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Abstract� In this paper we show that the windings of geodesics around
the cusps of a Riemann surface of �nite area� behave asymptotically as
independent Cauchy variables�

�� Introduction�

In this paper we show that the windings of geodesics around the
cusps of a Riemann surface of �nite area� behave asymptotically as in�
dependent Cauchy variables� Results of this type were originally given
for Brownian paths� The original proof of ���	 for the winding of pla�
nar Brownian motion around the origin was analytic� This theory was
developed in many works including ��	� �
	� ���	� ��	 and ��
	 using ex�
cursion theory and geometric ideas� The idea that such a result might
hold for geodesics is suggested by the central limit theorem of Ratner
��	 and Sina��� and the logarithm iterated law discovered by Sullivan
���	� Using coding theory a proof is given in �	 and ��	 for modular
surfaces� In the note ���	� it was brie�y shown that this result could
be extended to arbitrary Riemann surfaces� by a simple argument that

���
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reduced the problem to the Brownian case� However� in these works�
the contribution eit of each cusp Ci was not identi�ed� The asymptotic
was actually obtained for linear combinations

P
�ie

i
t under the condi�

tion that
P

�i � �� We show that this condition is unnecessary� using
the relation between the Brownian motion on the stable foliation and
the geodesic �ow which was obtained in ���	� It is reasonable to think
that the constant curvature assumption could be relaxed as in ��	� ��	�

�� Presentation of the result�

LetM be a surface of constant negative curvature with �nite area�
represented as the quotient of the hyperbolic plane H� under the action
of a Fuchsian group ��

The well known model of the hyperbolic plane� using the upper
half�plane C � with the metric dl� � �dx� � dy���y� �y � ��� can be
transformed into the model of the open unit disc via a conformal map�
the metric being then

dl� �
dx� � dy�

��� x� � y���
� x� � y� � � �

In the representation of the disc� there exists a polygon �whose edges are
geodesics� which is a fundamental domain for �� There comes out some
invariants of the group� �independent from the choice of the system of
generator� like its genus g and the multiplicity of the vertices of the
polygon� M in our case� will be the union of a compact part and of
n cusps C�� C�� � � � � Cn� a cusp being the region of the polygon limited
by two geodesics going at in�nity to the same point of the boundary of
the hyperbolic plane �though it is non compact� this region remains of
�nite area��

Let m be the normalized Liouville measure on the unit tangent
bundle T �M � Functions on T �M can be viewed as random variables
on the probability space �T �M�B�m� �B denoting the Borel ���eld on
T �M��

We denote by 	t the geodesic �ow on T
�M � which preserves m and

is known to be ergodic ��	�
Let 
 be a ��form on M � we assume that d
 vanishes in a neigh�

bourhood Ui of each cusp Ci� Let �i denote the residue of 
 at Ci

�which is the integral of 
 along a loop around Ci� included in Ui�
which doesn�t depend on the loop as far as this form is locally closed��
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If � � �q� v�� q �M � v � T �
qM � set 	t��� � �qt� vt�� and

eit��� �

Z t

�

h
�qs�� vsi�Ui
�qs� ds �

�If �i does not vanish� e
i
t describes the winding of the geodesic in Ui��

We prove the following�

Theorem �� The joint distribution of �e�t�t� e
�
t�t� � � � � e

n
t �t� converges

in law towards the product of n Cauchy distributions of parameter j�ij�
jM j where jM j denotes the area of M �

Remarks� If �
 is another form� closed near the cusps� with the same
residues� the theorem applied to 
� �
 implies that ��eit�eit��t converges
to � m almost surely�

If d
 � � onM �
P

�i vanishes� Since we assume only that d
 van�
ishes near the cusps� the residues can take arbitrary values� Therefore
our theorem describes the winding of the geodesics around each cusp�
This was not achieved in ��	 and ���	 where only the case of closed forms
was treated�

Finally from the theorem we get the independence of the limit from
the choice of the neighbourhoods�

If f�eit � � � i � ng is de�ned using a di�erent system of neighbour�
hoods f �Ui � � � i � ng� ��eit � eit��t converges to � m almost surely�

