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The phase of

the Daubechies �lters

Djalil Kateb and Pierre Gilles Lemari�e�Rieusset

Abstract� We give the �rst term of the asymptotic development for
the phase of the N �th �minimum�phased� Daubechies �lter as N goes
to ��� We obtain this result through the description of the complex
zeros of the associated polynomial of degree �N � 	�

�� Introduction�

The Daubechies �lters mN ��� are de�ned in the following way 
���

i� mN ��� is a trigonometric polynomial of degree �N � 	

�	� mN ��� 

�N��X
k��

aN�k e
�ik�

with real�valued coe�cients aN�k�

ii�
p
�mN ��� and

p
� e�i�mN ����� are conjugate quadrature �lters

��� jmN ���j� � jmN �� � ��j� 
 	 �

iii� mN ��� satis�es at � and �

mN ��� 
 	 ����

�p

��p
mN ��� 
 � � for p � f�� 	� � � � � Ng ����

���
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The importance of those �lters is due to the following facts� the asso�
ciated wavelet �N de�ned by

��N ��� 
 e�i���mN

� �
�
� �
���Y
j��

mN

� �
�j

�
�

generates an orthonormal basis of L��R� f�j���N ��jx�k�gj�Z�k�Zand
satis�es the cancellation propertiesZ

xp�N �x� dx 
 � � for p � f�� 	� � � � � Ng �

and has a support of minimal length among all orthonormal wavelets
satisfying ����

Conditions �	� to ��� don�t de�ne mN in an unique way� As a
matter of fact� there is exactly ���N�����	 solutions mN �where 
x� is
the integer part of x�� Indeed� conditions �	� to ��� determine only the
modulus of mN

jmN ���j� 
 QN �cos �� ����

QN �X� 

�	 �X

�

�N�� NX
k��

�
N � k

k

��
	�X

�

�k
����

We are going to check easily the following result on the roots of QN �

Proposition �� The roots of QN are X 
 �	 with multiplicity N � 	
and N roots XN��� � � � � XN�N with multiplicity 	 such that

i� for 	 � k � N � ReXN�k � � and XN�N���k 
 XN�k�

ii� for 	 � k � 
N	��� ImXN�k � ��

iii� if N is odd� XN��N����� � 	�

With help of Proposition 	� we may easily describe the solutions
mN of �	� to ���� Indeed� if XN�k 
 �zN�k � 		zN�k�	� with jzN�kj � 	�
then we have

��� mN ��� 


��N�����	Y
k��

SN�k���
�	 � e�i�

�

�N��

�
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where� for 	 � k � 
N	���

�	��

SN�k��� 

�e�i� � zN�k� �e

�i� � zN�k�

j	� zN�kj�

or SN�k��� 

�	� zN�k e

�i�� �	� zN�k e
�i��

j	� zN�kj� �

If N is odd�

�		�

SN��N�������� 

e�i� � zN��N�����

	� zN��N�����

or SN��N�������� 

	� zN��N����� e

�i�

	� zN��N�����
�

The case where all the roots of MN �z� �the polynomial such that
mN ��� 
 MN �e�i��� are outside the unit disk is the minimum�phased

Daubechies �lter

�	�� mN ��� 

�	 � e�i�

�

�N�� NY
k��

e�i� � zN�k

	� zN�k
�

The aim of this paper is to describe the phase of the Daubechies �lters
as N goes to ��� Indeed� the modulus of mN is described by ��� and
��� and one easily checks that

�	�� lim
N���

jmN ���j 


����������	
	 � if j�j 
 �

�
�

	p
�
� if j�j 
 �

�
�

� � if
�

�

 j�j � � �

The phase of mN � on the other hand� is much more delicate to study�
it depends of course on the choice of the factors SN�k in ���� but even
for the case of minimum�phased �lters we are not aware of any previous
results on the behaviour of the phase�

We are going to give an approximate value of zN�k which allows
the determination of the phase of mN � More precisely� if Z�� � � � � ZN are
N complex numbers such that for k � f	� � � � � Ng� jZkj �
 	 and if

��Z�� � � � � ZN ���� 

NY
k��

e�i� � Zk
	� Zk

�
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we de�ne the phase ��Z�� � � � � ZN ���� as the C� real�valued function
such that ���� 
 � and

��Z�� � � � � ZN ���� 

NY
k��




e�i� � Zk
	� Zk




e�i��Z������ZN ���� �

This function is easily computed as

�	�� ��Z�� � � � � ZN ���� 
 Im
�Z �

�

NX
k��

i e�is

e�is � Zk
ds
�
�

Theorem �� Let QN �X� be given by ���� XN��� � � � � XN�N be its roots

which are not equal to �	 ordered by�

� for 	 � k � 
�N � 	�	��� ImXN�k � � and XN�N���k 
 XN�k�

� jXN��j 
 jXN��j 
 � � � 
 jXN���N�����	j
and let zN�k be de�ned by XN�k 
 �zN�k � 		zN�k�	� and jzN�kj � 	�

For 	 � k � N � we approximate zN�k by ZN�k where�

i� for 	 � k � 
�N��
�	LogN �� ZN�k 
 i � �k	
p
N � where ��� ���

� � � � �k� � � � are the roots of erfc�z� 
 	 � ��	
p
��
R z
� e

�s� ds� such that

Im �k � � and ordered by j��j 
 j��j 
 � � � 
 j�kj 
 � � � �

ii� for 
�N��
�	LogN � 
 k � 
�N�	�	��� ZN�k 
 
N�k�
q

�N�k � 	�

where

Im 
N�k � � ��	��a�

	� 
�N�k 

�
	 �

	

N
Log ��

p
�N� sin�N�k�

�
e��i�N�k ��	��b�

and

�	�� �N�k 

� k � 	

�N � �
� �

iii� for 
�N � 	�	�� 
 k � N � ZN�k 
 ZN�N���k�

Then for any choice

mN ��� 

�	 � e�i�

�

�N��

��z��N��� � � � � z
�N
N�N ����
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of the Daubechies �lter mN �where �k 
 		 and �N���k 
 �k�� the

approximation

�mN ��� 

�	 � e�i�

�

�N��

��Z��
N��� � � � � Z

�N
N�N ����

satis�es

�	�� j��z��N��� � � � � z
�N
N�N ����� ��Z��

N��� � � � � Z
�N
N�N ����j � C�

�LogN��

N��

�

for all � � R� where C� doesn�t depend neither on N � � nor on � nor

on the �k�s�

Thus� due to Theorem 	� we may give the phase of mN with an
o �	� precision� Of course� we need the knowledge of the roots of the
complementary error function� these roots are described in 
�� and our
results give again the same estimates� as we shall see�

We may greatly simplify the approximating ZN�k�s if we accept
to get a greater error� For instance� we may characterize easily the
minimum�phased �lters with an O �

p
N� error�

Theorem �� Let

mN ��� 

�	 � e�i�

�

�N��

��zN��� � � � � zN�N ����

be the N �th minimum�phased Daubechies �lter� Then the phase

��zN��� � � � � zN�N ����

satis�es

�	�� j��zN��� � � � � zN�N �����N����j � C�

p
N � for all � � R �

where C� doesn�t depend on � nor on N and where

�	�� ���� 

	

��
�Li��� sin ��� Li��sin ��� 


�	
�

��X
k��

�sin ���k��

��k � 	��
�
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The Li� function is the polylogarithm of order �

���� Li��z� 

�X
k��

zk

k�



Z z

�

	

u
Log

	

	� u
du �

The function �Li��z�� Li���z��	� is known under the name of Legen�
dre�s �

�
function�

Theorem � will be proved by approximating mN by

�mN ��� 

�	 � e�i�

�

�N��

�� �ZN��� � � � � �ZN�N ����

with

�ZN�k 

p
e�i	N�k �

p
	 � e�i	N�k � 
N�k 
 �� �

	�k � �

�N � �
� �

Then �� �ZN��� � � � � �ZN�N�	N is identi�ed with a Riemann sum for the
integral

	

��
Im

Z 


�

Log

	p
e�i	 �

p
	 � e�i	 � e�i�

d
 
 ���� �

This approximating �ZN�k is a simpli�ed version of the approximating
ZN�k of Theorem 	� obtained by neglecting the term

	

N
Log �

p
�N� sin�N�k �

We will be also able to give a description of a family of almost linear�
phased Daubechies �lters�

Theorem �� Let

mN ��� 

�	 � e�i�

�

�N��

��z
�N��

N�� � � � � � z
�N�N

N�N ����

be the N �th Daubechies �lter with N 
 � q and with the following choice

of �N�k� for 	 � p � q� �N��p�� 
 �N��p 
 	 and �N��p�� 
 ��p�� 

�	 �so that �N�N���k 
 �N�k�� Then the phase ��z

�N��

N�� � � � � � z
�N�N

N�N ����
satis�es�

��	�



��z�N��

N�� � � � � � z
�N�N

N�N ����� 	

�
N�



 � C� � for all � � R �
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where C� doesn�t depend on � nor on N �

We are now going to prove Theorem 	 �and obtain theorems � and �
as corollaries�� Of course� it amounts to give a precise description of the
roots XN�k of QN �X�� If we neglect the term Log �

p
�N� sin�N�k	N

in ZN�k� we obtain as a �rst approximation that the zN�k are close
to the arc fjz � 	j 
 p

�� Re z � �g �which can be parameterized as

f
p
e�i	 �

p
	 � e�i	� �� � 
 � �g�� or equivalently that the XN�k are

close to the half�lemniscate fj	�X�
N�kj 
 	�ReXN�k � �g� This will be

obtained by representing QN �X� as a Bernstein polynomial on 
�	� 	�
approximating the piecewise analytical function �

����	

���� QN �X� 

�N��X
k�N��

�
�N � 	

k

��	 �X

�

�k�	�X

�

��N���k

�a formula pointed by many authors 
	�� 
��� 
		��� In that form� QN �X�
corresponds to a Herrmann �lter 
�� and it is precisely the �gure in
Herrmann�s paper representing the zN�k�s for Q�� which lead us to con�
jecture the behaviour of the zN�k�s�

A classical theorem of Kantorovitch 
��� 
�� on the behaviour of
Bernstein polynomials of piecewise analytical functions ensures that
QN �X� converges to � uniformly on any compact subset of the interior
of the half lemniscat fj	 � x�j 
 	� Rex 
 �g and to 	 uniformly on
any compact subset of fj	 � x�j 
 	� Rex � �g� We will use similar
tools to study QN �X� outside of the convergence subsets�

Near the critical point X 
 �� the approximation by points on
the lemniscat is no longer precise enough� and we will show that for
the small roots XN�k� �

p
NXN�k is to be approximated by a root of

the complementary error function� Such an approximation occurs for
instance in the study of the �spurious� zeros of the Taylor polynomials
of the exponential function 
	�� and we will use quite similar tools to
get our description� The main di�erence� however� is maybe that we
are dealing with a divergent family of polynomials�

Notations� We will de�ne as usually Log z and
p
z as the reciprocal

functions of

z 
 Logw�fz � C � jIm zj 
 �g 
�� w 
 ez�fw � C � w �� ���� ���g �
z 


p
w � fz � C � Re z � �g 
�� w 
 z� � fw � C � w �� ���� ��g �
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The paper will be organized in the following way�

�� QN as a Bernstein polynomial and other preliminary results�
�� Small roots of QN � �rst estimates�
�� Big roots of QN � �rst estimates�
	� Big roots of QN � further estimates�

� Small roots of QN � further estimates�
�� The phase of a general Daubechies �lter�
�� Minimum�phased Daubechies �lters�

� Almost linear�phased Daubechies �lters�

�� QN as a Bernstein polynomial and other preliminary re�

sults�

We begin by proving a �rst localization result�

Result �� For N � � and t �
 �	� if QN �t� 
 � then j 	� t j
 	�

Proof� This will be the only time where we use the Daubechies formula
��� for QN �X�� This formula gives that if QN �t� 
 � and t �
 �	� then

����
NX
k��

	

�k

�
N � k

k

�
�	� t�k 
 � �

If we de�ne �k as �k 

�
N�k
k

�
	�k� � � k � N � then we have obviously

� 
 �� 
 �� 
 � � � 
 �N�� 
 �N � and we may apply a very classical
lemma of Enestr�om� Kakeya and Hurwirtz �quoted by G� P olya and
Szeg�o 
	�� Exercise III������

Lemma �� If � 
 a� 
 a� 
 � � � 
 aN�� 
 aN and if
PN

k�� aks
k 
 �

then jsj 
 	�

Proof of the lemma� If s � � then
PN

k�� aks
k � �� if s �� 
������

then 


a� � NX
k��

�ak � ak���sk



 
 a� �

NX
k��

�ak � ak��� jsjk �

thus if jsj � 	 �so that jsjk � jsjN��� and s �� 
������ we get


�	� s�
NX
k��

aks
k



 � jsjN��

�
aN �

NX
k��

�ak � ak���� a�

�

 � �
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Thus� we have shown that the roots t ofQN such that t �
 �	 are located
in the open disk of radius 	 and of center 	� and that the associated
values 	� t� are located in the interior of a cardioid�

From now until the end� we will use formula ���� instead of formula
��� to represent QN � The main interest in the representation of QN as
a Bernstein polynomial is that QN is easily di�erentiated� ���� gives

����
d

dt
QN �t� 


��N � 	��

�N �N ���
	

�
�	� t��N �

This expression can be easily related to the expression of QN �cos ��
given by Y� Meyer �
���

QN �cos �� 


Z cos �

��

��N � 	��

�N �N ���
	

�
�	� t��N dt




Z 


�

��N � 	��

�N �N ���
	

�
�sin 
��N�� d
 �

We will use intensively formula ���� in the following� If t is small� we
approximate QN �t� by QN ��� 
 		� and obtain

���� QN �t� 

	

�

�
	 �

��N � 	��

�N �N ���

Z t

�

�	� s��N ds
�
�

while for a bigger t �with Re t � �� we approximateQN �t� by QN �	� 
 	
and obtain

���� QN �t� 
 	� 	

�

��N � 	��

�N �N ���

Z �

t

�	� s��N ds �

Stirling�s formula N � 
 �N	e�N
p
��N�	� 		�	�N��O �		N��� allows

one to simplify formulas ���� and ����

����
��N � 	��

�N �N ���

 �

r
N

�

�
	 � O

� 	

N�

��
�

Thus QN �t� 
 � may be rewritten as

���� 	 �
�p
�

Z p
Nt

�

�
	� s�

N

�N
ds 
 	� �

p
Np
�

�N �N ���

��N � 	��

 O �

	

N�
�
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or as

����
p
N

Z �

t

�	� s��N ds 
 �
�N �N ���

��N � 	��


p
� � O

� 	

N�

�
�

Formula ���� will be used for the small roots �sections � and �� and
formula ���� for the big roots �sections � and ���

We mention a further application of ���� �which will not be used
in the following�� we may compute explicitly the generating series for
QN �t� when Re t 
 ��

Proposition �� Assume that Re t 
 � and j�	� t��uj 
 	� Then

����
��X
N��

QN �t�uN 

	

�

	� t�p
	� u �	� t�� ��t�p	� u �	� t���

�

Proof� We di�erentiate
P��

N��QN �t�uN with respect to t� Then ����
gives

�

�t

� ��X
N��

QN �t�uN
�



��X
N��

	

�

��N � 	��

�NN �

��	� t��u�N

N �



	

�
�	� u �	� t������� �

hence
��X
N��

QN �t�uN 


Z t

��

	

�

ds

�	� �	� s��u����
�

On the other hand� if we di�erentiate t	�	� u �	� t������� we get

�

�t

� t

�	� u �	� t������

�



	� u �	� t��� t�u

�	� u �	� t������



	� u

�	� u �	� t������
�

Thus we have

��X
N��

QN �t�uN 

	

� �	� u�

� t

�	� u �	� t������
� 	
�



	

� �	� u�

	� u �	� t��� t�

�	� u �	� t��������	� u �	� t������ � t�



	

�

	� t�

�	� u �	� t��������	� u �	� t������ � t�
�
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As a corollary� we get�

Result �� If t � C is such that j	� t�j � 	� then

lim sup
N���

jQN �t�j 
 �� �

Proof� If Re t 
 �� this is obvious by formula ����� the right�hand
term of equality ���� has 		j	� t�j as its radius of convergence in u� so
that

lim sup
N���

jQN �t�j��N 
 j	� t�j �

If Re t � �� then QN �t� 
 	�QN ��t� so that again

lim sup
N���

jQN �t�j��N 
 j	� t�j �

If Re t 
 � and t �
 �� then

jQN �t�j � 	

�
�

r
N

�

Z jtj

�

�	 � ���N d� �� �� � as N �� �� �

A last �and direct� application of formula ���� is Proposition 	�

Result ��

i� If t is a root of QN �t� and t �
 �	� then t has multiplicity ��

ii� If N is even� t 
 �	 is the unique real root of QN �

iii� If N is odd� QN has only one other real root xN��N����� �
 �	�
and xN��N����� � 	�

Proof� By ����� we know that the only roots of dQN	dt are 	 and
�	� so i� is obvious� Moreover� if N is even� dQN	dt is non�negative
on R and thus QN is increasing� �	 is the unique real root of QN � If
N is odd� then QN decreases on �����	�� vanishes at �	� increases
between �	 and 	� and decreases again from the value 	 at t 
 	 to the
value �� at t 
 ��� QN has another real root xN��N����� � 	�

Results 	 and � imply obviously Proposition 	�
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�� Small roots of QN � �rst estimates�

In this section� we are going to prove the following result�

Result 	� Let �� � ��� 		�� and K 
 
��LogN	������ Then� if N
is big enough� the number of roots t of QN �t� such that Im t � �
and jtj � p

�K�	N is exactly K� Moreover� if we list those roots

as xN��� � � � � xN�K with jxN�kj 
 jxN�k��j and �x �� � ���� 		��� we have

��	�



xN�k �

	p
N

�k




 � C���� ���
	p

N N�����
�

where ��� � � � � �K are the K �rst roots � of erfc��� 
 � with Im � � ��

Proof� Assume that jtj �p�� LogN	N for some �xed �� � �� Then�
using formulas ���� and ����� we write

QN �t� 

�	
�
� �N

��
	 � ��N �

�p
�

Z p
Nt

�

�
	� s�

N

�N
ds
�
�

where �N � ��N are two constants �depending only on N� which are
O �		N��� Now� if juj � p

�� LogN� we have

ju�j
N

� ��
�

�LogN��

N

 o �	� �

hence one may �nd C� � � so that for N big enough �N � N� where
N� depends only on ���


�	� u�

N

�N
� e�u

�



 � C�




e�u� u�
N




 � C� �
�
�

�LogN��

N���� �

Hence we get for �xed �� � � and for N � N�����

����



�	

�
� �N

���
QN �t�� erfc��

p
N t�




 � C�
�LogN�
��

N���� �

for jtj �p�� LogN	N � where C� depends only on ���

Now� assume that 
 is such that QN �
� 
 � or erfc��pN 
� 
 �
and that j
j �p�� LogN	N � in every case we have

jerfc��
p
N
�j � C�

�LogN�
��

N���� �
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We are going to show that for �� small enough� erfc��pN 
� z� is not
too small on jzj 
 ��� Indeed we have

jerfc��
p
N 
 � z�� erfc��

p
N 
�j 
 �p

�




 Z z

�

e�N	�e�
p
N 	se�s

�

ds





� 	

�

�p
�
je�N	� j jzj � 	p

�
N��� jzj �

provided that

jzj � min
n
�
p
�� LogN�

	

�C�

p
�� LogN

o
�

where C� 
 maxjwj�� j�ew � 	�	wj�
Thus� if j
j � p�� LogN	N � where �� 
 �� 
 		�� and if N is

big enough so thatr
��

LogN

N
�

	

�C�

p
��N LogN




r
��

LogN

N

and

C�

p
�
�LogN�
��

N����� 

	

�C�

p
��LogN


 �
p
��LogN �

we obtain that QN �t� and erfc��pN t� have the same number of ze�
ros inside the open disk D�
� C�

p
� �LogN�
��	N�������� �by Rouch e�s

theorem��
In order to conclude� we need some information on the zeros of

erfc�z�� A theorem by Fettis� Cuslin and Cramer �
��� gives a develop�
ment of �k

����

�k 
 e�i
��
�r�

� k � 	

�

�
�

� i

�

r�
� k � 	

�

�
�

Log
�
�
p
�

r�
� k � 	

�

�
�
�

� O
� �Log k��

k
p
k

��
�

Thus if M� is a �xed number in ���	�� ��	��� the number of roots �
of erfc��� 
 � such that Im � � � and j�j � p

� k� �M� is exactly k
when k is large enough�
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Now we may prove Result �� Let �� 
 		� and K

��LogN	������
For each root t of QN �s� such that jIm tj � � and jtj � p�K�	N �p
��LogN	N there is a root 
 of erfc��pN s� such that

j
 � tj � C�

p
�
�LogN�
��

N������� �

�where �� 
 �� 
 		� and N � N������� Then we have

j
p
N 
j �

p
�K� � C�

p
�
�LogN�
��

N�����

�
p
�K� �

�

	�
p
�K�

�
r�

�K �
	

�

�
�

provided thatN � N������ But we know that there are exactly �K roots
of erfc��pN s� inside the disk D���

p
��K � 		���	

p
N�� Conversely�

if 
 is a root of erfc��pN s� such that

j
j �
r

�K�

N
� C�

p
�

�LogN�
��

N��� � � ��
�
r
��

LogN

N
�

there is a root t of QN �s� such that

j
 � tj � C�

p
�
�LogN�
��

N������� �

hence jtj �p�K�	N � moreover for N � N����� we have

p
�K� � C�

p
�
�LogN�
��

N����� �
p
�K� � �

	�
p
�K�

�

r�
�K � 	

�

�
� �

so that we have again �K roots of erfc��pN s� such that

j
j �
r

�K�

N
� C�

p
�
�LogN�
��

N����� �

Finally� we conclude by noticing that ���� shows us that if erfc��pN
i�

 �� i 
 	� �� 
� �
 
� and j
ij �

p
��K � 		���	N then j
� � 
�j �
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C�	
p
KN and jIm 
ij � C�

p
K	N for some positive C� which doesn�t

depend on K nor N � hence the balls

D
�

i� C�

p
�
�LogN�
��

N�������

�
are disjoint and don�t meet the real axis �for N large enough�� Thus
��	� is proved� if we notice that

