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in terms of asymmetry
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1. Introduction.

In [6], a study was initiated by R. Hall, W. Hayman, and A. Weits-
man relating the asymmetry of a set to various set parameters such as
the diameter, isoperimetric constant, and capacity. For a compact set
Qin R”, let V(€2) denote the volume of €2, and B(z, p) the ball of radius
p centered at x and volume V(). The asymmetry a = «(f2) is then
defined by

In R?, we shall use A(2) to denote the area of Q. It is clear that a = 0
when € is a ball.

Let Cap(2) denote the logarithmic capacity of a set 2 in R%. In
[6] it was shown that there exists an absolute constant Ky such that

AQ)

(1.2) Cap(Q) > (1+ Ky a(Q)?)

This was improved by W. Hansen and N. Nadirashvili in [7] where it
was shown that there exists an absolute constant K; such that

A(Q)

™

(1.3) Cap(Q) > (1 + K; a(Q)?)

993
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The inequality (1.3) was conjectured by L. E. Fraenkel and, as noted
in [6], the exponent 2 in (1.3) is sharp. The proof in [7] relies on
an inequality between capacity and moment of inertia which had been
proved by Pélya and Szego [10, p. 126] for connected sets. For general
sets, this inequality had remained open until Hansen and Nadirashvili’s
ingenious proof in [7]. They also showed that, in (1.3), Ky > 1/4. The
proofs in [6] are based on estimates for condensers.

In this work we shall prove an analogue of (1.3) for p-capacities of
condensers in the plane. The p-capacities have been studied extensively
in recent years, especially in connection with degenerate nonlinear el-
liptic partial differential equations [10]. Since such capacities are very
hard to compute exactly (cf. [10, p. 35]), we shall develop a perturba-
tive method to obtain approximations in terms of asymmetry.

A condenser T' = T'(2, Q') in R? consists of a compact set Q and a
disjoint closed unbounded set €. The p-capacity (1 < p < oo) of the
condenser is then

(1.4) Capp(I') = inf // | Dul|?P dzdy ,
R2

the infimum being taken over all functions u absolutely continuous in
R?, with u = 0 on Q and w = 1 on €. When p = 2, the minimizer is
the harmonic function in R?\(Q U ') having the prescribed boundary
values. For other values of p, the minimizer satisfies the “p-Laplace
equation”, namely, div(|Du|P~2Du) = 0. Although solutions to this
equation have only locally Holder continuous first derivatives [12], they
do retain a maximum principle, and the critical values are discrete in
R?\ (22U €’') [13]. Furthermore, u is analytic near points where Du # 0
(¢f. [11, p. 208]). We will consider p-capacities of condensers I' =
['(Q,Q) where A(2) = 1 and A(R?*\Q') = 4. The main result of this
work is

Theorem 1. Let 1 < p < oo. There exist constants K, depending only
on p, such that

(1.5) Cap, (I') > (1 + K, a(22)?)Cap, (I'*),
where I is as above, and I'* =T" (B(0,1//7), R*\B(0,2//7)) .

The p-capacity of I'* is given explicitly by

(1.6) cany) = ([ Co) i) -
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where ¢(t) = ¢, (t) = (4mt)P/21-P),

In Section 9 we show that the exponent 2 in (1.5) is sharp.

The methods of this paper can be extended to cover condensers
whose inner and outer boundaries exhibit asymmetries, but at a cost
of much routine and tedious work. Also, (1.5) in case p = 2 can be
used to give (1.3). In Section 10 we outline this proof. Although it is
impossible, due to the intricacies of the proof, to give any meaningful
numerical bounds on the constants K, in (1.5), with additional work
one could allow © and Q' to vary in size. The influence on the constants
K, will be discussed in Section 11.

In higher dimensions only partial results have been obtained relat-
ing capacities to asymmetry. Under the assumption of convexity on 2,
if Cap(Q2) denotes the Newtonian capacity of €2, then in [6] the inequal-
ity corresponding to (1.3) with exponent n+1 on « was obtained. This
was improved by Hansen and Nadirashvili [7], [8], again for convex sets,
also replacing the asymmetry by the quantity

_ Ry(®)
e( )_ R(Q) 4

where Ry is the outradius of 2 and R(€2) is the radius of the ball having
volume V' (€2). They proved that for small d = d.(£2),
d3
1+ A ———, =3,
G Cagi(? > * log1/d "
ap(B(0,p)) 1+And("+3)/2, n>4,
where V(B(0,p)) = V().

The main challenge which lies ahead is to determine the effect of
asymmetry on Newtonian capacity without the assumption of convexity.
Although « < d., and (1.7) is close to best possible for convex sets [8,
p. 8], the quantity d. has no relevance in the study of general Q2. This
stems from the fact that line segments have capacity 0 in R” for n > 3,
and so d. can be depressed with negligible effect on the capacity. On
the other hand, the notion of asymmetry, which seems to have been
introduced in this context by Fraenkel, remains a natural measure of
distortion. It seems reasonable to us to conjecture that

Cap(£2)

(1-8) Cap(B(0, 1))

> (1 + D, a?)

for constants D,, where again V(B(0;p)) = V(Q).
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In an unpublished work, Fraenkel has verified (1.8) for starlike
regions close to a ball in R®. However, contrary to the remark attributed
to the second author in [9], no general bounds on Newtonian capacity
in terms of asymmetry appear to be known. It would be interesting to
obtain an inequality of the type (1.8) with some exponent on «, but
with no assumption of convexity on (2.

There are two natural avenues of approach to this problem. The
first would be to prove an inequality for the moment of inertia I(£2) of
Q about its centroid in terms of Cap(2) as was done in R? by Hansen
and Nadirashvili. If one could prove the hypothetical inequality

(n+2)

On

(1.9) Cap(Q)"*+* > 1(9),

where o, is the (n—1)-Hausdorff measure of the unit sphere, and where
we have normalized so that the capacity of a ball is its radius, then (1.8)
would follow easily from

Q) > 1(B) [1+ nt 2 aQ} ,

where B is the ball of volume V(€2). Inequality (1.9) is a natural ana-
logue of the inequality of Hansen and Nadirashvili in R”.

Another possible approach is along the lines of the present paper,
especially in view of the recent results of Hall [5] which give the influence
of the asymmetry on the usual isoperimetric inequality. With this in
mind, the results of this paper, in particular the symmetrization method
introduced in Section 3 can be adapted to R® for n > 3 as long as
p = 2. The difficulty arises in Section 6 where one needs to prove that
if the asymmetry is very small, most of €2 is a set whose boundary lies
between two very close concentric balls. The present argument relies
on the Bonnesen type inequalities (2.2)-(2.4), and it seems difficult to
extend this type of argument to higher dimensions.

In the case of p-capacities of condensers in R™, n > 2, nothing
seems to be known regarding an analogue of (1.5), even under the addi-
tional assumption of convexity. The problem is more difficult especially
because there are no known bounds on the sets of critical points, and
in particular whether or not such sets are of measure zero. Neverthe-
less, it seems likely that (1.5) will continue to hold. More precisely,
let R, be such that V(B(0,R,)) = 1, I' = I'(2,£) be a condenser
with V(@) = 1, and V(R*\Q') = 2™. Let I'* denote the condenser
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I'(B(0,R,),R*\B(0,2R,)). Then we conjecture that there is a K, > 0,
depending only on p, such that

(1.10) Cap,(T) > (1+ K, a?) Cap,(T'*).

We have divided our work as follows. In Section 2, we state and
prove some preliminary results required in the proof of Theorem 1.
We also discuss our strategy for achieving the proof of Theorem 1. In
Section 3, we introduce a new symmetrization technique. Based on
this, we prove a perturbation lemma for 2-capacity in Section 4. The
proof of Theorem 1 involves considering several independent cases and
is spread over sections 5-8. In Section 9, we present an example to
prove the sharpness of the exponent 2 in (1.5); Section 10 contains a
proof of (1.3) based on the techniques developed in this paper. Finally,
in Section 11, we indicate how our result in (1.5) is modified when the
ratio of the areas of the sets involved is different from 4.