This comes from the lemma we shall use in the following�

Lemma �� If 
 is a ��form� � is a C��function of compact support in

M � then

lim
t���

�

t

Z t

�

h
�qs�� vsi��qs� ds �� � � almost surely �

Proof� This comes from the ergodic theorem� as far asZ

�q� v���q� dm�q� v� � �

because the transformation � � �q� v� ��� �q��v� changes the sign of
the integrated function� and m is ��invariant�
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Notations� H will be represented by the complex upper half�plane
fz � x � i y � y � �g� We shall identify T �H and PSL��R� using the
relations

q �
a i� b

c i� d
and v �

i

�c i� d��
�

� appears as a subgroup of PSL��R�� It is well known that T
�M can

be identi�ed with �nPSL��R�� in such a way that 	t��� can be written
�	t� if we set

	t �

�
et�� �
� e�t��

�
�

Similarly the right actions of the ��parameter subgroups

	�t �

�
� t
� �

�
and 	�t �

�
� �
t �

�

de�ne the horocyclic �ows on T �M �
We can de�ne the operators of derivation L�� L� and L� on C�

functions of T �M by

L�f��� �
d

ds

���
s��

f��	s� �

L�f��� �
d

ds

���
s��

f��	�s � �

L�f��� �
d

ds

���
s��

f��	�s � �

For  � � and f � L��m�� we can also de�ne a resolvent operator

R�f��� �

Z �

�

e��tf��	t� dt �

We introduce the matrix Tz

Tz �
�p
y

�
y x
� �

�

and we recall the formulas TzTz� � Tx�yz� and the decomposition of Tz
in terms of the geodesic and horocyclic operators� Tx�iy � 	�x 	log y �
	log y 	

�
x�y� We deduce from there the commutation formulas

	� log y 	
�
x 	log y � 	�x�y and 	� log y 	

�
x 	log y � 	�xy �
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From these commutation formulas we deduce the following equalities
which will be useful especially in the proof of the convergence of some
R��type integrals

Lk�����	s�� � e�ks�Lk��� ��	s� �

Lk�����	s�� � eks�Lk�����	s� �

for all � � C��T �M� and k �

The in�uence of the geodesic and horocyclic operators is described by
the following formulas

Tz	
�
s � Tx�ys�iy and Tz	s � Tx�iyes �

The foliation f� Tz� z � Hg� describes all the matrices we can obtain
from � by the action of the geodesic and horocyclic �ows�

Lastly� we shall denote the rotations of PSL��R� by

Kt �

�
B� cos

� t



�
sin
� t



�

� sin
� t



�
cos

� t



�
	
CA �

�� Reduction of the problem�

We shall denote by p the canonical projection of H on M and by
� the canonical projection of T �M on M �

Each cusp Ci is represented by a ��orbit on the boundary of H�
i�e� the projective line R � �� Picking up an element Ci in that
orbit we can choose �i in PSL��R� such that �

��
i ��� � Ci� The

subgroup of � which consists of the elements which �x Ci� can be written
f���i 	�nXi

�i� n � Zg where Xi is a positive number independent of the

choice of Ci and �i�
We de�ne a fundamental domain Fi of � contained in f���i z � � �

x � Xig� and containing Rhi�� � f���i z � � � x � Xi� y � hi��g for
some positive hi� Choosing hi large enough� we can take Ui � p�Rhi���
and assume the Ui�s are disjoint� We shall denote p�Rhi��� by Vi and
p�Rhi� by Wi�

Lastly we denote U � �ni��Ui� V � �ni��Vi� and W � �ni��Wi�
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Let u be a C� function on R� � such that u � � on ��� ���	� and
u � � on ������	�

Let si denote the section of p relative to Fi� There is a ��form �
on M that vanishes outside U � �ni��Ui and represented in Ui by

s�i �
�
i

� �i
Xi

dx u
� y
hi

��

on Ui�
Inside Wi� 
 � � is a closed form with ��residue� Therefore �since

Wi is isomorphic to a disc minus a point�� it is exact� Let Fi be a
smooth function on Wi such that 
 � � � dFi on Wi� Fi will be
extended into a smooth function vanishing outside Vi� Then the ��form

