v,(t),
vp(n) and v,(nm — N(t)). Also S, = 1 for almost all p. Indeed, one has
Sp = 1if vp(m) = vp(nm — N(t)) = 0. An explicit formula for S, will
be given in details. In particular, these Fourier coefficients are rational
numbers.
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126 M. EIE
1. Notation and Introduction.

As usual Z,Q,R, C denote the ring of integers, and the field of
rational numbers, real numbers, and complex numbers, respectively.
Cy is the Cayley numbers over the field f and o is the ring of integral
Cayley numbers in Cr. Cy is an eight-dimensional vector space over
f with a basis eg, ey, €3, €3, €4, €5, €6, €7 Which is characterized by the
follwing rules for multiplication ([1]):

1) zeg =ez ==z, forallz €C,

2) e2=—e, 1=12,...,7,

3) €1€2€4 = €2€3€5 == €3€4€5 = €4€5€7 = €5€¢€] — €7€1€3 = —€Q .

Also o has a Z-basis aq, a1, ag, a3, as, as, ag, az given by

g =€, a3 =€, Qaz=¢€, a3 =¢€4,

1 1
a4=§(61+62+63-€4), 015——-5(—60—61—64-*-65),

1 1
0’6=§(_60+61 — ez +¢€5), a7='2'(—60+62+64+€7)-

7 7
For z = ijej, y = Zyjej; rj,y; € f, we define

7=0 7=0

7

7
N(z):Zz?, a(m,y):Zijyj.
Jj=0

j=0

Let k,m be a pair of positive integers. A holomorphic function 3
on H; x Cc is a Jacobi form of weight k£ and index m if it satisfies the
following conditions

az+b w

AL k ; _c
ord’ cz+d) = (cz+d)* exp {21rimN (w) cz+d} P(z,w),

(3.1
for all (: Z) in SLy(Z).
(J.2)  Y(z,w+ Az + p) = exp{—2mim(zN(X) + o(A,w))} ¢¥(2,w),

forall \,u € 0.
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(J.3) % possesses a Fourier expansion of the form

Y(z,w) = Z Z ay(n,t) e2mi(nzto(tw))

n>0  t€o
nm>N(t)

For positive integers k, m with k even and k > 10, we let

1 - . +b
Ei m(z,w) = 5 Z (cz+d)7* Zexp {2mm (Zj—_{_—&N(t)
(c,d)=1 t€o

=)

with (Z Z) € SLy(Z). Then a direct verification shows that Ej .,
satisfies (J.1) and (J.2). For the proof, see [5].

+or(t

In this paper, we shall show that the Fourier coefficient ex m(n,t)
with nm > N(t) in the Fourier expansion

oo
Ek,m(z,w) - Z Z ek‘m(n,t) e2mi(nzto(t,w))

n=0 nm>N(t)
t€o

of Ex m(2,w) is a rational number of the form
2(k —4)
B 1;[ S, .

Let v, be the standard discrete valuation in Q, with l/p(pj) =3
7

forall j € Z. Fort = Z%tjaj € o, we set v,(t) = 01;1}271/p(tj). For our
]=

convenience, we set A = mn — N(t) and A' = A/m =n — N(t)/m.

Theorem. For positive integers m, k with k even and k > 10, the
Fourier coefficient ex m(n,t) =0 of nm < N(t). If mn = N(t), then

1, if t =mt' and n = mN(t') for some t' € 0,
ek,m.(nvt) =

0, otherwise .
If mn > N(t), then

eem(n t) = -2 =4 I1s,.

Bi_4
P

where S, 1s given by
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1) Ifvp(m)=0, then S, = Z;{»:<OA)pj(k-s)_
2) I Vp(m) > vy(t), then

l1-p (9—k) {plz(l_p4—k)—1’ if Vp(t) < Vp(n)a
Sp=p" 1= P ksz + 0, if vp(t) > vy(n).

j=0

3) If yy(m) < Vp(t), then

l 4—k\—1 .
p3(l—p , f vy(m)<uwy(n),
S’_p 1 4k§ G ")+{ ( ) f p(m) < vp(n)

0, vp(m) > vp(n).