As in [6], our proofs will rely in part on connections with the
isoperimetric inequality. These ideas have been useful in a number
of studies (cf. [3], [4], [14], [17]).

2. Preliminary results.

We may assume that the sets we are working with are bounded by
a finite number of rectifiable curves. Let D be such a set and L(0D)
denote the length of its boundary. Then it is proved in [6, Lemma 2.1]
that

«(D)?

(2.1) L(OD)? > 47r(1 + )A(D).

In proving (2.1), use was made of relations between the inradius R; and
outradius R, of D. Results of this type are collected in [15]. In this
paper, we shall have occasion to use the fact [15, p. 3-4] that if D is
bounded by a rectifiable Jordan curve, then

(2.2) L(0OD)?* — 47 A(D) > m*(R, — R;)?,

(2.3) R, < % (L(aD) +/L(OD)? — 47rA(D)> ,
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and

(2.4) R; > % (L(aD) — JL(@D)? - 47rA(D)) ,

Proposition 2.1. Suppose that D is a bounded open set and D =
Ui2 1Dy, where the D;’s are pairwise disjoint components of D, labelled

such that A(Dy) > A(D3) > -+ . If0 <0 < 1/4, and
A(Dy) < (1-6) A(D).
then

L(OD)? > 4n (1 + V) A(D) .

PrROOF. We assume that the perimeter of each D; is finite. Set z; =
A(Dz), 1= 1,2,..., so that Zzoill‘, = A(D), and I Z ) Z I3 Z
Also

(2.5) z1 < (1-0)A(D).

We first consider the case when z; > 6 A(D). Employing the isoperi-
metric inequality, we have

L(OD)? = (L(aDl) + iL(f)Di)>

1=2

> L(0Dy)* + iL(aDi)2 +2 L(aDl)iL(aDi)

>4 (ixz + 2\/.T_1 i\/x_’>

> 4 (A(D) + 2\/:);_1( i $z> 1/2>

1=2

A (A(D) +2y/21(A(D) — x1)> .

Recalling that § A(D) < z; < (1 —0) A(D), and using the fact that
z(1 —z) for z € [0,1 — J] has as its minimum §(1 — ), we have

L(OD)? > 4n (1 +V5) A(D) .
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Thus the statement of the proposition holds in this case.
We now consider the case when x; is small, i.e., 1 < JA(D). Then

SAD) > a1 > w9 > 3>+,

and
(2.6) Swi> (1 -0 AD), forallf=1,2,...
1#£L
Clearly, '
L(0D)* = (iL(@DQ)z
(2.7) = (gL(E)DiV + JZIL(@DJ');L(@DZ-)>

> 47r(A(D) + i\/@ > ﬁ) .

j=1 g

Setting e; = x;/x1 < 1, and employing (2.6), we obtain

Sy vE=n(Yva Y va)

j=1 ij J=1 iy
2> T <Z€j Z 61')
(2.8) i=1 i
. 2
L (L=9) A(D)

T

1_
> (1=9) A(D).
)
The proposition now follows easily in this second case by combining
(2.7) and (2.8).

By taking the contrapositive of Proposition 2.1, we have

Proposition 2.2. Let D be a bounded open set such that, for some &
(0<d<1/4), L(OD) satisfies

L(OD)? < 4w (1 +V3) A(D) .
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If Dy is a component of D with the largest area, then
A(Dy) > (1—-96)A(D).

REMARK 2.1. The exponent 1/2 appearing on ¢ in the statement of
Proposition 2.1 is sharp. To see this take D = D; U Dy, where Dy
and D, are two disjoint discs of radius v/1 — ¢ and V/d respectively.
Take § < 1/4. Then A(D) = 7, and A(D;) = (1 — 0)A(D). Clearly,
L(0D)? = 4n(1+ O(V$))A(D), as § — 0.

For a condenser I' with inner set Q and outer set R2\Q', if u is
the extremal extended to be zero on Q, we write F'(t) = {z : u(z) < t}
and A(t) = A(F(t)) (0 <t < 1). We will often write « = «(Q2) for
convenience.

Our proof of Theorem 1 will be broken down into two cases. In
Case 1, the asymmetry of €2 is propagated through a ¢ interval for
the sets F'(t). Here the proof follows the methods of [6]. It is easy
to construct examples of sets 2 for which «(F(t)) is dramatically less
than «(Q2) for ¢t arbitrarily close to zero. Case 2 is designed to cover
this possibility.

The plan in Case 2 is as follows. Since «(F(T')) is very small for
some T close to 0, we first observe that this implies that most of F(T')
is a set, which we later call F;, whose boundary is contained between
very close concentric circles. This is the essence of (6.18) below. By
using the symmetrization of Section 3, we construct a new condenser
with comparable asymmetry and decreased p-capacity by suitably re-
distributing the portion of F} on each ray from the center zy of the
concentric circles. Using the new configuration, we then obtain a lower
bound on the capacities stated in Lemma 4.1.

In what follows, x and 7 will denote small positive constants which
do not depend on «, and which will be determined later. We assume

2
(2.9) 0 < & < 0.0001, 7 <0.01, and K< L.

10

Case 1. For all t such that
(2.10) 1+n<A(t) <1+2n
we have

(2.11) L(OF(t))? > 4w (1 + ko) A(t) .
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Case 2. There exists a value T" such that

(2.12) 1+ <AT)<1+2p
and
(2.13) L(OF(T))? < 47 (1 + s a?) A(T).

By the result in [13], in Case 1, Du can vanish on at most a finite
number of levels u = ¢ in the interval specified by (2.10). In Case
2, by making a slight adjustment, we may choose 1" such that Du is
nonvanishing on the boundary of F/(T'). Thus we may take OF(T) to
be analytic in the latter case.

3. A symmetrization technique.

We now present a new type of symmetrization which will be useful
in relating p-capacity to asymmetry. Let ; and F; be two bounded
open subsets of RZ. We assume that i) Q; C Fj, ii) the origin 0 lies
in Qy, and iii) 0Q; and JF; are the unions of finitely many Lipschitz

continuous curves. Let p = /A(Qq)/7m and R = \/A(Fy) /.

For each 6 € (—m, 7], let J(0) = {re? : 0 < r} be the ray from the
origin making an angle # with the positive x-axis. For a given value of
0, let

J(0) N Q= [ro,m1(0)) LJ (r2;(0),72541(0)),  10=0,

the intervals being disjoint. We now introduce the parameters necessary
to give a redistribution of the area of ; relative to B(0, p). Set

s(0) = sup{r : ret? e J(0)NQ},
t(0) = inf{r: re* € J(O) N OF,}
=sup{r: [0,7) C J(0) N F1},

5(0) = sup{r: re € J(O)NQy, 7 < t(0)},
t(0) = inf{r: re® € J(O)NOF,r > s(0)}
= sup{r : [8(9),7") C J(Q) N F1}7
N = {reie € Qr: s(0) >t0), r>380)},

E={0: JO)NN # a}.

(3.1)
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Figure 1. §(0) = s(0) < t(0) = £(0).

Figure 2. §(0) < t(0) < s(0) < £(#) (Shaded Region in N).
Note that 3(0) < s(0) and £(0) > t(#) with equality if and only if
s(0) < ().

We distinguish two possibilities in our redistribution of €2;.

Case A. Suppose first that §(f) < p. Then we define £(6) > 0 by

(3.2) 5(9)2 = ngj-i—l - T%j )

jEK
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where K = {j : ro;41 < 5(0)}.

