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Hilbert transform� Toeplitz

operators and Hankel operators�

and invariant A� weights

Sergei Treil� Alexander Volberg and Dechao Zheng

Abstract� In this paper� several su�cient conditions for boundedness
of the Hilbert transform between two weighted Lp�spaces are obtained�
Invariant A� weights are introduced� Several characterizations of in�
variant A� weights are given� We also obtain some su�cient condi�
tions for products of two Toeplitz operators or Hankel operators to be
bounded on the Hardy space of the unit circle using Orlicz spaces and
Lorentz spaces�

�� Introduction�

Let �D be the unit circle and dw denotes the Lebesgue measure
on �D� For p � � and v a positive function on �D� Lp�v� denotes the
space of functions f on the unit circle such that

Z
�D

jf�w�jp v�w� dw �� �

We use Lp to denote Lp�v� if v 	 �� Let Hp be the subspace of Lp which
those functions are analytic on the unit disk D� There is an orthogonal
projection P from L� onto H�� The Hilbert transform T is de
ned to
be T 	 �i P � i �I � P ��

���
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We are concerned with the problem of identifying those pair �v� u�
of positive functions on �D for which the Hilbert transform T is bound�
ed from Lp�u� to Lp�v�� that is

���

Z
�D

jTf�w�jp v�w� dw � C

Z
�D

jf�w�jp u�w� dw �

for all f � Lp�u��
This problem was 
rst raised by Muckenhoupt and Wheeden in

��
�� There is a very elegant theorem of Cotlar�Sadosky ����� ���� which
gives a necessary and su�cient condition that ��� holds for a given con�
stant C� The theorem of Cotlar and Sadosky generalizes the Helson�
Szeg�o theorem in two weights case� On the other hand� it is a consider�
ably interesting question in harmonic analysis to 
nd explicit estimates
of the norm of the Hilbert transform between two weighted spaces� see
��� for further references� So it seems interesting to 
nd characteriza�
tions of the weight functions for ��� close in form to the following Ap

condition ����� It remains an open question ��
�� ����� and �����
In case that u 	 v� Hunt� Muckenhoupt and Wheeden ���� have

proved that ��� holds if and only if v satis
es a simpler condition

�Ap� sup
I

� �
jIj

Z
I

v�w� dw
�� �

jIj

Z
I

v�w�����p��� dw�p�� �� �

where the supremum is taken over all arcs I� Muckenhoupt ���� has
shown that the Ap condition is a necessary and su�cient condition
that the Hardy�Littlewood maximal function

Mf�x� 	 sup
x�I

�

jIj

Z
I

jf�w�j dw �

satis
es the following inequality

���

Z
�D

jMf�w�jp v�w� dw � C

Z
�D

jf�w�jp u�w� dw �

One may expect that the following condition is a necessary and su�cient
condition that inequality ��� holds even u �	 v

�A�p� sup
I

� �
jIj

Z
I

v�w� dw
�� �

jIj

Z
I

u�w�����p��� dw
�p��

�� �
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Simple examples ��
� show that the A�p condition is not su�cient for
either ��� or ��� to hold� Sawyer ���� has shown that ��� holds if and
only if

�Sp�

sup
I

�Z
I

�M��
I
u������p���w��p v�w� dw

�

�
�Z

I

u�w�����p��� dw
���

�� �

where �
I
denotes the characteristic function of I� Sawyer ���� also

showed that the Sp condition with additional conditions is su�cient for
���� Fujii ��� has obtained the following su�cient condition for ����

There exist constants � � � � �� 	 and � � C� �� such that� for

every arc I and all measurable subsets E and F of I with E � F 	 �
and jF j � �jIj�

�Z
E

v�w� dw
��
jIj��

Z
c�n���I

u����p����w� dw
�p

� C�

� jEj
jIj

�� Z
F

u����p��� �w� dw

�� �

where c�n� �� is a constant greater than � and c�n� ��I is the arc with

the same center as I and expanded c�n� �� times�

Sawyer�s condition involves the operator M � and it is interesting
to obtain su�cient conditions close in form to the A�p condition� In
that direction� Neugebauer ���� has obtained the following su�cient
condition for ��� for r � ��

��� sup
I

� �
jIj

Z
I

vr�x� dx
�� �

jIj

Z
I

u�r��p����x� dx
�p��

�� �

Recently P�erez ���� has improved the condition ��� and obtained weaker
su�cient conditions for ��� using the general maximal operator involv�
ing in Banach function spaces�

In this paper� using Banach function norms we de
ne a maximal
operator and a nontangential maximal operator� We shall show several
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su�cient conditions for ���� In particular� we prove that if �u� v� is a
pair of weights such that for some r � ��

��� sup
z�D

vr�z� �u�r��p����z��p�� �� �

then the Hilbert transform is bounded from Lp�u� to Lp�v�� Here we
follow the convention of identifying functions on the unit circle with
their harmonic extensions� de
ned via Poisson�s formula� into the unit
disk D�

The condition ��� is analogous to the condition ��� and the follow�
ing condition� for � � � � � and r � ��

���

sup
I
jIj��n

� �
jIj

Z
I

vr�x� dx
����pr�

�
� �
jIj

Z
I

u���p
��r�x� dx

����p�r�
�� �

Sawyer and Wheeden ���� have shown that the condition ��� is a su��
cient condition for fractional integral operators

I�f�x� 	

Z
jx� yj���f�y� dy

to be bounded from Lp�u� to Lp�v��
For z � D� let 
z�w� be the M�obius map


z�w� 	
z � w

�� z w
�

for w � D�
We can improve the condition ��� using the scale of Lorentz spaces

or Orlicz spaces which are concrete examples of Banach function spaces�
Let P �z� x� be the Poisson kernel

P �z� x� 	
�� jzj�

j�� z xj�
�

We shall show that one of the following conditions is a su�cient condi�
tion for ���

�
�

sup
z�D

�
sup
t��

Z
v�x��t

trP �z� x� dx
�

�
�
sup
t��

�Z
u���x��t

tr��p���P �z� x� dx
�p���

�� �
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for some r � �� and

��� sup
z�D

kv��p 	 
zkL� ku
�� 	 
zkL� �� �

for some Young functions such as

��t� 	 tp log p������ � t�

and
��t� 	 tp

�

log p
������� � t� �

or weaker ones

��t� 	 tp log p���� � t� �log log �� � t��p����

and
��t� 	 tp

�

log p
����� � t� �log log �� � t��p

����� �

for some � � ��
We will introduce invariant A� weights and give several charac�

terizations of invariant A� weights� From these characterizations we
can easily tell the di�erence between A� and invariant A� weights�

If we assume that both v and u����p��� are invariant A� weights�
we will show that the condition

��� sup
z�D

v�z� �u����p����z��p�� �� �

is a necessary and su�cient condition for the Hilbert transform to be
uniformly bounded from Lp�u 	 
z� to L

p�v 	 
z� for all z � D�
Boundedness of the Hilbert transform between two weighted L�

spaces is related to boundedness of products of two Toeplitz operators
or Hankel operators on the Hardy space H�� On products of Toeplitz
operators Sarason ���� made the following conjecture�

Let f and g be outer functions in H�� The product TfTg is bounded
if and only if

��� sup
z�D

jf j��z� jgj��z� �� �
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On the product of Hankel operators it is natural to make the fol�
lowing conjecture �����

Let f and g be in L�� Then the product H�
fHg is bounded if and

only if

���� sup
z�D

kHf kzk� kHg kzk� �� �

Let f� denote �� � P � f for f � L�� Then the condition ���� is
equivalent to

���� sup
z�D

kf� 	 
z � f��z�k� kg� 	 
z � g��z�k� �� �

Treil ���� showed that if the product TfTg is bounded� then the condi�
tion ��� holds in Sarason�s Conjecture� Conversely� it was shown ����
that the following condition implies that TfT�g is bounded

���� sup
z�D

jf j�r�z� jgj�r�z� �� �

for some r � �� Also in ���� it was shown that the condition ���� is
necessary for H�

fHg to be bounded and that the following condition is
su�cient

���� sup
z�D

kf� 	 
z � f��z�k�r kg� 	 
z � g��z�k�r �� �

for some r � ��
In this paper we will improve the above su�cient conditions for

boundedness of the product of two either Toeplitz operators or Hankel
operators using Orlicz spaces or Lorentz spaces� In particular� we will
show that if for two outer functions f and g in H��

���� sup
z inD

kf 	 
zkL� kg 	 
zkL� �� �

then TfTg is bounded� and if for two functions f and g in L
��

���� sup
z�D

kf� 	 
z � f��z�kL� kg� 	 
z � g��z�kL� �� �
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then H�
fHg is bounded� Here the Young function � is t

� log����� � t�

or t� log �� � t� �log log �� � t����� for some � � ��
The letter C will denote a positive constant� possibly di�erent on

each occurrence�

�� Banach function spaces�

Recall some basic facts about the theory of Banach function spaces�
Orlicz spaces and Lorentz spaces� We shall refer the reader to ���� ����
and ���� for a complete account� A Banach function space X over the
unit circle is a subspace of the Lebesgue measurable functions with a
Banach function norm� The most important property of the Banach
function space is the generalized H�older inequality

��
�

Z
jf�x� g�x�j dx � kfkXkgkX� �

where X � is the associate space to X�
Let us look at several concrete examples of Banach function spaces�

A function � � �����
 ����� is a Young function if it is continuous�
convex and increasing satisfying B��� 	 � and B�t� 
 � as t 
 ��
Each Young function � has associated a complementary Young function
��� The Orlicz space L� consists of all Lebesgue measurable functions
f such that Z

�
� jf�x�j

�

�
dx �� �

for some � � �� The space L� is a Banach function space with the
Luxemburg norm de
ned by

kfk� 	 inf
n
� � � �

Z
�
� jf�x�j

�

�
dx � �

o
�

Its associated space is L
	�� A Young function � is said to satisfy the

 ��condition if there exist C � � and T � � such that

��� t� � C ��t� �

for all t � T �
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Let � � s� q � �� The Lorentz space Ls�q is the space of the
Lebegue measurable functions f such that

kfkLs�q 	
�
q

Z �

�

�
t j fx � �D � jf�x�j � tgj��s

�q dt
t

���q
�� �

if q ��� and

kfkLs�� 	 sup
�	t	�

t j fx � �D � jf�x�j � tgj��s �� �

if q 	 �� The Lorentz space Ls�q is a Banach function space with the
associate space Ls

��q��
Let X be a Banach function space over �D with respect to the

Lebesgue measure� Given a measurable function f and any interval I
we de
ne the X�average of f over I by

kfkX�I 	 k
jIj�f�I �kX �

where 
�� with � � �� is the dilation operator 
�f�x� 	 f�� x�� �
E
is

the characteristic function of E� We de
ne a natural maximal operator
MXf�x� associated to the space X by

���� MXf�x� 	 sup
x�I

kfkX�I �

where the supremum is taken over all intervals containing x�
For any x � �D� and a 
xed � � � let

!�x� 	
n
z � D �

jx� zj

�� jzj
� �

o
�

We de
ne a nontangential maximal operator NXf�x� associated to the
space X by

���� NXf�x� 	 sup
z�
�x�

kf 	 
zkX �

Let X 	 L� be the Orlicz space de
ned by a Young function �� Then
the maximal operator MX is de
ned in terms of the average

kfkX�I 	 inf
n
� � � �

�

jIj

Z
I

�
� jf�x�j

�

�
dx � �

o
�
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If X is the Lorentz space X 	 Ls�q� then the maximal operator is

MXf�x� 	 sup
x�I

�

jIj��s
kf�

I
kLs�q �

Proposition �� Let X be either an Orlicz space or a Lorentz space�

Let f be in X� Then there is a constant C such that

���� NXf�x� � CMXf�x� �

for x � �D�

Proof� We shall consider only the case that X is the Orlicz space L�

with a Young function �� The same method will prove the theorem in
the case that X is a Lorentz space�

We may assume x 	 �� We will use polar coordinate reit for points
in the unit disk� Let us 
rst consider the points z 	 r on the real axis
in the cone

!��� 	
n
z � D �

j�� zj

�� jzj
� �

o
�

Then

f�r� 	

Z
P �r� eit� f�eit� dt �

and the kernel P �r� eit� is a positive even function which is decreasing
for positive t� That means P �r� eit� is a convex combination of the
box kernels �

��h�h�
�t����h�� Take step functions hn�t�� which are also

nonnegative� even� and decreasing on t � �� such that hn�t� increases
with n to P �r� eit�� Then hn�t� has the form

NX
j��

aj���tj �tj�
�t�

with aj � �� and
R
hn�t� dx 	

P
j � tjaj � �� Suppose that � � � such

that � � MXf���� Thus

� �
jIj

�Z
I

�
� jf�eit�j

�

�
dt � � �
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for all intervals I containing �� Then

���
Z

hn�t� �
� jf�eit�j

�

�
dt
��� �

NX
j��

� tjaj
�

j��tj� tj�j

Z
��tj �tj�

�
� jf�eit�j

�

�
dt

�
nX

j��

� tjaj

� � �

Then by monotone convergence

Z
�
� jf 	 
r�eit�j

�

�
dt 	

Z
�
� jf�eit�j

�

�
P �r� eit� dt � � �

Hence kf 	 
rkX � �� Now 
x z � !���� Then j� � reisj � ��� � r��
and P �reis� eit� is majorized by a positive even function ��t�� which is
decreasing on t � �� such that