) kel
+VPZ p("—5)(vp(A’)—J')_{pl4(1_p4 97 v(m)<v(AY),
i 0, if vp(m)> v, (A").

In 2) and 3), one has
h=—(k-1)yp(m) +(k—5) (L),
ly=—(k—1)vy(m)+ (k—=5)1p(A)+ (9 —k)vp(t) + 8 —k,
I3 = (10 — 2k)vy(m) + (k= 5) v, (A) +8 -k,
Iy = (10 = 2k)vp(m) + (k= 5) v, (A) +4 - k.
Also
a = min{y,(t),1,(n)}, B = min{vy(m),vp(n)}

and

v = min{v,(m),v(A")}.

REMARK. Note that in the above, (1) is a special case of (3) and S, in
(1) can be obtained from S, given in (3) by setting v,(m) = 0.

In particular, we have

1, if 0= N,
ek1(n,t) = { _2(k—4) or_s(n — N(t)), if n>N(t).
Bi—4

From this, we conclude that Ej 1(z,w) is a product of Ex_4(2), the
normalized Eisenstein series of weight k — 4, and

e(z’w) - Z e21&'1'(zN(t)+¢7'(t,w))
t€o

which is a Jacobi form of weight 4 and index 1.
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The Fourier coefficient éx m(n,r) of the Eisenstein series

. 1 _ . az + b
Exm(z,w) = 2 Z (cz+d)~* Z xp {2mm(cz +d X
(c,d)=1 A€Z
2
w cw
Rk i cz+d)}

was given in [4] in terms of Cohen’s function H(s, N); i.e.

H(k—1,4n —r?)
{3 —25)

€xa(n,r) =

If m is square free, then

ék,m(n,r)z%%r;)—l:)i Z dk—lH(k—l,%md—z_rz)

dj(n,m,r)

by the relation Ej ; lT(m) (2, w) = or_1(m) E.m(z,w). Here T(m) is
the Hecke operator on the space of Jacobi forms of weight k£ and index
1, Jk,1, defined by

b
Plram(sw) =m ST S akp(E I

ad=m 0<b<d

However, we do not see any relation such as

Ek 1 |T(m) (2,w) = ok—1(m)Eg m(z,w)

in the cases for Cayley numbers even if m is a prime number.

2. Fourier Coefficients of Ej , .

From the formula for Ex m(z,w), we separate the sum over ¢ and d
into two sums E} . (z,w) and Ej} (2, w) according to ¢ is zero or not.
If c=0,thend=1o0r —1. We choose a=d=1or —1, and b =0, so
that

(1) Y p(z,w) = 3 e2mimEN@+o(tw),
t€o
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Obviously, E,S,m is a linear combination of e2™nz+o(t.w)) with coeffi-
cient 1 or 0 according to nm = N(t) with ¢t = mt', n = mN(¢t') for some
t' € o or not. For those terms with ¢ # 0, we can rewrite the sum as

Ekm(z w) = Z "‘Z(z-{- )

(c d)=1 t€o

) exp {2rim (- o 4 SEE)

Note that the substitutions d — d + cp and t — t 4 ¢ correspond to
z—z+pand w— w+ \in E} .m> Tespectively. Here p is an integer
and A is an integral Cayley number. Hence

EL (z,0) = Z ok Z Z (27rsz(t))

(c,d)=1 t€o/co

(3) d(mod ¢)
d t
- Frm(z+ oW Z)
with
—k . Nw+2)
— k A
(4)  Fim(z,w)= I;Z/é(z + p) " exp ( —2mm P ) .

The function Fi m(z,w) is a periodic function in 2 and w, so it has
Fourier expansion of the form

Fk'm(z, u)) = Z Z ’7(71,t) 621ri(nz+g(f'w)).

n€Z t€o

In order to compute the Fourier coefficient y(n,t) of Fi », , we need the
following lemma which follows from the well known Poisson summation
formula.