Case B. If 5(0) > p we distinguish two subcases to define £(f) > 0 and
A(0) > 0.

i) If pe J(0) NQ, d.e., Tom < p < Tom41 for some m, then

(3.3) £(0)* =31 + ngj—i-l — 3,
JeL

where L = {j : romi1 < 125 < rojp1 < 5(0)}; also let

(34) )‘(9)2 = P2 - T%m + ngj—i—l - T%j ’
JEM

where M = {j T2+ S T'gm}.

i) If p & J(0) N Qq, we set

(3.5) £0)° =p" + ZT%j—f—l - T%j ’
jEL!
where L' = {j: p <1y <rejp1 < 5(0)}, and

(3.6) )‘(9)2 = Z T%j—f—l - T%j )

JjeEM'

where M’ = {j : 7941 < p}. It is useful to observe that £(#) > p and
A(f) < p, whenever §(0) > p.
For each 6 € (—m, ], let Q%(0) C J(#) be defined by

[0,£(0)], if 3(0) < p,
Q1(0) = ¢ [0,AO)] U (p,€(0)], if 5(6) > p and A(0) < p,
0,£(0)], if 3(0) > p and A(6) = p.

Define Qf = UpQ7(0); by the definitions in (3.1)-(3.6), it is clear that i)
A(Q) = A(Q}) + A(V) (see (3.10)), ii) if B(0,7) C Q4, then B(0,7) C
Q3, and iii) Q] N B(0, p) is starlike with respect to the origin 0.

Now suppose that 0 < R. < p and R; < R, are such that B(0, R!)
C Q, and B(0,R;) C Fy C Fy C B(0,R,). Then we conclude from
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(3.1)-(3.6) that

i) R} < £(0) < 3(0) < s(0) <i(0) <R,,
i) R; <t(0) <t <R, ,
(37) i) R; <t(0) <s(0) <t(0) < R,, 0 € E,
iv) R; < £(0) <t(0) <R, ,
v) R; < min{p, R;} <max{p, i} <R<R,,
vi) If §(0) > p, then £(0) > p, and A(0) < p

Based on (3.7) we now make some easy observations. These will be use-
ful in Section 4 and Section 8. Suppose that 5= A(Q2:\B(0, p))/A(£21)
> (. By consideration of 21\B(0, p) we have

A(N\B(O,p))>

wp?

0 < 27mp? <[5’ —

(3.8)

- / (£(0)* — p*) do < 27mp°B.
{€(6)2p}

By consideration of 2, N B(0, p),

o</‘ (ﬁ—f@fﬁw+/“ (7 — A(0)?) df
{£(8)<p} {5(0)>p}

g <ﬂ+ AN B(O,p))) |

T2

(3.9)

Subtracting (3.8) from (3.9), we then have
(3.10) 0< / (” — £(0)) db +/ (0 = A(0)) dO = 2 A(N),

- {5(0)>p}
and adding we obtain

| —c@rtan=[ ey - as
- {€(0)2p}
(3.11) +/ (p* = £(0)) do
1&(6)<p}

A(N)) |

wp?

< 4mp? (ﬂ +
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Also, let
1 2 2
p=— (p” = A(0)7) do > 0,
. = 1 2 2
A= (R —1(0)%)df > 0.

In the next section we will use this symmetrization technique to
deduce a perturbation result for 2-capacity.

4. A perturbation lemma for 2-capacity.

We will now prove a perturbation lemma based on the symimetriza-
tion introduced in Section 3. As before, ; and Fy, subsets of R?, are
bounded open sets such that i) Q; C Fy, ii) the origin 0 lies in €, and
iii) 0y and OF; are the unions of ﬁnitely many Lipschitz continuous

curves. Set p = /A(21)/7m and R = \/A(Fy)/7. Let 0 < R, < p and

R; < R, be such that B(0,R) C Qy, B(0,R;) C Fy C F; C B(O R,).
Suppose furthermore that

i) For a fixed e, 0 <e <1/2, R,(1—¢) <R, <R<R,,
(41) i) 1/2< R/R, < R;/R, <1,
iii) For 0 < 6 <1/2, 1/4 < (p/R)* < 1/(1+6) < 1

By the definition in (1.4), if I' = T'(Q;, R?\ F}), then

I = Capy(T) = inf/ |Dul? dz dy ,
F]_\Q]_

w

where, w is absolutely continuous and takes the value 1 on R2\ Fy and
0 on ©;. Let v denote the minimizer. Then it is harmonic in Fy\$)y
and assumes the appropriate boundary values. Set

A1 \B(0,p))
A(2y)

p= >0,

We prove
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Lemma 4.1. Let Oy, Fy,p, R, R;, R, R,, 3,¢€,9, and v be as described
above. Assume that (4.1) holds. Then for all sufficiently small €, we
have

p
I:/ \Dv|dady > ——— + By % — B1 €% — Bye 3,
Fi\Q1 log R/p

where By, By and Bs are positive constants depending only on 6.

ProOF. Throughout the proof we shall let ', with or without sub-
scripts, denote positive constants depending only on J, and which need
not be the same at each occurrence. We employ the symmetrization
introduced in Section 3, and use the same notations as in (3.1)-(3.6).
Then from (3.7) and (4.1), we may conclude that

1

<t)-s(0)<eR,, € E,

/e)? < (1/2)? < min{¢(0)%/R? £(0)*/1(6)°},
|R? —t(0)?| < 2eR?.

1—e<t#)/R, <1.

(0
: 2

i)
i)
(4.2) )
)

=

0
(1
il

iv

Now

1
I:/ <Uf+—203)'rd'rd9
Fi\Q r

(4.3) > / Uf rdr df
F]_\Q]_

2/ (inf/ zfrdr) de ,
—T J(Q)H{Fl\Ql}

where the infimum is taken over all z = z(r, #) such that z = 1 on J(6)N
O0F; and z = 0 on J(A)N0S;. The minimizer z satisfies the one variable
Euler equation (rz') = 0 in J(0) N{F1\Q1}. We will now estimate I by
employing the symmetrization in Section 3 and obtaining a lower bound
for the inner integral on the right side of (4.3). We do this by first
solving for z from the aforementioned o.d.e over the disjoint intervals
(5(0),t(0)) and (s(0),%()), the latter occurring whenever s(6) > t(6).
Note that z vanishes on the left end points of these intervals and takes
the value 1 on the right end points. Also see (3.7). Thus a lower bound

for I is obtained by calculating the inner integral for this function z
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over the above mentioned intervals. Recalling the definition of E from
(3.1), it follows from (4.3), (3.7.i)), and (3.1) that

4 1 1
= omara @ log(@(0)/5(0)) "
dag .

(4.4)
>

t 0
™ 1 1
= / og(:(0)/¢0) “ T L log(£(6)/5(0))

If the second integral, on the right hand side of (4.4), is larger than
47 /log(R/p) then Lemma 4.1 follows trivially from (4.1.iii)). Other-
wise,

1 4
/E oa(i(0)/50) = Toa(®)p)

But, log(£(0)/s(0)) < (£()/s(8) — 1), so it then follows from (4.2.i)),
(4.1.ii)-iii)) and (3.7.iii)) that

measg £ < Cj e.
Note that C7 depends only on §. Since
N ={re® € Q,: s(0) > t(0), r > 5(0)},
(4.1.1)) then yields
(4.5) A(N) < Cye®R? .

Now, from (4.4),

T 1
I> ——————df
" I, e

™ 1
- 2/4 log(€(0)2/16)) -

To estimate (4.6) we observe that the function f(x) = —1/log x satisfies

i) f(x)>0 (0<z<1),
(4.7) i) fl(x)>0 (0<z<1),
iii) f(z) >0 (1/e! <z <1).
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We shall use (4.7) in the form

Q) (e
D)

for some ¢ € (x,Z) or (Z,z). Then with z = p?/R?, it follows from
(4.1), (4.2), (4.6), (4.7) and (4.8) that

(4.8) flx) = f(z) = f(Z) (. — 7) +

2 4 —1 1
‘maRnoZ2/;(maamWﬂm2*h%wWR%>w

(19) sopm [ (S0 - )

2
TEO)? P
C — — ] df.
ro [ (e
The positive absolute constant C3 in (4.9) results from the fact that

(4.2.ii)) implies that £(6)2/t(0)% > 1/e2.
Next we estimate the quantities

=[G s LG

We may rewrite S as

S:/iﬁﬂwhwﬁQév‘éﬂ*ﬂ%a;2‘§ﬂ+ﬁw§;p3d&

By (3.10) and (3.12)

T E0)? - p? 2 2A(N 2 AN
(4.10) /_f()f"de:‘g;— Wy 220

Also, by (3.11), (4.1.ii)-iii)), (4.2.iii-iv)),
[ 0= (g ) @)
< [ 160 - | -
<G [ 1602 - Plas

e 40).