� � 
 � � �Pn

i�� dFi� vanishes on W �
Note that

eit
t
�
�

t

Z t

�

h
��qs�� vsi�Ui
�qs� ds

�
�

t

nX
j��

�Fj��	t�� Fj���� �
�

t

Z t

�

h��qs�� vsi ds �

Since 	t preserves m� Fi��	t� is a stationary process� so the middle
term converges to � in probability �without any assumptions on the
integrability of F ��

The �rst term converges to � m p�s� by application of the ergodic
theorem� indeed h
��q�� vi�Ui

�q� is an integrable function T �M since it
vanishes everywhere except on the compact set �cW	U�
S�� Moreover
the mean value of this function is �� Indeed� the transformation � �
�q� v� ��� �q��v� changes the sign of the function� and m is ��invariant�

Setting ���� � h��q�� vi� where � � �q� v�� the third term can be
written

�

t

Z t

�

���	s� ds �

Since the residues �i are arbitrary� the theorem can be reduced to the

Proposition �� The law of

�

t

Z t

�

���	s� ds



Statistic of the winding of geodesics on a Riemann surface ���

converges in law towards a Cauchy distribution of parameter

nX
i��

j�ij
jM j �

�� Expression of ��

We shall �rst introduce a fundamental domain for T �M � as it was
already for M �

�Fj � fg � PSL��R� � g�i� � Fjg� is a fundamental domain for the
left action of � on PSL��R�� It is possible to characterize any element
� of T �M by its representative gi��� in �Fi�

We can de�ne the Iwasawa coordinates zi��� � xi��� � i yi��� and
	i��� by the equation �i gi��� � Tzi��	K�i��	�

Note that if

TzK� �

�
a b
c d

�
� y �

�

c� � d�
and sin 	 �

�
 c d
c� � d�

�

It can be easily seen that 	i��� and yi����hi have a geometrical inter�
pretation�

� yi�hi is the exponential of the distance from ���� to the boundary
of Wi�

� 	i is the angle between the geodesic going from ���� to Ci and
the geodesic f�	t� t � �g�

We can deduce� from the de�nition of � the following expression of
� in the yi� 	i coordinates

���� � �
nX
i��

�i
Xi

u
�yi���

hi

�
yi sin 	i����Ui

������ �

for all � � T �M �it is worth remarking that although � is a function
on T �M � it depends only on 
 dimensions�� It is useful to give the
expression of the di�erential operators L� and L� in terms of yi and 	i�
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Lemma �� Let F be a function on Ui� of the form G�yi���� 	i�����
Then

L�F ���jUi
� yi cos 	i

�G

�yi
� sin 	i

�G

�	i
�

L�F ���jUi
� yi sin 	i

�G

�yi
� ��� cos 	i� �G

�	i
�

Let us �nally introduce the function

������ �
nX
i��

�i
Xi

u
�yi���

hi

�
yi cos 	i����Ui

������ �

The interest of this function lies in the following�

Lemma �� Let 
�� be the ��form on H de�ned by the equation


���z� �
����� Tz�

dx

y
� ��� Tz�

dy

y

and let j� be the application from H to M which maps z onto ���Tz��
Then we get


�� � j�� � �

Proof� The proof is just a matter of change of variables�

�� A di	erential form�

To follow the spirit of the proofs given in ���	 and ���	� we have to
introduce closed forms� We �rst notice that since 	s � Ties �

Z t

�

��� 	s� ds �

Z et

�

��� Tiy�
dy

y
�

We shall introduce a function �� such that


� � ��� Tz�
dy

y
� ���� Tz�

dx

y
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is a closed form on H� so that we will get

Z t

�

��� 	s� ds �

Z iet

i


�

�the second integral being independent of the path from i to i et��
����� will be de�ned by the integral

�
Z �

�

e�tL���� 	t� dt �

Its convergence will be proved using the following lemma�

Lemma �� Let � be a locally bounded function on �nSL��R� such that

for some positive constant P � ���� is bounded by

Pyi ��� cos 	i� � P

 d�i

�c�i � d�i �
�

in Vi� for every i� where ai� bi� ci� di denote the matrix coe�cients of the

matrix �i gi���� and yi and 	i its Iwasawa coordinates� Then

Z ��

�

e�s��� 	s� ds

converges uniformly in ��

Proof� AsZ ��

t�

e�sj��� 	s�j dt � e�t�
Z ��

�

e�sj��� 	t��s�j ds �

for all t� � R� it is enough to get an upper bound of
R ��
� e�tj�j �� 	t� dt�

independent of � �the right integral being the value of this function for
� 	t���

Outside V � j�j is bounded so that the contribution of the part of
the geodesic contained in cV is uniformly bounded�

Hence it is enough to show that

nX
i��

X
j�N

Z vji

uji

e�sj�j�� 	s� ds
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is uniformly bounded where the disjoint intervals �uji � v
j
i 	 are de�ned by

recursion as follows� uji denotes the �rst time after v
j��
i �or � if j � ��

where the geodesic enters Wi and v
j
i the next exit time of Wi�

We will in fact majorize the contribution of each interval of excur�
sion �uji � v

j
i 	 by the contribution of an asymmetric excursion �u

j
i � u

j
i �s

j
i 	

such that sji is bounded below by a positive number and the geodesic

between uji and u
j
i � sji lies in Vi�

Let us denote by �ji the matrix �i �uj
i
and

�ji �

�
aji bji

cji dji

�
�

We get ���cj
�

i � dj
�

i � � hi�

Let us show that sji � log �
��c
j�

i hi�� satis�es the required proper�
ties�

First



cj
�

i hi
� 


�cj
�

i � dj
�

i �hi
� 
 �

thus sji � log 
� Second

cj
�

i d
j�

i h
�
i �

h�i �c
j�

i � dj
�

i �
�

�
�
�

�
� 
 �

so that
hi

�

�

cj
�

i e
sji � dj

�

i e
�sji

�
hi


 �
cj

�

i d
j�

i h
�
i




� hi �

All the conditions concerning sji are hence satis�ed�
We are going now to estimate the contribution of the jth passage

of the geodesic in the neighbourhood of Ci� by

Z uji�s
j
i

uji

e�sj�j�� 	s� ds �

for which we are going to prove that it is the term of a convergent serie�

Z uji�s
j
i

uji

e�sj�j�� 	s� ds � e�u
j
i

Z sji

�

e�sj�j��ji 	s� ds �
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with the above notation concerning the matrix �ji � We �rst notice that

the minoration of sji by log 
� gives u
j
i � �j � �� log 
� so that

e�u
j
i �

�


j��
�

Moreover�

��� Z sji

�

e�sj�j��ji 	s� ds
��� � P

Z log ����hcj
�

i 		

�

e�s
cj

�

i e
�s

�dj
�

i � cj
�

i e
�s��

ds

� P

Z ���hcj
�

i 	

�

cj
�

i x

�dj
�

i � cj
�

i x
���

dx

� P
h �

�dj
�

i � cj
�

i x
��

i���hcj�i 	

�

� P




�

�dji �
� � �cji �

�

�
P h



�

So the contribution of the jth passage is less than Mih�

j � which is the

term of a convergent serie� The lemma is proved�

Lemma �� The function �� � �R�L�� is continuous�

Proof� In each Vi we have an explicit formula for �

���� � � �i
Xi

yi sin 	i �

Lemma � yields

L����� �
�i
Xi

yi �cos 	i � �� �
 cos 	i � �� �

So L�� sati�es the conditions of previous lemma� which ends the proof�

Lemma 
�

�� L�
�� and L�

�� are well de�ned and continuous�
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� 
� is a closed form with C� coe�cients�

Proof� �� For L�
��� we have to prove the uniform convergence in � of

Z �

�

e�sL�L����i 	s� ds �

We just have to check the assumptions of Lemma �� But using the
formulas of Lemma 
� we get when ���� � Vi

L�L����� �

�i
Xi

yi ��� cos 	i� ��� � cos 	i � � cos� 	i� �

This function satis�es the assumptions of Lemma ��
For L�

��� note that

L�

�Z T

�

e�sL���� 	s� ds
�
�

Z T

�

e�sL��L���� 	s�� ds �

To prove the uniform convergence in � of the last integral when T goes
to �� we �rst note that