Lemma 1. For any h > 0, we have

Zexp{ —2rhN(w + A)} = hl4 Zexp{ - Zn(—]% +i0'(t,w)) }

A€o t€o
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Proposition 1. Notation as above, then one has for k > 10,

_ % k—5 2ni(nz+o(t,w
(5) Fk,m(z,w)—-n—{,:;-% ; (nm — N(t))* e (t,w)

nm>N(t)
with
(—2mi)k—
o = ———
k—5)!

PROOF. By Lemma 1 and a standard argument (see [2, p. 226]), we
get

ZexP(—27rmN(w+/\)) = (z+p)° Zexp (27ri V(#) (= + p) ),

1 .
= z+p mt L m + 27wio(t,w)

for any z € H; and p € Z. It follows

! - N(t) (2 + mio(t,w
Fym(z,w) = oy Z Z(Z +p) k+4 exp (27rz—-(—)£—n——m> e2mio(tw)
pEL t€o

Note that the series

3 (z+p)Fexp (MM)

m
PEL

is a periodic function in z = z + 1y. Let

Z(w + zy +p)—k+4 exp (27” ]\T(t) (1' + ly +P)) — ch(y) eZvrinz: ]

m

PEL pEL
Then
! ~ N(t)(z + 1y +p)
— ; . —k+4 3 271 _
enly) = [ St iy +)7H+ exp fomi (UL nz))} da

pEL
+oo e21riz(—n+N(t)/m)
dz

=exp(—s7rN(t)y/m)[. T i)

[ ax(A)RTS ey i nm > N(t),
B 0, if nm < N(t).
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Here A" = n— N(t)/m. For detail of calculations, see [4, p. 19]. Hence

> (z+p) ¥ exp(2miN(t) (= +p)/m)

p€EZL
— CZk_] Z (nm _ N(t))k—S e2'lrinz
m n€eN
nm>N(t)

and our assertion for F} ,(z,w) follows.

In our next proposition, we shall express ex m(n,t) as a Dirichlet
series with an Euler product.

Proposition 2. For nm > N(t) and k even, k > 10, one has

: s 1 = (k=
cum(nyt) = s (nm = N(O)' ™ g D Tu(@)a ™70

with
T.(Q) =#{)&o0/ao: mN(A)—o(t,A)+n=0(mod a)}.

PROOF. We substitute Fj (2, w) in Proposition 1 into (3), and get

(6) Ei,m(sz) _ Z Z ek,m(n,t) 621ri(nz+cr(t,w))
n€eN t€o
nm>N(t)
with

Ak :—
ekm(n,t)=—= (nm — N(1))*~°

M LY Teofm (oD}

c=1 (c,d)=1 t€o/co
d<c

Since (c¢,d) = 1, we can replace A by dA in the third summation of
ek,m(n,t). Hence

erm(n,t)= n;k_l (nm — N(t))k_5
(8) . Zc_k Z Z exp (27ri%i(mN(/\)+a(t,—/\)+n)).

c=1 (c,d)=1 X€o/co
d(mod c)
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Let Q(A) = m N(A) — o(t,A) + n. Use the well known formula

(9) Z e27n'dN/c= Z /"(zc;)a

(c,d)=1 al(¢,N)
d(mod ¢)

with p(a) the Mobius function. Hence

oo

A - _ c
chn(n )= S m NP St Y e
=1 a|(c,Q(})) A€o/co
alQ(X)
(798 . > —k & Cc.8
:F(nm_N(t))‘ IR m=)a (=) >o1
c=1 a|(c,Q(A)) A€o/co
a|Q(X)
Let ¢ = ab and use the formula
o 1
p(d)o™° = —, for Res>1,
2 HOY =

to get
. Qg e 1 e —(k—
(10) ekm(n,t) = Zay (nm = N(O)'™ gy 2 Tu(@)a™V.