(4.11)
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By (3.12)
T 1 1
/ ( t0)2 ﬁ) 40
/ R2 2 R2 _ t(9)2 N il ) 0
(4.12) th R4 2w R2
0)%)? @
_/ R4t 2 + 27‘(’R2> do

Putting together (4.10), (4.11), and (4.12) we have

(4.13) s:/_ﬂ (f((g))j Ip;)d‘) 2/11%(5\[)—05% A#?)'

K

We now estimate S. Observe that

(o p_2>2 (o §<9>2>2 (g0 p_2>2

2\ R? R2) — \ R? t(0)? t0)> R?2)
Integrating with respect to 6 and recalling (3.7.1)), (4.1.i)-ii)) and
(4.2.ii)), we have

(4.14) /_7; <§§{L2)2 — fé;;j)zde < Cge?.

Using Holder’s inequality,

</s<e>2p <5(9)2 a p2> d9> 2 < (/_: 1£(0)% — p?| d9>2

<2n [ (€0 - Py,

—T

so by (3.8) and (4.1.iii)),

(4.15) %/_7; (5;32)2 —2—1)2%207 (ﬁ—Ang)y.

Putting together (4.14) and (4.15) we obtain

A(N)
wp?

9 2
416 S = / < 92_ﬁ> d920852_0952_010
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By virtue of (4.1) and (4.2), the positive constants C1-Cp depend only
on J. The estimates in (4.13), (4.16) and (4.5) in (4.9) then give

S 2T
~ log(R/p)

where By, B, and By are positive constants depending only on . This
concludes the proof of Lemima 4.1.
A p-analogue of Lemma 4.1 appears in Section 8.

I + By % — B1e? — Bye .

REMARK 4.1. The constants By, By and Bs appearing in the statement
of the Lemma 4.1, become absolute once a numerical value for ¢§ is
chosen. In our application of Lemma 4.1, a positive value for ¢ will be
fixed once a positive value for 7, appearing in (2.9)-(2.13), is chosen. In
particular, we may take 6 = 0.97. See (6.29.x)).

In the next four sections, we will present the proof of Theorem
1, based on the strategy outlined in Section 2. The proof in Case 1
appears in Section 5, while the proof in Case 2 will be presented in
sections 6, 7 and 8.

5. Proof of (1.5) in Case 1.

We will first prove Theorem 1 in the situation when asymmetry
propagates, that is, when (2.10) implies (2.11). It is easy to see that
A(t) is continuous and increasing. If we set

(5.1) so = inf{t € [0,1]: A(t) > 1+ 1)
and

(5.2) Ty = sup{t € [0,1] : A(t) < 1+ 21},
then

(5.3) A(so) < A(t) < A(Tv),  t € [s0,T0].

Recall from Section 1 that u is locally C*7. Hence an application of
the coarea formula [2, p. 248] yields, for almost everywhere ¢,

1
5.4 Al(t :/ ——do .
54 () oF() |Dul
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The formula in (5.4) holds except for possibly a discrete set of t’s since
the set of critical points of u is discrete. We now prove

Lemma 5.1. Let 1 < p < oo. If u is the extremal for the condenser
with inner set Q and outer set R2\Q' and Ty is as in (5.2), then

1/p
To < / |DulPdz dy
£(To)

1 1429 (p—1)/p
| (m [ ew dt) ,

where ¢(t) = ¢p(t) = (4nt)P/20=P) o = (), and C is a constant
which depends only on k,n and p.

(5.5)

PROOF. By the coarea formula and (5.4) we have outside a discrete set
of t’s,

1/p 1 (p—1)/p
/ ldo < / |Du|P~tdo / ——do
OF(t) OF(t) OF (t) | Dul

1/p
:/ |DulP~Ydo | (A'(t))@-D/P,
AF (t)

Using (2.10) and (2.11) it follows, for almost everywhere ¢t with sy <
t < Ty (see (5.1)-(5.3)),

1/p
p-1 (A'(r) D7
OO 1= ( /aF@ P da) <\/47r 1+ ra?) A(t)) '

We now integrate (5.6) from so to Tp. An application of Holder’s in-
equality then yields

1/p
Ty i (A'(t))P-V/p
TO—SOS/SO (/E’F(t)|Du| da) <\/47r(1+/<;a2)A(t)> dt
T, 1/p
(5.7) < (/ (/aF(t) |Du|P—1da) dt)

(r-1)/p
T A'(t)
' ( / (47 (1 + w a?) A(t))p/2—D dt) '
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Thus, by the coarea formula and the formula for ¢ as described in (1.6),
we have

1/p
To — sp < (/ | DulPdx dy)
(5.8) F(TO)\F(SO)

. (\/1 +1/<coz2 (/1:% #o) dt) (p_l)/p> .

Using the same procedure on (0,sp) and the usual isoperimetric in-
equality in place of (2.11), we see that

1/p 147 (p—1)/p
(5.9) so < / |DulPdz dy ( / o(t) dt> :
F(So) 1

Adding (5.8) and (5.9) and applying the Holder inequality, we may
show that

1/p
Ty < / | Dul|Pdz dy
F(To)
1+n 1 p/2(p—1) 1427 (r—1)/p
. o(t) dt + <7> / o(t) dt
</1 ( ) 1+ ra? 147 ( )
1/p
= / | DulPdz dy
F(To)

(p—1)/p

1427
L\ /1 . (1) dt
1_(1_<1+F\',O[2> ) 1427
/1 o(t) di

(e

The inequality in the lemma now follows with an appropriate constant
C =C(k,n,p).

(r—1)/p
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PROOF OF (1.5) IN CASE 1. Using the usual isoperimetric inequality
and the above procedure, we may show that

1/p
1-Tp < / |DulPdx dy
F(\F(To)

4 (p=1)/p
- ( / b(1) dt) |
1+42n

We now add (5.5) and (5.10), and then use the Holder inequality to
deduce that

1/p
1< / | DulPdz dy
F(1)

1 1429 4 (r—1)/p
' (1 + C a2 /1 P} dt + /1+2n #(t) dt)

1427
1 , / B() dt
_ / | DulPdz dy .
F(1)

1
1 + Ca? 1
/1 o(t) dt
4 (p—1)/p
( / qﬁ(t)dt) |

Noting (1.6) we easily obtain the statement of Theorem 1.

(5.10)

(r—1)/p

6. Geometry of the Sets in Case 2.

Assume Case 2 holds. In this section we shall use (2.12) and
(2.13) to construct a subcondenser whose inner set is close to a disc.
Lemma 4.1 will then provide the necessary estimates for obtaining the
2-capacity of the original condenser.

We may assume, as in [8, p. 5], that the components of 2 are
simply connected, so that by the maximum principle, the components
of the set F'(t) for each t in (0, 1], are simply connected. Let Fi(t) be
one having largest area, and Fy(t) = F(t)\F1(t). We first show that it
suffices to assume that for some ¢ such that

(6.1) Alt) <1+ kKa?,
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we have

(6.2) A(Fy(t)) > (1 —n/10) A(t)
and

(6.3) L(OF1(t))? < 4m (14 1) A(Fy(t)) .

Let 7 = sup {t A <1+ kaz}. Suppose that (6.2) were false for all
t such that 0 <t < 7. It follows from Proposition 2.1 and (2.9) that

(6.4) LOF())* > 4w (1 + y/n/10) A(t), 0<t<T.

If, on the other hand, (6.2) holds but (6.3) does not, then instead of
(6.4) we get

L(OF(t))* > L(OF,(1))?
> 4m (1 +n) A(F1(t))
> dm (14n) (1 —n/10) A(t)
> 4mw (14 4n/5) A(t) .

(6.5)

Since the right hand side of (6.4) is greater than that of (6.5) for n <
0.01, we find that if (6.2) or (6.3) were to fail, then at least (6.5) would
hold.