�LogN�
��

N����� 

	

N�����
�

for �� 
 ��� 
 		� and N large enough�

�� Big roots of QN � �rst estimates�

In this section� we are going to devote our attention to formula
����� A straigthforward application of ���� is the following one�

Result 
� For N large enough� if t �
�	 and QN �t�
�� then j	�t�j�	�

Proof� If QN �t� 
 �� then we have
p
N
R �
t
�	� s��N ds 


p
� �	� �N �

with �N 
 O �		N��� Now� since Re t � � �due to Result 	�� we may
write Z �

t

�	� s��N ds 


Z ��t�

�

�N
d�

�
p
	� �


 �	� t��N��

Z �

�

�N
d�

�
p
	� ��	� t��

�

We write ! 
 	� t�� If j!j � 	 then we will prove that

inf
������	

j	� �!j � 	

�
j	� !j �

This is obvious if Re! � �� we have j	 � �!j � 	 and j	 � !j � ��
If Re! � �� ! 
 �ei� �� 
 � � 	� � � ���	�� �	���� we distinguish
the case � � sin� and � � sin�� If � � sin �� it is easily checked
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that j	 � �!j � j	 � !j� If � � sin�� we have j	 � �!j � sin� and
j	� !j � j	� ei�j 
 � j sin ��	��j� hence

j	� �!j �



 cos �

�




 j	� !j �
p
�

�
j	� !j �

Thus� we have for Re t � � and j	� t�j � 	




 Z �

t

�	� s��N ds



 � j	� t�jN��

N � 	

	

jtj �
	p
N

� 	p
N jtj

�
�

If jtpN j � �	
p
�� we get




pN Z �

t

�	� s��N ds



 � 	

�

p
� �

and thus QN �t� �
 � �for N large enough so that j�N j 
 		��� Ifp
N jtj � �	

p
�� then t � ��	pN for a root � of erfc�z� such that

j�j � �	
p
�� but the roots of erfc�z� satisfy �	� 
 jArg �j 
 ��	� so

that �for N large enough� jArg tj � �	� and t cannot lie inside the
lemniscate j	� t�j � 	�

We may now enter the core of our computations� We are going to

give a precise description of
R �
t
�	� s��N ds� Integration by parts gives

usZ �

t

�	� s��N ds 

�	� t��N��

� t �N � 	�
�
Z �

t

�	� s��N��

� s��N � 	�
ds



�	� t��N��

� t �N � 	�
� �	� t��N��

� �N � 	�

Z �

�

�N�� d�

�	� � �	� t������
�

We then de�ne ��t� as

���� ��t� 

jt�j

inf
������	

j	� � �	� t��j �

We have

����

Z �

t

�	� s��N ds 

�	� t��N��

� t �N � 	�

�
	 �

�	� t��

� �N � �� t�
�N �t�

�
�
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for Re t � � with

���� j�N �t�j � ��t���� �

Of course� ���� is a good formula if �N �t� cannot explode� As a matter
of fact� we will show that in the neighbourhood of the roots of QN �s�
we have j��t�j � C� where C� doesn�t depend on N nor t� but we are
still far from being able to prove it� The only obvious estimations on
� are the following ones� if Re t� � 	� we have of course j��t�j 
 jt�j�
while if Re t� 
 	 and j	� t�j � 	 we have

j��t�j 
 jt�j
j sin �Arg �	� t���j �

With help of formula ���� and a careful estimate of ��t� in ����� we are
going to prove�

Result �� Let �N�k 
 ��k � 	��	��N � ��� Then for N large enough�

the roots xN��� � � � � xN�N of QN such that xN�k �
 �	� ordered by

� for 	 � k � 
�N � 	�	��� RexN�k � � and xN�N���k 
 xN�k

� jxN��j 
 jxN��j 
 � � � 
 jxN���N�����	j
satisfy


xN�k �

p
� sin�N�k e

i�
����N�k���

� ei��
�����N�k���

�N
p
� sin�N�k

Log ��
p
�N� sin�N�k�





� C

	p
N

max
n �	 � Log k��

k���
�
�	 � LogN � 	� k��

�N � 	� k����

o
�

����

where C doesn�t depend on k nor N �

Proof� Since �N�N���k 
 � � �N�k� it is enough to prove ����� for
	 � k � 
�N �	�	��� i�e� for the roots which lie in the upper half�plane�
The proof is decomposed in the following steps� one �rst proves that
Arg �	 � x�N�k� cannot be too small� so that we have a �rst control on
�N �xN�k�� then one gives through ���� a �rst estimate on xN�k and on
the related error� this gives us a more precise information on Arg �	�
x�N�k� and thus we may conclude with our �nal estimate�
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Step 	� We want to estimate Arg �	 � x�N�k�� We �x 
� � ��	�� �	��
so that the sector fz � �	� � jArg zj � � � 
�g contains no zero of
erfc�z� �remember that limk��� Arg �k 
 ��	��� We now distinguish
the cases ArgxN�k � 
�� 
�� and ArgxN�k ��
�� �	�
� If Re 	� x�N�k � ��

we know that ��xN�k� � jxN�kj� � �� If Re 	�x�N�k � � and ArgxN�k �

�� �	��� then we see that jxN�kj� � j tanArg �	 � x�N�k�j �because � 


	 � x�N�k satis�es Re� � ��� 	� and j�j � 	 so that j sinArg�j � j	 �
�j � j tanArg�j�� moreover we have jxN�kj� � �� thus if j tan �Arg �	�
x�N�k�j � �� then we have

j sin �Arg �	� x�N�k��j 

j tan �Arg �	� x�N�k�jq
	 � tan��Arg �	� x�N�k��

� jxN�kj�p
	�

and ��xN�k� �
p
	�� On the other hand� if j tan �Arg �	 � x�N�k��j � ��

then we have jArg �	� x�N�k�j � 
Arg tan �� �	�� and thus

j sin �Arg �	� x�N�k��j � sinArg tan � 

�p
	�

� jxN�kj�p
	�

and ��xN�k� �
p
	� again�

If Arg �xN�k� � 
�	�� 
��� we have

jIm �	� x�N�k�j 
 jx�N�kj j sin �ArgxN�kj
so that

jIm �	� x�N�k�j � jxN�kj� j sin � 
�j �
while

j sin Arg �	� x�N�k�j 

jIm �	� x�N�k�j
j	� x�N�kj

� 	

�
jIm �	� x�N�k�j �

so that

��xN�k� � �

j sin � 
�j �

The di�cult case is when 
� � ArgxN�k � �	� �as a matter of fact� we
will see in step � that this case never occurs when N is big enough���
For the moment� we will show that we have necessarily for such an xN�k

�and provided N is large enough� the inequality

N jxN�kj� � j cos 
�j
	��C�

�


 �� �
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where C� is given by

C� 
 max
n

sup
j
j����




�� � Log �	� ���

��




� sup
j
j��

je
 � 	j
j�j

o
�

Indeed� let A� � � be large enough so that for A � A�� e
�A� cos ��	����

�	 � A�	�� 
 			�� �remember that cos � 
� 
 ��� �	�A�j cos � 
�j� 

			�� and AeA

� cos ��	���� 
 			��� If
p
N jxN�kj � A� and N jxN�kj� �

��� we write

QN �xN�k� 

	

�
�
�
	 �O

� 	

N�

��rN

�

Z xN�k

�

�	� s��N ds

and thus

jQN �xN�k�j � 	

	�

p
N



 Z xN�k

�

�	� s��N ds



� 	

�
�

We write
�	� s��N 
 e�Ns�eN�s��Log ���s��� �

since jsj �p��	N	�� we have jsj � 		� for N large enough� thus

jN �s� � Log �	� s��j � C�jN s�j � 	

	��
�

thus
jeN�s��Log���s��� � 	j � C�

� jN s�j �
Thus� writing xN�k 
 �N�k e

i	N�k � we get

jQN �xN�k�j � 	

	�




 Z p
NxN�k

�

e�s
�

ds





� C�
�

	�

Z p
N�N�k

�

e�s
� cos �	N�k

s�

N
ds� 	

�

� 	

	�




 Z p
NxN�k

�

e�s
�

ds





� C�
�

	�

�
p
N �N�k�

�

N j cos � 
N�kj
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�
Z p

N�N�k

�

e�s
� cos � 	N�ks j cos � 
N�kj ds� 	

�

� 	

	�




 Z p
NxN�k

�

e�s
�

ds





� e�N��N�k cos �	N�k

�
p
N �N�k

�C�
� �
p
N �N�k�

�

	� j cos � 
�j
�
� 	

�
�

We have now to estimate
RpNxN�k

�
e�s

�

ds� We write

Z p
NxN�k

�

e�s
�

ds


 ei	N�k

�Z p
N�N�k��

�

e�s
�e�i�N�k

ds�

Z p
N�N�k

p
N�N�k��

e�s
�e�i�N�k

ds
�


 ei	N�k�I� � I�� �

We have jI�j � e�N��N�k cos ��	N�k����N�k

p
N	�� while

I� 

h e�s�e�i�N�k

�� s e�i	N�k

ipN�N�k

p
N�N�k��

�
Z p

N�N�k

p
N�N�k��

e�s
�e

�i�N�k

� s�e�i	N�k
ds



e�N��N�k e

�i�N�k

��pN �N�k e�i	N�k
� e�N��N�ke

�i�N�k��

�pN �N�k e�i	N�k
� I� �

We have

jI�j � 	

�
�	
�

p
N �N�k

��
j cos � 
N�kj

�
Z p

N�N�k

p
N�N�k��

e�s
� cos �	N�k� s j cos � 
N�kj ds

� e�N��N�k cos �	N�k

�
�	
�

p
N �N�k

��
j cos � 
�j

�
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Thus we get

jQN �xN�k�j

� 	

	�

e�N��N�k cos �	N�k

�
p
N �N�k

�
�
	� � e�N��N�k cos �	N�k�� � �

N ��N�kj cos �
�j

�N ��N�k e
�N��N�k cos �	N�k�� � C�

� ��
j cos � 
�j

� 	�
p
N �N�k e

N��N�k cos �	N�k

�
� 	

	�

e�N��N�k cos �	N�k

�
p
N �N�k

�
	� �

	��
� 	

	��
� 	

	��
� 	

	��
� 	�

	��

�
� � �

which contradicts QN �xN�k� 
 �� Up to now� we have proved that if

argxN�k � 
� then either
p
N jxN�kj � A� or N jxN�kj� � ��� But

if jxN�kj � A�	
p
N and N is large enough� Result � ensures that

�pN xN�k is close to a zero of erfc�z�� This is not possible for N
large enough since the distance between fz � �	� � jArg zj � � � 
�g
and fz � erfc�z� 
 �g is positive�

Thus we must have N jxN�kj� � ��� Write again xN�k 
 �N�k e
i	N�k �

since jxN�k � 	j � 	 by Result 	� we have �N�k � � cos 
N�k� thus
� cos 
N�k � ���	N���� and

jImx�N�kj 
 jx�N�kj j sin � 
N�kj � sin 
�

���
N

����
jxN�kj� �

We thus have proved

��xN�k� 

jxN�kj�j	� x�N�kj

jImx�N�kj
� �N���

�sin 
�� �
���
�


 CN���

� �

We thus have proved

� if ArgxN�k 
 
��

j�N �xN�k�j � ��xN�k�
��� � C� �
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� if ArgxN�k � 
��

j�N �xN�k�j � ��xN�k�
���

� �C�N
�������


 C
���
�

�N jx�N�k�
���

�N �jxN�kj����


� C
���
�

�
��

�

�N jxN�kj����� �

In any case� we have

���� j�N �xN�k�j � C �N jxN�kj����� �

�Remember that limN��� infkN jxN�kj� 
 j��j� � ���

Step �� We are now able to give an estimate for xN�k� Let us consider
a root y �
 �	 of QN such that Im y � �� We have

Z �

y

�	� s��N ds 
 �
�N �N ���

��N � 	��
�

hence from ���� and �����

����
�	� y��N��

� �N � 	�
p
� y

�
	 � O

���y����
N jyj�

��



r
�

N

�
	 � O

� 	

N�

��
�

�where � 
 O ���N� y�� means that j�j	��N� y� � C for a positive
constant C which doesn�t depend neither on N nor on y�� Taking the
�N � 	��th root of the modulus of both terms of equality ����� we get

j	� y�j 
 	 �
	

N � 	
Log
�
�
p
N�

N � 	

N
jyj
�

� O
� �LogN��

N�

�
� O

� 	

N�

�
� O

���y����
N�jyj�

�

 	 �

	

N
Log ��

p
N� jyj� �O

� �LogN��

N�

�
� O

���y����
N�jyj�

�
�
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Now� we write 	 � y� 
 � e�i� �� � 
�� ��� � � ��� so that y 
p
	� � e�i�� We have found

j	� �j 
 O
� 	

N
Log �

p
N jyj�

�
� O

� �LogN��

N�

�
� O

���y����
N� jyj�

�

 O

� 	

N
Log �

p
N jyj�

�
�

�since 		CN � Log �
p
N jyj�	N � C LogN	N � while ��y����	�N�jyj��

� C	�N�N jyj��� � C �	N�� Thus 	 � � e�i� 
 	 � e�i� � �	� �� e�i�

with 


 �	� �� e�i�

	� � e�i�




 
 O
�Log �pN jyj�

N jyj�
�

and we �nd

y 


s
�	� e�i��

�
	 �O

�LogpN jyj
N jyj�

��



r
� sin

��
�

�
ei�
�������

�
	 � O

�LogpN jyj
N jyj�

��
�

We insert this result in ���� and take the phase

��N � 	��� �

�
�
�

�
�O

�LogpN jyj
N jyj�

�
�O

���y����
N jyj�

�

 ��k�

or

���� � 

�k � 	

�N � �
� �O

�LogpN jyj
N�jyj�

�
� O

���y����
N�jyj�

�
�

If we assume
p
N jyj � A� where A� is big enough so that

O
�LogA�

NA�
�

�
�O

� 	

NA
���
�

�
is less than ��	��N � �� �A� being chosen independently from N�� we
see that � � � � � implies � � k � 
�N � 	�	��� moreover since

jyj 

r
� sin

��
�

� �
	 � O

�LogpN jyj
N jyj�

��
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we must have

� sin
��
�

�
� A�

�

N
�O

�LogpN jyj
N�jyj�

�
�

We take A�
� 


p
�K��� where K� is big enough� we then see that we

must have k � K��
If
p
N jyj � p

�K��� we know that �provided N is big enough�
y � ��k	

p
N for k � f	� � � � � K�g� We have moreover found candidates

yN�k for the remaining roots xN�k� K� 
 k � 
�N � 	�	��� which are
given by

��	� 	� y�N�k 

�
	 �

	

N
Log �

p
�N� sin�N�k

�
e��i�N�k �

for K� 
 k � 
�N � 	�	�� and �N�k 
 ��k � 	��	��N � ���
More precisely� we have shown that if QN �y� 
 �� Im y � �� y �
 �	

and
p
N jyj � p

�K��� then for some k � fK� � 	� � � � � 
�N � 	�	��g we
have

���� 	�y� 
 	�y�N�k�O
� �LogN��

N�

�
�O
���y����
N�jyj�

�
�O
�LogpN jyj

N�jyj�
�
�

We are going now to prove that� provided that K� is �xed large enough
�and provided thereafter that N is large enough�� for each yN�k there is
exactly one root y satisfying ����� Notice that jy�N�k � y�N�k��j � C�	N
while

O
� �LogN��

N�

�
� O

���y����
N�jyj�

�
�O

�LogpN jyj
N�jyj�

�
� C

	

N

� �LogN��

N
�

	

�
p
N jyj����

�
�

Indeed� let�s write s 

q
y�N�k � v where jvj 
 ��	N � �� small enough�

We are going to estimate QN �s�� We know thatZ �

s

�	� ���N d� 

�	� s��N��

� s �N � 	�

�
	 � O

� ��s�

N jsj�
��

�

where ��s� is bounded independently of s provided that j	 � sj 
 	�
j	 � s�j � 	 and jArg sj 
 
� �where 
� � ��	�� �	���� Thus� we are
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going to estimate j	� sj� j	� s�j and jArg sj� We have obviously from
��	�

y�N�k 
 	� e��i�N�k � O
�Log k

N

�

 �	� e��i�N�k�

�
	 � O

�Log k
k

��
and such an estimate holds as well for s�� �We see also from ��	� that

j	� s�j � 	 �
	

N
Log �

p
�N� sin�N�k � ��

N

� 	 �
	

N
Log �

p
��K� � ��

N
� 	

provided �� is small enough�� Thus we �nd that

Arg s� 

�

�
� �N�k � O

�Log k
k

�

 � 
� �

if K� is large enough �so that O�LogK�	K�� 
 � 
� � �	�� and thus

Arg s 

�

�
� 	

�
�N�k �O

�Log k
k

�
� ��
�� 
�� �

Moreover�

jsj 
p� sin�N�k

�
	 �O

�Log k
k

��
and this latter estimate gives jsj 
 � cos�Arg s�� if �N�k � �� �where ��
is �xed small enough as we shall see below� and K� and N are large
enough we have

p
� sin�N�k

�
	 � O

�Log k
k

��
�
p
�
�
	 � C

LogK�

K�

�
�
p
�
�
	 �

��
	��

�
�

while

� cos �Arg s� � � cos
��
�
� C

LogK�

K�

�
� � cos

��
�
� ��

�

�
�
p
�
�
	 �

� ��
��

� ���
�

�
�
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On the other hand� if �N�k 
 �� we �nd

p
� sin�N�k

�
	 � O

�Log k
k

��
� p

� ��

r
	 � C

LogK�

K�
� C �

p
�� �

while � cos �Arg s� � � cos 
�� thus if �� is small enough to ensure �� 

�	���� � 		�� and �� 
 � cos� 
�	C

�� we �nd jsj 
 � cos �Arg s�� But
this latter inequality is equivalent to j	� sj 
 	� Thus we found

QN �s� 
 	�
�
	 � O

� 	

N�

��rN

�

�	� s��N��

� s �N � 	�

�
	 � O

� 	

jNs�j
��

�

We have moreover�

�	� s��N�� 
 �	� y�N�k�
N��

�
	 �

v

	� y�N�k

�N��


 �	� y�N�k�
N��

�
	 �

Nv

	� y�N�k

�O �N�v��
�

s 

q
y�N�k � v 
 yN�k

�
	� v

� y�N�k

�O
� v�

y�N�k

��
�

This gives� since jsj has pk	N as order of magnitude

QN �s� 
 	�
�
	 �O

�	
k

�� �	� y�N�k�
N��

�
p
N� yN�k

�
�
	 �

Nv

	� y�N�k

�
v

� y�N�k

�O �N�v�� � O
� v�

y�N�k

��
�

Moreover

jyN�kj � �

r
�k � 	

�N � �

�
	 � O

� 	
k
Log k

��
and

yN�k 


r
� sin

� �k � 	

�N � �
�
�
ei�
����
k���
����N�����

�
	 �O

� 	
k
Log k

��
�
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so that

�	� y�N�k�
N��

�
p
N� yN�k




�
	 �

	

N
Log �

r
�N� sin

� �k � 	

�N � �
�
� �N

�

r
�N� sin

� �k � 	

�N � �
�
� �

	 � O
�	
k
Log k

��



�
	 � O

� 	

N�
�Log k��

��N�
	 �O

�	
k
Log k

��
and �nally

QN �s� 
 	�
�
	 �O

�	
k
�Log k��

��
�
�
	 �

Nv

	� y�N�k

�
v

� y�N�k

�O �N�v�� � O
� v�

y�N�k

��
�

Now� we write

RN�k�s� 
 N
v

	� y�N�k


 N
y�N�k � s�

	� y�N�k

�

Since jvj 
 ��	N � we have

jRN�k�s�j 
 ��

�
	 � O

�Log k
N

��
�

while

jQN �s�� RN�k�s�j 
 O
� �Log k��

k

�
� O

���
k

�
� O ����� �

We choose �� small enough to ensure that the O ����� term is smaller
than ��	� �independently of N and k�� and then chooseK� large enough
to ensure that O ��Log k��	k��O ���	k� is smaller than ��	� for k � K��
For this choice of K�� we get

jQN �s��RN�k�s�j 
 �

�
�� 
 jRN�k�s�j �
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Thus� by Rouch e�s theorem� QN �s� and RN�k�s� have the same number
of roots inside the domain fjy�N�k � s�j � ��	N� Re s � �g�

Step �� We have thus found a number K� so that for N large enough
we may list the roots xN��� � � � � xN���N�����	 of QN with xN�k �
 �	�
ImxN�k � �� jxN�kj 
 jxN�k��j in the following way�

� for k � K�� jxN�kj 

p
�K��	N and xN�k � ��k	

p
N �

� for k � K��

jx�N�k � y�N�kj 
 O
���xN�k�

���

N�jxN�kj�
�
� O

�Log �pN jxN�kj�
N�jxN�kj�

�
�

where yN�k is given by ��	��

Moreover� we have seen in step � that in that case we must have
ArgxN�k 
 
�� hence ��xN�k� is bounded independently of N and k�

Moreover xN�k is of order of magnituge
p
k	N � hence

jx�N�k � y�N�kj 
 O
�Log k
Nk

�
�

Thus we �nd

����

	� x�N�k 


�
	 �

	

