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Abstract� We investigate� in the di�usive scaling� the limit to the
macroscopic description of �nite�velocity Boltzmann kinetic models�
where the rate coe�cient in front of the collision operator is assumed
to be dependent of the mass density� It is shown that in the limit the
�ux vanishes� while the evolution of the mass density is governed by a
nonlinear parabolic equation of porous medium type� In the last part
of the paper we show that our method adapts to prove the so�called
Rosseland approximation in radiative transfer theory�

�� Introduction�

In the kinetic theory of rare�ed gases� two�velocity models of the
Boltzmann equation are supposed to describe the evolution of the ve�
locity distribution of a �ctitious gas composed of two kinds of particles
that move parallel to the x�axis with constant and equal speeds� ei�
ther in the positive x�direction with a density u� or in the negative
x�direction with a density v� The most general two�speed gas which is
in local equilibrium when u 	 v is described by the equations
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where c is the modulus of the constant speed of the particles� and k is
a nonnegative rate coe�cient�

The most famous example of these models was proposed by Car�
leman�s in the �����s and appeared in print for the �rst time in ����
in �Car�� In Carleman�s model k
u� v� x� 	 u 
 v� so that the �colli�
sion� terms on the right�hand side of 
���� describe binary interactions
between particles� An interaction between two molecules of the for�
mer type results into two molecules of the latter type and vice versa�
Clearly� Carleman equations have no meaningful physical interpreta�
tion� in particular� there is no conservation of momentum�

Choosing k
u� v� x� 	 �� we obtain a linear system� known as
Goldstein�Taylor model �Gol�� �Tay�� The system represents the forward
equation for the density of a molecule moving with constant speed along
the x�axis� subject to spontaneous reversals of directions� at the jump
times of a standard Poisson process of unit rate�

The macroscopic variables for these models are the mass density
� 	 u 
 v� and the �ux j 	 c
u � v�� It is interesting to remark
that� since u and v can be expressed in terms of � and j� so that
k
u� v� x� 	 k
�� j� x�� system 
���� is equivalent to the following macro�
scopic equations for the mass density and the �ux


����

���
��

��

�t



�j

�x
	 � �

�j

�t

 c�

��

�x
	 �� k 
�� j� x� j � x � R � t � � �

Basically� two di�erent types of problems for the system 
���� can be
formulated� The �rst one is the initial or initial�boundary value prob�
lem� The second one is an asymptotic problem� Let us assume that the
mean free path is not normalized to unity� but is left in the equation
as a �small� parameter �� More precisely� this means that in 
���� we
replace k by k��� The following question then naturally arises� what is
the limiting form of system 
���� as �� �� and how do the initial data
of the limiting equation match the initial data associated with 
�����

The limit � �� � corresponds to the transition from a kinetic
description of the gas to that of a gas as a continuum� and we refer to
the asymptotic problem as the hydrodynamic limit associated with the
kinetic system 
�����

Much is known for Carleman�s equation in the scaling
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This asymptotic problem was �rst investigated by Kurtz �Kur�� By
means of the theory of nonlinear semigroups� he proved that� for initial
data u�
x� 	 v�
x� � L�
R� the mass density ��
x� t� converges in L�

x

for all t � � to �
x� t� satisfying the nonlinear di�usion equation
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while j�
x� t� converges to zero� In other words� 
���� is the hydrody�
namical limit of the Carleman�s equation 
�����

Subsequently� McKean �McK� generalized the preceding result� by
removing the restriction that the initial �ux has to be taken equal to
zero�

Further results are due to Kaper� Leaf and Reich �KLR�� who inves�
tigated the problem treated by Kurtz with ��dependent initial data� and
to Fitzgibbon �Fi��� �Fi�� who studied the problem in a bounded domain
with specular re�ecting boundary conditions� The method of proof of
all the aforementioned papers relies mainly on the theory of nonlinear
semigroups� and on the fact that these problems are L��accretive�

McKean�s result �McK�� has been recently extended by Toscani and
Pulvirenti �PTo� to the system
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with � � � � �� The system 
���� includes as particular cases both
Carleman�s equation 
� 	 �� and the Golstein�Taylor model 
� 	 ���

In the present paper� we will investigate in the di�usive limit the
system
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for any value of � 	 �� The case � 	 �� is of particular interest since
we obtain in the limit the well�known porous media equation
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In the second part of the paper we will investigate the multidimen�
sional and in particular the three dimensional version of system 
�����
In three dimensions of space� the molecules of the �ctitious gas can
move in directions parallel to one of the axes x�� x�� x� either in the
positive direction or in the negative direction� Denoting by ui 
respec�
tively ui���� i 	 �� �� � the densities of molecules moving in the positive

respectively negative� xi�directions� the most general system which is
in local equilibrium when ui 	 ���� i 	 �� �� � � � � �� where � 	

P
ui is

the mass density� takes the form
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with i 	 �� �� �� x � R
� � and t � �� With a few modi�cation� our

one�dimensional analysis extends to the three�dimensional case when
k
u�� � � � � u�� x� 	 ��� � 	 ��

Other models 
one or multidimensional� can be studied with our
technique� Among them� let us mention the cases k
u� v� x� 	 a
x�� and
k
u� v� x� 	

Pm
l�� u

m�l vl� m � N
� �

The main object of the present investigation is to justify the pas�
sage from the mesoscopic description of kinetic theory to the macro�
scopic one of continuum theory� This passage is usually described by
the asymptotic relations between solutions of the Boltzmann equation
and solutions of Euler and Navier�Stokes equations� It is worthwhile
mentioning that the target equations of continuum theory can be ob�
tained directly from a microscopic description� In particular� the de�
duction of di�usion equations as a hydrodinamic limit of particle model
is a well�studied subject� We quote here the paper by K� Oelschl�ager
�Oel�� in which the porous medium equation is obtained as a limit of a
particle system that interact under the action of adequate potentials�
as the number of particles tends to in�nity� Depending on the scaling
parameter applied� di�erent versions of the porous medium equation in
the limit dynamics are obtained� A di�erent aspect of the limit dynam�
ics for a Markov system of many particles� and the convergence to the
porous media equation of the empirical density of the number of parti�
cles has been investigate by Inoue �Ino�� In this paper� the Kac�McKean
propagation of chaos for the system is shown to hold�

In Section � we discuss the initial and the initial�boundary value
problems associated with 
����� and we will recover elementary a priori
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estimates for the solution� Here� the models 
���� naturally separate
in two subclasses� corresponding to j�j � � and � 	 �� respectively�
When j�j 	 �� at least in one dimension� the problem is shown to be
L��accretive� Entropy bounds are discussed in Section �� and the limit
theorems in Section �� When the model is accretive� given initial values
of bounded variation� L��contraction and translational invariance imply
total variation bounds on the solution� and one can pass to the limit for
general L� initial conditions� in a rather straightforward 
and standard�
way� Let us brie�y discuss the case � 
 �� The entropy bounds of
Section �� Theorem ���� imply that fj�g is bounded in L�� and thus by
the second of equations 
���� �����t is bounded in L�
�� T �H��

loc � for
all T 
 �� In view of the a priori bounds of Section �� f��g is bounded
in L�
R��

These bounds� combined with Proposition ���� imply that the fam�
ily f��g is relatively compact in C
��� T ��L�
R�� for all T 
 ��

Hence ��� j� �� ��j in L��weak� �� j� �� � strongly in L� and
from the �ux equation we deduce

��

�x
	 �� ��j

at least in the sense of distributions 
and in fact in L��� Considering
that � � L�� the above equality implies that we have

j 	 � �

� 
�� ��

�����

�x

in L�� The case �� � � 	 � follows with similar arguments�
The case � � �� is more delicate� and the result is achieved by

compensated compactness theory 
see F� Murat �Mu��� �Mu��� and L�
Tartar �Ta��� �Ta���� In Section �� we extend our analysis to the three�
dimensional models 
����� Finally� we state without proofs various ex�
tensions and variants of the results obtained below� In fact� our method
of proof adapts to models with a continuous set of velocities� In par�
ticular we make contact 
and propose more general proofs� with the
so�called Rosseland approximation in radiative transfer theory 
see C�
Bardos� F� Golse� B� Perthame and R� Sentis �BGPS�� and the references
therein��
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�� Basic a priori estimates and global existence�

In this section we discuss the initial and the initial�boundary value
problems for system 
����� Many arguments that follow are very ele�
mentary� and the proofs will be omitted� Besides� it has to be pointed
out that the general a priori estimates we will use in the sequel� to our
knowledge has never been used before�

For our purposes� as will be clear later on� we need to study 
����
in a bounded interval  	 
�a� a� with periodic boundary conditions�
This limitation allows us to prove existence and uniqueness of a solution
under weak conditions on the rate coe�cient k�

Useful a priori estimates for the solution to system 
���� follow
by the structure of the �collision� term� Taking the sum of the two
equations� and integrating over  � we obtain the mass conservation�
namely

R
�
�
x� t� dx is independent of t � �� Let now �
r�� r � � be a


regular� convex function� If we multiply the �rst equation of system

���� by ��
u� and the second by ��
v�� after integrating over  we
obtain
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Since ��
r� is non decreasing� the right�hand side of 
���� is non positive�
Thus we deduce� at least formally� that
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In particular� if the initial densities u�� v� belong to L�
 �� taking
�
r� 	 rp for any p � �� and letting p go to 
�� we deduce the
following bound


���� maxfku
t�k�� kv
t�k�g � max fku�k�� kv�k�g �

Similarly� we may assume that u�
x� � �� v�
x� � � in  for some
� � �� Then� choosing �
r� 	 r�p� 
p 
 �� in 
���� above� and letting
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p go to 
� we obtain
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or� equivalently� for all t � �
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These formal a priori estimates are su�cient to yield the global exis�
tence of a unique solution of system 
���� for a large class of rate coef�
�cients� More precisely� we now need to specify our basic assumptions
on k
u� v� x��

De�nition ���� �� k
u� v� x� is an admissible rate coe�cient of type �
for system 
���� if

a� k
u� v� x� � c�

� 	�� if u� v � 
 for any 
 
 �� and x �  �
�� k
u� v� x� is an admissible rate coe�cient of type � if k
�� �� x� 	

� and

b� k
u� v� x� � c�
�� 	�� if u� v � � 
 � for any � 
 ��

A simple example is given by the rate coe�cient

k
u� v� x� 	 
u
 v�� �

k is of type � if � � �� and of type � if � 	 ��
We then have the following

Proposition ���� Let � � u�
x�� v�
x� � L�
 �� Then� the initial�
boundary value problem for the system 
���� with a rate coe�cient
of type � has a unique solution u
x� t�� v
x� t� � L�
 � 
�� T �� �
C
��� T ��Lp
 �� for all T 
 �� � � p 	 �� In addition� the solution
satis�es the bound 
�����

Proposition ���� Let � � u�
x�� v�
x� � L�
 � satisfy u�� v� � �
on  for some � 
 �� Then� the initial�boundary value problem for the
system 
���� with a rate coe�cient type � has a unique solution bounded
away from zero u
x� t�� v
x� t� � L�
 � 
�� T �� � C
��� T ��Lp
 �� for
all T 
 �� � � p 	 �� In addition� this solution satis�es the bounds

���� and 
�����
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A particular choice of k obviously allows to obtain additional re�
sults for the initial�boundary value problem 
����� As precised in the
introduction� we are interested in the �uid�dynamical limit of system

����� that corresponds to the choice k
u� v� x� 	 
u
 v�� 	 ��� where
� � � is a �xed constant� Since 
u 
 v�� is admissible� existence and
uniqueness of a solution in L� follows by Proposition ��� when � is
positive� or by Proposition ��� when � is negative�

We are now going to use a few simple facts from the theory of
dissipative operators� Let f 	 
u� v�� and let A� be the operator de�ned
by

A�f 	 
�
�
v � u�� ��
u� v�� �

Then we have

Lemma ���� Let � � � � �� Then� the operator A� is dissipative from
the domain

D�
A�� 	 f
u� v� � L�
 �� L�
 �� kuk�� kvk� 	�g

into L�
 �� L�
 ��
If �� � � 	 �� and if � 
 �� the operator A� is dissipative from

the domain

D�
� 
A�� 	 f
u� v� � L�
 �� L�
 �� u� v � �� kuk�� kvk� 	�g

into L�
 �� L�
 ��

Proof� Let us recall that a closed operator A from the domainD
A� 	
L�
X� into L�
X� is dissipative if� for any functions f�� f� � D
A�

Z
X


Af� �Af�� sign 
f� � f�� dx � � �

In our case� f 	 
u� v�� so that


A�f� �A�f�� sign 
f� � f��

	 

u� 
 v��
�
v� � u��� 
u� 
 v��

�
v� � u��� sign 
u� � u��


 

u� 
 v��
�
u� � v��� 
u� 
 v��

�
u� � v��� sign 
v� � v�� �

Then� the conclusion of the lemma follows by observing that� for a � ��
the function

y 	 
x
 a��
x� a� �
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is monotone non decreasing for any �xed � � ���� ���

Let us now set

B�f 	
�
� �u

�x

 ��
v � u��

�v

�x

 ��
u� v�

�
	

�

�x

�u� v� 
 A�f �

Then� the following lemma is immediate

Lemma ���� Let � � � � �� Then� the operator B� is dissipative from
the domain

D�
B�� 	 f
u� v� �W ���
 ��W ���
 �g

into L�
 �� L�
 ��
If �� � � 	 �� and if � 
 �� the operator B� is dissipative from

the domain

D�
� 
B�� 	 f
u� v� �W ���
 ��W ���
 �� u� v � �g

into L�
 �� L�
 ��

Remark ���� If � � � � �� the existence theory in L� can be ex�
tended to all of R without any di�culty� A further consequence of
Proposition ���� combined with the a priori estimate 
���� is that� if the
initial data u�
x�� v�
x� � L�
R� � Lp
R� for some p � �� the solution
u
x� t�� v
x� t� � L�
R� � Lp
R� and

�Z
R


u
x� t�p 
 v
x� t�p� dx
���p

is monotone non increasing for t � ��

By Lemma ���� provided the initial values are in D�
B��� the
solution of the system 
���� can be written as


u
 
� t�� v
 
� t�� 	 etB�
u�
 
 �� v�
 
 ��

and� given f� 	 
u�� v��� f� 	 
u�� v��


���� ketB�f� � etB�f�k� � kf� � f�k� �
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In particular� if the initial densities 
u�
x�� v�
x�� are of bounded vari�
ation� we see that the solution 
u
x� t�� v
x� t�� is of bounded variation�
and


����
max

n����u
x� t�
�x

���
�
�
����v
x� t�

�x

���
�

o

� max
n����u�
x�

�x

���
�
�
����v�
x�

�x

���
�

o
�

Let us now consider the case �� � � 	 �� By Proposition ���� given
any � 
 �� we have a unique global solution of system 
���� in L�
 ��
Furthermore� by Lemma ���� given initial data f� 	 
u�� v�� and f� 	

u�� v��� with f�� f� � D�

� 
B�� the solutions at any subsequent time
t 
 � satisfy inequality 
�����

As is well�known for accretive nonlinear semigroups� this allows to
extend the semigroup to all L��data� In addition� if u�
x�� v�
x� have
bounded variations� the solution 
u
x� t�� v
x� t�� has bounded variation�
and inequality 
���� holds� The previous arguments are summarized by
the following

Proposition ���� Let � � u�
x�� v�
x� � L�
 �� Then� provided
j�j � �� the initial�boundary value problem 
���� has a unique global
solution u
x� t�� v
x� t� � C
��� T ��L�
 �� for all T � �� In addition�
if u�
x�� v�
x� � BV 
 �� then u
x� t�� v
x� t� � L�
����BV 
 �� and

����� holds� Furthermore� for any p � �� if u�� v� � Lp
 �� we have

�Z
R


u
x� t��
p 
 v
x� t��

p� dx
���p

�
�Z

R


u
x� t��
p 
 v
x� t��

p� dx
���p

�

for t� 	 t�� If � � � � �� these results extend to  	 R�

Remark ���� We emphasize that neither BV �bounds� nor Lp�bounds
for the system 
���� depend on �� This is not the case if we look for
Lp�bounds on the derivatives�

Indeed we have

Proposition ���� Let � � u�
x�� v�
x� � D�
B��� if � � � � ��
and � � u�
x�� v�
x� � D�

� 
B��� for some � 
 �� if � 	 �� Then� if
� � u�
x�� v�
x� � Wm�p� m � �� � � p � �� u
x� t�� v
x� t� � Wm�p�
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and� for t � T