If we were to repeat the steps in Lemma 5.1 leading to (5.8) we

would get
1/p
T < (/ |Dul|Pdax dy)
F(r)

) o (—1)/p
V1+4n/5 </1 #t) dt)

Also, corresponding to (5.10) we would have

1/p 4 (p—1)/p
(6.7) 1—r< / \DulPda dy (/ b(1) dt) .
FONF() L ra?

(6.6)
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Adding (6.6) and (6.7) we would obtain

1/p
P
1< </F(1) | D dxdy)
1+ka?
1 p/2(p—1) / o(t)dt (p—1)/p
'<l‘<l‘<m> >1/‘* i )
1 (t)
4 (p—1)/p
(Jowa) ™"

It is easy to see that (1.5) follows for an appropriate constant K =
K(k,m,p)-

Thus we may assume the existence of ¢ = t( such that (6.1)-(6.3)
hold. Then F'(tp) has a simply connected component Fi(tp) such that
(6.1)-(6.3) become

(6.8) 1< A(ty) <1+ ka?,

(6.9) A(F1(to)) > (1 —n/10) A(to) ,
and

(6.10) L(OFy(ty))? < 4m (1 + ) A(Fy(to)) .

Now, with 7" as in (2.12) and (2.13), F1(T) is a component of F(T')
having largest area and Fy(T) = F(T)\F1(T). From (2.9) and (6.8),
T >ty and F(T) contains F'(tp). From (2.13) and Proposition 2.2, it
follows easily that

(6.11) A(F(T)) > (1 — k%a*) A(T).
It is clear from (6.11) that A(F»(T)) < k2a*A(T). From (6.8), (6.9),
(2.9) and (2.12) it follows that F}(tp) cannot be completely contained in

F5(T). Now, since F(ty) and Fi(T') are both connected and Fi(ty) C
F(T), it follows that

(6.12) Fi(to) C Fi(T) and A(Fy(T)) < x?**A(T) .
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Let Qy = F1(T) N F(ty). Then the set F(ty)\2; is contained in Fy(T).
From (2.12) and (6.12) we have

A(F(to)\Q1) < A(Fy(T)) < k2*A(T) < 4 K%0* < ka?.
Hence,
(6.13) A(Qq) > A(ty) —ka? > 1 —ka®.

Based on (6.8)-(6.11) we now form an auxiliary condenser with some
observations on the geometry of the sets.

Now, by (2.2), 0F1(T) lies between two circles C, = {x : |z —z,| =
Ry} and C; = {z : |z — x;| = R;}, R, > R;, where by (2.12), (2.13)
and (6.11),

R, — R; < %\/L(aFl (T))2 — 4T A(Fy(T))

< %\/L(E?F(T))z —4r (1= m2ab) A(T)

(6.14)
< L i [0 Tra?) = (1 = b A(T)
™
<2Vka.
In particular, the centers of C, and C; satisfy
(6.15) |z — ;] < 2K .
Also, by (2.3), (2.9), (2.12), (2.13) and (6.11),
1
R, < 27T( (OF1(T)) + V/L(OF1(T))? — 4w A(F1(T)) )
1

I/\

7T( (OF(T)) + /L(OF(T))% — 47 (1 — k2a*) A(T) )

(6.16)
< \/@ (V1+ ka2 +Vka? + k2at)

<o (14 3vRa)

Regarding the position of Fy(to) in Fy(T), we note that (6.8), (6.9),
(6.10) and (2.4) imply that Fj(tp) contains a disc B(:E, R;) where

Ri > (1— ym)y/1—n/10
(6.17) > (1 - 1.1y7) (ﬂo)
Loty

NG
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Recalling that Q; = F1(T) N F(ty) and comparing (6.12)-(6.17) we
conclude that

(6.18) i)  B(z,,R,(1—¢)) C Fi(T), e=75Vra,

where

(6.19) wﬂﬁas&gmg\/ﬂ%,
and

(6.20) R§=2R,-—ROZ1_0'2"_3(1+2")\/Ea_

NG
By (6.8), (6.11), (6.13), and (2.12)

i) 1-ka?<A) <1+ka?
(6.21) i) (1 —r2a®)A(T) < A(FL(T)) < A(T),
i) 14+n<AT)<1+29.

It follows from (2.9) and (6.21) that
A(F (T
(6.22) 1+0.9n§w§1+2.1n.

If B(x,,p) has the same area as ; and B(&,/1/m) is such that o =
A(Q\B(z,+/1/m)), then by (1.1), (6.18) and (6.21)

A(\B(z0,p)) = A(Q\B(z0, p)) — A(Q\)
= A(Q\B(zo, 7))
(6.23) — A(B(20, p)\B(20,7)) — A(Q\1)
> A(Q\B(Z,r))
— A(B(20, p)\B(wo,7)) — A(Q2\(21)
>a—ka?— ko’

>_
27
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where 7 = y/1/m. The third inequality follows from the definition of
(). Thus, if

(6.24) f= A(ij;(f)o’p)) . = A(T?l) :

we have, from (2.9), (6.23) and (6.21) i) that

(07

N
3

We set Fy = Fi(T) for convenience, and let u = u, be the minimizer

for (1.4). Clearly,

(6.26) / |DulPdz dy > / |DulPdz dy .
F(T) Fi\Q

Also, since 0F; and 0€2; are level sets for u, we may use u, renormalized,
as the extremal for the condenser having inner set {; (closure of Q) and
outer set R?\ F1, and in this way estimate the right hand side of (6.26).
For p = 2, this will be done by using Lemma 4.1, while for p # 2, the
p-analogue (see Section 8) will be used.

In fact, with u =ty on 02; and v =T on 0F7y, then

u—to
T —to

(6.27) v =

is the minimizer for

1 , oOn 8F1 ,
/ |DwPdx dy, w =
FI\Q 0, on 0.

Thus,

inf/ |Dw|pd:1:dy:/ |Dv|Pdx dy
(6.28) i e

= Du|Pdx dy .
(T —to)r /Fl\Ql D

Thus, with ' = I'(€2;, R?\ F1) as the subcondenser, the next step in the
proof of Theorem 1 is to obtain estimates for Cap,(I'). To this end,
we first employ the symmetrization introduced in Section 3. Setting
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p = \/AQ1)/7 and R = \/A(F,)/m, and using the notations (3.1)-
(3.6), we conclude from (3.7), (6.14), (6.16), (6.18)-(6.22) that

(1) if $(0) > p, then &(0) > p and A(0) < p,

i) RL<E(0)<R,.

i) Ro(l—e)<Ri<R<R,,

iv) Ro(l—¢)<t(l)<R,,

v) R.<p<R<R,,

(6.29) vi)  |R?—t(0)?] <2eR2%,

vii) 0 <#(0) —s(0) <eR,, ek,

viit)  £(0) < s(0) < #(0) < R, ,

ix) R;<&0)<td)<R,,

x)  JIT097 < Rjp< JTTIIT,

( xi)  Ro(1—¢)<td) <s()<t@®)<R,, 0OcE.

In Section 7, we will prove Theorem 1 when p = 2. The details of
the proof, when p # 2, together with the p-analogue of Lemma 4.1 will
be presented in Section 8.

7. Proof of (1.5) for p =2 in Case 2.

We now prove Theorem 1, in Case 2, when p = 2. We specify
n = .01 when p = 2.

