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�� Introduction�

In this paper we continue the study of the Dirichlet problem for an
elliptic equation on a domain in R� which was begun in ���� For R � �
let �R be the ball of radius R centered at the origin with boundary
��R� The Dirichlet problem we are concerned with is the following

�	�	
 ���� b�x
 � r
u�x
 � f�x
 � x � �R �

with zero boundary conditions

�	�
 u�x
 � � � x � ��R �

Since we shall be obtaining estimates on the solution of �	�	
� �	�
 in
terms of R we shall think of the functions b�x
� f�x
 as de�ned on all
of R� � Thus we assume

b � R� �� R
� � f � R� �� R �

are Lebesgue measurable functions�

���
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For 	 � r � q � � let Mq
r be the Morrey space on R� de�ned as

follows� a function g � R� �� C is in Mq
r if jgjr is locally integrable and

there is a constant C such that

�	��


Z
Q

jgjr dx � Cr jQj��r�q �

for all cubes Q � R
� � Here jQj denotes the volume of Q� The norm of

g� kgkq�r is de�ned as

kgkq�r � inf fC � �	��
 holds for C and all cubes Q � R
�g �

In our previous paper we proved that the problem �	�	
� �	�
 has a
unique solution if jbj �M�

p � p � 	� and kbk��p is su�ciently small� This
is a perturbative result� We also had a nonperturbative theorem� This
theorem stated that if b is locally in M�

p with the local Morrey norm
being small then �	�	
� �	�
 has a unique solution� The proof of the
nonperturbative theorem required p � � In fact the estimates diverge
as p approaches � Our goal in this paper is to obtain nonperturbative
theorems which are valid for p � 	�

To state our �rst nonperturbative theorem we need a quantity
introduced by Fe�erman ���� suppose we have a dyadic decomposition
of R� into cubes Q� A cube Q is said to be minimal with respect to � if

Z
Q

jbjp dx � �p jQj��p�� �
Z
Q�

jbjp dx � �p jQ�j��p�� � Q� � Q �

for all proper dyadic subcubes Q� of Q� Then N��b
 is the number of
minimal cubes in the dyadic decomposition�

Theorem ���� Suppose f �Mq
r � 	 � r � q� r � p� p � 	� �� � q � ��

Then there exists � � � depending only on p� q� r such that if N��b
 ��
the boundary value problem �	�	
� �	�
 has a unique solution u�x
 in

the following sense�

a
 u is uniformly Holder continuous on �R and satis�es the bound�

ary condition �	�
�

b
 The distributional Laplacian �u of u is in Mq
r and the equation

�	�	
 holds for almost every x � �R�
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Remark ���� The restriction q � � is required by b
 while q � ��
is required by a
� Thus if f is in Lq for any q � �� the solution has
property a
�

Next we turn to the problem of obtaining good L� estimates on
the solution u�x
 given in Theorem 	�	� For 	 � p � � and n an integer
de�ne a function an�p � R

� �� R by

�	��
 an�p�x
 �
�
n���p�

Z
jx�yj���n

jbjp�y
 dy
���p

�

In ��� the following �Theorem 	��
 is proved�

Theorem ���� Let n� be the integer which satis�es the inequality

�	��
 �R � �n� � R �

Then there exists 	� � � 	 � 	� depending only on p �  such that u
satis�es the L� estimate

�	��
 kuk� � C�R
����q kfkq�r

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
�

The constant C� depends only on p� q� r and C� only on p � �

It is easy to see that the inequality �	��
 becomes stronger as p de�
creases� We shall show in Section � that Theorem 	� does not hold for
	 � p � � We will accomplish this by constructing a counterexample
to �	��
 for f 	 	 and any p � � This is somewhat surprising since
�	��
 does hold for 	 � p �  if the drift is spherically symmetric� In
that case one can obtain an explicit formula for the solution of �	�	
�
�	�
� The counterexample constructed in Section � has a drift which
is far from being spherically symmetric� In fact it is concentrated on a
set with dimension 	� By the recurrence property of Brownian motion
the process hits this set with high probability� Once inside the set� the
drift pulls the Brownian particle towards the center of the ball �R�

We wish to obtain a theorem which generalizes Theorem 	� to
the case 	 � p � � Let s �  be a parameter� and suppose we have
a dyadic decomposition of R� into cubes Q with jQj � ��m� m an
integer� For m�n integers with m � n� and x � R� let

Nm�x
 � number of dyadic cubes Q with jQj � ��m �
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such that Q is contained in the ball centered at x with radius �n and

Z
Q

jbjp dx � �p jQj��p�� �

where � � � is a given parameter� We de�ne the function a��n�s�p�x
 by

�	��
 a��n�s�p�x
 �
� supm�nNm�x


�m�n����s�

���s
�

We may compare the functions an�p and a��n�s�p de�ned by �	��
� �	��

respectively� In fact by de�nition of Nm�x
 we have that

�p jQmj��p��Nm�x
 �
Z
jx�yj���n

jbjp�y
 dy � an�p�x

p �n���p� �

whence

Nm�x
 � ��p an�p�x

p �m�n����p� �

and so
Nm�x


�m�n����s�
� ��p an�p�x


p �m�n��s�p� �

We conclude that

�	��
 a��n�p�p�x
 � ��� an�p�x
 � x � R� �

Theorem ���� Let n� be the integer satisfying �	��
 and suppose  �
s � �� 	 � p � �� Then there exists �� 	 with � � �� � � 	 � 	�
depending only on s� p such that the solution u of �	�	
� �	�
 satis�es
an inequality

kuk� � C�R
����q kfkq�r

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

a��n�	j�s�p�x

�
�

The constant C� depends only on p� q� r� s and C� only on s �  and p�
	 � p � ��

It follows from �	��
 that Theorem 	�� implies Theorem 	�� We
shall show in Section � that Theorem 	�� implies that for 	 � p � ��
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there exists � � � and constants C�� C� depending only on p� q� r such
that

�	��
 kuk� � C�R
����q kfkq�r exp �C�N��b

 �

Theorem 	�	 will be proved in Section � It will be su�cient to give a
proof of Lemma �� of ��� which is valid for 	 � p � �� The remainder
of the argument of the proof of Theorem 	�	 is then exactly as for ���
Theorem 	���� In the new proof of Lemma �� we will introduce the
notion of a weighted Morrey space� This notion will play a key role in
sections �� �� �� �� � where we prove Theorem 	���

The main problem we need to solve to prove Theorem 	�� is to
estimate the exit probability from a spherical shell of Brownian motion
with drift� Thus let us consider a particle started at x � R

� with
jxj � R and let P be the probability that the particle exits the shell
fy � R� � jyj � Rg through the outer sphere� For Brownian motion
one can explicitly compute P � ��� For the case of Brownian motion
with drift b we need to obtain a lower bound on P in terms of b� In
Section � we analyze this problem in the case when b is perturbative�
that is when kbk��p 
 	� When b is not perturbative we estimate P
by �rst de�ning a length scale 

 R in terms of b� Then we construct
paths from x� jxj � R� to the outer sphere fjyj � Rg which are linear
on scales larger than 
 but di�usive on scales less than 
� Thus the
paths of the drift process are con�ned to a cylinder of radius 
� The
drift is propagated perturbatively on a length scale 
 and ballistically
on larger scales�

In order to propagate the drift perturbatively on the length scale

 we must limit the number of nonperturbative cubes on scales smaller
than 
 to have dimension less than 	� The requirement that the con�
stant s in Theorem 	�� exceeds  ensures that this holds on average�
The analysis of this situation is in two parts� In sections �� � we analyze
the case when the number of nonperturbative cubes on a scale smaller
than 
 actually has dimension less than 	� Then in Section � we use
an induction argument to show that we may relax this requirement to
having dimension less than 	 on average�

Once we have a lower bound on the probability P of exiting from
a spherical shell� Theorem 	�� follows almost exactly as in the proof of
��� Theorem 	���� This is accomplished in Section ��

The main task of this paper was to replace the use of the Cameron�
Martin formula in ���� The reason is that the Cameron�Martin formula
involves integrals of jbj� and hence cannot be used to estimate the so�
lution of �	�	
� �	�
 in terms of integrals of jbjp with p � � In ��� we
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obtained a lower bound on the exit probability P from a spherical shell
by combining the Cameron�Martin formula with ��� Theorem 	�	�a
��
In Appendix A we give a new proof of ��� Theorem 	�	�a
� which brings
out the relationship between the methods employed in this paper and
in ���� We show that Theorem 	�	�a
 is a consequence of the fact that
Brownian motion con�ned to a long cylinder of radius 
 behaves ballis�
tically on length scales larger than 
� The proof of the ballistic behav�
ior of Brownian motion depends on estimating accurately the Dirichlet
Green�s function for the heat equation on a disc of radius 
 at large
time� Estimates of this type are already known ��� ��� for operators
in divergence form with L� coe�cients� It therefore seems reasonable
that one might be able to generalize the results of Appendix A to the
situation considered in ��� ����

In the subsequent work we need to do more than simply estimate
the exit probability from a spherical shell� We need to keep careful track
of �uctuations of densities� The simplest example of this is as follows�
Suppose we have a density �� on a sphere jxj � R� and that density is
propagated by the drift process to a density �� on a sphere jxj � R��
R� � R�� In the case of Brownian motion the �uctuation of �� is smaller
than ��� Thus if k�kq denotes the Lq norm� normalized so that k�kq � 	
we have that if k�� � Av ��kq � �Av �� then k�� � Av ��kq � �Av ���
where Av ��� Av �� denotes the average value� and � is arbitrary� We
shall show in Section � that for a perturbative drift this still holds
provided �R� � R�
 � R�� If �R� � R�
 
 R� it may not hold� We
investigate this question further in ����

There is now an extensive literature on elliptic equations with non�
smooth coe�cients� Within it there are roughly speaking two currents
of thought� On the one hand there is the approach dominated by tech�
niques from harmonic analysis as exempli�ed in �		�� �	�� On the other
hand there is the approach where functional integration and probability
is at the fore as in ���� ���� In the present paper the former approach
dominates whereas in the previous paper ��� the latter approach was
more prominent� See also �	�� for results related to those of this paper�

�� Proof of Theorem ����

Our goal in this section is to give a proof of ��� Lemma ��� which
is valid for p � 	� Theorem 	�	 will follow from this and the proof of
��� Theorem 	����
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First we need a generalization of ��� Theorem 	��� Let �R be a
ball in R

� with radius R and boundary ��R� For an arbitrary cube
Q � R

� de�ne d�Q
 by

d�Q
 � supfd�x� ��R
 � x � Qg �

We de�ne the Morrey space Mq
r ��R
 where 	 � r � q �� as follows�

a measurable function g � �R � C is in Mq
r ��R
 if �R� jxj
r jg�x
jr is

integrable on �R and there is a constant C � � such that

��	
 R�r
Z
Q��R

�R� jxj
r jg�x
jr dx � Cr jQj��r�q �

for all cubes Q � R� � The norm of g� kgkq�r�R is de�ned as

kgkq�r�R � inf fC � ��	
 holds for all cubes Qg �

Let 
R

be the characteristic function of the set �R� Evidently g is
in Mq

r ��R
 if and only if the function �	 � jxj�R

R
�x
 g�x
 is in the

Morrey space Mq
r of ����

Let T be an integral operator on functions with domain �R which
has kernel kT � �R��R �� C � Thus for measurable g � �R �� C one
de�nes Tg by

Tg�x
 �

Z
�R

kT �x� y
 g�y
 dy � x � �R �

Proposition ���� Suppose the kernel kT of the integral operator T
satis�es the inequality

jkT �x� y
j � jb�x
j
jx� yj� min

n
	�
R� jyj
jx� yj

o
� x� y � �R �

where jbj �M�
p � 	 � p � �� Then for any r� q which satisfy the inequal�

ities

	 � r � p � r � q � � �

the operator T is a bounded operator on the space Mq
r ��R
� The norm

of T satis�es the inequality

kTk � C kbk��p �
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where the constant C depends only on r� p� q�

Remark� Observe that ��� Theorem 	�� follows from Proposition �	
by letting R ����

The proof of Proposition �	 follows the same lines as the proof of
��� Theorem 	��� De�ne an integer n� by

�n��� � �R � �n� �

Let Q���
 be a cube with side of length �n� and centered at �� It is
clear that if � � �R then �R � Q���
� Let K be one of the cubes Q���

with � � �R� We de�ne an operator TK on functions u � �R �� C

which have the property that �R � jxj
u�x
 is integrable� To do this
we decompose K into a dyadic decomposition of cubes Qn with sides
of length �n� n � n�� For any dyadic cube Q � K with volume jQj
let uQ be de�ned by

uQ � R�� jQj��
Z
�R�Q

�R� jxj
 ju�x
j dx �

If Q is a distance of order R from ��R then uQ is comparable to the av�
erage of juj on Q� Otherwise uQ can be much smaller than the average�
For n � n� de�ne the operator Sn by

Snu�x
 � �n
� R

d�Qn


�
uQn � x � Qn �

The operator TK is then given by

TKu�x
 �
�X

n�n�

jb�x
jSnu�x
 � x � �R �

It follows now by Jensen�s inequality that there is a universal constant
C such that for any r � 	 and cube Q there is the inequalityZ

Q��R

�R� jxj
r jTu�x
jr dx

� Cr

j�Rj
Z
�R

d�

Z
Q��R

�R� jxj
r jTQ����u�x
jr dx ���


Hence it is su�cient to prove Proposition �	 with the operator T re�
placed by TK where K � Q���
 and � � �R is arbitrary�
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The following lemma generalizes ��� Lemma ���� It is proved in an
exactly similar fashion�

Lemma ���� Let Q� � K be an arbitrary dyadic subcube of K with side

of length �nQ� � Suppose r� p satisfy the inequality 	 � r � p� Then

there are constants �� C � � depending only on r and p such that

jQj���	� uQ � jQ�j���	� uQ� �

for all dyadic subcubes Q of Q� implies the inequality

Z
Q�

�R� jxj
r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jRr urQ� �

If we replace the function u�x
 by the function �R � jxj
u�x
 in
the argument of ��� and use the previous lemma we conclude�

Corollary ���� For any dyadic subcube Q� � K one has

Z
Q�

�R� jxj
r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p
Z
Q�

�R� jxj
r ju�x
jr dx �

for some constant C depending only on r and p�

Proposition �	 for TK follows now from the last corollary in the
same way as the corresponding theorem in ��� from ��� Lemma ����

Next let g � Lq���R
� 	 � q ��� We de�ne a function Bg�x
 for
x � �R by

���
 Bg�x
 � jb�x
j
Z
jyj�R

jg�y
j
jx� yj� dy � jxj � R �

Lemma ���� Suppose b �M�
p with 	 � p � ��� and r� q are numbers

which satisfy the inequalities

���
 	 � r � p �
	

r
�

	

p
�



q
�
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Then B is a bounded operator from Lq���R
 to Mq�
r ��R
 where

���

	

q�
�

	