Z
�

�����mu
t�
�xm

���p 

����mv
t�
�xm

���p
�
dx

� cm�p 
�� T� �� kuk�� kvk��
Z
�

�����mu�
�xm

���p 

����mv�
�xm

���p
�
dx �

The case � 	 � seems to be exceptional� Let us consider the system

���� with a constant rate k 	 k�� that is let us consider the Goldstein�
Taylor model


����

���
��

�u

�t

 c

�u

�x
	 k�
v � u� �

�v

�t
� c

�v

�x
	 k�
u� v� � x � R � t � � �

Easy computations show that


����
d

dt

Z
R

�����u
�x

���p 

����v
�x

���p
�
dx � � �

Hence� combining 
���� with the result of Proposition ��� we conclude
that� if the initial data u�� v� � W ��p
R�� � � p � �� the solution
u
x� t�� v
x� t� �W ��p
R�� and

�Z
R


up 
 vp� dx
���p



�Z

R

�����u
�x

���p 

����v
�x

���p
�
dx
���p

is monotone non increasing in time�
Since the problem is linear� the same conclusion can be reached for

higher order derivatives� So� we proved

Proposition ���� Let � � u�
x�� v�
x� � Wm�p� for m � �� � � p �
�� Then the unique solution u
x� t�� v
x� t� to the initial value problem
for the Goldstein�Taylor model 
����� belongs to Wm�p for all t � ��
and

mX
k��

�Z
R

����mu
�xm

���p 

����vm
�xm

���p
�
dx
���p

is monotone non increasing with time�
To end this section� let us recall that B� is in fact accretive in L

p

for all p � ������
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�� Entropy bounds�

Having in mind the passage to the �uid dynamic limit� we discuss
in this section further a priori bounds for the system 
����� when � � ��
Let us introduce nonnegative functions u�
x�� v�
x� � L�
R� � L�
R�
such that


����

Z
R


u�
x� j logu�
x�j
 v�
x� j log v�
x�j� dx 	M� 	�

and� for �
x� 	 
� 
 x������ � 	 � 	 ����


����

Z
R

�
x� 
u�
x� 
 v�
x�� dx 	M� 	� �

The bounds 
���� and 
���� ensure a suitable decay at in�nity of u� and
v�� In section � we showed that di�erent values of � produce di�erent
results of existence� uniqueness and regularity of the solution to system

����� Nevertheless� since we wish to give a uni�ed treatment of our
system for any value of �� we �rst maintain our analysis as general as
possible� postponing to the end of the section the remarks concerning
the various possible extensions of the results for particular values of the
parameter ��

To this end� given � 
 �� let us denote by  �� the domain ������ �
���� �� In addition� given 
 
 �� let


���� u�� 	 maxfu�
x�� ��g � v�� 	 max fv�
x�� ��g �

By the results of Section �� the initial boundary value problem for sys�
tem 
����� with periodic boundary conditions on  �� and initial values

����� has a unique global solution u�
x� t�� v�
x� t�� for all � � ��

Moreover� provided 
 
 � 
� 
 ��� u�� and v�� satisfy bounds 
����
and 
���� with di�erent but �nite constants M�

� and M�
� � In fact we

have

���
Z
��


u��
x� j logu��
x�j
 v��
x� j log v��
x�j� dx

�
Z
��


u�
x� j logu�
x�j
 v�
x� j log v�
x�j� dx
���

	
���
Z
���fu�	��g


�� j log ��j � u�
x� j logu�
x�j� dx

����
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Z
���fv�	��g


�� j log ��j � v�
x� j log v�
x�j� dx
���

� � �� j log ��j ���

	 �
 ���� j log �j

and

���
Z
��

�
x� 
u��
x� 
 v��
x�� dx�
Z
��

�
x� 
u�
x� 
 v�
x�� dx
���

� � �� �
��� � ���
����

	 � 
� 
 ������������ �

Let us choose �
r� 	 r log r� for r � �� Then� by 
���� we obtain

d

dt

Z
��


u�
x� t� logu�
x� t� 
 v�
x� t� log v�
x� t�� dx

	 �
Z
��


u�
x� t� 
 v�
x� t���
u�
x� t�� v�
x� t�

��
log

u�
x� t�

v�
x� t�
dx �


����

On the other hand� if we multiply both equations 
���� by �� after
integrating over  �� we get

d

dt

Z
��

�
x� 
u�
x� t� 
 v�
x� t�� dx



�

�

Z
��

�
x�
�

�x

u�
x� t�� v�
x� t�� dx 	 � �

Integrating by parts� and making use of the periodicity� we deduce


����

d

dt

Z
��

�
x� 
u�
x� t�
 v�
x� t�� dx

� �

�

Z
��

��
x�
u�
x� t�� v�
x� t�

�
dx 	 � �



��� P� L� Lions and G� Toscani

Then� taking the sum of 
���� and 
���� we conclude


����

d

dt

Z
��


u�
x� t� logu�
x� t� 
 v�
x� t� log v�
x� t�


 �
x� 
u�
x� t� 
 v�
x� t��� dx




Z
��


u�
x� t� 
 v�
x� t���
u�
x� t�� v�
x� t�

��
log

u�
x� t�

v�
x� t�
dx

�
Z
��

�����
x� u�
x� t�� v�
x� t�

�

��� dx �
Let �� 	 u�
v�� and by j� 	 
u

�
x� t��v�
x� t����� Then� for � 	 � 	 ��
we obtain


����

���
u� � v�

��
log

u�

v�
	 ��� j

�
�

logu� � log v�
u� � v�

	 ��� j
�
�

�

� u� 
 
�� �� v�

	 ����
� j��

u� 
 v�

� u� 
 
�� �� v�

� � ����
� j�� �

Now� by the a priori bound 
�����


����� �� � �maxfku�k�� kv�k�g 	 �
u�� v�� �

Hence� since �� � � ��


����� ���
u� � v�

��
log

u�

v�
� � ���� j�� �

In all cases we obtained a bound from below in terms of �
u�� v��� which
depends only on the L��norm of the initial values� and not on ��

Let us now consider the case �� � � 	 �� Then� by 
���� it follows


����� ���
u� � v�

��
log

u�

v�
� � ����

� j�� � � ���� j�� �
j�j�� �

We next observe that


�����

Z
��

�� jj�j dx 	 �

�

Z
��

��p
�
j�p� j�j dx

� �

�

Z
��

j�� dx

�

� �

Z
��


���� dx �
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By de�nition� since � 	 � 	 ���� �� � L�
R�� Thus� by 
���� we deduce


�����

d

dt

Z
��


u�
x� t� logu�
x� t� 
 v�
x� t� log v�
x� t�


 �
x� 
u�
x� t� 
 v�
x� t��� dx

�

�

Z
��

j�� 
x� t� dx

� �

� �

Z
��


����
x� dx �

In particular� for any t � �


�����

Z
��


u�
t� logu�
t� 
 v�
t� log v�
t� 
 �
u�
t� 
 v�
t��� dx

� t

� �

Z
��


����
x� dx


Z
��

�
u��
t� 
 v��
t�� dx




Z
��


u��
t� logu
�
�
t� 
 v��
t� log v

�
�
t�� dx

� t

� �

Z
R


����
x� dx


Z
R

�
u� 
 v�� dx




Z
��


u� log u� 
 v� log v�� dx
 o 
�� �

where the rest o 
�� is given by the sum of the right�hand sides of 
����
and 
����� By 
������ the monotonicity of

Z
��


u�
t� logu�
t� 
 v�
t� log v�
t�� dx

implies

Z
��

�
u�
t� 
 v�
t�� dx � t

� �

Z
R


����
x� dx


Z
R

�
u� 
 v�� dx




Z
R


u�
x� j logu�
x�j
 v�
x� j log v�
x�j� dx




Z
��


u�
t� log� u�
t� 
 v�
t� log� v�
t�� dx
�����


 o 
�� �
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where log� r denotes the negative part of the logarithm�
By the classical inequality z log� z � y � z log y� � 	 z� y � ��

choosing y 	 exp 
��
x����� and z 	 u�
x�� we obtain


�����

Z
��

u� log� u� dx �
Z
R

exp
�
� �
x�

�

�
dx


�

�

Z
��

� u� dx �

Z
��

v� log� v� dx �
Z
R

exp
�
� �
x�

�

�
dx


�

�

Z
��

� v� dx �

Finally� for any � � �� making use of inequalities 
����� on the right�
hand side of 
����� we obtain