We now take a) Ql = Ql(to), F1 = Fl(T), P = \/A(Ql)/ﬂ', and
R = \/A(Fy)/m, and b) R, R;, R,,¢ and v as in (6.20), (6.19), (6.16),
(6.18) and (6.27), and ¢) x, = 0 in (6.18). As in Remark 4.1, we take
d = 0.9, n = 0.009 (see (6.29.x))). These observations together with
(6.29) imply that the hypotheses of Lemma 4.1 are satisfied. It is easily
seen from (6.18) and (6.21) that

1 A(T) R

(7.1) 3 log 1 ra? > log e
We apply the conclusion of Lemma 4.1, together with (6.25)-(6.28),
(7.1) and the definition of ¢ in (6.18), to conclude that there are absolute
constants C' and k1 such that k < Ky,

/ |Dul?dx dy > / |Dul|?dx dy
F(T)

i\
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9 4
=n) <log<A<T>/<1 ~ o)
(7.2) + By > — B1e® — By eﬂ)
4m

> (T —to)*(1 + Ca?) ————.
Henceforth, we take k < k1 .
To estimate to in (7.2) we recall that u =ty on 0F (tg), with to as
in (6.8) so that (cf. [3, p. 3])

1 47
— Dul?dx dy > ——— |
ts Jr) Dl log A(to)
that is,
1
(7.3) £2 < X log(1 + ka?) / \Dulda dy .
dm F(to)
By Green’s theorem and the fact that w is harmonic,
/ | Du|*dx dy = to / Ou ds
F(to) OF (to) On
0
(7.4) — 4 / du .
aF(1) On
= to Capz(I)

Thus, from (7.3) and (7.4) we have,

2
R

We now have two cases to examine, namely, i) T'> M, and ii) T < M.
First we work out case i). From (7.2),
4 (T — M)?
7.6 / DulPdzdy > ——— (1 + Ca?),
(76) 1P oz (L o)

We now use the usual isoperimetric inequality for T < t < 1 as was
done in (5.10) to obtain

1/2 1 4 1/2
1-T< / | Du|*dx dy (— log ) .
FO\F(T) dr 7 A(T)
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This together with (7.6) and Holder’s inequality gives

4 (1 — M)? < / | Du|?dz dy
F(1)

4 1

log AT + 102 10gA(T)>

Ca?  log A(T)
| 1- log4.
( 1+Ca? log4 > o8

Now set G = Capy(I')/Cap2(I'™*). Then G > 1. Recalling that Caps(I'™)
= 4r/log4, (7.7), (2.12), and n = 0.01 yield

2
(1-M2<G 1_Ca log1.01 .
2 log 4

This together with (7.5) gives

2
| _FYC A= Crad) < G (1— Caa?).

log 4

Thus,
1

G > .
~ 1-Cha?+rka?/logd

For sufficiently small x we then have
(7.8) Capz(I') > (1 + C3a?) Capa(I'*).

We now examine case ii), i.e. T'< M. Observe that

1
/ |Du|*dx dy = — / |Du|*dz dy .
F(1) T Jra
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Now, from (7.5) we deduce that

2
1
< ra 2 |Du|?dz dy ,

which in turn implies,

1/2
(7.9) T < oz,/i / | Du|*dz dy :

By employing a procedure, similar to the one used in deriving (5.10),
we again write

1/2 . A 1/2
(7.10) 1T < / | Dul2da dy <— log <—>> |
FO\F(T) 4 A(T)

Adding (7.9) and (7.10), using (2.10) and n = 0.01, and applying
Holder’s inequality we have

1/2
1< (/ |Du|2dxdy>
F(1)
1 4 Ko 1/2
(ar s () + 55

1/2
= / |Du|*dz dy
(1)

log 4 N ra?  log A(T) /2
4 4m 4n

1/2
< / | Du|?da dy
F(1)
. Ko _ log1.01 /2 log 4 1/2
log 4 log 4 4 '

For sufficiently small , (7.11) then yields

4 log 1.01
T <|1- 08 / |Dul?*dx dy | |
log 4 2 log4 F(1)

(7.11)
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which implies (1.5) trivially, that is, with no dependence on «. Thus
we have shown that (1.5) holds when 7' > M and T' < M, so the proof
of (1.5) is complete for p = 2.

8. Remarks on Case 2 for p # 2.
The procedure for obtaining the analogue of Lemma 4.1 will now

follow for general p, with different constants, much as was done in
Section 4. Inequality (4.3) becomes

1
I:/ (vf-l-—zvg)p/z'rd'rdO
Fi\Q; r

Z/ inf/ | fr|Prdr | db,
—T J(G)ﬂ{Fl\Ql}

where f = f(r,0) is absolutely continuous and f = 1 on J(0) N 0F};
and f =0 on J(#)N0OQ; . We then use the solution to the one variable
Euler equation (r]2'[P722")" = 0 and (4.4) becomes

(8.2) 1> |dP™ </_ #(6)? —dée(e)dw—l +[E |f(9)d—dj<9>dlp‘1>’

where d = (p — 2)/(p — 1). This follows from the observation that for
4 £ 0 and £(0) < 3(0) < 1(0),

(8.1)

[(0)T — O) P~ > [t(0) - ()P
Our objective is to prove the analogue

27

p—1
83) 1P e

1+K1ﬁ2—K2€2—K3€ﬁ)

of Lemma 4.1, where the constants K;, K5, and K3 now depend only
on p for small e. We first consider the case p > 2. We write

1\t 1 p-1
(ia) = ()

. (1 _ (e _(t;Zl - ;/;C; ¢d) ) o

(8.4)




624 T. BHATTACHARYA AND A. WEITSMAN

Now the condition (2.9) and (6.29) already imply that t/R and &/p are
close to 1; certainly

1 ¢ t
=< =, — < 2.
2 p R
In addition, by (2.9), (6.19), (6.20), (6.29.v))-(6.29.ix-x)), we also have
td _ é’d
8.6 0< <o
( ) R4 — pd

for some constant o = o, > 0, which depends only on p.

Let h(xz) = (1 — x)!7P. Then, h(0) =1, h'(z) = (p— 1)(1 — x)7P,
and h'(x) = p(p — 1)(1 — 2)7P~! which is positive and increasing for
—o00 < z < 1. Using these on the interval [1 — o,1), we find that

2

87)  h@)>1+(p-Da+h"1-0) =

. l-o<z<l.
5 oc<ux

Combining (8.4), (8.6) and (8.7), we may then write

1 p—1 1 p—1
() 2 ()
Rd . td + é}d _ Pd
s (reun((Tote
2
o1 (RE— gt pf

27 R — pd '
In (8.8), we shall use the following four expansions with (8.5). First we
have

T pd_ 4d d ™ 2\ d/2

/ R df = R / - ((L do
Ter_pd Rd_pd -7 R

(8.9) -
d R% /” R2 — 2
T 2(Ri—pd) J_. R?

(s

+

dg >0

The fact that the right hand side is nonnegative follows from (3.12).
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Also,
T ed_ d d
. ]gd__i)d df = de_ ol
LUG)) )
. p
d T 2 2
(8.10) > 2(R“flp_ 7 ‘ p2p do
d
_ 92-dg (1_ g) (de_ pd>
L5
and

T fgd 2 d 2
L(Rd—id) dQZ(de—pd>
| - ¢ 2>d/2_ >2
L)
2 yd—3 p? 22— p2\?
= (Rd—pd> /_w< p? > “

™ d__ pd\ 2 dpd
/ (7; - td> b > & 4d—37(Rfl’_R 7
(8.12) - P P

™ 2 42N\ 2
() o

Similarly,

Using (8.8) in (8.2) we obtain

> ¥
— (Rd _ pd)p—l

™ gd _ pd R _ 4d
'<27T+(p_1)</ <Rd—pd+Rd—pd

—T

2
P fd—pd Rd—td
+§0.p (Rd—pd+Rd—pd d@
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dr—1
Z (Rd _ pd)p—l

™ fd—pd Rd_td
'(2W+(p_1)</_w(Rd—pd+Rd—pd

+20_p_1<<u Z(HY
2 R _ R _ pd
L é}d_pd Rd—td >> d9>>
Rd — pd R4 — pd '

We now use the inequalities in (8.9)-(8.12) to estimate I. It follows that

dr=t

where,

_(p—l)d pd T o R2 2 52_[)2
=+ Rd_pd/_ﬁ( o ) o,

d d

d ™ 2 2\ 2
i d/ <§ 2p> df,
R —p* | _x p

d pd ™ 2 _ 42\ 2
_ P __p1pa-3 PR R” —1

—T

(©)"-
()"