Here

To(Q)=#{)€o0/ao: Q(A)=0(mod a)}.

To obtain the explicit formula for e n,(n,t) when nm > N(t), we
have to find the value of the Dirichlet series

Y T(Q)a
a=1

at s = k — 1. Here

To(Q) =#{A€o0/ao: Q(N\)=mN(A)—o(A,t)+n=0(mod a)}.

By the multiplicativity of T,(Q), it suffices to consider the case a = p”

(vezZ, v>0).
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In the following consideration, we set T,,(Q) =T+ (Q), w, = e i/r”
We also set

Z(s)=> T.(Q)p ™.

v=0

Proposition 3. For any positive integer v, we have for

7 7
A:Zx\]‘aj, t=thaj,
j=0 Jj=0

that

@) B@Q= YT X ).
J=0 m}j=t; (mod p*~7)

where o' ranges over all positive integers between 1 and p“~ T with

(a',p) =1 in the summation .

PROOF. By the p-adic version of Siegel’s Babylonian reduction process,
we can express 1,(Q) as a Gaussian sum given by

pV
Ty(Q) — p—-u Z Z ws(mN(z\)-a(/\,t)+n) i

a=1 A€o/p*o

Over the p-adic integers, the quadratic form N is equivalent to the

quadratic form with matrix ( E g) where F is the 4 x4 identity matrix.
Thus
3 wgmNOI=e(04m)
A€o/p’o
p U
— wg'n H ( Z Z wa(m/\ A)+4 t AJ+4 tJ+4A ))
]=0 J =1 ’\J +4= =1
3 P’ P’
=w3n H ( Z —at1+4/\ Z wa(rrn\ —t; ),\J+4) )
j=0 >‘j= XJ+4 1
Note that

Z w"‘(m" —t) A4 P, if a(mA; —t;) = 0(mod p”),
0, otherwise.

.v+‘1—1
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On the other hand, we let a = a'p” with (a',p) = 1 and get our
assertion by an elementary calculation.

REMARK. For fixed v > 1 and 0 < 7 < v, the product

v

3 P P’
(12) H ( Z Z w:'_(:_"'\j)\ju"fj/\i“—j+4'\5))

7=0 /\_,'+l z\j 4=1
is zero unless the congruences
mAj =t; (mod p*™7), 7=0,1,2,3

have a solution. By the symmetry of ¢; and ¢;44 we conclude that the
product in (12) is zero unless the congruences

m/\j =tj (mod p*~7), for 7 =0,1,2,3,4,5,6,7

have at least a solution.

3. Cases with v,(m)=0.

From Proposition 3 and its remark, we note that the evaluation of
T,(Q) depends on solving the congruences

(13) mA; =t; (mod p*~7), j=0,1,2,...,7.

Obviously, the solvability of the congruences is wholy determined by
vp(m), vp(t) and v — 7.

In this Section, we shall investigate those cases with (m,p) = 1.
Under such assumption, the congruences in (13) have always a unique
solution.

Proposition 4. If (m,p) =1 and é§ = v,(n — N(t)/m), then one has
for Res > 8,

o 1— p3—s 6 (s—4)j

—-vs __ —(s—4);
> T.(Q)p ™" = -, E 2 -
v=0 7=0
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PROOF. Denote the solution of the congruences
mA; =tj(mod p*~7), 7=0,1,2,3

by Aj =t;/m, j =0,1,2,3. Hence by Proposition 3, we have

TV(Q) 3u ZP4TZT @ (n N(t)/m)

Apply (9) to the second summation; we get

min{é,v—7}
T,(Q) = Zp‘“ > weT)p?

j=0

Note that u(1) = 1, u(p) = —1 and p(p') = 0 for I > 2. It follows

T,(Q) = ( Z PPt Z p4rpu—r—1)

0<v—7<6 0<v—r—1<6
_ 4y 3T 3r—1
=P ( E p - E p )