�

�

Z
��

�
u�
t� 
 v�
t�� dx

� t

� �

Z
R


����
x� dx
 �

Z
R

exp
�
� �
x�

�

�
dx


Z
R

�
u� 
 v�� dx




Z
R


u�
x�j logu�
x�j
 v�
x� j log v�
x�j� dx
 c �


�����

In conclusion� for any t � � we obtained the bound


�����

Z
��

�
u�
t� 
 v�
t�� dx � c�
t� u�� v�� �

where the constant c� does not depend on �� By applying 
����� into

����� we obtain an upper bound for the negative part of u�
t� log� u�
t�

 v�
t� log� v�
t� in terms of c�� Hence� if the initial data satisfy con�
ditions 
���� and 
����� for any T 
 � there exists a constant CT � de�
pending only on u� and v�� such that� for all t � T and � 
 ��


�����

Z
��


u�
t� j logu�
t�j


 v�
t� j log v�
t�j
 �
u�
t� 
 v�
t��� dx � CT �

Now� by 
����� we argue that for any � � � and T 
 �� j� is bounded

in L�
��� T � �  ��� In addition� in view of 
����� if � � �� �
	���
��
� j�

is bounded in L�
��� T � �  ��� Next� if j�j � �� ��� j� is bounded in
L�
��� T ��  ��� This follows by 
����� when � 	 �� and by 
����� and
the L��bound 
����� when � � ��
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By the Propositions ��� and ���� it follows that the previous bounds
can be extended to all initial data satisfying 
���� and 
���� and to all
of R when � is positive� to all initial data satisfying 
���� and 
���� and
to any domain  � when �� � � � �� In conclusion we proved

Theorem ���� Let � � u�� v� � L�
R� � L�
R� satisfy conditions

���� and 
�����

i� Let � � � � �� Then� for all T 
 �� and � 
 � there exist con�
stants d� 	 d�
u�� v�� T �� d� 	 d�
u�� v�� T � and d� 	 d�
u�� v�� T � such
that� the unique solution u�
x� t�� v�
x� t� of the initial value problem for
system 
���� satis�es

Z T

�

Z
R

�u�
x� t�� v�
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z
R

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t� 
 v�
x� t����� dx dt � d� �


�����

Z
R


u�
t� j logu�
t�j

 v�
t� j log v�
t�j
 �
u�
t� 
 v�
t��� dx � d� �


�����

ii� Let �� � � 	 �� Then� for all T 
 �� and k � N
� � the

unique solution u�
x� t�� v�
x� t� of the initial�boundary value problem
for system 
���� on the domain �����k� ���k� satis�es

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t� 
 v�
x� t���� dx dt � d� �


�����

Z ���k

����k

u�
t�j logu�
t�j


 v�
t� j log v�
t�j
 �
u�
t� 
 v�
t��� dx � d� �


�����
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iii� Let � 	 ��� Given k � N
� � let 
 
 k 
�
 ��� and let u��� v

�
� be

de�ned by 
����� Then� for all T 
 �� the unique solution of the initial�
boundary value problem for system 
���� on the domain �����k� ���k��
with initial data u��� v

�
�� satis�es the bounds 
������ 
����� and


�����

Z T

�

Z ���k

����k

�u�
x� t�� v�
x� t�

�

��


 
u�
x� t� 
 v�
x� t���
 dx dt � d� �

for all � 	 � � 
j�j
 �����

Remark ���� Let � 	 �� Given � 
 �� the velocity of propagation
of the hyperbolic system 
���� is exactly ���� This means that� given
any time T 
 �� for t � T the solution u�
x� t�� v�
x� t� on the interval
��
� 
 T ���� 
� 
 T ���� depends only on the initial values on the inter�
val ��
� 
 �T ���� 
� 
 �T ����� provided the boundaries are located at
�����k� ���k�� for k large enough� In other words� for � small enough�
the presence of the boundaries does not a�ect the solution on the in�
terval ��
� 
 T ���� 
� 
 T ����� This explain why the presence of the
boundaries does not a�ect the solution in any bounded set in the limit
procedure�

�� Limit theorems�

The macroscopic equations for the system 
���� can be expressed
in terms of the mass density ��
x� t� and of the rescaled �ux


���� j�
x� t� 	
u�
x� t�� v�
x� t�

�

as follows


����

���
��

���
�t



�j�
�x

	 � �

��
�j�
�t



���
�x

	 �� ��� j� � x � R � t � � �

In this section� we study the limiting behaviour� as � goes to zero� of the
solutions 
��� j�� to system 
����� In our passage to the limit� we will
consider various relatively compact sequences� In these cases� without
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risk of misunderstanding� when we say that the sequence converges to
a limit� we mean that there exists a subsequence that converges to a
limit�

In the rest of the section� we will consider initial values for the
kinetic problem 
���� satisfying the conditions of Theorem ����

Let us �rst consider the case � � � 	 �� In this case� by Proposition
���� if the initial values u�� v� belong to L

� � L�� 
���� holds� Hence
we see that� for all T 
 �


���� lim
h��

sup
��t�T

k��
x
 h� t�� ��
x� t�k� 	 � �

Moreover� by 
����� we deduce that


���� lim
R��

sup
t����T �

Z
jxj�R

��
x� t� dx 	 � �

In addition� by Theorem ���� fj�g is bounded in L�� and thus by 
����
�����t is bounded in L

�
�� T �H��
loc � for all T 
 �� In view of the bound


���� f��g is bounded in L�
R��
These bounds� combined with 
���� and 
����� imply that the family

f��g is relatively compact in C
��� T ��L�
R�� for all T 
 ��
Hence ��� j� �� ��j in L��weak� ��j� �� � strongly in L� and

from the �ux equation 
���� we deduce


����
��

�x
	 �� ��j �

at least in the sense of distributions 
and in fact in L��� Considering
that � � L�� 
���� implies that we have� at least formally


���� j 	 � �

� 
�� ��

�����

�x

in L�� This fact follows indeed from 
����� since � � H�
x and thus

�

�x


�
 �����

�� �
	 �� ��


�
 ���
j �

which converges in L� to �� j �f���g� Therefore� �
��� � H��

x � and

���� holds on the set f� 
 �g� In addition� the entropy bound 
�����
shown in Section � implies at the limit that �	���
��j � L�
R � 
�� T ��
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for all T 
 �� Thus� if � 	 �� j 	 �� almost everywhere on � 	 ��
almost everywhere� and the proof of 
���� is complete�

If we now replace 
���� in the continuity equation� we recover that
the limit density � satis�es the fast di�usion equation


����
��

�t
� �

� 
�� ��

������

�x�
	 � �

Since we assumed the initial values u�� v� � L� � L�� so is the initial
density ��
x� 	 �
x� t 	 ��� On the other hand� the fast di�usion
equation 
���� has a unique global solution in D�� provided �
�� x� �
L�
loc
R� 
cf� M�A� Herrero and M� Pierre �HePi��� The uniqueness result
guarantees the existence of a unique limit point for the whole family�

Hence� we obtained the result of �PTo� as a particular case 
� 
 ��
of the limit behaviour of the system 
�����

Theorem ���� Let � � � 	 �� and let 
��� j�� be a sequence of solutions
to the initial value problem for the system 
����� where the initial values
u�� v� satisfy the hypotheses of Proposition ��� and Theorem ���� Then�
there exists � � L� � L� such that ��
x� t� converges to �
x� t� strongly
in C
��� T ��L�
R�� for all T � �� while �j� converges to zero strongly in
L�
R � ��� T ��� The limit density �
x� t� is the �unique� weak solution
to the Cauchy problem for the fast di	usion equation 
����� in D�
R� �

����� with initial datum �� 	 u� 
 v��

The proof for the case �� � � 	 � is similar� By Theorem ���� we
deduce that n� 	 ��� j� converges to v in L

��weak� while �� is relatively
compact in C
��� T ��L�

loc
R�� for all T 
 �� In addition ��j� � �
strongly in L�� exactly as in the case � 
 �� Let us rewrite the second
equation of system 
���� in the form


���� ��
�j�
�t



���
�x

	 ��n� �

Passing to the limit in 
����� we deduce


���� n 	 ��
�

��

�x

in D�� Now� from the continuity equation� considering that

j� 	 �j�j� n� �� ��j�j

�

��

�x
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in L��weak� we obtain that the limit density satis�es 
in a weak sense�
the slow di�usion equation