Now, for some C; > 0, Ty > —C1A(N)/p? by (3.12) and (4.10), nd

T35 > 0. We may estimate Ty by using, (6.29.vi)), (3.11), and (8.5) to
obtain

and

d pd ™
_ p1 PR
Ii=—pp-1o* m/_ﬂ

Rp? A(N)
Tyl < 200 S D e A ke — .
Ty| <200p (p—1) 0 (Rd_pd)26<ﬂ+ m2>
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It is at this stage that we constrain our parameter n for each p # 2. We
now assume that 7 is sufficiently small so that

2 - 9

R — p P2

-7

This is possible due to (6.29.x)). Using these estimates in (8.13) along
with (4.15) we then obtain

dr—1 A(N)\?
2 e (2 6 (02 )
—czﬁs—clA(N)>,

P2

(8.15)

Finally, we need an estimate for A(N). We first make a preliminary
estimate using (8.4), (8.8), (8.9), and ignoring the second order term
n (8.8). Observe that from (8.5), |(£2 — p?)/p?| < 4. Using this and
(3.11) in (8.10), (8.8) yields

T df 27
19 [ g 2 e 0O

If

27

/“ do +/ do
o O =E@0) =t g [E(6)F — s(0)d[p—1
G

]-+C4/8)7

then (8.3) follows trivially. Otherwise, from (8.16) we have

do
./E £(0)2 — s(0)2|p—1 = (RT — piyp—1 Caf3.

Using (6.29.vii)) to estimate A(IN) as in Section 4, we then obtain
(8.17) A(N) < Csel BR? .

Using (8.17) in (8.15) and fixing 1 so that (8.14) holds, we then obtain
(8.3) with constants depending only on p.
A similar analysis can be carried out for 1 < p < 2.
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Finally, we give the analogue of Section 4 for p # 2. Now,

1-p
2m|d|P~1 AlF)
[RT— pip=1 ~ / o)

A(2)

A(T) 1=p

/ W)dt)

(1—ka?)
A(T) 1-p

2/ ¢(t)dt) (1 Cgra?).
1

By (8.3) and (8.18), there exist constants C7 and x; such that for
0 < k < K1, we have

/ |Dul|Pdz dy > / | DulPdz dy
F(T) i\

2m|d|P~1
- |Rd _ pd|p—1
(8.19) (T —to)?(1+ K1 8° — Ky &” — Kz 3)
> (T'—to)? (1 + Cra?)

A(T) 1=p
- ( /1 b(t) dt) |

To estimate ¢y in (8.19), we recall that u = to on OF (to) with to as in
(6.8), so that

1 A(to) 1=p
\DufPda dy > / ori e
1

to Jro)

14+ka? p—1
th < (/ |Du|Pdz dy) (/ o(t) dt)
F(to) 1

< Cg (ka?)P~t / |Dul|Pdz dy .
F(to)

(8.18)

Y

Hence,
(8.20)

By Green’s theorem,

0
(8.21) / |DulPdz dy = t / | Du|P~—2 9 s = to Capp(I) .
F(to) OF (to) on
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By (8.20) and (8.21),
(822) to S Cg /iaz Capp(r)l/(p_l) = ]\47 Cg — Csl/(P—l) )

As in Section 7, we distinguish two possibilities, namely, i) 7" > M, and
ii) T < M. Let us first assume that i) holds. Thus for 0 < x < Ky,
(8.19) yields

(8.23) /F(T) \DulP > (T — M)? (1 + Cy a?) (/1A(T) b(1) dt) .

We may now use the usual isoperimetric inequality over the interval
(T, 1) to obtain

1/p 4 (p=1)/p
1T < ( / |Du|p> ( (1) dt> .
FNF(T) A(T)
This together with (8.23) and Hoélder’s inequality gives us
(1- M) < / \DulPda dy
F(1)
1 1/(p—1) (A(T) 4 p—t

. — t)dt + / t)dt

<(1+C7a2> /1 ?(t) A(T)¢() )

A(T) p—1
| e

=t ((@)WDQW
- </F(1> |Du|pdxdy> </14¢(t) dt)p_l .

Set Z to be the square bracket term on the right hand side of (8.24),
and take S = Cap,(I')/Capp(I'*). Then S > 1, and (8.24) says that
(1—M) < SYPZlr or by (8.22),

(8.24)

1—Cyra? S/ -1 Capp(p*)l/(p—l) < St/ zp
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Since S/ (®=1) > §1/P it follows that

SU/-1) 1 ,
— ZYP + Cy Kk a? Cap,(I*)1/(p-1)

This in turn implies,

1 p-1
C r*).
217 + Cy k a? Capp(I‘*)l/(p—l)> apy (1)

(8.25) Capp(I') > (

Since it is easy to see that Z < 1 — Cypa?, the result then follows from
(8.25) for sufficiently small k.
We next consider case ii), i.e., T < M. Now,

1
/ |Du|Pdx dy = — / |Du|Pdx dy,
F(1) T Jrer

so that by (8.22),

1/(p—1
(1 /(p—1)
T<Cyora®| = |DulPdz dy :
T Jra

Hence,

1/p
(826) T < (Cona?)®-D/r ( / |Du|pda:dy> .
F

(T)

We employ the usual isoperimetric inequality and the coarea formula
over the interval (7, 1) (see Section 5) to obtain

1/p 1 (r=1)/p
1-T< ( / \DulPda dy> ( S(1) dt> |
F(L)\F(T) A(T)

This together with (8.26), (2.12), and Holder’s inequality results in

1 p—1
1< (/ |Du|pdxdy> (Cgm2+/ o(t) dt)
F(1) A(T)
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p—1

A(T)
S (/ |DU|pdxdy> 1+ (’;9”’0‘2 _/1 ; Plt) de
o /1¢(t)dt /1¢(t)dt
. (/14¢(t)dt>p_l
C9ﬂa2—/1+n¢(t>dt '
< (/ |Du|pdxdy> 1+ 1
o /1¢5(t)dt
. (/14¢(t) dt)p_l ,

which again gives the result for x sufficiently small. Thus, the proof of
Theorem 1 is complete for p # 2.

-1

9. Sharpness of the exponent 2.

In this section we show that the condenser with elliptical inner set
of small eccentricity gives the proper order of magnitude for capacity
to show that the exponent 2 is sharp. Although there is no reason to
believe that this case gives the sharp constant K in Theorem 1, it is
convenient from the standpoint of calculations. On the other hand,
there is some delicacy in choosing the inner set. For example, putting
a small bump or a circle would result in an exponent of 1 instead of 2
on «.

Let € be a small positive number. For each ¢, let E. denote the
closed domain bounded by the ellipse 2 = 7(1+¢)*/2 cos 0, y = rosin 6,
where o = 1/(v/7 (1 + €)'/4). Then A(E.) = 1. Let I'. denote the
condenser I'(E., R*\B(0,2/y/7)). From [6, p. 88-89] we have that o =
a(E.) = ¢/2r + O(e?), as € — 0. In order to prove our claim, we note
from (1.4) and (1.5) that it is sufficient to exhibit a function u, belonging
to the class of admissible functions for (1.4), with the property that

// |VulPdz dy = Cap,(T*) + O(e?) ase — 0,
RrR2

where I'* is as in Theorem 1. This will then imply that

(9.1) Cap, (T) = Cap,(I'™*) + O(?) ase — 0.
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Theorem 2. Let € > 0, be small, I'. be the condenser whose inner set
is Ee and outer set is R?\B(0,2/\/7). Then for each fized p > 1, there
is a function u = ugp, with u =0 on E. and u =1 on R*\B(0,2//T),
such that

9.2) // VulPde dy = Capy(I*) + O(2)  ase 0.
RQ

Proor. We shall present details for p # 2; the case p = 2 is similar.
Set R =2//m and p =1/\/m. Then ro = p/(1+¢)/%. By (1.6),

2m|d[P—1

(9.3) Capp (I'™) = RI— pipp1°

where d = (p—2)/(p — 1).
Let 7, 6 be the polar coordinates, and define u(r,#) = u, ,(r,0) as
Rd . ’I"d
R% — rd (1 +ecos20)d/2’

(9.4) u(r,0) =1—
in B(0,2/\/7)\Ee, u=0 on E., and u = 1 on R*\ B(0,2/y/7). Then u
is absolutely continuous, and in B(0,2/y/7)\F.,

]t
|R® — rd (1 + € cos? 0)4/2|

(9.5) |Vu| = + 0O(£?) ase — 0.