0<v—7<6 0<yr—1-1<$§

Now we shall prove by induction on é that our assertion is true. In
order to distinguish the cases for different 6, we let

When 6 = 0, then 7 = v in the first summation and 7 = v — 1 in
the second summation. Hence

1— p3—s

oo oo
- Tv _—vs _ Tv—4 _—vs __
v=0 v=1

Suppose that for § = ¢ the assertion is true. Now

Zg41(s) — 24 Z p T pmrie=d) Z pAr=a=2)=1p=v(s=0)
v=g+1 v=q+2
_ p(at =0 1-—p*

1-— p7~.9
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Thus the formula is also true for § = ¢ + 1 and our proof is complete.

Corollary. If n > N(t), then

2(k — 4)
B4

ek,1(n,t) = — ok-s(n — N(t)).

PROOF. From (10) and Proposition 4 we have

1 ((k—38) g (k=5)
(k—8) ¢(k—4)

ex1(n,t) = ax(n — N(t))F~® :

d|[n—N(®)]
= ?(7%7) ok_s(n — N(T)).
But
ap (=2mkt 2k —4)
((k—4)  (k=5)!¢(k—4) Bi-g ’

hence our assertion follows.
Corollary. E; 1(z,w) = Er_4(2)0(z,w) with

e(z’,w) — Z e21ri(N(t)z+z7(t,w)) )
t€o

PROOF. Notethat ex 1(n,t) = Ounlessn > N(t). Alsoer 1 (N(t),t) =1
by an observation. Then we have

Ek,l(za UJ) — Z e27ri(N(t)z+a(t,w))
t€o

20k —4 ;
_ ( ) Z o_k_s(n_N(t))e2m(nz+a(t,w))
B4
n>N(t)
- Z 621'ri(N(t)z-}-a(t,w))
t€o
2(k = 4) 2mi(n+N(1)) 2o (t,w)
— OL—-5(N)€E ’
B 227

= (1 — 2—(-;%54—4) T; or—s(n) ez"i":> 6(z,w)

= Er_4(2)0(z,w).
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Corollary.
9(2’ w) - Z e21ri(N(t)z+a(t,w)) ,
t€o

18 @ Jacobi form of weight 4 and indez 1.

4. Cases with 0 < y,(t) < vp(m).

For fixed v > 1and 0 < 7 < v. If 0 < () < vp(m), then the
congruences

mA; =t; (mod p¥™7), 7=0,1,2,3

have solutions only if v — 7 < v,(t). Moreover the number of solutions
is pt(¥—7),

Proposition 5. Under the condition 0 < v,(t) < vp(m), then one has
for Res > 8,

> T(Qpre=) p
v=0 J=0
{p(S—s)up(t)+7—3(1 =", i ()< (),
+ .
0, of Vp(t)> Vp(n)r

where a = min{v,(n),v,(t)}.

PROOF. Begin with (11) of Proposition 3 and the observation above,
and get

oo o
T 1
Z TU(Q)p—us =1+ Zp—us Z P3u+4fp4u—4r2 wg_nr )
v=0 v=1 V—TSI/,,(t) o'

Apply (9) to the third summation, we get

min{v—r,v,(n)}

DT =1+ p7 Y > ueTT)pl.
v=0 v=1

v—1<w,(t) j=0

Denote the coefficient of p("=*)" by A4, . According to v,(t) < v,(n) or
vp(t) > vp(n), we have the following two cases.
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Case 1. v,(t) < vp(n). Then min{r — 7,1p(n)} =v — 7 sincev —7 <
vp(t) < vp(n). Therefore

. v if v<vu
A=) > ﬂ(P”"“’)p’={p’ < (1),

V=7 <uy(t) 0<j<V—T P, i v > p(t).