�����
��

�t
� �

� 
� 
 j�j�
�����j�j

�x�
	 � �

We proved

Theorem ���� Let �� � � 	 �� and let 
��� j�� be a sequence of
solutions to the initial�boundary value problem for the system 
�����
where the initial values u�� v� satisfy the hypotheses of Proposition ���
and Theorem ���� Then� there exists � � L�

loc � L� such that ��
x� t�
converges to �
x� t� in C
��� T ��L�

loc
R�� for all T � �� while �j�
x� t�
converges to zero strongly in L�

loc
R���� T ��� The limit density �
x� t� is
the 
unique� weak solution to the Cauchy problem for the slow di	usion
equation 
������ in D�

����� R�� with initial datum �� 	 u� 
 v��

Remark ���� An easy consequence of the previous results is that both
u�
x� t� and v�
x� t�� solutions to the initial 
if � � � 	 �� 
or initial�
boundary 
if �� � � 	 ��� value problem for the kinetic system 
����
converge strongly to ���� where � is the solution of the corresponding
nonlinear di�usion equation�

We will now examine the case � 	 ��� The main argument in
our proof of the passage to the limit will be the �div�curl� lemma of
compensated compactness theory 
see F� Murat �Mu��� �Mu�� and L�
Tartar �Ta��� �Ta����

Lemma ���� Let A be an open set of Rn � and v� and w� be two
sequences such that

v� �� v � in �L�
A��n�weak �

w� �� w � in �L�
A��n�weak �

�����

div v� is bounded in L�
A� 
or compact in H��
A�� �
�����

curlw� is bounded in �L�
A��n 
or compact in �H��
A��n
�

� �

Let h
 � 
i denote the inner product in Rn � i�e� hv� wi 	Pn
i�� vi wi� Then


����� hv�� w�i �� hv� wi in D� �
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Let us take initial data satisfying part iii� of Theorem ���� Since� with
these hypotheses� Proposition ��� holds� �� � � ��� and� for given n � N �
n � �� the system 
���� is equivalent to


�����

����
���

���
�t



�j�
�x

	 � �

�� �n�
�j�
�t



�

n
 �

��n��
�

�x
	 �� ���n� j� �

The second equation of the system 
����� can be written as follows


�����
�

�t

���n� j�� 


�

n
 �

��n��
�

�x
� n ��j� �

n��
�

���
�t

	 �� ���n� j� �

Making use of the continuity equation� we deduce

�n ��j� �n��
�

���
�t

	
n

�
���n��

�

�j��
�x

	
n

�
��

�

�x

�n��
� j�� ��

n 
n� ��
�

���n��
� j��

���
�x

�
�����

Hence� choosing n 	 �� we conclude that the system 
����� is equivalent
to


�����

����
���

���
�t



�j�
�x

	 � �

�

�t

���� j�� 


�

�x

����
�


��

�
j��

�
	 �� ����

� j� �

If n 
 �� we substitute the result of 
����� into 
����� to obtain

�

�t

���n� j�� 


�

�x

� �n��
�

n
 �

 ��

n

�
�n��
� j��

�
� ��

n 
n� ��
�

j�� �
n��
�

���
�x

	 �� ���n� j� �
�����

The term �����x in 
����� can be evaluated by the second equation of
the system 
����� to give

��� n 
n� ��
�

j�� �
n��
�

���
�x

	 n 
n� �� ��j�������
� 
 �


n 
n� ��
�

�n��
�

�j��
�t

�
�����
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If we now take n 	 �� we �nd that the second equation of system 
����
can be written as follows


�����

�

�t

�
����� j� 
 �


j��
�

�



�

�x

����
�

 ���� j

�
�

�

	 �� ����
� j� � � ��j�� �����

� �

The general formula follows easily by induction� In particular� consider
that� given � 	 ��� there exists n � N such that � 	 j�j � �n �

j�j 
 ����� This implies� by Theorem ���� that ��
� j� is bounded in
L�� With this choice� the second equation of the system 
����� can be
written in equivalent form as

�

�t

�
��

nX
k��

an�k �
�k��	n�k
� j�k��

�

�



�

�x

� ��n��
�

�n
 �



nX
k��

bn�k �
�k��	n�k
��

� j�k�

�

	 ��
�
��
� j� 


nX
k��

cn�k �
�k��
��k

� j�k��
�

�
�
�����

where an�k� bn�k and cn�k are suitable bounded constants that can be
computed explicitly�

The previous argument allows us to prove the following

Proposition ���� Let � � u�� v� satisfy the hypotheses of Theorem ����
Given � 	 ��� let n � N be such that � � � 	 j�j � �n � 
j�j
 �����
Then� if � 	 w	 � lim�� in L��


�����
��n��
� �� ��n�� � in D� �

�� �� � � in Lploc for all � � p 	� �

Proof� Let us set U� 	 
��� j��� The continuity equation 
���� becomes
fdivU�g 	 �� Given any region A b R � R

� � from equation 
����� we
see that the right�hand side is bounded in L�
A�� In fact� by de�nition
of j�� jj����j � ���� Thus


�����

Z
A


��k��
��k
� j�k��

� �� dx dt �
Z
A

���

� j�� dx dt

and the above integral is bounded in view of 
������ Moreover


�����

Z
A

j��k��
��k
� j�k��

� j dx dt 	 ��k
Z
A

��
��
� j��

��� j�
��

����k��

dx dt

� �

Z
A

��
��
� j�� dx dt �
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which implies that ��k��
��k
� j�k��

� converges to � strongly in L�
loc
R��

Let us set V� 	 
p�� q��� where


�����

p� 	 � ��n��
�

�n
 �
�

nX
k��

bn�k �
�k��	n�k
��

� j�k� �

q� 	 ��
nX

k��

an�k �
�k��	n�k
� j�k��

� �

Then� equation 
����� shows that fcurlV�g is bounded in L�
A� for
all A as before� Since V� is also bounded in L�
A�� as can be easily
checked from the de�nitions of p� and q� with the same argument lead�
ing to 
������ we are in a position to apply the div�curl lemma ���� and
deduce that the product hU�� V�i converges 
along subsequences� in D�

to hU� V i� where


�����
U 	 w � limU� 	 
�� j� �

V 	 w � limV� 	 
p� q� �

By the same bounds we used in 
������ we deduce that

nX
k��

bn�k �
�k��	n�k
��

� j�k� �� � �
nX

k��

�� bn�k �
�k��	n�k
��

� j�k� �� � �

��
nX

k��

an�k �
�k��	n�k
� j�k��

� �� � � ��j�

nX
k��

an�k �
�k��	n�k
� j�k��

� �� � �

strongly in L�
A�� Hence we see that 
along subsequences�


����� p 	 w � lim
�
� ��n��

�

�n
 �

�
� q 	 � �

while


����� hU� V i 	 �w � lim
� ��n��

�

�n
 �

�
�

In other words� we have shown that


����� w � lim��n��
� 	 
w � lim��n��

� � � �
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As is well�known in such contexts� the conclusion of Proposition ���
automatically holds� One possible proof consists in recalling that� by
convexity�

w � lim��n��
� � 
w � lim��n��

� �	�n��
�	�n��
 �

so that


����� w � lim��n��
� � ��n�� �

Inequality 
������ combined with 
����� yields that w � lim��n��
� 	

��n���
We may also use Minty�s trick� as in �Lio�� �MaMi� to conclude that

w�lim ��n��
� 	 ��n��� In both cases� we deduce the strong convergence

of �� to � using the strict convexity of f
m
t�� t � ������ for m � ��

We are now able to handle the singular case�

Theorem ���� Let � 	 ��� and let 
��� j�� be a sequence of solutions
to the initial�boundary value problem for the system 
����� where the
initial values u��� v

�
� for the kinetic system 
���� satisfy the hypotheses

of Theorem ���� part iii�� Then� there exists � � L�
loc � L� such that

��
x� t� converges to �
x� t� in Lploc
R � 
�� T �� for all p � ���
�� and
all T 
 �� while �j�
x� t� converges to zero strongly in L�

loc
R � ��� T ���
The limit density �
x� t� is the weak solution to the Cauchy problem for
the porous media equation in D�
R � 
�� T ��� with initial datum �� that
is the weak limit of ��
x� t 	 �� 	 u�� 
 v���

Proof� Let us rewrite the second equation of the system 
���� in the
equivalent form 
������ where n has been chosen in such a way that �
satis�es the hypotheses of Theorem 
���� 
bound 
������� and at the
same time � 
 �� Let us remark that this is always possible in view of

����� and 
������ Let


����� v� 	 ��
�
��
� j� 


nX
k��

cn�k �
�k��
��k

� j�k��
�

�
�

By the proof of Proposition ��� we see that the sequence fv�g has a
weak limit in L�� and that


����� v 	 w � lim v� 	 w � lim 
�� ��
� j�� �
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Using the de�nitions 
������ 
����� becomes


�����
�q�
�t

� �p�
�x

	 v� �

We pass to the limit in the sense of distributions in 
������ and recall
that q� converges to zero in D� We �nd


����� v 	
�

�x

��n��

�n
 �

in D�� However� since v � L�� ���n����x � L� as well� Let us write
now the continuity equation as


�����
���
�t

� �

�x

��
�v�
�



nX

k��

cn�k �
�k���k

� j�k��
�

�
	 � �

Since �� �� � in Lploc strongly for p � ���
��� and �� is bounded in
L�� we have


����� �
�v� �� �
v 	 
��n���
�	�n��
 �

�x

��n��

�n
 �

�

�x

���j�j

� 
 j�j �

in L��weak� Consequently� as � �� �� for all � � C�� such that
supp� 	 R � R

�


�����

Z ��

�

Z ��

��

�
�t �� �x

���j�j

� 
 j�j
�
dx dt


Z ��

��

�
x� �� �
x� �� dx �

The Cauchy problem for the porous media equation� with initial data ��
satisfying the hypotheses of the theorem� is well�posed in the weak sense

������ In fact� existence� uniqueness and continuous dependence on the
data for 
����� is known 
cf� Aronson �Aro��� The existence theorem
guarantees a unique limit to the singular perturbation problem 
�����

�� Extension to higher dimensions�

In this section� we shall discuss the three dimensional model 
�����
In fact� all the results can be adapted to an arbitrary number of dimen�
sions� and we just choose to emphasize the three dimensional example�
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Moreover� the largest part of the one�dimensional arguments can be
adapted to higher dimensions� so we just sketch the main di�erences�

We shall study equations 
���� in the box  	 
�a� a�� with pe�
riodic boundary conditions� Besides� we will limit our analysis to the
case of a rate function k of the type ��� with � 	 �� In analogy with the
one�dimensional model� we will also write system 
���� in the equivalent
form


����

����������
���������

�u


�t
� �

�

�u


�x
	
�

��
�� 
�� �u
� �

�v


�t
� �

�

�v


�y
	
�

��
�� 
�� � v
� �

�w


�t
� �

�

�w


�z
	
�

��
�� 
�� �w
� �

where u 	 
u�� u�� v�� v�� w�� w�� 	 
u�� u
� u�� u�� u�� u���
As in the one�dimensional case� given any convex function �
r��

r � �� we deduce the estimate
Z
�

�X
i��

��
ui�

�t
dx

	 � �

� ��

Z
�

��
X
i��j


��
ui�� ��
uj�� 
ui � uj� dx
����

� � �
In particular� if �
r� 	 rp� p 
 �� we obtain


����

Z
�

�

�t

�X
i��

upi dx 	 � p

� ��

Z
�

��
X
i ��j


ui � uj� 
u
p��
i � up��

j � dx �

The existence theory follows as in the one�dimensional case� and we
obtain the corresponding of Propositions ��� and ����

Proposition ���� Let � � � 	 �� and let � � u��j
x� � L�
 ��
j 	 �� � � � � �� Then� the initial�boundary value problem for system 
����
has a unique solution u
x� t�� such that� for j 	 �� � � � � �� uj
x� t� �
L�
 � 
�� T �� � C 
��� T ��Lp
 �� for all T 
 � and � � p 	 �� In
addition� the solution satis�es the following bound


���� max
j��

kuj

 � t��k� � max
j��

kuj

 � t��k� � if t� � t� �
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Proposition ���� Let � 	 �� and let u��j
x� � L�
 � satisfy the
lower bound u��j � � on  for some � 
 �� Then� the initial�boundary
value problem for the system 
���� has a unique solution bounded away
from zero u
x� t� such that for j 	 �� � � � � �� uj
x� t� � L�
 � 
�� T ���
C
��� T ��Lp
 �� for all T 
 � and � � p 	�� In addition� this solution
satis�es the bounds 
���� and


���� inf
x��
j��

uj
x� t�� � inf
x��
j��

uj
x� t�� � if t� � t� �

Given u 	 
u�� � � � � u��� let us now introduce the operator B
� de�

�ned by components by

B�
j u 	 ��uj

�xj

 �� 
�� �uj� � i 	 �� �� � �

B�
j v 	

�uj
�xj


 �� 
�� �uj� � i 	 �� �� � �

Then� the following lemma is immediate

Lemma ���� Let � � � � ���� Then� the operator B� is dissipative
from the domain

D�
B�� 	 fu � �W ���
 ���g

into �L�
 ����
If �� � � 	 �� and if � 
 �� the operator B� is dissipative from

the domain

D�
� 
B

�� 	 fu � �W ���
 ���� uj � �� j 	 �� � � � � �g

into �L�
 ����

Thus� we obtain the analogue of Proposition ����

Proposition ���� Let � � u��j
x� � L�
 � � L�
 �� j 	 �� � � � � ��
Then� provided �� � � � ���� the initial�boundary value problem 
����
has a unique global solution u
x� t� such that uj
x� t� � L�
 �
�� T ���
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C
��� T ��L�
 ��L�
 �� for all T � � and j 	 �� � � � � �� Moreover� for
all t � �


����
�X

j��

kuj
x
 h� t�� uj
x� t�k� �
�X

j��

ku��j
x
 h�� u��j
x�k� �

If � � � � ���� these results extend to  	 R
� �

As in Section �� we can obtain entropy bounds� that allow us to pass
to the limit� Let us brie�y outline the main di�erences� We introduce
functions � � u��j � L�
R� � L�
R�� j 	 �� � � � � � such that


����

Z
R�

�X
j��

u��j
x� j logu��j
x�j dx 	M� 	�

and� for �
x� 	 
� 
 x���� � 	 � 	 ����


����

Z
R�

�
x�
�X

j��

u���j
x� dx 	M� 	� �

Given � 
 �� let us denote with  �� the domain 
����� � ������� In
addition� given 
 
 �� let for j 	 �� � � � � �


���� u���j 	 max fu�
x�� ��g �
By Proposition ���� if � 	 �� the initial boundary value problem for
the system 
����� with periodic boundary conditions on  �� and initial
values 
����� has a unique global solution u�
x� t��

Moreover� provided 
 
 � 
� 
 ��� u�� satis�es bounds 
���� and

���� with di�erent but �nite constants M�

� and M
�
� �

The proof of the entropy bounds follows along the same lines of
Section �� We only remark that� in consequence of 
����� one has to
study the time evolution ofZ

��

�X
j

u�j
x� t� logu
�
j
x� t� 
 �
x�

X
j


u�j
x� t��
�
�
dx �

Since the integrand on the right�hand side of 
���� is nonpositive for
any convex function �
r�� choosing �
r� 	 r� we obtain

d

dt

Z
��

�
x�
X
j


u�j
x� t��
� dx

� �

�

�X
j��

Z
��

�
x�
�

�xj


u�j�

� � 
u�j���
�� dx � � �
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Hence� integrating by parts and making use of the periodicity� we de�
duce the analogous of 
����

d

dt

Z
��

�
x�
X
j


u�j
x� t��
� dx

� �

�

�X
j��

Z
��

�

�xj
�
x� 

u�j�

� � 
u�j���
�� dx � � �

We next observe that 
���xj�� � L

R��� j 	 �� �� �� This implies the
analogous of 
�����

A further step consists in the identi�cation of the limit Maxwellian�
Let us set p 	 � in 
����� Then� integrating over time we get