N
Log �

r
�N� sin

� �k � 	

�N � �
�
� �

� e��i
�
k�����
N��� � O
�Log k
Nk

�
and thus

x�N�k 

�
	� e��i
�
k�����
N���

�
�
�
	� e��i
�
k�����
N���

N�	� e��i
�
k�����
N����
Log �

r
�N� sin

� �k � 	

�N � �
�
�

�O
�Log k

k�

��
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which gives

xN�k 
 ei�
����
k���
����N����

r
� sin

� �k � 	

�N � �
�
�

�


	 �

ei�
����
k���
��
N����

�N sin
� �k � 	

�N � �
�
� Log �

r
�N� sin

� �k � 	

�N � �
�
�����

�O
�Log k

k�

��
�

which gives ���� for k � K�� For k � K�� ���� says only that xN�k is

O �		
p
N�� which we already known since

p
N jxN�kj �

p
�K���

Thus we have proved Result ��

A nice corollary of Result � is that we may recover formula ����
on the roots of erfc�z��

Corollary� The k�th root �k of erfc�z� such that Im �k � � is given by

�k 
 e�i
��
r�

� k � 	

�

�
�

�


	� i

�
�
�k � 	

�

�
�
Log �

p
�

r�
� k � 	

�

�
� �O

� �Log k��
k�

��
�

����

Proof� It is enough to use formula ���� for xN�k with N� k� �� and
k 
 LogN	�� we have

xN�k 
 ���kp
N

�O
� 	

N

�
and

k

N

 O

�LogN
N

�
�

thus we �nd �k� The only thing to check is the exact number of roots
� such that j�j � p

�K�� �since we used formula ���� to give it�� But
this is an old and classical result of Nevanlinna 
��� and thus we may
recover formula ���� from formula �����
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	� Big roots of QN � further estimates�

Though Result � is enough for the proof of theorems 	 to � �pro�
vided we improve result n� � for the smaller roots�� we may give even
more precise estimations for the roots xN�k� For instance� we may inte�
grate by parts one step further formula ���� and thus get an O ��Log k��

	Nk�� error instead of O �Log k	Nk� for 	� x�N�k�

More generally� how far can we compute
R �
t
�	� s��N ds" We haveZ �

t

�	� s��N ds 
 �	� t��N��

Z �

�

�N
d�

�
p
	� ��	� t��

�

If we write

	� ��	� t�� 
 t�
�
	 �

	� t�

t�
�	� ��

�
�

we see that if Re t� � 		� �so that j	 � t�j 
 t��� we may develop
�
p
	� ��	� t����� as a Taylor series in �	 � �� and �nd �for Re t� �

		��

	p
	� ��	� t��



	

t

��X
k��

��	�k �k�

�k�k���

� �	� �� �	� t��

t�

�k
�

which gives

����

��������������������	

for Re t � � and Re t� �
	

�
�

Z �

t

�	� s��N ds



�	� t��N��

� t

��X
k��

��	�k ��k��

�k�k���
N � k�

�N � k � 	��

�	� t�

t�

�k
�

Unfortunately� we are mostly interested in small t�s �remember that
xN�k 
 O �

p
k	N��� ���� has to be replaced by an asymptotic formula

�which is obtained by repeatedly integrating by parts�

����

����������������������	

for Re t � � and M � N �Z �

t

�	� s��N ds



�	� t��N��

� t

MX
k��

��	�k ��k��

�k�k���
N � k�

�N � k � 	��

�	� t�

t�

�k
�RM�N �t� �
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where the remainder

RM�N �t� 
 ��	�M���	� t��N�M�� ��M � ���

�M����M � 	����

� N � �M � 	��

�N �M � ���

Z �

�

�N�M�� d�

�	� ��	� t�������M��

may be estimated by

����

jRM�N �t�j �



 �	� t��N��

� t




 ��M � ���

�M����M � 	����
�M � 	��N �

�N �M � ���

�



	� t�

t�




M��

��t�����M�� �

M 
 � gave Result �� M 
 	 gives the following result�

Result �� Writing �N�k 
 ��k � 	��	��N � �� and

�k 
 Log �
p
�N� sin�N�k �

we have more precisely for all k � f	� � � � � Ng

	� x�N�k 
 e��i�N�k

�
�
	 �

	

N
�k �

	

N�
�

�k
N�

�
��k
�N�

�
i e�i�N�k

�N� sin�N�k
��k � 	�

�
����

� �N�k �

where

j�N�kj � Cmax
n	 � �Log k��

Nk�
�
	 � Log �N � 	� k��

N�N � 	� k��

o
and C doesn�t depend neither on N nor on K�

Proof� We assume k � 
�N �	�	��� We write 	� x�N�k 
 	� y�N�k � v
and the problem is to estimate v� We already know v 
 O �Log k	�Nk���
Furthermore� we know thatZ �

xN�k

�	� s��N ds 

� �N �N ���

��N � 	��



r
�

N

�
	 �O

� 	

N�

��
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andZ �

xN�k

�	�s��N ds 

�	� x�N�k�

N��

� �N � 	�xN�k

�
	� 	� x�N�k

� �N � ��x�N�k

�O
� 	

N�x�N�k

��
�

Now� write

	� x�N�k

� �N � ��x�N�k



	� y�N�k

� �N � �� y�N�k

� O
�v
k

�
� O

�Nv

k�

�



	� y�N�k

� �N � �� y�N�k

� O
�Log k

k�

�
and

	� y�N�k

� �N � �� y�N�k



e��i�N�k

� �N � �� y�N�k

� O
�Log k
Nk

�



e��i�N�k

�N�	� e��i�N�k�
� O

�Log k
k�

�
�

so that

	� 	� x�N�k

� �N � ��x�N�k

� O
� 	

N�x�N�k

�

 	�

i e�i�N�k

�N sin�N�k
�O

�Log k
k�

�
�

We now turn our attention to �	�x�N�k�
N��	�� �N �	�xN�k�� We have

� �N � 	�xN�k

r
�

N


 �
�
	 �

	

N

�p
N�

q
y�N�k � v


 �
�
	 �

	

N

�p
N�

r
	� e��i�N�k � e��i�N�k

N
�N�k � O

�Log k
Nk

�

 �
�
	 �

	

N

�p
N�

p
� sin�N�k e

i�
����N�k���

�
�
	 �

i e�i�N�k

�N sin�N�k
�N�k � O

� �Log k��
k�
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and

�	� x�N�k�
N�� 
 �	� y�N�k�

N��
�
	 �

v

	� y�N�k

�N��


 �	� y�N�k�
N��

�
	 �

�N � 	� v

	� y�N�k

�O
� �Log k��

k�

��

 �	� y�N�k�

N��
�
	 �Nv e�i�N�k �O

� �Log k��
k�

��
�

Finally we have

�	� y�N�k�
N��

�
p
�N� sin�N�k ei�
����N�k���






	 �

	

N
�N�k

	 �
	

N � 	
�N�k �

	

� �N � 	��
��N�k � O

� �Log k��
N�

�
�N��
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N
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�N
��N�k � O

� �Log k��
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�
�

We have thus obtained�
	 �

	

N

��
	 � O

� 	

N�

��



�	� x�N�k�
N��

�
p
N� xN�k

�
	� 	� x�N�k

� �N � ��x�N�k

� O
� 	

N�x�N�k

��

 	� �N�k

N
� 	

�N
��N�k �

i e�i�N�k

�N sin�N�k
�N�k �Nv e�i�N�k

�
i e�i�N�k

�N sin�N�k
�O

� �Log k��
k�

�
which gives the value of v with an O ��Log k��	�Nk��� error�

As a corollary� we �nd a further development of �k� which is exactly
the formula given in 
���
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Corollary� If �k 
 ��k � 		���� then

�k 
 e��i
��
p
�k
�
	� i

��k
Log �

p
��k � 	

���k
Log �

p
��k �

	

���k

�
	

���k
�Log �

p
��k�

� � O
� �Log k��

k�

��
�����

Proof� From ��	� and ����� we get

	� ��k
N



�
	�i �k

N
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	�

	

N
Log �

p
�
p
�k�

i

�N�k
�Log �

p
�
p
�k � 	�

�
� O

� �Log k��
Nk�

�
�

hence

��k 
 �i �k � Log �
p
��k �

i

��k
Log �

p
��k � i

��k
� O

� �Log k��
k�

�
and

�k 

p
�i �k

�
	� i

��k
Log �

p
��k � 	

���k
Log �

p
��k

�
	

���k
�

	

���k
�Log �

p
��k�

� � O
� �Log k��

k�

��
and the corollary is proved�


� Small roots of QN � further estimates�

We are now able to give a much better estimate for the small roots

of QN � Indeed� we used the rough estimate je�Nx�N�k j � eNjx
�
N�kj which

is far from being good since xN�k accumulates on the line x 
 y for k

big �and k� 
 O �N��� so that e�Nx�N�k is much smaller than eNjxN�kj� �
indeed if k� 
 O�N� we �nd that

x�N�k 
 � 	

N
Log �

r
�
�
�k � 	

�

�
� �

i

N

�
�k � 	

�

�
� �O

�Log k
Nk

�
�
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hence

je�Nx�N�k j 
 eLog �
p

��k�����
 eO�Log k�k�


 �
p
�

r�
�k � 	

�

�
�
�
	 �O

�Log k
k

��
�

while

eNjxN�kj� � e��k�����

�
	 � O

�Log k
k

��
�

Thus� we may improve Result � in an impressive manner� for a much
bigger set of indexes k� ��k	

p
N provides a very precise approximation

of xN�k�

Result 
� There exist �� � � and C� � � so that for N large enough

and k � ��N
��
	�LogN���
 we have

��	�



xN�k �

�kp
N




 � C�
	

N
p
N

� k
��

	 � Log k

�
�

Proof� We write

�QN �t� 
 �

r
N

�

�N �N ���

��N � 	��
QN �t� 
 	�O

� 	

N�

�
��

r
N

�

Z t

�

�	�s��N ds

and approximate �	�s��N by e�Ns� �provided thatNt� remains bound�
ed� jNt�j � A��

�	� s��� 
 eN Log���s�� 
 e�Ns��	 �O �Ns��� �

Thus

�QN �t� 
 erfc��
p
N t� � O
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N�

�
�
p
N

Z t

�

e�Ns�O �Ns�� ds �

Let 
 
 Arg t and assume 
 � ��	�� �	��� Then we have




pN Z t

�

e�Ns�O �Ns�� ds



 � C N

p
N jtj�

Z jtj

�

e�N�� cos �	� d�

� C
je�Nt� j pN jtj�

� j cos � 
j �
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We have thus proved that for jNt�j � A� and Arg t � ��	�� �	�� we
have

j �QN �t�� erfc��
p
N t�j � C

� 	

N�
�
p
N jtj� je�Nt� j

� j cos �Arg tj
�
�

Now� we write t 
 xN�k � �� j�j � ��	N � Remember that we have

jxN�kj 


vuut��k � 	

�

�
�

N

�hence we will look at k �pA�N	����� and

ArgxN�k

�

�
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�
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p
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�
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�

hence if k � k� where k� is large enough so that

O
� �Log k��
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�
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� k
N
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� �Log k��
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�
�O
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k

�
is smaller than

	