L��L���� 	s�� � e�sL�
���� 	s� �

An easy calculation yields

L�
����� �

��i
Xi

yi sin 	i cos 	i�cos 	i � �� �

so we can conclude by Lemma ��


� It is easy to check ���	 that

d
� � ��L��� L�
��� ��� dx � dy

y�

and that the parenthesis vanishes by de�nition of ���



Statistic of the winding of geodesics on a Riemann surface ���


� Geodesic �ow and Brownian motion�

We are going to show the relation between the integral of � along

the �ow between � and t� which is equal to
R iet
i


�� and the integral
along the Brownian path on H starting at i�

Let us de�ne the Brownian motion by the equations�

dxt �
p

 yt dW

��	
t � x� � � �

dyt �
p

 yt dW

��	
t � y� � � �

whereW
��	
t andW

��	
t are two real independent Brownian motions� The

generator of the process so de�ned is

y�
� ��

�x�
�

��

�y�

�

�the explanation of the choice of this normalization will appear in
Lemma ���� We shall denote zt � xt � i yt�

N�B� � Tzt is a Brownian motion on the leaf � Tz �in the matricial
sense��

The relation between both �ows is given in the following lemma�

Theorem ��

lim
t���

Z
m�d�� exp

� i
t

Z iet

i


�
�

� lim
t���

E
h Z

m�d�� exp
�
� i

t

Z zSt

i


�
�i

�

where St denotes the hitting time of the line of equation y � e�t by the

Brownian motion on H starting at i�

Proof� Using the invariance of the Liouville measure under the action
of 	t and performing �rst the change of variables � 	t � �� and then
change s� t into s� the left hand side becomes

Z
m�d�� exp

� i
t

Z �

�t

��� 	s� ds
�
�
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With that remark we do not have to consider
R iet
i


� anymore� but

� R ie�t

i

��

By the invariance of m under the right action of 	�u � we get

Z
m�d�� exp

� i
t

Z �

�t

��� 	s� ds
�
�

Z
m�d�� exp

� i
t

Z �

�t

��� 	�u 	s� ds
�
�

for all u � R� thus

Z
m�d�� exp

��i
t

Z �t

�

��� 	s� ds
�

�

ZZ
�t�du�m�d�� exp

��i
t

Z �t

�

��� 	�u 	s� ds
�
�

where �t�du� is any probability measure on R�
But from Section � 	�u 	t � Tu�iet � hence

Z �t

�

��� 	�u 	s� ds �

Z u�ie�t

u�i


� �

We have now to study

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

u�i


�
�

�

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

i


�
�

�
ZZ

�t�du�m�d�� exp
��i
t

Z u�ie�t

i


�
��
�� exp

� i
t

Z u�i

i


�
��

�

We are now choosing for �t the Cauchy law with parameter � � e�t�
namely the hitting distribution of the line y � e�t by the Brownian
motion� The last term vanishes as t goes to ��� by dominated conver�
gence since

�t�du�

du
�

�� e�t

��� e�t�� � u�
� �
�

�
� u�

� for t � log 
 �
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With this choice of �t�

ZZ
�t�du�m�d�� exp

��i
t

Z u�ie�t

i


�
�

� E
h Z

m�d�� exp
��i
t

Z zSt

i


�
�i

�

which can also be written�

E
hZ

m�d�� exp
��i
t

Z St

�

h
��  dzsi
�i

�

where  denotes the Stratonovich integral as in ��	� It is indeed the
stochastic integral for which the di�erential calculus coincides with the
usual one� in other words� if

F �z� �

Z z

i


� � F �zt� �

Z t

�

h
��  dzsi �

�� From Stratonovich to Ito�

By previous lemma� we have to study

lim
t���

E
h Z

m�d�� exp
��i
t

Z St

�

h
��  dzsi
�i

�

The di culty lies in the fact that 
� is not a priori harmonic� and so
the integral

R t
� h
��  dzsi is not a martingale� so that we cannot directly

treat the problem using excursion theory as it was done in ���	�
Let us examine the integral �we denote �s � � Tzs�

Z t

�

h
��  dzsi �
Z t

�

���� Tzs�
ys

 dys �
���� Tzs�

ys
 dxs

�

�

Z t

�

����s� dW
��	
s � ����s� dW

��	
s �

�
�




Z t

�

�
d
D��� Tzs�

ys
� ys

E
� d

D ���� Tzs�
ys

� xs

E�
�



��� N� Enriquez and Y� Le Jan

By It�o�s formula�

d
D��� Tzs�

ys
� ys
E
�

�

�y

���� Tz�
y

�
dhys� ysi

�
�

 ys

��

�y
�� Tzs�� 
��� Tzs�

�
ds �

Similarly�

d
D��� Tzs�

ys
� xs

E
�

�

�x

� ���� Tz�
y

�
dhxs� xsi �

�

 ys

� ��

�x
�� Tzs�

�
ds �

ThusZ t

�

h
��  dzsi �
Z t

�

���s� dW
��	
s � ����s� dW

��	
s

�

Z t

�

�
ys

��

�y
�� Tzs� � ys

� ��

�x
�� Tzs�� ��� Tzs�

�
ds �

which can also be writtenZ t

�

h
��  dzsi �
Z t

�

���s� dW
��	
s � ����s� dW

��	
s

�

Z t

�

�L��� L�
��� ���� Tzs� ds �

We notice that the last term describes the !lack of harmonicity" of the
form 
�� Indeed �L�� � L�

�� � � � �� as soon as 
� is harmonic and

we can then see that
R t
� h
��  dzsi is a martingale�

We show that the second term has no in�uence on the limit by the
ergodic theorem� proving that L���L�

��� � is in L��m�� and that its
mean value is equal to �� For that purpose we shall prove two lemmas�

Lemma �� With the notations of Section �� L�
��� � �L��� ��

Proof� By Lemma 
� we have just to check the following equality�
yi sin 	i

�

�yi
� ��� cos 	i� �

�	i

��
u
� yi
hi

�
yi cos 	i

�

� �
�
yi cos 	i

�

�yi
� sin 	i

�

�	i

��
� u

� yi
hi

�
yi sin 	i

�

� u
� yi
hi

�
yi sin 	i �
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Remark� ��� has the property to make coclosed the form

����� Tz�
dx

y
� ��� Tz�

dx

y
�

Lemma �� f � L��� L�
��� �� is m�integrable�

Proof� By lemmas � and �� it is enough to prove that L���� � ���� is
integrable on ����Vi��

Set for � � ����Vi� �
ai bi
ci di

�
� �i gi��� �

Note that c�i � d�i � �hi� Then ����� � �R�L����� can be written

����� � �
Z ��

�

e�sL���� 	s� ds

� �
Z log ����c�ihi		

�

e�sL���� 	s� ds�
Z ��

log ���c�ihi		

e�sL���� 	s� ds

� � �i
Xi

Z log ����c�ihi		

�

� 
 c�i e
�s

�d�i � c�i e
�s��

� � c�i d
�
i e

�s

�d�i � c�i e
�s��

�
ds

�
Z ��

log ���c�
ihi		

e�sL���� 	s� ds �

Since in matricial coordinates

L����� �
�i
Xi

� 
 c�i
�c�i � d�i �

�
� � c�i d

�
i

�c�i � d�i �
�

�
�

����� � � �i
Xi

h d�i � c�i x

�d�i � c�i x�
�

i��c�ihi
�

�
hi c

�
i



���� T�i��c�ihi	�

� ������ �
�i
Xi




hi
� d�i� �

h�i
� d�i

�� � hi c
�
i



���� T�i��c�ihi	� �

It follows that L����� ���� can be decomposed in the sum of two terms�
which both appear to be bounded�
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The �rst one is

L�


 