Z
��t� dt � A� �

for some constant A�� The function is ��t� 	 sup fP �re
is� eil� � jlj � tg�

Approximating ��t� from below by step functions hn�t� just as before�
we have Z

��t� �
� jf�eit�j

�

�
dt � A� �

By convexity� we obtain

Z
�
� jf 	 
z�eit�j

A��

�
dt 	

Z
�
� jf�eit�j

A��

�
P �z� eit� dt

�

Z
�
� jf�eit�j

A��

�
��t� dt

� � �

Thus by the de
nition of the Luxemburg norm� we have

kf 	 
zkX � A�� �

Therefore
NXf��� � A�� �
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So we conclude that

NXf��� � A�MXf��� �

�� Distribution function inequality�

In this section we will get two distribution function inequalities in�
volving the Lusin area integral and the nontangential maximal operator
NX for Banach function spaces X�

For w a point in �D� we let !w denote the angle with vertex w and
opening ��� which is bisected by the radius to w� The set of points z
in !w satisfying jz � wj � � will be denoted by !w�
� We 
x the shape
of our typical truncated cone !w�
� Whenever h is in L

�� we de
ne the
truncated Lusin area integral of h to be

���� A
�h��w� 	
�Z


w��

jrh�z�j� dA�z�
����

�

Here h�z� means the harmonic extension of h on D�

jrh�z�j� 	
����h
�z

���� �
��� �h
� z

���� �
and dA�z� denotes the area measure on the unit disk� Then A
�h��w�

�

represents the area �points counted with their multiplicity� of the image
in the complex plane of the truncated cone !w�
 under the map z 

h�z��

The Lebesgue measure of the subset E of �D will be denoted by
jEj� For z � D� we let Iz denote the closed subarc of �D with center
z�jzj and measure ��z� 	 �� jzj�

For a number p � �� we use p� to denote the number so that
��p� ��p� 	 �� Let Q denote the operator I � P � As in ����� we have
the following distribution function inequalities�

Theorem �� Let X and Y be two Banach function spaces� Let f and

g be in X and Y respectively� and 
 and � in X � and Y �� For jzj � ���
and a � � su�ciently large� there is a constant Ca � � such that

����

jf� � Iz � A���z��P �f 
�����A���z��P �g ������

� a kf 	 
zkXkg 	 
zkY

� inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj � CajIzj
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and

����

jf� � Iz �A���z��Q�f 
�����A���z��Q�g ������

� a kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

� inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj � CajIzj �

Moreover� the constant Ca can be chosen to satisfy Ca 	 �� �a
����C

for some positive constant C�

Proof� We will show only the 
rst distribution function inequality�
The same method will prove the second one�

For a 
xed z in D� and a � � let E�a� be the set of points in Iz
where

A���z��P �f 
����� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

and F �a� the set of points in Iz where

A���z��P �g ������ � a��� kg 	 
zkY inf
w�Iz

NY ���w� �

We claim the following distribution function inequalities� i�e� for a � �
su�ciently large

���� jE�a�j � Ka jIzj �

and

���� jF �a�j � Ka jIzj �

and lima��Ka 	 ��
First we show how Theorem � follows from those two distribution

inequalities� If w � Iz is in E�a� � F �a�� then

A���z��P �f 
����� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

and
A���z��P �g ������ � a��� kg 	 
zkY inf

w�Iz
NY ���w� �

Thus

A���z��P �f 
�����A���z��P �g �����

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w� �
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So E�a� � F �a� is a subset of

f� � Iz � A���z��P �f 
�����A���z��P �g ������

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�g �

On the other hand� we have

jE�a� � F �a�j � jE�a�j� jF �a�j � jIzj �

Since lima��Ka 	 �� we have

jf� � Iz � A���z��P �f 
�����A���z��P �g �����

� a kf 	 
zkX kg 	 
zkY inf
w�Iz

NX��
��w� inf
w�Iz

NY �����w�gj

� jE�a� � F �a�j � jE�a�j� jF �a�j � jIzj � ��Ka � �� jIzj

if Ca 	 �Ka � �� This completes the proof of Theorem ��

Now we turn to the proof of our claim� For simplicity we will
present only the details of the proof of ����� Using the same method we
can prove ����� The proof consists of three steps� Let �

E
denote the

characteristic function of the subset E of �D� In order to prove ����
we write P �f 
� as P �f 
� 	 P �
�� � �P
�� where 
� 	 f��

�Iz

� and


� 	 f��
�Dn�Iz


��

Step �� There is a constant C � � such that for all t � ��

����

jf� � Iz � A���z��P �
��� � tgj

�
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �

From the de
nition of the truncated Lusin area integral� we easily see
that

A���z��P �
��� � A���z��
�� �

Thus

f� � Iz � A���z��
�� � tg � f� � Iz � A���z��P �
��� � tg �

To prove ���� we need only to show

��
�

jf� � Iz � A���z��
�� � tgj

�
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �
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By the theorem of Marcinkiewicz and Zygmund� and the fact that the
nontangential maximal functionM is of weak type ��� �� then the trun�
cated Lusin area integral A
f�w� is also of weak type ��� ��� So we
have� for t � �

jf� � Iz � A���z��
�� � tgj �
C

t

Z
�D

j
�j dw 	
C

t

Z
�Iz

jf�w�
�w�j dw �

Since an elementary estimate shows that for w � �Iz� P �z� w��C�j�Izj�
it follows that

Z
�Iz

jf�w�
�w�j dw � C jIzj

Z
jf�w�
�w�jP �z� w� dw

	 C jIzj

Z
jf 	 
z�w�
 	 
z�w�j dw �

By the generalized H�older inequality we have

Z
�Iz

jf�w�
�w�j dw � C jIzj kf 	 
zkXk
 	 
zkX� �

Because for each u � Iz� z is in !�u�� we have

jf� � Iz � A���z��
�� � tgj �
C jIzj

t
kf 	 
zkX inf

w�Iz
NX�
�w� �

Thus

jf� � Iz � A���z��
�� � tgj �
�
��

C kf 	 
zkX infw�Iz NX�
�w�

t

�
jIzj �

Step �� On Iz�

���� A���z��P ��
����w� � C kf 	 
zkX inf
w�Iz

NX��
��w� �

for some C � ��
For 
�� we shall use a pointwise estimate of the norm of gradient

of P �
��� Since P �
�� is analytic in D� we have

r�P �
���w�� 	
�

��

Z
� 
����

��� w ���
d� �
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Thus

jrP �
���w�j � C

Z
j
����j

j�� w �j�
d� � C

Z
�Dn�Iz

jf���
���j

j�� w �j�
d� �

On the other hand� there is a constant C � � so that

��� �� ��� z�
�� ��� w�

��� � C �

for all � in �Dn�Iz and w in !u����z�� Thus we obtain

jr�P
���w�j � C

Z
�Dn�Iz

jf���
���j

j�� z �j�
d���� �

Applying the generalized H�older inequality yields

jr�P
���u�j �
C

�� jzj�
kf 	 
zkXk
 	 
zkX� �

Because z belongs to !�u�� for any u � Iz� the last factor on the right
is no larger than CNX�
�u�� and the desired inequality is established�

Step �� This step will complete the proof of the distribution function
inequality ���� by combining last two steps� Since P �f
� 	 P �
�� �
P �
��� we have

A���z��P �f
���w� � A���z���P
����w� �A���z��P �
����w� �

So for any � � ��

��
i��

n
w � Iz � A���z���P
i�� �

�

�

o
� fw � Iz � A���z��P �f
�� � �g �

Let Ei�a� be the subset of Iz such that

A���z���P
i�� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

for i � ��
Then we have

��
i��

Ei

�a
�

�
� E�a� �
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If in Step � we choose that t 	 a��� kf 	 
zkX infw�Iz NX�
�w�� then
we have ���E�

�a
�

���� � ��� C a����� jIzj

for a su�ciently large a�
By Step �� for a � � su�ciently large we have

A���z��P �
����u� � a��� kf 	 
zkX inf
w�Iz

NX�
�w�

everywhere on Iz� which implies jE��a���j 	 jIzj� So

jE�a�j � ��� a����C� jIzj �

This completes the proof of ���� if we choose Ka 	 �� a����C�

�� Hilbert transform�

In this section we apply the distribution function inequality ����
in Theorem � to get a su�cient condition for the boundedness of the
Hilbert transform on two weighted Lp� Let kTkzp denote the norm of
the Hilbert transform T from Lp�u 	 
z� to L

p�v 	 
z��
Given a Banach function space X� we will use X � to denote its

associate space which is another Banach space�

Theorem �� Let u and v two positive functions on the unit circle� and

� � p � �� Suppose that X and Y are two Banach function spaces

such that NX� maps Lp
�

to Lp
�

and NY � maps Lp to Lp� Then there is

a constant C � � such that

����

�kTk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

for all � � D�

Proof� Since T 	 �i P � i �I � P �� it su�ces to show that there is a
constant C � � such that

����

�kPk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�
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for all �� As �v 	 
���z� 	 v�
��z�� we see that

sup
z�D

kv��p	
zkX ku���p	
zkY 	 sup
z�D

kv��p	
�	
zkX ku���p	
�	
zkY �

So it su�ces to show

�kPk�p�
p � C

�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

This is equivalent to show

Z
jP �
��w�jpv�w� dw

� C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY����

�
�
sup
z�D

v�z� �u����p����z��p��
���p� Z

j
�w�jpu�w� dw �

for all 
 � Lp�u�� Let � 	 
u��p� Then the above inequality is
equivalent to the following inequality

Z
jP �� u���p��w�jpv�w� dw

� C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

�
�
sup
z�D

v�z� �u����p����z��p��
���p� Z

j��w�jp dw �

for all � � Lp� On the other hand�

Z
jP �� u���p��w�jpv�w� dw 	

Z
jv��p�w�P �� u���p��w�jp dw

and the dual space of Lp is Lp
�

� Then

Z
jP �� u���p��w�jpv�w� dw

	 sup
khkp���

h�Lp�

���
Z

v��p�w�P �� u���p��w�h�w�dw
��� �
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So we need only to estimate the pairing

Z
v��p�w�P �� u���p��w�h�w�dw �

NowZ
v��p�w�P �� u���p��w�h�w�dw

	

Z
P �� u���p��w�P �v��p h��w� dw �

Using the Littlewood�Paley formula ����� we have

Z
P �� u���p��w�P �v��p h��w� dw

	 P �� u���p����P �v��p h��������

�

ZZ
hr�P �u���p ���z��r�P �v��p h��z�i log

�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�P �u���p ���z��r�P �v��p h��z�i log
�

jzj
dA�z� �

and

TermII 	

ZZ
jzj	���

hr�P �u���p ���z��r�P �v��p h��z�i log
�

jzj
dA�z� �

It is easy to verify that

jP �� u���p����P �v��p h����j � C �v���u����p������p�����pk�kp khkp� �

and

jhr�P �u���p ���z��r�P �v��p h��z�ij

� C �v���u����p������p�����pk�kp khkp�

for jzj � ���� So we need only an estimate of TermI � We claim that
there is a constant C � � such that

jTermI j � C sup
z�D

kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �
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So by ����� P is bounded from Lp�u� to Lp�v� and its norm is bounded
by

C
�
sup
z�D

kv��p 	 
zkX ku���p 	 
zkY �
�
sup
z�D

v�z� �u����p����z��p��
���p�

�

Now we turn to the proof of the claim� Fix an a � � for which the 
rst
distribution function inequality in Theorem � holds� For w � �D� let
��w� denote the maximum of those numbers � for which

A
�P �u
���p ����w�A
�P �v

��p h���w�

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY NX�h�w�NY ���w� �

ThusZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY

Z
NX�h�w�NY ���w� �

By the H�older inequality� we haveZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� a sup
z�D

kv��p 	 
zkX ku���p 	 
zkY kNX�hkp� kNY �gkp �

Since NX� maps L
p� to Lp

�

and NY � maps L
p to Lp� we haveZ

�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

� C sup
z�D

kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �

On the other hand� let �w �z� denote the characteristic function of
!w���w�� we haveZ
�D

A��w��P �u
���p ����w�A��w��P �v

��p h���w� dw

	

Z
�D

�Z

w���w�

jr�P �u���p ���z�j� dA�z�
����

�
�Z


w���w�

jr�P �v��p h��z�j� dA�z�
����

d�

�

Z
jzj����

Z
�D

�w�z� jr�P �u
���p ����z�j jr�P �v��p h���z�j dw dA�z� �
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Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If ��w� �
��� � jzj�� then z is in !w���w�� Thus �w �z� 	 � on a subset of Iz of
measure at least Ca���jzj�� Combining this observation with previous
inequality� we obtainZ

�D

A��w� �P �u
���p ����w�A��w��P �v

��p h���w� dw

� Ca

Z
jzj����

jr�P �u���p ���z�j jr�P �v��p h��z�j ��� jzj� dA�z�

� CajTermI j �

So
jTermI j � C sup

z�D
kv��p 	 
zkX ku���p 	 
zkY k�kp khkp� �

This completes the proof of the theorem�

Corollary �� Let X and Y be either Orlicz spaces or Lorentz spaces�

Suppose that MX� maps Lp
�

to Lp
�

and MY � maps Lp to Lp� Then the

Hilbert transform T is uniformly bounded from Lp�v 	 
z� to L
p�v 	
z�

for all z � D�

Proof� Since X and Y are either Orlicz spaces or Lorentz spaces�
by Proposition �� the maximal operators MX� and MY � dominate the
nontangential maximal operators NX� and NY � respectively� So NX�

maps Lp
�

to Lp
�

and NY � maps L
p to Lp� Also it was shown in ���� that

if MX� maps L
p� to Lp

�

� then

kfkp � C kfkX �

for any f � X� Then

sup
z�D

v�z� �u����p����z��p�� � C
�
sup
z�D

kv��p 	 
zkX ku����p��� 	 
zkY
�p
�

So the corollary follows immediately from Theorem ��

A particular example is when X 	 L pr and Y 	 L p�r� where r � ��
In this case the associate spaces are X � 	 L�pr�

�

and Y � 	 L�p
�r�� whose

corresponding maximal operators are given by

MX�f�x� 	 sup
x�I

� �
jIj

Z
I

jf�y�j�pr�
�

dy
����pr��



Hilbert transform� Toeplitz operators and Hankel operators ���

and

MY �f�x� 	 sup
x�I

� �
jIj

Z
I

jf�y�j�p
�r�� dy

����p�r��
�

which are bounded on Lp
�

and Lp� respectively� By Proposition �� the
maximal operator MX dominates the nontangential maximal operator
NX if X is an Orlicz space� So we have the following corollary�

Corollary �� Let � � p � �� and suppose that �u� v� is a pair of

weights such that for some r � ��

sup
z�D

vr�z� �u�r��p����z��p�� �� �

Then the Hilbert transform is bounded from Lp�u� to Lp�v��

The condition in Corollary � is quite close to the necessary condi�
tion that the Hilbert transform is uniformly bounded from Lp�u 	 
��
to Lp�u 	 
�� for � � D�

Proposition �� Let u and v be two positive functions on the unit

circle� Let � � p � �� If the Hilbert transform is uniformly bounded

from Lp�u 	 
�� to Lp�u 	 
�� for � � D� then

sup
z�D

v�z� �u����p����z��p�� �� �

Proof� For a 
xed � � D� let P� be the operator

P � z P z

from Lp�u� to Lp�v�� It is easy to check that

P�f 	
�Z

f�x� e��x� dx
�
e� �

for f � Lp�u 	 
�� where e��z� 	 �� Since the Hilbert transform is
unformly bounded from Lp�u 	 
�� to L

p�v 	 
��� P is also uniformly
bounded from Lp�u 	 
�� to L

p�v 	 
��� So there is a constant C � �
such that

kP�kLp�u	
���Lp�v	
�� � C �



��� S� Treil� A� Volberg and D� Zheng

for all � � D� On the other hand� the norm of P� from Lp�u 	 
�� to

Lp�v 	
�� is ku
���p 	
�kp� kv 	
�k

��p
� � This completes the proof of the

proposition�

We can improve Corollary � using the scale of Lorentz spaces� if
X 	 Lpr��� then X � 	 L�pr�

��� and MX� is bounded on L
p� � By Propo�

sition �� the maximal operator MX dominates the nontangential maxi�
mal operator NX if X is a Lorentz space� Hence we have the following
corollary�

Corollary �� Let � � p ��� and � � r ��� Suppose that �u� v� is a
pair of weights such that

sup
z�D

�
sup
t��

� Z
fv�x��tg

trP �z� x� dx
��

�
�
sup
t��

�Z
fu���x��tg

t�r��p���P �z� x� dx
�p���

�� �

Then the Hilbert transform is bounded from Lp�u� to Lp�v��

More interesting examples are provided by the theory of Orlicz
spaces� We have the following theorem which improves Corollary �� In
particular� if Young functions � and � are in the following forms

��t� 	 tp log p���� �� � t� �

and
��t� 	 tp

�

log p
����� �� � t� �

or weaker ones

��t� 	 tp log p���� � t� �log log �� � t��p����

and
��t� 	 tp

�

log p
����� � t� �log log �� � t��p

����� �

then the correspoding Orlicz spaces satisfy conditions in the following
theorem�

Theorem �� Let � � p ��� and let ��t� and ��t� be Young functions
satisfying  ��condition such that

Z �

c

� tp

��t�

�p��� dt
t
�� and

Z �

c

� tp
�

��t�

�p�� dt
t
�� �
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for some positive constant c� Let �u� v� be a pair of weights such that

sup
z�D

kv��p 	 
zkL� ku
���p 	 
zkL� �� �

Then the Hilbert transform T is bounded from Lp�u� to Lp�v��

Proof� Let X 	 L� and Y 	 L�� To prove the theorem� by Theorem
�� we need to show that NX� maps L

p� to Lp
�

and NY � maps L
p to Lp�

By Proposition �� we see that MX� and MY � dominate NX� and NY � �
respectively� On the other hand� it is shown in ���� that MX� maps
Lp to Lp and MY � maps L

p� to Lp
�

� This completes the proof of the
theorem�

�� Invariant A� weights�

A� weights are introduced in connection with several problems
in harmonic analysis by Muckenhoupt ���� and Coifman�Fe�erman ����
First we introduce the A� condition as ��� and ����� A weight function
v on the unit circle is in A� if there are positive constants C� � � � so
that given any arc I and any measurable subset E � I

Z
E

v�w� dw
Z
I

v�w� dw
� C

� jEj
jIj

��
�

There are many characterizations of A� weights ���� A characterization
of A� similar to the Ap condition is found in ����� That is� a weight
function v is in A� if and only if

sup
I

�

jIj

Z
I

v�w� dw
� �
jIj
exp

�Z
I

log v���w� dw
��

�� �

But the A� condition is not M�obius invariant in the sense

sup
z�D

sup
I

�

jIj

Z
I

v 	 
z�w� dw
� �
jIj
exp

�Z
I

log v�� 	 
z�w� dw
��

�� �

We de
ne a weight v to be an invariant A� weight if

���� sup
z�D

v�z� exp ���log v��z�� �� �
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The invariant A� weights were 
rst studied by Wol� in ��
�� He ��
�
showed that a weight v is an invariant A� weight if and only if for any
� � � there is a 	 � �� for any subarc I � �D and subset E � I� thenZ

E

v�w�P �z� w� dw � 	

Z
I

v�w�P �z� w� dw

implies that Z
E

P �z� w� dw � �

Z
I

P �z� w� dw �

for all z � D� So comparing an equivalent condition to A� ����
Lemma ��� we see that invariant A� weights have a certain invariant
property�

If two weights are invariant A� weights� 
rst we will show a neces�
sary and su�cient conditions for the Hilbert transform to be uniformly
bounded between two weighted spaces�

Theorem �� Suppose that both v and u����p��� are invariant A�
weights� The invariant Ap condition

sup
z�D

v�z� �u����p����z��p�� ��

is a necessary and su�cient condition for the Hilbert transform to be

uniformly bounded from Lp�u 	 
z� to Lp�v 	 
z� for all z � D�

Proof� By Proposition �� we see that the condition in Theorem � is
a necessary condition that the Hilbert transform is uniformly bounded
from Lp�u 	 
z� to L

p�v 	 
z� for all z � D�
We need only to show that the condition in Theorem � is su�cient�

As pointed out in ��
�� the invariant A� weight condition is equivalent
to that v�w�P �z� w� dw is comparable to P �z� w� dw in the sense of ���
uniformly over z � D� So the equivalent conditions of ��� Lemma �� are
valid for the measures v�w�P �z� w� dw and P �z� w� dw uniformly over
z � D� So there are positive constants B and r � � such that

vr�z� � B �v�z��r

for all z � D�
Since both v and u����p��� are invariantA� weights� we can choose

a constant r � � so that

vr�z� � B �v�z��r �

u�r��p����z� � B �u����p����z��r �
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for all z � D� Thus

vr�z� �u�r��p����z��p�� � B��v�z��r�u����p����z��r �

for all z � D� If u and v satisfy

sup
z�D

v�z� �u����p����z��p�� �� �

then they also satisfy

sup
z�D

vr�z� �u�r��p����z��p�� �� �

By Corollary �� the Hilbert transform T is uniformly bounded from
Lp�u 	 
z� to L

p�v 	 
z�� This completes the proof of Theorem ��

What is the di�erence between A� weights and invariant A�
weights" The following theorem answers the question completely�

Let f�z� and g�z� be two nonnegative functions� We use f�z� �	
g�z� to denote that there are two positive constants C� and C� such
that

C�f�z� � g�z� � C�f�z�

for any z�
For each z 	 reit � D� recall Iz as in Section �

Iz 	
n
ei� � �D � j� � tj �

�� r

�

o
�

Theorem 	� Let v be a positive function on the unit circle� Then v is

an invariant A� weight if and only if v is an A� weight� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Suppose that v is an invariant A� weight� First we will prove
that log v is in BMO� By the Jensen inequality� we have

exp
�Z

D

�log v � �log v��z��Pz�e
i�� d�

�

�

Z
D

exp �log v � �log v��z��Pz�e
i�� d� � C �
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Hence

exp
�Z

D

�log v � �log v��z���Pz�e
i�� d�

�

� exp
� Z

D

�log v � �log v��z��Pz�e
i�� d�

�
� C �

and

exp
�Z

D

�log v � �log v��z���Pz�e
i�� d�

�

� exp
� Z

D

�log v � �log v��z��Pz�e
i�� d�

�
� C �

becauseZ
D

�log v � �log v��z���Pz�e
i�� d� 	

Z
D

�log v � �log v��z���Pz�e
i�� d� �

On the other hand�

Z
D

j log v � �log v��z�jPz�e
i�� d� 	

Z
D

�log v � �log v��z���Pz�e
i�� d�

�

Z
D

�log v � �log v��z���Pz�e
i�� d�

� � logC �

So log v is in BMO� For each interval I� there is a point zI such that
I 	 IzI � We use vI to denote the average of v over I� Since log v is in
BMO� we have

j�log v�I � �log v��z�j �
��� �
jIzj

Z
Iz

�log v � �log v��z�� d�
���

�
�

jIzj

Z
Iz

j log v � �log v��z�j d�

� C

Z
Iz

j log v � �log v��z�jPz�e
i�� d�

� C k log vkBMO �

Hence

vI � v�zI� � C e�log v��z���log v�I��log v�I � C e�log v�I �
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So v is an A� weight� In addition�

v�z� � C e�log v��z���log v�I��log v�I � C e�log v�I �

By the Jensen inequality we have

v�z� � C vI �

Conversely suppose that v is an A� weight and satisfy

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�
Since v is an A� weight� log v is in BMO and

�

jIzj

Z
Iz

v�ei�� d� � C exp
� �
jIzj

Z
Iz

log v�ei�� d�
�
�

for some C � �� On the other hand�

�

jIzj

Z
Iz

�log v � �log v��z�� d� �
�

jIzj

Z
Iz

j log v � �log v��z�j d�

� C

Z
Iz

j log v � �log v��z�jPz�e
i�� d�

� C k log vkBMO �

Hence
�

jIzj

Z
Iz

�log v� d� � C k log vkBMO � �log v��z� �

Thus

v�z� � C
�

jIzj

Z
Iz

v�ei��d�

� C exp
� �
jIzj

Z
Iz

�log v��ei�� d�
�

� C eC�k log vkBMO��log v��z�

� C e�log v��z� �



��� S� Treil� A� Volberg and D� Zheng

So v�z� is an invariant A� weight� This completes the proof of Theorem
��

We remark that A� condition is not comparable with

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D� There is an A� weight v which v�z� is not equivalent
to
R
Iz
v�w� dw�jIzj� As in ��
�� for example v�e

i�� 	 j�j is in A�� But

it is not in invariant A�� So by Theorem �� v�z� is not equivalent toR
Iz
v�w� dw�jIzj�

Also there is a function v � � such that v�z� is equivalent toR
Iz
v�w� dw�jIzj� But v is even not in A�� see examples in �����

If v is in A�� then v�z� is equivalent to
R
Iz
v�w� dw�jIzj� Thus an

A� weight is also an invariant A� weight� So a weight function v is
an A� weight if and only if both v and v

�� are invariant A� weights�
Therefore invariant A� weights are somehow ��� � A� weights� But
there are invariant A� weights which are not in A� ��
��

Recently Fe�erman�Kenig�Pipher ��� characterized A� weights in
terms of Carleson measures� which is very close to log v � BMO� To
state their result more precisely we consider weights v on the real line R�
Let �t�x� 	 c t����e�jxj

��t� 
x a function v which veri
es the doubling
condition Z

jx�x�j	�t

v��� d� � �

Z
jx�x�j	t

v��� d� �

for some � � �� The heat extension of v will be de
ned by v�x� t� 	
�v � �t��x�� and rv�x� t� will denote the spatial gradient� Fe�erman�
Kenig�Pipher showed that v � A��R� if and only if for all x� � R and
t � ��

�

t

Z t�

�

Z
jx�x�j	t

jrv�x� s�j�

�v�x� s���
dx ds � C �

They ��� made a remark that the above result with the harmonic �Pois�
son� extension in place of the heat extension would not characterize
A��R�� for the Poisson kernel need not have su�ciently rapid decay�

However� using harmonic extension of weights we will characterize
invariant A� weights in terms of Carleson measures�

Theorem 
� Let v be a positive function on the unit circle� Then v
is an invariant A� weight if and only if �jrv�z�j��v�z������ jzj�� is a
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Carleson measure� i�e��

Z
S�I�

� jrv�z�j�
v�z��

�
��� jzj�� dA�z� � C jIj �

for any subarcs I of the unit circle� where

S�I� 	 freit � D � �� r � jIj� eit � Ig �

Proof� Since v�z� is harmonic on D� we have

� log�v�z�� 	
jrv�z�j�

�v�z���
�

By Green�s formula� we obtain

log �v�z��� �log v��z� 	 �

Z
D

log
����� z w

z � w

��� �log �v�w��� dA�w� �
So

log �v�z��� �log v��z� 	

Z
D

log
����� z w

z � w

��� jrv�w�j�
�v�w���

dA�w� �

For ��� � jwj � �� it is easy to check that log jwj�� �	 �� � jwj���
Also since v�w� is harmonic on D� jrv�w�j���v�w��� is bounded by a
constant M for all w with jwj � ���� By the above equation� we have

log �v�z����log v��z� �

Z
jwj����

�
��
����� z w

z � w

�����
� jrv�w�j�
�v�w���

dA�w��M

and

log �v�z��� �log v��z� �

Z
jwj����

�
��

����� z w

z � w

�����
� jrv�w�j�
�v�w���

dA�w� �

By ����� ���jwj�� jrv�w�j� dA�w���v�w��� is a Carleson measure if and
only if

sup
z�D

Z
D

��� jzj��

j�� z wj�
jrv�w�j�

jv�w�j�
��� jwj�� dA�w� �� �
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This is equivalent to

log �v�z��� �log v��z� � C �

for all z � D� This completes the proof of Theorem 
�

Another important property of A� is that

A� 	
�
p��

Ap �

We will show that invariant A� weights have such property also�

Theorem �� Any weight function v satisfying invariant A� already

satis�es invariant Ap for some p ���

Proof� Since v is an invariant A� weight� we have

���� log �v�z��� �log v��z� � C �

By the Jensen inequality� we also have

���� log �v�z��� �log v��z� � � �

On the other hand� by Theorem �� we see that v is an A� weight� It
follows from ���� that log v is in BMO� By the theorem of John and
Nirenberg ����� there exist positive constants C� and C� such that

jfw � �D � j log v�w�� �log �v�����j � �gj � C� e
�C���k log vkBMO �

for � � �� Let 
z�w� denote the M�obius map on the unit disk� Then
k log v 	 
zkBMO 	 k log vkBMO� Therefore

jfw � �D � j log v	
z�w�� log �v	
z����j � �gj � C� e
�C���k log vkBMO �

By ���� and ����� we have

����
jfw � �D � j log v 	 
z�w�� log �v�z��j � �gj

� C� e
�C���k log vkBMO �

Let E be a subset of �D� For z � D� let

�z�E� 	

Z
E

P �z� w� dw �
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Then ���� is equivalent to

��
� �zfw � �D � j log v�w�� �log v��z�j � �gj � C�e
�C���k log vkBMO �

Let Ek 	 fw � �D � ekv�z��� � v�w��� � ek��v�z���g� Then

v����p����z� � v�z�����p���
�
� �

�X
k��

��Ek�e
�k�����p���

�
�

By ��
�� we have

v�z�����p���
�
��C�

�X
k��

e�k�����p�����C�k��k log vkBMO
�
� C v�z�����p���

if ���p � �� � C��k log vkBMO� Therefore if p � � � k logwkBMO�C��
we have

v�z� �v�����p�����z��p�� � C �

for all z � D� This completes the proof of the theorem�

Now we show another characterization of invariant A� weights�

Theorem �� A weight function v is an invariant A� if and only if

there is a constant C � � such that

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D where Ps�z� 	 ��� jsj��j�� szj� for s� z � D� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Suppose that v is an invariant A� weight� By Cauchy and
Jensen inequalities

exp ��log v��z�� � �v����z��� � v�z� �

and since v is an invariant weight�

v�z� exp ���log v��z�� � C �
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Therefore
v�z� � C �v����z��� �

In addition by Theorem 
� �jrv�z�j��v�z������jzj�� is a Carleson mea�
sure�

Z
D

v
� jrv�z�j�

v�z��

�
��� jzj�� dA�z�

�

Z
D

��v�����z���
� jrv�z�j�

v�z��

�
��� jzj�� dA�z�

� C

Z
�D

�v����ei���� d�

	 C

Z
�D

v�ei�� d�

	 C v��� �

In the above inequality replacing v by v 	 
z and making the change of
variables give

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D�
Suppose that a weight function v satis
es two conditions in Theo�

rem �� By Theorem �� we need only to show that v is an A� weight�
By Green�s formula� we have

v�z� log �v�z��� �v log v��z�

	 �

Z
D

log
����� z w

z � w

��� �v�w� log �v�w��� dA�w� �

It is easy to check that

 �v�w� log �v�w��� 	 v�w�
��� jrv�w�j�
v�w��

��� �

So

v�z� log �v�z��� �v log v��z�	�

Z
D

log
����� z w

z � w

���v�w�
��� jrv�w�j�
v�w��

��� dA�w� �



Hilbert transform� Toeplitz operators and Hankel operators ���

By the 
rst condition in Theorem �� we have

Z
Pz�w� v�w� log

�v�w�
v�z�

�
dw � C v�z� �

Hence Z
Pz�w�

�v�w�
v�z�

��
log

�v�w�
v�z�

��
dw � C �

Now we write logx 	 log� x�log� x� It is easy to see that x log� x � C�
Then Z

Pz�w�
�v�w�
v�z�

��
log�

�v�w�
v�z�

��
dw � C �

for all z � D�
For L � ��� then we have

Z
fv�Lv�z�g

Pz�w� v�w� dw �
C

logL
v�z� �

Hence Z
fw�Iz 
v�Lv�z�g

v�w� dw �
C

logL
v�z� jIzj �

For any subset E of Iz with jEj � jIzj�L
��

Z
E

v�w� dw 	

Z
fE
v�w��Lv�z�g

v�w� dw �

Z
fE
v�w��Lv�z�g

v�w� dw

� Lv�z� jEj�
C

logL
v�z� jIzj �

By the second condition in Theorem �� we have

Z
E

v�w� dw �
�

L

Z
Iz

v�w� dw �
C

logL

Z
Iz

v�w� dw

	
� �
L
�

C

logL

�Z
Iz

v�w� dw �

If L is su�ciently large� there are two numbers � � � 	 ��L� � � and
� � 	 	 ��L�C� logL � � such that whenever E � Iz and jEj � �jIzj�

Z
E

v�w� dw � 	 jIzj �
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We have proved that v is an A� weight by ���� This completes the
proof of Theorem ��

In ����� it is shown that if a measure � in D satis
es

Z
D

Ps�z� v�z�
� d��z� � C v�s� �

then the following imbedding theorem

Z
D

j�f v�����z�j� d��z� � K�C� kfk�� �

for all f � L�� holds� We will characterize invariant A� weights by the
so�called imbedding theorem�

Theorem 
� A weight function v is an invariant A� weight if and

only if there is a constant C � � such that

Z
D

j�f vs��z�j
� �

vs�z�

� jrvs�z�j�
vs�z��

�
��� jzj�� dA�z�

� C

Z
�D

jf�ei��j� vs�e
i�� d� �

for all f � L��vs� and all s � D� where vs 	 v 	 
s� and

v�z� �	
�

jIzj

Z
Iz

v�w� dw �

for all z � D�

Proof� Since the condition in v is an invariant A�� by Theorem �� we
have that there is a constant C � � such that

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D� The above condition is invariant� So we need only to
show that