�

Log �
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

�

we �nd that ArgxN�k � ��	�� �	��� �This is also true for k � k�� if N

is large enough� since xN�k � ��k	
p
N��
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Moreover

cos ��ArgxN�k�


 � sin


Log

�
�
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

� O
� �Log k��

k�

�
� O

� k
N

��


 �
Log

�
�
p
�

r�
�k � 	

�

�
�

�
�
�k � 	

�

�
�

�O
� �Log k��

k�

�
� O

� k
N

�
�

hence cos ��ArgxN�k� has order of magnitude Log k	k� Thus we obtain
for �� small enough

� t 
 xN�k

�
	 � O

� 	p
Nk

��
�

� e�Nt� 
 e�Nx�N�k

�
	 � O

�r
k

N

�
� O

� 	

N

��
�

� Arg t 
 ArgxN�k � O
� 	p

Nk

�

 ArgxN�k �O

� 	

k
p
k

�
�

thus we have

j �QN �t�� erfc��
p
N t�j � C

� 	

N�
�
p
N
� k
N

���� p
k

�Log k�	k

�
� C �

k�

N Log k
�

On the other hand we have

jerfc��
p
N t�� erfc��

p
N xN�k�j






�rN

�

Z t

xN�k

e�Ns� ds






 je�Nx�N�k j �
r
N

�




 Z �

�

e��NxN�ks�Ns� ds



 �

We notice that

j�NxN�k s�Ns�j � � jxN�kj �� � ���
N
� C

��p
N

�
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so that if N is large enough�

je��NxN�ks�Ns� � 	j � 	

�
�

which gives

jerfc��
p
N t�� erfc��

p
N xN�k�j � �

r
N

�
je�Nx�N�k j 	

�
j�j � C

p
Nk j�j �

Thus

����

������	
jerfc��pN t�j � C�

p
N k � � C�

k�

N Log k
�

jerfc��pN t�� �QN �t�j � C�
k�p

N Log k
�

Now choose

�N�k 

�C�

C�

k
��

N���Log k

�we have �N�k 
 ��	N if k
��	Log k 
 ��C�

p
N	��C���� we obtain that

sup
jt�xN�kj��N�k

jerfc��
p
N t�� �QN �t�j � 	

�
inf

jt�xN�kj��N�k

j erfc��
p
N t�j �

hence by Rouch e�s theorem we �nd that �QN and erfc��pN t� have the
same number of roots in the disk jt� xN�kj 
 �N�k� Since

jxN�k � xN�k��j 

r

�

�kN

and

p
kN �N�k 
 O

� k�

N Log k

�

 O

� 	

N��
�LogN���


�

 o �	�

�if k � CN��
	�LogN���
�� we �nd� for k � ��N
��
	�LogN���
 ���

small enough�

jxN�k �
�kp
N
j � C

	

N
p
N

� k
��

Log k

�
�
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Result � is proved�

Result � is enough for what we want to prove� But� of course� we
may develop a bit further �	� s��N and get a better approximation for
xN�k�

Result �� For k � ��N
��
	�LogN���
 we have more precisely

xN�k 
 � �kp
N

�
	

N
p
N

�	
�
� �
k �

�

�
�k � O �

p
Log k�

�
�

Proof� We write Log �	� s�� 
 �s� � s�	� �O �s��� Hence we have

�	� s��N 
 e�Ns�
�
	�N

s�

�
�O �Ns�� �O �N�s
�

�
�

provided that jsj � A�	N
����

Thus we have for jtj � A�	N
��� and Arg t � ��	�� �	��


 �QN �t�� erfc��

p
N t� � �

r
N

�
N

Z t

�

e�Ns�s� ds
�

� C
� 	

N�
�
p
N



 t
e�Nt�

cos ��Arg t�




�N
p
N



 t�e�Nt�

cos ��Arg t�




� �
Moreover we have

N

Z t

�

e�Ns�s� ds 

h�e�Ns�s�

�

it
�
�

�

�

Z t

�

e�Ns�s� ds



�e�Nt� t�

�
� �

�N
e�Nt� t�

�

�N

Z t

�

e�Ns� ds �

Now� we write � 
 		
p
�N j cos ��Arg t�j �if t 
 xN�k� we have � 
p

�k	�N Log k� 
 jtj� and we write


 Z t

�

e�Ns� ds



 � Z �

�

je�Nt� j ds�
Z jtj

�

e�Ns� cos ��Arg t� s ds

�

� �je�Nt� j� je�Nt� j
�N j cos ��Arg t�j �



� je�Nt� jp

�N j cos ��Arg t�j �
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Finally we get

erfc��
p
N xN�k� 
 e�Nx�N�k

r
N

�
x�N�k � e�Nx�N�k

�

�
p
N�

xN�k

� O
� 	

N�

�
� O

� k�

N� log k

�
� O

� k


N� log k

�
� O

�plog k

N

�
and� assuming again k 
 ��N

��
	�LogN���
�

erfc��
p
N xN�k� 
 e�Nx�N�k

r
N

�
x�N�k

�
	 �O

� 	
k

��
On the other hand� we have xN�k 
 ��k	

p
N � s with

s 
 O
� 	

N
p
N

k
��

Log k

�
and we want a better estimate for s� We have

p
N s�k 
 O

� 	

N

k�

Log k

�

 O

� 	

N��


�
and thus we may develop

erfc��k �
p
N s� 
 e��

�
k

�p
�

Z �pN s

�

e���ku�u
�

du


 � �p
�
e��

�
k

p
N s �	 � O �

p
N s�k� � O �Ns��� �

Hence we �nd

� �p
�
e��

�
k

p
N s �

r
N

�
x�N�k e

�Nx�N�k

and therefore

s � �	

�
x�N�k 
 O

� k���
N���

�
�
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so that

� e��
�
k

�p
�

p
N s
�
	 � O

�k�
N

�
�O

� k�
N�

��



r
N

�
x�N�k e

�Nx�N�k �
�

�
p
N�

xN�k e
�Nx�N�k � O

�pLog k

N

�
�

so that �since e�Nx�N�k��
�
k 
 	 � O�

p
N s�k� 
 	 �O �k�	N��

s 
 �	

�
x�N�k �

�

�N
xN�k � O

�pLog k

N
p
N

�



	

�

� �
k

N
p
N

�
� �k

�N
p
N

� O
�pLog k

N
p
N

�
and Result � is proved�

�� The phase of a general Daubechies �lter�

We have now almost achieved the proof of Theorem 	� Indeed� we
have given estimates for xN�k� hence for zN�k� which is the solution of
xN�k 
 �zN�k � 		zN�k�	� with Re zN�k � �� hence which is given by

zN�k 
 xN�k �
q
x�N�k � 	� We thus have proved�

Proposition �� Let PN be the N �th polynomial of I� Daubechies

���� PN �z� 

�	 � z

�

��N�� NX
k��

��	�k
�
N � k

k

��	� z

�

��k
which is related to QN by

���� ei��N����PN �e�i�� 
 QN �cos ��

or equivalently

���� PN �z� 
 z�N��QN

�	
�

�
z �

	

z

��
�

Then the roots of PN are precisely given as the following ones�

� z 
 �	 with multiplicity �N � ��
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� �N roots with multiplicity 	 which can be decomposed inton
zN�k� zN�k�

	

zN�k
�

	

zN�k

o
��k��N��	

�

�together with fzN��N������ 		zN��N�����g if N is odd�� where Im zN�k �
�� Re zN�k � �� jzN�kj � 	� Im zN�k � � for k 
 
�N � 	�	�� and

Im zN��N����� 
 ��
Moreover we have� for N large enough�

� if k � ��N
��
	�LogN���
 �where �� is �xed independently of N

and is small enough�

���� zN�k 
 i� �kp
N

�O
� k
N

�
�

where �k is the k�th zero � of erfc�z� with Im � � �

� for all k

���� zN�k 
 yN�k �
q
y�N�k � 	 � O

�	 � Log k

k
p
Nk

�
�

where

yN�k 


�
	� e��i�
k���
��
N���

� 	

N
e��i�
k���
��
N��� Log �

r
�N� sin

� �k � 	

�N � �
�
� ����

�

Proof� Just write zN�k 
 xN�k �
q
x�N�k � 	 and apply results � and

��

Of course� we could give better estimates using results � and �� but
we won�t need them� We have easy estimates for 		zN�k as well since

		zN�k 
 xN�k �
q
x�N�k � 	�

We are now going to use proposition � in the estimation of the
phase of a Daubechies �lter� We want to approximate for � � 
��� ���
		�e�i� � �N�k� where

�N�k �
n
zN�k�

	

zN�k
� zN�k�

	

zN�k

o
�
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A direct consequence of Proposition � is the following proposition�

Proposition 	� Let � � 
��� �� and let zN�k� 	 � k � 
�N�	�	�� be the
roots of PN described in Proposition �� Let �N�k � fzN�k� 		zN�k� zN�k�
		zN�kg� Then

i� for 	 � k � ��N
��
	�LogN���
 we have� writing gzN�k 
 i �

�k	
p
N �

����



 	

e�i� � �N�k
� 	

e�i� � g�N�k




 � C
k

N

	

k

N
� j cos �j�

�

where C doesn�t depend neither on N nor on k nor on � �and whereg�N�k 
 gzN�k if �N�k 
 zN�k� 		gzN�k� if �N�k 
 		zN�k and so on � � � ��

ii� for k � k� �k� large enough independently of N� we have� writingdzN�k 
 yN�k �
q
y�N�k � 	 as in formula �����

����



 	

e�i� � �N�k
� 	

e�i� � d�N�k




 � C
Log k

k
p
Nk

	

k

N
� j cos �j�

�

Proof� Of course� we may assume � � 
�� ��� If � � 
�	�� ��� the

estimation is easy since Re e�i� 
 � and Re�N�k � � �as well Re d�N�k

and Re g�N�k�� Thus�

je�i� � �N�kj � Re ��e�i� � �N�k� � C

r
k

N
� j cos �j

and the same for je�i� � d�N�kj and je�i� � g�N�kj� Of course� we must

prove that min fRe�N�k�Re d�N�k�Re g�N�kg � C
p
k	N � For Re g�N�k� it

is obvious� since

Re g�N�k � �Re �k
p
N



i� �kp

N




� 

r
k�

N
�

For Re�N�k� if k 
 ��N
��
	�LogN���
� we deduce that Re�N�k �

C
p
k	N since

j�N�k � g�N�kj � jzN�k � gzN�kj � C
k

N
�
r

k

N
C �N���
 �



��� D� Kateb and P� G� Lemari�e
Rieusset

We thus turn our attention to Re d�N�k � Re dzN�k	jdzN�kj� and Re�N�k �
Re zN�k	jzN�kj� for large k�s� We de�ne �N�k 


p
	� e��i�
k���
��
N���

and �N�k 
 �N�k �
q
��N�k � 	� We have

�N�k 


r
� sin

� �k � 	

�N � �

�
ei�
����
k���
����
N�����

� ei�
����
k���
��
N����


 	�
p
� ei�
����
k���
����
N�����arcsin

p
� sin�
����
k���
���
N�����

and thus we study 	 �
p
� ei���arcsin

p
� sin�� for � � 
�� �	��� We have

Re
�
	 �

p
� ei���arcsin

p
� sin��

�


p

	� � sin� �
�p

	� � sin� � �
p
� cos� �

�


p
cos ��

�p
� cos� � �

p
	� � sin� �

� �r �

�

��
�
� �
�
�

which gives

Re �N�k �
r
�
�k � 	

�N � �
�
r

k

N
�

Now we have

jdzN�k � �N�kj � C

r
k

N

Log k

k
�

so that if k is large enough we have

Re dzN�k � C �
r

k

N
�

Moreover

jzN�k � dzN�kj � C

r
k

N

Log k

k�

and thus

Re zN�k � C ��
r

k

N
�

Finally� we control jzN�kj and jdzN�kj by

jzN�kj� jdzN�kj � 	 �
p
� �O

�r k

N

Log k

k

�
� C �
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Thus we obtain

Re�N�k � C

r
k

N
and Re d�N�k � C

r
k

N
�

We are going to prove that

je�i� � �N�kj � C
�r k

N
� j cos �j

�
and

je�i� � d�N�kj � C
�r k

N
� j cos �j

�
holds for � � 
�� �	�� as well� Notice that if j�N�kj 
 	� we have

j�N�k � e�i�j 




 	

zN�k




 


e�i� � 	

�N�k




 � 	

C �




e�i� � 	

�N�k





�and the same for je�i� � d�N�kj� so that we may assume j�N�kj � 	� If
�N�k 
 zN�k� our equality is obvious� for �N�k we have either Im �N�k � 	
or Re �N�k � � and� since Im e�i� 
 �� we �nd je�i� � �N�kj � 	� hence
�for k large�� je�i� � zN�kj � 		� and je�i� � dzN�kj � 		�� while

	

�
� 	

�

�r k

N
� j cos �j

�
�

Now if �N�k is the conjugate of zN�k or dzN�k� we are going to show that

je�i� � �N�kj � C
�r k

N
� j cos �j

�
�

which gives the control over je�i� ��N�kj for large k�s� Thus we are led
to show that

��	�

������������	

for � �
h
��
�

�

i
and � �

h
��
�

�

i
�

je�i� � 	�p� e�i���arcsin
p
� sin��j

� C
�
j cos �j�

r
�

�
� �

�
�
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We compute easily ���� �� 
 je�i� � 	�p� e�i���arcsin
p
� sin��j�

���� �� 

�
cos � �

p
	� � sin� �

�p
� cos� �

p
	� � sin� �

���
�
�
sin � �

p
� sin�

�p
� cos� �

p
	� � sin� �

���

 	 �

�p
� cos� �

p
	� � sin� �

��
� �
�p

� cos� �
p
	� � sin� �

�
� � cos �p	� � sin� � � sin �

p
� sin�

�


�p

� cos� � 	 �
p
	� � sin� �

��
� �
�p

� cos� �
p
	� � sin� �

�
� �	� cos �� � arcsin �

p
� sin���

�
� 	� � sin� � � � �	� cos �� � arcsin �

p
� sin���� �

We have

	� � sin� � 
 cos �� � �

�

��
�
� ��

�
�

On the other hand� we have

	� cos �� � arcsin
p
� sin�� 
 � sin�

��
�
� 	

�
arcsin

p
� sin�

�
� �

��
j� � arcsin

p
� sin�j� �

Moreover we have

�

�
� arcsin

p
� sin� 
 arcsin

p
cos �� � �

�

p
cos �� �

hence we have �using ja� bj� � a�	�� b�	��

���� ��� � cos �� �
�

��




� � �

�
�
�

�
� arcsin

p
� sin�




�
� cos �� �

�

���




� � �

�




� � �

��




�
�
� arcsin

p
� sin�




�
� 	

�
cos �� �

�

���
cos� �

� �

���

�
cos� � �




�
�
� �



�
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and thus ��	� is proved�
Proposition � is then obvious since

 	

e�i� � �N�k
� 	

e�i� � ��N�k




 
 j�N�k � ��N�kj
je�i� � �N�kj je�i� � ��N�kj

and since we control each term due to ��	� or to Proposition ��

We may now obtain Theorem 	 as a corollary of Proposition ��

Corollary� With the same notation as in Proposition �� if k� � kN �
��N

��
	�LogN���
 then

����

Z �


�




 ��N�����	X
k��

i e�i�

e�i� � �N�k

�
kNX
k��

i e�i�

e�i� � ��N�k

�
��N�����	X
kN��

i e�i�

e�i� � ��N�k




 d�
� C

�k���Np
N

�
Log kN
kN

�
�

Proof� Using Proposition �� and writing IN ��� for

IN ��� 

NX
k��

i e�i�

e�i� � �N�k
�

kNX
k��

i e�i�

e�i� � ��N�k

�
��N�����	X
kN��

i e�i�

e�i� � ��N�k

�

we get

IN ��� �
kNX
k��

C
k

N

	

k

N
� j cos �j�

�

��N�����	X
kN��

C
Log k

k
p
Nk

	

k

N
� j cos �j�

�

Thus we have to estimateZ �


�

d�

k �N j cos �j� � �

Z arccos
p
k�N

�

d�

N cos� �
� �

Z 
��

arccos
p
k�N

d�

k



�

N
tan
�
arccos

r
k

N

�
�

�

k

��
�
� arccos

r
k

N

�
� �p

Nk
�

��p
Nk

�
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so thatZ �


�

IN ��� d� � C �
� kNX
k��

r
k

N
�

��N�����	X
kN��

Log k

k�

�
� C ��

�k���Np
N

�
Log kN
kN

�
�

Now Theorem 	 is proved with kN 
 
N��
	LogN �� At least� we have
proved it for � � 
�� ���� But ��z��N��� � � � � z

�N
N�N �� ��Z��

N��� � � � � Z
�N
N�N � is

���periodical� since ��Z�� � � � � ZN ����������Z�� � � � � ZN ���� 
 �i�M
where M is the number of Zk�s which lie inside the open disk jZj 
 	�

�� Minimum�phased Daubechies �lters�

This section is devoted to the proof of Theorem ��

Result ��� We have the following inequality

����



 d
d�
��zN��� � � � � zN�N ����� N

��
Im

Z 


�


i e�i�

e�i� � ����
d�



 � C

p
N �

where ���� 

p
e�i� �

p
	 � e�i��

Proof� We approximate zN�k by ZN�k 
 Z���k � 	��	��N � ����
�	 � k � N� where

Z��� 

p
� sin� ei�
������� � ei�
����� �

We have shown that for k� � k � 
�N � 	�	��� �k� large enough� we
have 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
Log kp
Nk

	

k

N
� cos� �

and 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
Log kp
Nk

	

k

N
� cos� �

�notice that zN�N���k 
 zN�k and ZN�N���k 
 ZN�k�� If k 
 k�� we
have to prove similarly


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
	p
N

	
	

N
� cos� �



The phase of the Daubechies filters ��


and 


 	

e�i� � zN�k
� 	

e�i� � ZN�k




 � C
	p
N

	
	

N
� cos� �

�

We have of course

jzN�k � ZN�kj � jzN�kj� jZN�kj � Cp
N

�

so that we only have to check that

je�i� � ZN�kj � 	

C

� 	p
N

� j cos �j
�

�which is an easy consequence of ��	�� and that

je�i� � zN�kj � 	

C

� 	p
N

� j cos �j
�
�

If j� � �	�j � � j�k� j	
p
N and � � 
���� ��� we �nd

e�i� � zN�k 
 � e�i�����
��� sin
��
�
�
�

�

�
� �kp

N
� O

� 	

N

�
�

hence

je�i� � zN�kj �



 sin��

�
�
�

�

�


� j�k� jp
N

�O
� 	

N

�
� 	

�




 sin� �
�
�
�

�

�



� max

n	
�
j cos �j� �

�

j�k� jp
N

o
�

On the other hand� if j� � �	�j � � j�k� j	
p
N � we have

e�i� � zN�k 
 �
� �
�
�
�

�

�
� �kp

N
� O

� 	

N

�
�

hence

je�i� � zN�kj � 	

�

inf Im �kp
N



c�p
N
� C�max

n 	p
N
�

	

� j�k� j
j cos �j

o
�
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Thus we have obtained


 d
d�

��zN��� � � � � zN�N �����
NX
k��

Im
i e�i�

e�i� � ZN�k





� C

NX
k��

�	 � Log k�p
Nk

	

k

N
� cos� �

� C
p
N

�X
�

	 � Log k

k
p
k

�

Now we look at

SN ��� 
 Im
NX
k��

i e�i�

e�i� � ZN�k

as at a Riemann sum� we have

�

N
SN ��� ��

N��
Im

Z 


�

i e�i� d�
e�i� � Z���

�

If � �
 	�	�� we have a proper Riemann integral� if � 
 	�	�� the
integrand is unbounded at � �� 
 ��	�� or � �� 
 �	��� but for
� 
 ��	� we have e�i� � Z��� 
 ei
��

p
�� � O ��� near � 
 � and

thus Z 


�

	

ji� Z���j d� 
 �� �

It is easy to evaluate the distance between �SN	N and the integral�
We have


 Z �
��
N���

�

d�

e�i� � Z���




 � C

Z �
��
N���

�

d�p
�
� C �

	p
N

�




 Z 


�
N���
��
N���

d�

e�i� � Z���




 � C

Z 


�
N���
��
N���

d�p
� � �

� C �
	p
N

�

	

N






 	

e�i� � Z
��N � 	

�N � �
�
�





 � C �

p
N

N
�
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and �nally for 	 � k 
 N





Z �
k���
��
N���

�
k���
��
N���

	

e�i� � Z���
d� � ��

�N � �

	

e�i� � Z
� �k � 	

�N � �

�
�







� C

Z �
k���
��
N���

�
k�����
N���




Z���� Z
� �k � 	

�N � �

�
�





je�i� � Z���j



e�i� � Z

� �k � 	

�N � �
�
�


 d�

� C �
Z �
k���
��
N���

�
k���
��
N���

	p
Nkr

k

N

r
k

N

d�

� C ��
	

k���
p
N

and thus 


 �
N

SN ���� Im

Z 


�

i e�i�
d�

e�i� � Z���




 � C
	p
N

�

Thus� Result 	� is proved since writing �e��i� 
 e�i
 givesZ 


�

i e�i�
d�

e�i� �p� sin� ei�
������� � ei�
�����



	