Hence
[o o] co
Y T(@p =1+ pT""A,
v=0 v=1

vp(t)
= Z pj(s_s) +p(8—8)ll,(t)+7—s (1 _p7—3)—l .
j=0

Case II. v,(t) > vp(n). Then

vp(t)

Av= Y Y wp T+ ), > u@T)pl.

v—1<y(n) 0<j<v—r v=r>u,(n) 0<j<wp(n)

Note that the first sum in A, can be computed as in the case I. The
second sum in A, is zero unless v > v,(n)+1, v—7 = vp(n)+land j =
vp(n). For such exceptional cases, the sum is —p»»(™ . Consequently,

we have , )
Az{p, it v < uyt),
0, if v > 1(t).

It follows

vp(n)

oo oo
S LQp =143 pv 4, = ¥ pit-e).
v=0 v=1 j=0

This proves our assertions.

5. Cases with v,(m) < y,(t).

For fixed v > 1 and 0 < 7 < v. If yp(m) < v,(t), then the
congruences

mAj =tj(mod p’™ "), 7=0,1,2,3
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always have solutions. The number of solutions is p*»(™) if Vp(m)
<v—r,and if v,(m) > v — 7, the number of solutions is piv=7)

Proposition 6. Under the condition v,(m) <v,(t), one has for Res>8

Z T.(Q)p ™" = Zp“ V3

v=0
+{p(s wp(m)+T=s (1 _pT=9)=1  4f y,(m) < vp(n),

0, if vp(m) > vp(n),
3 s Vp(A)
+p4u,n(m) 7 -y plam
i=v+1
p(8—-s)u,,(m)+7-—s (1—]?7_3)—1, if Vp(m)s VP(A'),
_{ 0, if vy(m)> v ().

Here f = min{v,(m),v,(n)} end v = min{r,(m),v,(A")}.

PROOF. We begin with (11) of Proposition 3, and separate the series
into two subseries according to v — 7 > v,(m) or v,(m) < v — 7. Hence

iTu(Q)p"” =1+ ip(i*—s)v Z 4r+4u,,(m)z o’ &

v=0 v=1 v—1>v,(m)

+ f: Z p(7—s)uzrw3’_ﬁ. R
o

v=1 v—7<y,(m)

where o' ranges over all positive integers between 1 and p”~" with
(a’,p) =1 in the summation ".

Let Z;(s) be the subseries corresponding to the summation v—7
> v,(m) and Zj(s) be the remaining sum. By the computations in
Proposition 5, we have

0
{ plETIm (1-p"=)7", if vp(m) < vp(n),
0, if v,(m) > vp(n),
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where = min{v,(m),vp(n)}.

Also we have

0o min{v—r,v,(A")}
Z\(s) =p4”"('")(2p(3‘”” Yot > weTT)p?
v=0 0<r<v 7=0
0o min{v—r,v,(A")}
= Pl > s T)p)
v=0 v—r<v,(m) j=0
o
=p4up(m)(zp(4—s)u( Z p3r _ Z p3r—1))
v=0 o<r<v(A) 0<r—1<w(A’)
oo
_p4up(m) ZP(4—s)u( Z p3‘r _ Z p31'—1>
v=0 0<r<y 0<r—-1<y
S
p5up(m) Z p(B—s)upti(u—up(m)-l)’ if I/p(m) < VP(AI),
- v=v,(m)+1
0, if vp(m)> v(A").

Here v = min{v,(m),v,(A")}. Now by the computations of Proposition
4, we conclude that

3—s v(A")

1_ .
_ . 4vy(m) p —Jj(s—4)
Zl(S)""p 4 1_p7__.s Z p
j=v+1
B {p(S—s)u,,(m)+3——s (1 _pT—s)—l, if Up(m) < VP(AI),
0, if vp(m)> v, (A").

Combine Proposition 2 and Propositions 4, 5, 6 with s = k—1 together.
Also using the well known result

ak (=2mi)F—* _2(k-4)

(k-4 (h-5)1C(k—4)  Bis '

we get

2(k —4
ek,m(n‘at) = —(B_k,;—). HSP 3
B P

where S, is as we claimed in the Theorem.
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