Z
D

j�f v��z�j�
�

v�z�

� jrv�z�j�
v�z��

�
���jzj�� dA�z��C

Z
�D

jf�ei��j� v�ei�� d� �
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for all f � L��v�� Let g 	 fv��� and

d� 	

� jrv�z�j�
v�z��

�
��� jzj�� dA�z�

v
�

Then it is su�cient to show
Z
D

j�g v�����z�j� d��z� � C

Z
�D

jg�ei��j� d� �

By Theorem ��� in ����� it is su�cient to show that

Z
D

Ps�z� �v�z��
� d��z� � C v�s� �

This is equivalent to

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

Conversely suppose that v satis
es the conditions in Theorem �� If we
let f be � in the 
rst condition we have

Z
D

j�vs��z�j
� �

vs�z�

� jrvs�z�j�
vs�z��

�
��� jzj�� dA�z� � C

Z
�D

vs�e
i�� d� �

Making the change of variable implies

Z
D

Ps�z� v�z�
� jrv�z�j�

v�z��

�
��� jzj�� dA�z� � C v�s� �

for all s � D where Ps�z� 	 ���jsj
���j��szj� for s� z � D� By Theorem

� we conclude that v is an invariant A� weight� This completes the
proof of Theorem ��

	� Toeplitz operators and Hankel operators�

Let f be in L�� The Toeplitz operator Tf and the Hankel operator
Hf with symbol f are de
ned by Tfp 	 P �fp�� and Hfp 	 ���P ��fp��
for all analytic polynomials p� Obviously they are densely de
ned on
the Hardy space H�� In this section we will show several su�cient
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conditions for the product of two Toeplitz operators or Hankel operators
to be bounded�

Theorem ��� Let X and Y be two Banach function spaces such that

NX� and NY � map L� to L�� Suppose that �f� g� is a pair of functions

in L� such that

sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY �� �

Then the product H�
fHg is bounded on the Hardy space H��

Proof� Let 
 and � be in H�� Then

hH�
fHg�� 
i 	 hHg��Hf
i �

Using the Littlewood�Paley formula� we have

hH�
fHg�� 
i 	

ZZ
hr�Hg���z��r�Hf
��z�i log

�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�Hg���z��r�Hf
��z�i log
�

jzj
dA�z�

and

TermII 	

ZZ
jzj	���

hr�Hg���z��r�Hf
��z�i log
�

jzj
dA�z� �

It is easy to verify that there is a compact operator K on H� such that

TermII 	 hK�� 
i �

We claim that there is a constant C � � such that

jTermI j � C sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k�k� k
k� �

So

kH�
fHgk � kKk� C sup

z�D
kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY �
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Now we turn to the proof of the claim� Fix an a � � for which the
distribution function inequality ���� holds� For w � �D� let ��w� denote
the maximum of those numbers � for which

A
�Hf
��w�A
�Hg���w�

� akf� 	 
z � f��z�kX kg� 	 
z � g��z�kY NX��
��w�NY �����w� �

Thus

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

�

Z
�D

NX��
��w�NY �����w� dw

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY

� kNX��
�k� kNY ����k�

� a sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k
k� k�k� �

The last inequality holds because NX� and NY � are bounded on L
��

On the other hand� letting �w�z� denote the characteristic function
of !w���w�� we have

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

	

Z
�D

�Z

w���w�

jr�Hf
��z�j
� dA�z�

����

�
� Z


w���w�

jr�Hg���z�j
� dA�z�

����
d�

�

Z
jzj����

Z
�D

�w�z� jr�Hf
��z�j jr�Hg���z�j dw dA�z� �

Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If w � Iz
and ��w� � ��� � jzj�� then z in !w���w�� Thus �w �z� 	 � on a subset
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of Iz of measure at least Ca��� jzj�� Combining this observation with
the previous inequality� we obtain

Z
�D

A��w��Hf
��w�A��w��Hg���w� dw

� Ca

Z
jzj����

jr�Hf
��z�j jr�Hg���z�j ��� jzj� dA�z�

� Ca jTermI j �

So

jTermI j � C sup
z�D

kf� 	 
z � f��z�kX kg� 	 
z � g��z�kY k
k� k�k� �

This completes the proof of the theorem�

Theorem ��� Let X and Y be two Banach function spaces such that

NX� and NY � map L� to L�� Suppose that �f� g� is a pair of outer

functions in H� such that

sup
z�D

kf 	 
zkX kg 	 
zkY �� �

Then the product TfTg is bounded on the Hardy space H��

Proof� Let 
 and � be two polynomials�

hTfTg �� 
ihTg �� Tf 
i �

Using the Littlewood�Paley formula� we have

hTg �� Tf 
i 	

Z
D

hr�Tg ���z��r�Tg 
��z�i log
�

jzj
dA�z� �

De
ne

TermI 	

ZZ
jzj����

hr�Tg ���z��r�Tf 
��z�i log
�

jzj
dA�z� �

and

TermII 	

ZZ
jzj	���

hr�Tg ���z��r�Tf 
��z�i log
�

jzj
dA�z� �
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It is easy to verify that there are constants C� � � and C� � � such
that

jTermII j � C� k�k� k
k�

and

jTermII j � C� k�k� k
k� �

We will show that there are the same estimates of TermI as above ones�
Let X and Y be two Orlicz spaces� Fix an a � � for which the

distribution function inequality ���� holds� For w � �D� let ��w� denote
the maximum of those numbers � for which

A
�Tf 
��w�A
�Tg ���w�

� a kf 	 
zkX kg 	 
zkY NX��
��w�NY �����w� �

Thus

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

� a sup
z�D

kf 	 
zkX kg 	 
zkY

Z
�D

NX��
��w�NY �����w� dw �

On the other hand� letting �w �z� denote the characteristic function of
!w���w�� we have

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

	

Z
�D

�Z

w���w�

jr�Tf 
��z�j
� dA�z�

����

�
�Z


w���w�

jr�Tg ���z�j
� dA�z�

����
d�

�

Z
jzj����

Z
�D

�w �z�jr�Tf 
��z�j jr�Tg ���z�j dw dA�z� �

Now the distribution function inequality ���� tells us that ��w� � ����
jzj� on a subset of Iz whose measure is at least Ca��� jzj�� If w � Iz
and ��w� � ��� � jzj�� then z in !w���w�� Thus �w �z� 	 � on a subset
of Iz of measure at least Ca��� jzj�� Combining this observation with
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the previous inequality� we obtain

Z
�D

A��w��Tf 
��w�A��w��Tg ���w� dw

� Ca

Z
jzj����

jr�Tf 
��z�j jr�Tg ���z�j ��� jzj� dA�z�

� Ca jTermI j �

So

jTermI j � a sup
z�D

kf 	 
zkX kg 	 
zkY

Z
NX��
��w�NY �����w� dw

� a sup
z�D

kf 	 
zkX kg 	 
zkY kNX��
�k� kNY ����k� �

Since NX� and NY � are bounded on L
�� we have

jTermI j � a sup
z�D

kf 	 
zkX kg 	 
zkY k
k� k�k� �

This completes the proof of the theorem�
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