�

Z 


�

i e�i�

d�

e�i� �
p
e�i
 �p	 � e�i


�

We will easily prove Theorem � if we know the value of I��� 
R 

�
 i e

�i� d�	�e�i� � ������

Result ��� Let ���� 

p
e�i� �

p
	 � e�i
 and � � 
��� ��� Then

����

Z 


�

i e�i�

d�

e�i� � ����




������	
�� tan

� �
�

�
� i

cos �

sin �
Log
�	� sin �

	 � sin �

�
� if j�j � �

�
�

�� cotan
��
�

�
� i

cos �

sin �
Log
�	� sin �

	 � sin �

�
� if j�j � �

�
�
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We �nd that I��� is continuous� which is obvious since by ��	�

je�i� � ����j � C
p
�� � �� �

so that we may apply Lebesgue�s dominated convergence theorem�

Proof� Since ���� 
 ������ we �nd that

I���� 
 �
Z 


�


i e�i�

e�i� � ����
d� 
 �I��� �

so that it is enough to compute I��� for � � 
�� ���
Writing e�i
 
 u� we may write

I��� 


Z ���i�

���i�

e�i�p
u�

p
	 � u� e�i�

du

u
�

where u runs clockwise on the circle juj 
 	� The function

f�z� 

e�i�

z �
p
z �

p
	 � z � e�i��

is analytical on C n���� �� and may be extended continuously to ����
�� � i � and ���� ��� i � but at three points� z 
 � �both a pole and
a branching point�� z 
 �	 �a branching point� and if � � 
�� �	�� at
� sin� � � i � 
 z�� Thus we may write�

� for � � 
�	�� ��

I��� 
 lim
���

Z ��

��

e�i�p
u� i � �

p
	 � u� e�i�

du

u

�

Z ��

��

e�i�p
u� i � �

p
	 � u� e�i�

du

u

�

Z ���i�

���i�

e�i�p
u�

p
	 � u� e�i�

du

u


 � i

Z �

�

dt

cos � �p	� t�
� � i �

e�i�

	� e�i�


 � i

Z 
��

�

cos�

cos � � cos�
d�� � cotan

��
�

�
� � i �
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� if � � ��� �	�� we have� writing t�� 

p
sin� � � � and t�� 
p

sin� � � �
I��� 
 lim

���
A� � B� � C� �

where

A� 


Z ��t�� ��

��
�

Z ��

��t�� ��

e�i�p
u� i � �

p
	 � u� e�i�

du

u

�

Z ��t�� ��

��
�

Z ��

��t�� ��
e�i�p

u� i � �
p
	 � u� e�i�

du

u


 � i

Z t��

p
�

�

Z �

t��

dt

cos � �p	� t�

B� 


Z ���i �

���i �

e�i�p
u�

p
	 � u� e�i�

du

u


 �� i � e�i�

	� e�i�
� O �

p
��


 �� cotan
��
�

�
� i � � O �

p
�� �

C� 


Z ��t�� ��

��t�� ��
e�i�p

u� i � �
p
	 � u� e�i�

du

u

�

Z z���

z���

e�i� du
�
p
u�

p
	 � u� e�i��u


 �i � � i cotan � � O ���


 �� cotan � � O ��� �

since the residue of

f��� 

e�i�p

u�
p
	 � u� e�i�

	

u

at z� 
 � sin� � � i � is equal to

e�i�

	

�

	p
z�

�
	

�

	p
	 � z�

	

z�



�
p
z�
p
	 � z�

z�

 � i cotan � �
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Hence we have

I��� 
 �
�
� cotan � � cotan

��
�

��
� i � � � i lim

���

Z t��

�

�

Z �

t��

dt

cos � �p	� t�


 �� tan
� �
�

�
� i � � � i lim

���

Z ���

�

�

Z 
��

���

cos�d�

cos � � cos�
�

where ��� 
 arcsin t�� and ��
� 
 arcsin t�� �

Thus� for proving Result 		� we just have to estimate for � � ��� ���
� �
 �	�

A��� 
 lim
���

Z ���

�

�

Z 
��

���

cos�d�

cos � � cos�

with ��� 
 arcsin
p

sin� � � � and ��
� 
 arcsin

p
sin� � � �� We do the

usual change of variable � 
 tan ��	��� Then

A��� 
 lim
���

Z ���

�

�

Z �

���

� �	� ���

�	 � ��� ��	 � ��� cos � � �	� ����
d� �

We write

�	 � ��� cos � � �	� ��� 
 ���	 � cos ��� �	� cos ��


 � �� cos�
��
�

�
� � sin�

� �
�

�
�

hence

A��� 

	

cos�
��
�

� lim
���

Z ���

�

�

Z �

���

	� ��

�	 � ���
�
�� � tan�

��
�

�� d�



	

cos�
��
�

� lim
���

Z ���

�

�

Z �

���

� ��
	 � tan�

��
�

� 	

	 � ��

�
	� tan�

��
�

�
	 � tan�

��
�

� 	

�� � tan�
��
�

� d��
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 lim
���

Z ���

�

�

Z �

���

� ��
	 � ��

�
cos �

sin �

�
	

� � tan
��
�

� � 	

� � tan
� �
�

��� d�


 lim
���

��
�
�

cos �

sin �
Log





	� tan
� �
�

�
	 � tan

� �
�

�





� cos �

sin �
Log





��� � tan
� �
�

�
��� � tan

� �
�

�



� cos �

sin �
Log





��� � tan
��
�

�
��� � tan

��
�

�






 ��
�
�

cos �

� sin �
Log

�	� tan
� �
�

�
	 � tan

� �
�

���

�
cos �

sin �
lim
���

Log





��� � tan
� �
�

�
��� � tan

��
�

�



 �
Now we have

�	� tan
��
�

�
	 � tan

��
�

���



cos�

��
�

�
� � sin

��
�

�
cos
��
�

�
� sin�

��
�

�
cos�

��
�

�
� � sin

��
�

�
cos
��
�

�
� sin�

��
�

�



	� sin �

	 � sin �
�

while we have for � � ��� �	��

��� � tan
� �
�

�
� 	

�

�
	 � tan�

��
�

��
���� � ��

� 	

�

�
	 � tan�

��
�

��psin� � � �� sin �

cos �

�
��
�
	 � tan�

��
�

��
� sin � cos �
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and

��� � tan
��
�

�
�

��
�
	 � tan�

�

�

��
� sin � cos �

� �
�
��� � tan

� �
�

��
�

Thus

A��� 
 ��
�
�

cos �

� sin �
Log

	� sin �

	 � sin �

and Result 		 is proved�

Now� ���� gives


 d
d�

��zN��� � � � � zN�N ����� N

��

cos �

sin �
Log

	� sin �

	 � sin �




 � C
p
N �

Integrating this for � � 
��� �� we get


��zN��� � � � � zN�N ����� N

��
�Li��� sin ��� Li��sin ���




 � C
p
N �

Since both functions are ���periodical� this inequality can be extended
to all � � R and Theorem � is proved�


� Almost linear�phased Daubechies �lters�

In this section� we prove Theorem �� The proof is very easy�
Indeed� we want to estimate for N 
 �q� ��z

�N��

N�� � � � � � z
�N�N

N�N ���� with
�N�k 
 	 if k 
 � mod � or k 
 	 mod �� and �N�k 
 �	 otherwise�

We have �writing �N for ��z
�N��

N�� � � � � � z
�N�N

N�N �� KN for fk � N � 	 �
k � N� �N�k 
 	g and �KN for fk � N � 	 � k � N� �N�k 
 �	g�

d�N
d�


 Im
X
k�KN

i e�i�

e�i� � zN�k
�
X
k� �KN

i e�i�

e�i� � �
zN�k

�we have used that for k � �KN � N�	�k � �KN and zN�k 
 zN�N���k��
Hence we have

d�N
d�


 Im
� X
k�KN

i e�i�

e�i� � zN�k
�
X
k� �KN

i e�i�

e�i� � zN�k

�

� Im

� X
k� �KN

i e�i�

e�i� � zN�k
�

i e�i�

e�i� � 	

zN�k

�
�
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But we have

i e�i�

e�i� � Z
�

i e�i�

e�i� � 	

Z



i e�i�

e�i� � Z
�

i Z

Z � e�i�



i e�i��ei� � Z� � i Z ��e�i� � Z�

je�i� � Zj�



i �	� �Z e�i� � jZj��

jZ � e�i�j�


 i�
i �Z ei� � Z e�i��
jZ � e�i� j� �

hence

Im

�
i e�i�

e�i� � Z
�

i e�i�

e�i� � 	

Z

�

 	 �

Thus� we have obtained

d�N
d�



N

�
� Im

qX
k��

i e�i�
� 	

e�i� � zN��k��
� 	

e�i� � zN��k��

� 	

e�i� � zN��k��
�

	

e�i� � zN��k

�
�

Now we write� for r � f	� �� �g
	

e�i� � zN��k�r



	

e�i� � zN��k
�

zN��k�r � zN��k

�e�i� � zN��k� �e�i� � zN��k�r�



	

e�i� � zN��k
�
zN��k�r � zN��k

�e�i� � zN��k��

�
�zN��k�r � zN��k�

�

�e�i� � zN��k���e�i� � zN��k�r�
�

We have� writing �k 
 min fk� q � 	� kg




 �zN��k�r � zN��k�
�

�e�i� � zN��k���e�i� � zN��k�r�




 � C

	

N�k� �k

N
� cos� �

���� � C
	
�k

r
	

N�k
�k

N
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andZ 


�


d�
�k

N
� cos� �

� �

Z arccos
p

�k�N

�

d�

cos� �
�

�N
�k

Z 
��
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p

�k�N

d�


 �

r
N
�k

sin

�
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s
�k

N

�
�

�N
�k

arcsin

s
�k

N
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r
N
�k
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r
N
�k
�

so thatZ 


�





d�N
d�

� N

�
�Im
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k��

zN��k�� � zN��k�� � zN��k�� � zN��k

�e�i� � zN��k��





� C

�X
k��
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 C � 
 ��

andZ 


�





d�N
d�

� N

�




 d�
� C � � C

qX
k��

r
N
�k
jzN��k�� � zN��k�� � zN��k�� � zN��kj �

When �k � k�� we write

jzN��k�r � zN��k���rj 
 O
� 	p

N�k

�
and obtainX

�k�k�

r
N
�k
jzN��k�� � zN��k�� � zN��k�� � zN��kj � C Log k� �

When �k � k�� we may write as in formula ����

zN��k�r 
 yN��k�r �
q
y�N��k�r � 	 � O

� Log �k

�k
p
N�k

�


p
�N��k�r �

p
�N��k�r � 	 �O

� Log �k

�k
p
N�k

�
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where

�N�� 
 �e��i
�
������
N���

� 	

N
e��i
�
������
N��� Log

�
�

r
�N� sin

� ��� 	

�N � �
�
� �

�
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p
�� � 


p
��

�p
��

p
�� �



p
��

�

�
p
�
� ��

�
p
� �
p
��

p
�� ���

�

Now� we have� �N�� is order of magnitude 	� �N�� � 	 is of order of

magnitude min fp�	N�
p
�N � 	� ��	Ng and �N������N�� is of order

of magnitude 		N � Thus� we may write

p
�N��k�r 


p
�N��k �O

� 	

N

�
p

	 � �N��k�r 

p
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�
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p
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N����

�
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�
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p
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�
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p
N
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r
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We thus have proved Theorem �� since

NX
�

	

N�k
� C

LogN

N

 o �	� �

NX
�

	p
N�k

� C

p
Np
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 C 
 �� �

�X
�
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 �� �
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�
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N
p
N�k

� C
	

N
p
N

p
N LogN 
 o �	� �
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