�����
�

��

Z T

�

Z
��

���
X
i��j


u�i � u�j�
� dx dt �

Z
��

X
i

u���i dx �

Now� considering that the solution satis�es the bound 
����� if � 	 ��


����� ��� �
�
�max

i��
ku��ik�

��
	 ��

and by 
����� we obtain


�����
��

��

Z T

�

Z
��

X
i��j


u�i � u�j�
� dx dt �

Z
��

X
i

u���i dx �

Inequality 
����� implies that� for i �	 j� u�i � u�j �� � strongly in

L�
��� T ��  ���
The same conclusion can be derived when � 	 � 	 �� Since in this

case 
����� does not hold� we shall make use of a di�erent argument�
Let us write 
���� by taking p 	 �� �� We obtain

�� �

� ��

Z T

�

Z
R�

���
X
i ��j


u�i � u�j� 

u
�
i �

���� 
u�j����� dx dt

�
Z
R�

�X
i��

u�����i dx �
�����
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This implies


����� 
�� ��

Z T

�

Z
R�

X
i��j


u�i � u�j�
� dx dt � ��

�� �

Z
R�

X
i

u�����i dx

and also in this case� u�i � u�j � � strongly in L�
��� T �� R
�� for i �	 j�

The rest of the proof leading to Theorem ��� follows along the same
lines of the one�dimensional situation� So we have

Theorem ���� Let � � u��j � L�
R�� � L�
R��� j 	 �� � � � � � satisfy
conditions 
���� and 
�����

i� Let � � � 	 �� Then� for all T 
 �� and � 
 � there exist
constants d� 	 d�
u�� T �� d� 	 d�
u�� T � and d� 	 d�
u�� T � such that�
the unique solution u�
x� t� to the initial value problem for system 
����
satis�es

Z T

�

Z
R�

�u�i 
x� t�� u�i��
x� t�

�

��
dx dt � d� �
�����

Z T

�

Z
R�

�u�i 
x� t�� u�i��
x� t�

�

��
��
x� t�

��� dx dt � d� �
�����

where� in both cases� i 	 �� �� �� and

Z
R�

�X
i

u�i 
t� j logu�i 
t�j
 �
X
i


u�i 
t��
�
�
dx � d� �
�����

lim
���

Z T

�

Z
R�

X
i��j


u�i � u�j�
� dx dt 	 � �
�����

ii� Let �� � � 	 �� Then� for all T 
 �� and k � N
� � the unique

solution u�
x� t� to the initial�boundary value problem for system 
����
on the domain  � 	 
����k� ���k�� satis�es the bounds 
������ 
������

����� and the property 
����� in ��� T ��  ��

iii� Let � 	 ��� Given k � N
� � let 
 
 k 
� 
 ��� and let u��

be de�ned by 
����� Then� for all T 
 �� the unique solution to the
initial�boundary value problem for system 
���� on the domain  � 	



��� P� L� Lions and G� Toscani


����k� ���k��� with initial data u��� satis�es the bounds 
������ 
������

����� and the property 
����� in  �� In addition we have


�����

Z T

�

Z
��

�u�i 
x� t�� u�i��
x� t�

�

��
��
x� t�

��
 dx dt � d� �

where i 	 �� �� �� for all � 	 � � 
j�j
 �����

Let us denote by j�
x� t� the �ux� i�e�


����� j� 	
�u�� � u��

�
�
v�� � v��

�
�
w�
� � w��
�

�
�

Then� the macroscopic equations for the system 
���� can be expressed
in the form


�����

���
��

���
�t


 div j� 	 � �

��
�j�
�t



�

�
grad �� 	 �� ��� j� 
E� �

where E� denotes the vector


�����

E� 	
� �

�x

��
�
�� � 
u�� � u�� �

�
�

�

�y

��
�
�� � 
v�� � v�� �

�
�
�

�z

��
�
�� � 
w�

� � w�� �
��

�

The presence of the vector E� is the main di�erence between the one�
dimensional system 
���� and the three�dimensional system 
������ This
is a consequence of the fact that in more than one�dimension the system
of the macroscopic equations can not be expressed only in terms of the
mean quantities� Let us rewrite

E� 	
� �

�x
e���

�

�y
e���

�

�z
e��

�
�

with obvious meaning of e��� e
�
�� and e

�
�� We have


����� e�� 	
�

�

v�� �u�� �


�

�

v�� �u�� �


�

�

w�

� �u�� �

�

�

w�� �u�� � �
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so that� thanks to 
����� we conclude that e�� converges to zero strongly
in L�

x�t� The same conclusion holds for the other components� We
are in a position to obtain the corresponding of Theorems ��� and ����
provided �� � � � ���� In this range of �� by dissipativity� we have the
compactness of ��
x� t� in L

�
x or L

�
loc if � 	 �� Let us remark that when

� is positive� ��� 	 � 	 � we can derive the same result of compactness
as a consequence of the �div�curl� Lemma ���� Let us set U� 	 
j�� ���
and V� 	 
�� ���� Then� the �rst of equations 
����� reads divU� 	 ��
and this obviously implies that divU� is bounded in L�

x�t� In view of

����� we deduce that ��j� converges to zero strongly in L�

x�t� and by

����� follows that ��� j� is bounded in L

�
x�t� But e

�
�� e

�
�� and e

�
� converge

to zero strongly in L�
x�t� Consequently� from the second equation of the

system 
����� we obtain that curlV� is compact in H
��
x�t � and U�V� 	 ���

passes to the limit� At this point� we deduce as in Section � that ��
x� t�
converges to �
x� t� in Lploc� � � p 	 �� Finally� thanks to the bound

������ we can show that


����� lim
R��

sup
��t�T

Z
jxj�R

��
x� t� dx 	 �

and� since �� is bounded in L�� �� converges to � in Lp
R�� � So we
have

Theorem ���� Let � � � 	 �� and let 
��� j�� be a sequence of solutions
to the initial value problem for the system 
������ where the initial values
u��j� j 	 �� � � � � � satisfy the hypotheses of Proposition ��� and Theorem
���� Then� there exists � � L� � L� such that ��
x� t� converges to
�
x� t� strongly in C
��� T ��Lp
R��� for all T � � and � � p 	�� while
� j� converges to zero strongly in L�
R� � ��� T ��� The limit density
�
x� t� is the 
unique� weak solution to the Cauchy problem for the fast
di	usion equation

��

�t
� �

�� 
�� ��
!���� 	 � � in D�
R� � 
����� �

with initial datum �� 	
P�

j�� u��j�

Theorem ���� Let �� � � 	 �� and let 
��� j�� be a sequence of solu�
tions to the initial�boundary value problem for the system 
������ where
the initial values u��j� j 	 �� � � � � � satisfy the hypotheses of Proposition
��� and Theorem ���� Then� there exists � � L�

loc�L� such that ��
x� t�
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converges to �
x� t� in C
��� T ��Lploc
R
��� for all T � � and p � ������

while � j�
x� t� converges to zero strongly in L�
loc
R

� � ��� T ��� The limit
density �
x� t� is the 
unique� weak solution to the Cauchy problem for
the slow di	usion equation

��

�t
� �

�� 
� 
 j�j� !�
��j�j 	 � � in D�
R� � 
����� �

with initial datum �� 	
P�

j�� u��j�

Remark ���� As in Section � we observe that the u�j
x� t�� j	�� �� � � � �
�� solutions to the initial 
if � � � 	 �� 
or initial�boundary� if �� �
� 	 �� value problem for the kinetic system 
���� converge strongly to
���� where � is the solution of the corresponding nonlinear di�usion
equation�

We will now examine the case � 	 ��� Let ���� 	 u�� 
 u�� � ���� 	
v�� 
 v�� � ���� 	 w�

� 
 w�� � and let ji��� i 	 �� �� � be the components
of j�� given by 
������ Then� summing and subtracting the �rst two
equations 
����� we obtain the system


�����

���
��

�����
�t



�j���
�x

	
�

��
��� 
�� � � ����� �

��
�j���
�t



�����
�x

	 �� ��� j��� � x � R � t � � �

The analysis of Section �� following Lemma ��� can easily be applied
to system 
������ With few di�erences� due to the presence of the
term on the right side of the �rst equation� we will arrive to analogous
conclusions� In particular� since �� is bounded in L�� and� in view of