�
�



� q
�

Furthermore the norm of B satis�es an inequality

���
 kBk � CR�� kbk��p and C is a universal constant �

Proof� From ��	
 we need to estimate the integral

���
 R�r
Z
Q��R

�R� jxj
r jBg�x
jr dx

on an arbitrary cube Q� From Holder�s inequality this integral is
bounded by

R�r
� Z

Q��R

jb�x
jp dx
�r�p

�
�Z

Q��R

�R� jxj
rp�
�Z

jyj�R

jg�y
j
jx� yj� dy

�rp�
dx
���p�

�

where r�p� 	�p� � 	�
Again from Holder we have

Z
jyj�R

jg�y
j
jx� yj� dy � kgkq

�Z
jyj�R

dy

jx� yj�q�
���q�

�

where 	�q � 	�q� � 	� Using the fact that

Z
jyj�R

dy

jx� yj�q� �
Cq�

�R� jxj
�q��� �

for some universal constant C� we conclude that ���
 is bounded by

���


R�r
�Z

Q��R

jb�x
jp dx
�r�p

� Cr kgkrq
�Z

Q��R

�R� jxj
��rp��q dx
���p�

�
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The inequality ���
 implies that  r p��q � 	�
Hence if we use the fact that b �M�

p then ���
 implies that ���

is bounded by

CrR�r kbkr��p kgkrq jQjr�p�r�� d�Q
��r�q jQj��p�

� CrR�r kbkr��p kgkrq jQj��r�q� �

on using the fact that d�Q
 � jQj����
Hence Bg �Mq�

r ��R
 and its norm satis�es the inequality ���
�

Suppose GD�x� y
� x� y � �R is the Dirichlet kernel� whence

GD�x� y
 �
	

�� jx� yj �
	

��

� R
jyj
� 	

jx� yj �

where �y is the conjugate of y in the sphere ��R� Let g � Mq
� ��R
�

	 � q �� and de�ne Hg by

Hg�x
 �

Z
�R

GD�x� y
 g�y
 dy � x � �R�� �

Lemma ���� Suppose m � 	 satis�es the inequality



�
�

	

mq
�

	

q
�

Then H is a bounded operator fromMq
� ��R
 to L

m��R��
 and the norm
of H� kHk� satis�es an inequality

���
 kHk � Cq�mR�	��m���q �

where Cq�m is a constant depending only on q and m�

Proof� We write Hg � H�g �H�g� where

H�g�x
 �

Z
��R��

GD�x� y
 g�y
 dy �

Since we are restricting x to the region jxj � R�� there is a universal
constant C such that

kH�gk� � C

R�

Z
�R

�R� jyj
 jg�y
j dy � C

R
j�Rj����q kgkq���R �
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It follows that H�g is in Lm��R��
 for any m � 	 and

��	�
 kH�k � C R�	��m���q � for some universal constant C �

Next we bound H�g by using the method of proof for the John�Niren�
berg inequality �	��� For any �� � � � � 	� we have the inequality

jH�g�x
j � 	

��

Z
��R��

jg�y
j
jx� yj dy

� 	

��

�Z jg�y
j
jx� yj�m� dy

���m��Z jg�y
j
jx� yj�����m dy

���m
�

��		


where 	�m� 	�m� � 	� Now

Z
��R��

jg�y
j
jx� yj�m� dy �

	

�m�

Z �

�

d�

��m�	�

Z
��R���fy
jx�yj��g

jg�y
j dy

� 	

�m�

Z �R

�

d�

��m�	�
kgkq���R �����q

�
	

�m�

Z �

�R

d�

��m�	�
kgkq���R �R
����q��	


� C kgkq���RR����q��m�

�

for some constant C provided

��	�
 �� �

q
� �m� � � �

On the other handZ
�R��

dx

Z
��R��

jg�y
j dy
jx� yj�����m � C R�������m

Z
��R��

jg�y
j dy

� C R�������m kgkq���RR����q ���	�


for some constant C depending on �m� provided

��	�
 �	� �
m � ��
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It is possible to choose an �� � � � � 	� satisfying both ��	�
 and
��	�
 provided m and q satisfy the inequality ���
� Choosing such an
� yields the inequality

��	�


Z
�R��

jH�g�x
jm dx � Cm
q�mR�m	���m�q kgkmq���R �

upon using ��		
���	�
� Here the constant Cq�m depends on q and m�
Taking the m�th root of ��	�
 and combining with ��	�
 yields the
result�

Proof of ��� Lemma ���	 for p � 	� We shall freely use the notation
of ���� Let us suppose that p and q satisfy the inequalities