hi
� d�i� �

h�i
� d�i

��
�
�
�
ai

�

�bi
� ci

�

�di

�
 


hi
� d�i� �

h�i
� d�i

��
�

� �
� ci di
hi� �

h�i
� d�i

�� � 
 ci di� �
h�i
� d�i

�� �

which is clearly bounded since jcij and jdij are bounded by ��
p
hi�

The second one is L���� with

���� �
hi c

�
i



���� T�i��c�ihi	� �

Note that for that z close to i�

��� Tz� �
hi c

�
i y



���� TzT�i��c�

i yhi	
� �

hi c
�
i y



���� Tx��i��c�

ihi	
�

and therefore

L���� Tz� � y
���� Tz�

�x

�
c�i h

�
i

�
y�
� 


hi c�i

�

�x
���� Tx��i��c�ihi	

�
�

�
c�i h

�
i

�
y� �L�

��� �� Tx��i��c�ihi	
� �

Hence

L����� �
c�i h

�
i

�
�L�

��� �� T�i��c�ihi	� �

c�i h
�
i �� is clearly bounded� moreover as shown in the proof of Lemma

�� �T�i��c�ihi	 belongs to VinWi� which is relatively compact and L�
�� is

continuous� The integrability of f on T �M is now proven�
We can now state�

Lemma �� The integral of f on T �M vanishes�



Statistic of the winding of geodesics on a Riemann surface ��	

Proof� From Lemma � it is enough to show thatZ
T �M

L����� �������m�d�� � � �

Let g�n a sequence of smooth positive functions onM � increasing towards
� as n goes to �� and such that krg�nk� is less than some constant C
for all n� Set gn � g�n  �� An integration by part yieldsZ

T �M

gn L����� �������m�d�� �
Z
T �M

���� � ���L�gn���m�d��

and the result follows by dominated convergence� letting n increase to
in�nity�

Hence� we reduced our problem to the study of

lim
t���

E
h Z

m�d�� exp
��ip


t

Z St

�

����s� dW
��	
s � ���s� dW

��	
s

�i
�

�� Calculation of the limit via excursion theory�

Lemma ��� St�t converges almost surely towards � as t �� ���

Proof� Since

yt � exp �
p

W

��	
t � t� � for t � � �

we have
St � t �

p

W

��	
St

�

So the graph of t ��� St is symmetric to the graph of t ��� t�p
W ��	
t �

with respect to the �rst diagonal and

t�p

W

��	
t

t
�� � � almost surely� as t�� �

Set

Nt��

t
�
�

t

Z t

�

����s��f���s	��Wg dW
��	
s � ���s��f���s	��Wg dW

��	
s �
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Lemma ��� NSt���t converges to � in L��

Proof� Nt�� is a martingale with bracketZ t

�

������s��f���s	��Wg � ����s��f���s	��Wg� ds �

Since �� and � are bounded on ����W c�� say by K� for all integer M �

E �N�
St�M

	 � E
hZ St�M

�

������s��f���s	��Wg � ����s��f���s	��Wg� ds
i

so that
E �N�

St�M 	 � K�E �St �M 	 �

But St �M � log �ySt�M � � 
W
��	
St�M

� and as far as log �ySt�M � � �t�

E �St �M 	 � t �

so that by Fatou�s lemma� we get when M converges to ��

E �N�
St 	 � K�t

and we deduce the lemma�
Set now�

NSt��

t
�
�

t

Z St

�

����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s �

Lemma ���

�

t

Z St

�

�����s�� �����s���f���s	�Wg dW
��	
s

converges to � in L��

Proof� The same proof as in the previous lemma yields the result�
since ��� ��� is easily seen to be bounded�

The averaged integral in the limit can therefore be replaced by

p



t

Z St

�

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s �
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In order to use excursion theory� we have to get rid of !incomplete
excursions" containing � and St� For that purpose we introduce T� the

�rst exit time of ����W � of the Brownian motion starting at �� and S�t
its �rst exit time of ����W � after St� �N�B� T� vanishes if ���� �� W

and T �
t � St when ���St� ��W ��
Note that under m� P� the distributions of

Z T �

�

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

and Z S�
t

St

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

are independent of t � for the second integral� this follows from the Tz�
invariance of m and the independence of � and St�� Their quotients by
t converge therefore to zero in probability� The averaged integral in the
limit can �nally be replaced by �Lemma ��

H�
t �

p



t

Z S�
t

T �

�����s��f���s	�Wg dW
��	
s � ���s��f���s	�Wg dW

��	
s

�
�

t

Z S�
t

T �

nX
i��

�i
Xi
hs�i ��i �dx��fz�s�Wig

�  dz�si �

where z�s � ���s� is the Brownian motion on �nH� starting from �����
We now denote by E the expected value with respect to m � P �

Denote e�i the excursions of z
�
s inWi� and �e

�
i its lift intoH� starting from

the image in �iFi of the starting point of e
�
i � Denote a��e

�
i � and b��e�i �

the starting point and the endpoint of �e�i in H and denote �S�e
�
i �� T �e

�
i �	

the corresponding time interval�
With these notations�

H�
t �
� �

�

t

nX
i��

�i
Xi

� X
e�i

�	S�e�i 	�St

b��e�i �� a��e�i �
�
�

From excursion theory we get that

E �exp �iH�
t �
��	 � E

h
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �

��
Li�St

�i
�
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where Li�t is the value at time t of a local time on �Vi of z
�
s and �Ehi is

the excursion law of the Brownian motion on H� above the line y � hi�
Its normalization depends on the choice of Li� via the identity

E
h�
t

Z t

�

�fz�s�Wig
ds
i
� E

hLi�t
t
�Ehi���

i

�� being the excursion lifetime��
X is the abscissa of the excursion endpoint�
By de�nition of �Ehi �

E
h
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �

��
Li�St

�i

� E
h
exp

� nX
i��

lim

��

�

K�
Ex�hi���
	

�
exp

�
i
�i
tXi

�x�hi � x�� �
��

Li�St

�i
�

where �hi denotes the hitting time of the line y � hi by the Brow�
nian motion on H starting from the point �x� hi�� � ��� and K is a
normalization constant related to the normalization of Li�

This last expression equals

E
h
exp

� nX
i��

lim

��

�

K�
Ex�hi���
	

��
exp

�
� ��

t�X�
i

Z �hi

�

y�s ds
�
� �

�
Li�St

�i

� E
h
exp

� nX
i��

lim

��

�

K�

��i��� � ��hi�

�i�hi�
� �

�
Li�St

�i

� E
h
exp

� nX
i��

hi
K
�log�i�

��hi�Li�St

�i
�

where by the Feynman�Kac formula� �i solves the di�erential equation

y����i �
��i
t�X�

i

y��i � �

with �i�hi� � � and �i bounded at ��� Therefore

�i�y� � exp
�
� j�ij
tXi

�y � hi�
�
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and our expression takes the form

E
h
exp

�
�

nX
i��

hij�ij
K tXi

Li�St

�i
�

We now come back to the problem of normalizations� If �Ehi is normal�
ized in such a way that �Ehi��� � �� we have

E
h�
t

Z t

�

�fz�s�Wig
ds
i
�

E �Li�t	

t
�

Since under m � P�� zs is an ergodic process with invariant measure
dx dy�jM jy��

E �Li�t	

t
�

�

jM j
Z
Vi

dx dy

y�
�

Xi

jM jhi �

The ergodic theorem for additive functionals �e�g� ���	� yields the al�
most sure convergence of Li�t�t towards Xi��jM jhi�� As St�t �� ��
Li�St�t converges also� almost surely� towards Xi��jM jhi��

The expectation of the excursion lifetime equals

lim

��

�

K�
Ehi���
	��hi 	 � lim
��

lim
���

� �

K �
Ehi���
	�exp �� �hi�� �	 �

by monotone convergence �monotonicity in  follows from the convexity
of the exponential��

The normalization of the excursion lifetime yields

� � lim

��

lim
���

� �

K �
��i���hi�� � ���� �� �

where �i�� is the solution of the di�erential equation

y� ���i���y�� �i���y� � �

bounded at � and such that �i���hi� � ��
Hence �i���y� � �y�hi�

� where � is the negative root of the equa�
tion � ��� ���  � �� namely

� �
�



���p

� � �� �
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therefore

lim

��

lim
���

�� � ��� � �
� 

� � and K � lim
���

��


� � �

Finally

lim
t��

E
h
exp

�
�

nX
i��

hi j�ij
K tXi

Li�St

�i
� exp

�
�

nX
i��

j�ij
jM j

�
�

Hence

lim
t��

E
�
exp

� nX
i��

�Ehi

�
exp

�
i
�i
Xi

X

t

�
� �
�
Li�St

�i
� exp

�
�

nX
i��

j�ij
jM j

�
�

and the average on T �M of exp�iH�
t �� converges towards

exp
�
�
X j�ij

jM j
�
�

which ends the proof of Theorem ��
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