����� �
�	j�j��
��
� j��� is bounded in L�

x�t� �
�
� ���� j��� is bounded in L�

x�t

provided � � ��� The same argument shows that j��� ��� 
���� ��������
is bounded in L�

x�t if � � ��� Hence� 
���x������ is compact in H��
x�t �

By identical computations� summing and subtracting the third and
fourth 
respectively the �fth and sixth� equation 
����� we deduce that�
if � � ��� both 
���y� ����� and 
���z� ����� are compact in H��

x�t � More�
over� in view of 
������ ��i�� � ��j�� converges to zero in L�

x�t� So we

conclude that grad ��� is compact in H
��
x�t �

This result� coupled with the �rst equation of the system 
�����
enables us to handle� by the �div�curl� lemma� the passage to the limit
for �� � � 	 ��� exactly as in the one�dimensional case�
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The extension to � 	 �� follows by the same strategy we adopted
above� along the same lines of the one�dimensional proof� �rst multiply�
ing the second equation of the system 
����� by �n���� n 
 �� and then
recovering the equivalent system in which the terms on the right�hand
sides are bounded in L�

x�t�
Finally we prove

Theorem ���� Let � 	 ��� and let 
��� j�� be a sequence of solutions
to the initial�boundary value problem for the system 
������ where the
initial values u���j� j 	 �� � � � � � for the kinetic system 
���� satisfy the

hypotheses of Theorem ���� part iii�� Then� there exists � � L�
loc � L�

such that ��
x� t� converges to �
x� t� in Lploc
R
� � 
�� T �� for all p �

���
�� and all T 
 �� while � j�
x� t� converges to zero strongly in
L�
loc
R � ��� T ��� The limit density �
x� t� is the weak solution to the

Cauchy problem for the porous media equation

��

�t
� �

�� 
� 
 j�j� !�
��j�j 	 �

in D�
R� � 
�� T ��� with initial datum �� that is the weak limit of

��
x� t 	 �� 	
P�

j�� u
�
��j�

	� Variants and extensions�

In this section� we present brie�y a few variants and extensions
of the previous problems and results� For most of these variants and
extensions the proofs are straightforward adaptations of the proofs in�
troduced above� First of all� we can allow the rate function k to depend
on x� satisfying for instance


���� k�
x� �
� � k
x� �� � k�
x� �

� � for � 	 � � � �

where k�� k� � L�
R�� infx�R k� 
 �� and �� � 	 ��
Another variant consists in replacing the right�hand side in 
�����

k
v � u� 
respectively� k
u� v��� by �
v�� �
u� 
respectively� �
u� �
�
v��� where � is increasing�

Next� we can treat the system in which the velocities in the stream�
ing terms are ��� 
 a and ��� 
 b� where a �	 b � R� In this case we
obtain at the limit the additional presence of a linear term�
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Finally we can study the system


����

���
��

�u

�t


�

�

�um

�x
	
�

��
�� 
v � u� �

�v

�t
� �

�

�vm

�x
	
�

��
�� 
u� v� �

where m 
 �� which yields in the limit


����
��

�t
� c

��

�x�
�m�� 	 � �

where c 	 m 
�m
m � ������ Of course� 
���� is a weakly coupled
system of one�dimensional hyperbolic scalar conservation laws� and u� v
are entropy solutions of 
�����

To end this section� we now wish to look at di�erent models in�
volving velocity sets which are not �nite anymore� We begin with a
model arising in radiative transfer theory� recently studied by C� Bar�
dos� F� Golse� B� Perthame and R� Sentis �BGPS�� This equation de�
scribes the transport of photons in a starlike medium and is� mathe�
matically� a nonlinear version of the transport of neutrons� We look for
u� 	 u�
x� �� t� � �� where x � R

N � � � SN�� 
the unit sphere of RN ��
t � �� solution of the initial 
or initial�boundary� value problem for the
equation


����
�u

�t


�

�
� 
 gradu
 �

��
k
��� 
u� � ��� 	 � �

In 
���� �� denotes the integral

��
x� t� 	

Z
SN��

u�
x� �� t� d� �

where d� is the normalized Lebesgue measure on SN�� 

R
SN��

d� 	 ���
The nonnegative function k is continuous on ����� and is supposed to
satisfy


���� �� s
� � k
s� � �� s

� � for s � 
�� �� �

with j�j 	 �� j�j 	 �� ��� �� 
 ��
Our method of proof adapts to this model and yields at the limit


����
��

�t
�!F 
�� 	 � �
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where

F 
�� 	
�

N

Z �

�

ds

k
s�
�

In radiative transfer theory� this limit is known as the �Rosseland ap�
proximation�� Not only this convergence can be shown in a slightly�
more general setting than in �BGPS�� but our method of proof is com�
pletely di�erent and simply relies upon entropy bounds and the �div�
curl� lemma� In particular� our proof works if k
�� 	 �� with j�j 	 ��

In conclusion� let us indicate that it is possible to interpret both
the �nite�velocity models and the above model 
���� in a single setting�
We brie�y mention this remark� let V be a bounded set on RN � and let

 be a probability measure on V satisfying


����

Z
V

vk d
 	 � � for all � � k � N �

Z
V


v 
 ��� d
 
 � � for all � � SN�� �

We then look for u� 	 u�
x� v� t� � �� solution on RN � V � ����� of


����
�u

�t


�

�
v 
 gradu 	 �

��
��� 
�� � u�� �

where j�j 	 � and

��
x� t� 	

Z
V

u�
x� v� t� d
 �

The hydrodynamical limit for this equation is then


����
��

�t
�

NX
i�j��

aij
��

�xi�xj

� ����
�� �

�
	 � �

where

aij 	

Z
V

vi vj d
 �

Let us observe that the two 
or six in three�dimensions� velocity model
we were primarily interested in this paper corresponds to V 	 f
����g�
with 
���� ���� for the probability measure 
� while the Rosseland ap�
proximation corresponds to V 	 SN�� and d
 	 d��jSN��j�
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We do not wish to give a detailed proof of the above claims about
Rosseland approximation or 
�����
����� since it is a straightforward
adaptation of our method of proof� In particular� using the ideas of
Section �� one obtains all the a priori estimates concerning the mono�
tonicity for convex functionals of the solution�

However� there is one point that we need to detail� Indeed� since V
is no more �nite 
in general�� we cannot estimate from below ���u�� and
thus we have to modify a little bit our use of the dissipation of entropy�
More precisely� we obtain L�t 
L

� �L�� bounds on u� 
and thus on ���
independently of �� and from the monotonicity of the entropy we obtain
for all T 
 �


�����

Z T

�

dt

Z
dx

Z
V

d
 ���
�� � u�
��

log
��
u�

� C �

where C denotes various positive constants independent of ��
Hence� if we denote by j� the �ux

j�
x� t� 	

Z
V

v
u�
�
d
 	

Z
V

v
u� � ��

�
d
 �

we have

jj�j� �
�Z

V

jvj
���
p
u� �p

��

�

��� jpu� 
p��j d

��

� C

Z
V



p
u� �p

���
�

��
d


Z
V


u� 
 ��� d


� C��

Z
V

�� � u�
��

log
��
u�

d
 �

where we used the classical inequality� valid for all a� b � �


p
a�

p
b�� � C 
a� b� log

a

b
�

In particular� we deduce from 
����� that jj�j�����
� is bounded in L�

and thus� since j�j 	 �� j� is bounded in L
��

The convergence analysis follows along the same lines as in the
preceding sections� writing the macroscopic equations for the equation

����


�����

����
���

���
�t


 div j� 	 � �

��
�j�
�t


 div

Z
V

v 
 vu� d
 	 ���� j� �
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observing that j�� �
�
� j� are bounded in L

�� and �nally that


�����

Z
V

v 
 v u� d
 	 A�� 


Z
V

v 
 v
u� � ��� d
 �

from which we deduce that A grad �� and thus grad ��� since by con�
struction the matrix A is positive de�nite� lie in a compact set of H��

x�t �
In addition� the integral on the right�hand side converges converges to
zero in L�

x�t as a consequence of the fact that j� is bounded in L
�� while

V is bounded�
Several relevant di�erences between this approach and the ap�

proach by C� Bardos� F� Golse� B� Perthame and R� Sentis �BGPS�
are worth emphasizing� First of all� the above proof seems a bit simpler
and yields� on the technical side� apparently more general results� But
in addition� and this is more important� the compactness phenomena
are somewhat di�erent� since velocity averaging 
as in �BGPS�� would
require the measure 
 to satisfy the condition


fv � V � v 
 � 	 �g 	 � � for all � � SN�� �

while we only need that the measure 
 satis�es the second condition in

����� namely

Z
V


v 
 ��� d
 
 � � for all � � SN�� �
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