Then, by (9.5),

// |Vu|Pdz dy
R2
»/(1-p)

27 R
= |d|P
| | /0 /ro\/1+€c052 [ |Rd - T(C)l (1 + € cos? 9)d/2|p
+ 0(e?)

_ |d|p_1 /27T |R® — rd (1+€c0329)d/2|
o |R*—rd (14 ecos?)d/2|p

rdrdf

(9.6)
do

+ 0(e?)
_ |d|P—1/2W ! d
o |R*—rd(1+ecos?)d/2p—1
+0(e%).,
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as € — 0. By the definition of ry and p,

1 29 d/2

ViTe
1+ecos?0)%?
0.7 R g 1_<7> .
(9.7) p*+p e
Set
h(g)_1_<1+ecos29>d/2
B V1+e '
Now,
d 2 1 2
(9.8) h(e):—i(cos 9—§)e+0(6) ase — 0.

Thus, (9.7) and (9.8) imply, as ¢ — 0,
d 1—
d_ .d 2 \d/2(1—p _ |pd _ d|l—p p“ h(e) P
IR? — 18 (1 + £ cos? 0) /2] IR — | (1+7(Rd_pd))

d d|1—p (p—1) p? h(e)
:|R _p| <1_ (Rd_pd) )

(9.9) + O(e?)
— |Rd . pd|1—p

(p—1)dp?(cos?6 — 1/2)6)
2 (R* = p?)

: (1 +
+0(e%).

Using (9.9) in (9.6), we have, as € — 0,

|dP—1 27 d(p—1)p? 9 1

P —

//2|Vu| dz dy R — pdp—1 1+2(Rd pd)(0089 2>6d9
+0(e?).

Since

we obtain (9.2).
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10. Logarithmic Capacity.

We now outline the proof of (1.3). Let © be a compact subset of
the complex plane C with 02 a finite union of rectifiable curves. Let
G(z) denote Green’s function for C\Q with pole at oo, extended to be
0 on 2. Then

(10.1) —log Cap(f2) = Zlggo (G(z) —log |2]) -

For A > 0, let Qy = {z: G(2) < A}. Then G(z) — A is Green’s function
for the complement of Q. Let I'y be the condenser I'(€2, C\€2y). The
definition of Cap(I'y) is as given in (1.4) with p = 2. In this instance,
the minimizer is harmonic and is given by G(z)/A. For 0 < t < A, write
F(t)y={z:G(2) < t},and A(t) = A(F(t)). We will assume throughout
that A is larger than some A in order to ensure that A(€2y) > 2A(Q2) =
2. We continue to assume that A(2) = 1. In the event that A(Q) # 1,
all areas may be scaled by 1/A(2) to recover the result. We will apply
the coarea formula directly to G(z). We take n = 0.01 in (2.10)-(2.13)
and begin with Case 1. Set sop = inf{t > 0 : A(t) > 1.01} and Ty =
sup{t : A(t) < 1.02}. Inserting p = 2 and n = 0.01 in Lemma 5.1, we
obtain

Lemma 10.1. For A > Ao, if Ty is such that A(Ty) = 1.02, then

A7 T?
10.2 DG *dz dy = 9_(1+ Dyo?

where D1 depends only on k.

We now proceed as in Section 5. Applying the usual isoperimetric
inequality over the interval Ty < t < A, we obtain

1 A(N)
A—Tp)2 < —log // DG|?dx dy .
( 0) m A(TO) QA\F(To) | |

Combining this with (10.2) via Hélder’s inequality, we see that

(10.3) // |DG|*dx dy > AmA?
. Qu = log(A(X)(1.02)—D1e?/(1+D1a?))
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Since G(z) — log |#| is harmonic at oo, it follows that with r = |z,
0G/0r = 1/r + o(1/r?) as r — oo. By Green’s Theorem, we have as

T — 00,
// |DG|*dz dy = /\/ 9C 4
Qy IO on
oG
(104) - /|Z|_r st

It follows from (10.1) that for z € 9y, |z| = Cap(2)e*(1 + o(1)),
so that

AN =7 (Cap(Q) ) (1 +0(1))  as A — oo.
This with (10.3) and (10.4), gives

27 47

X = log (7 (Cap(2) €X)2 (1 + o(1)) (1.02)~Pra*/(1+Dia?))

Thus,

Cap(Q) > (1_02)]31&2/@@@1&2))\@ |
The inequality in (1.3) now follows in Case 1.

We now discuss Case 2. As in Section 6, we may assume that
there is a t9 > 0 such that (6.8)-(6.10) hold. Let Fy = Fy(T), 1 =
Fi(T)NF(ty) as in Section 6 and let I'. be the condenser I'(21, C\ F}).
Since F; and €; are both level sets for G(z), it follows that

Cap(T',) = // |Dv|?dx dy
Fi\@,

(10.5) )
= DG|*dz dy,
(T — ty)? //Fl\al DG

where
G(Z) - t()

v(z) = T 1
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Using Lemma 4.1 in (10.5) and choosing 0 < k < k¢ for some small xy,
we may show that

(10.6) //F(T) \DG|2d dy > ( I

where B is an absolute constant. From (6.29) x), R/p depends only on
7. As was done in Case 1, we apply the usual isoperimetric inequality
onT <t < A, and combine the result with (10.6) via Holder’s inequality
to obtain

to)” (14 Bo?),

(10.7) dr (A —£9)? < log(A(\) (1.01)—Ba2/<1+3a2>)// IDG|2dx dy.
Qx

To estimate ¢y, observe that F'(ty) is a level set of G(z), and G(z)/ty is
harmonic in F'(¢y)\2. Thus,

47

1
Ceop @ OFW) = 5 [ 1DGPdzdy 2 s
0 0

Using the inequality (6.8) and an argument similar to that in (10.4) we
have

1
10.8) 2 < —log(l + ka? Dszazdy:t—Olog 1+ ka?).
0
4 F(to) 2

Clearly then, ty < ka?. Using (10.4), the estimate on A(\) (see Case
1) and the bound on to, in (10.7), we have

T (A=K a?)? <2\ (1og(7r (Cap(Q)e)‘)2(1+o(1)) (1.01)_Ba2/(1+na2))> )
Simplifying the above,
Cap(Q) > 6_2’“"2(1.01)30‘2/(2(1+B“2))\/I.
s

Fixing  such that 0 < k < kg, we obtain (1.3).
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11. The constants K,,.

A(R?\()

Let I'(€2, ') be a condenser as in Section 1, and set x

JA(Q). Let B(0,R) and B(0, R) be discs such that A(B (0,;)) A(Q)
and A(B(0, R)) = A(R*\Q'). Let I'* = T'(B(0, R), R2\ B(0, R)) and set
d=(p-— )/( —1). Then

Capy(I™) = 4/ log x,
and, for p # 2,

2P/ |d[P=TA(Q)Z-P)/2 o |dpt
|£d/2 _ 1|p—1 - |Rd _ Rd|p—1 )

Cap,(I') =

In this section we will discuss how the constants K, = K,(x) in (1.5)
behave as y varies. Note that we have taken y = 4 in Theorem 1.
Although determining the dependence on x involves only routine modi-
fications of the proofs, this was avoided in the text since such considera-
tion involves carrying along additional parameters and the introduction
of numerous subcases. In what follows, K p Tepresents positive constants
depending only on p. Our methods give the following:

)1<p<2,
K, (x — 1), 1<x<2,
K, =
Kp (independent of x), x> 2,
i) p =2, R
Ky(x—1)?2 1<x<2,
K> =
Ky/logx,  x>2,
iii) p > 2, )
K, (x — 1), I <x<2,
K, =

K,/|Ix¥* —1|, x>2.
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