��	�

	

p
�



q
� 	 � 	 � p �

�


�

It will be su�cient for us to show that for any � � � there exists � � �
depending only on p� q such that kbk��p � � implies that the operator
Q�
n is a bounded operator from Lq	�An��
 to L

q
	�An
 and satis�es the

inequality

��	�
 kQ�
nfkq�	 � � kfkq�	 �

where k � kq�	 is the norm in the space Lq	� To do this observe that
Q�
nf�x
 is given by the formula

Q�
nf�x
 �

n��

�
p
� 	


Z ��n����

��n��
���D�



���I � T


�� b � rP
f�x
 d
 �

where �n � jxj � �n	���� This follows from �����
 of ����
Now let us assume for the moment that 
 is �xed and f is in

Lq���

 with norm kfkq����� It is easy to see from the explicit formula
for the Poisson kernel that

jb�x
 � rP
f�x
j � CBf�x
 � x � �
 �

where C is a universal constant and B is the operator de�ned by ���
�
In view of ��	�
 we can choose r � 	 such that ���
 holds� Hence by
Lemma �� b � rP
f is in the space Mq�

r ��R
 where q� is determined
from ���
� It is easy to verify that the operator T
 has kernel which
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satis�es the conditions for Proposition �	� Hence the function �I �
T



�� b � rP
f is also in the space Mq�
r ��R
 provided kbk��p � � and

� is su�ciently small� Now Lemma �� tells us that the function

g
�x
 � ���D�


���I � T



�� b � rP
f�x


is in the space Lm����n����
 provided m satis�es the inequality

��	�



�
�

	

mq�
�

	

q�
�

with q� given by ���
� Furthermore� the norm of g
 satis�es an in�
equality

���
 kg
km � Cp�q�m � �n��	��m���q�� kfkq���� �

where the constant Cp�q�m depends only on p� q�m� It is clear that the
inequality ��	�
 implies that 	�m � �� q
��� q
� Taking m � q� we
have from ���
 the inequality

kg
kq � Cp�q � 
�n�q kfkq���� �

The triangle inequality now yields

��	


��� n��

�
p
� 	


Z ��n����

��n��
g
 d


���
q

� n��

�
p
� 	


Z ��n����

��n��
kg
kq d


� n��

�
p
� 	


Z ��n����

��n��
Cp�q � 

�n�q kfkq���� d
 �

From Jensen�s inequality we see that

��

n��

�
p
� 	


Z ��n����

��n��
kfkq���� d
 � C��q ��n�q kfkq�	 �

where C is a universal constant� Putting ��	
� ��
 together gives
us the inequality ��	�
 with � proportional to ��
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�� A counterexample�

Let r�� R� be two numbers which satisfy � � r� � R� � �� and
let v be the solution of the two dimensional boundary value problem�

���	


���
��

�v�x
 � � � r� � jxj � R� �

v�x
 � 	 � jxj � r� �

v�x
 � � � jxj � R� �

The function v is explicitly given by the formula�

���
 v�x
 �

log
�R�

jxj
�

log
�R�

r�

� �

For a � R� and r � �� let D�a� r
 be the disc centered at a with radius
r and let D�a� r
 denote the closure of D�a� r
� We can extend v to
R�nD��� r�
 by setting v to be zero for jxj � R�� In that case v is a
subharmonic function� and so in the distributional sense one has

����
 �v�x
 � � � jxj � r� �

Lemma ���� Let U � R
� be a domain and suppose aj � U � j �

	� � � � � k� Let r� � � be such that all the sets D�aj� r�
 are disjoint and

contained in U � j � 	� � � � � k� Let W be the domain

W � Un
k	
j��

D�aj� r�
 �

Let u�x
 be the solution of the equation���
��

�u�x
 � � � x �W �

u�x
 � � � x � �U �

u�x
 � 	 � x � �D�aj� r�
 � j � 	� � � � � k �

For R� � r�� suppose S� is a subset of f	� � � � � kg with the property that

D�aj � R�
 � U � j � S� �
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For x �W de�ne a function u�x
 by

u�x
 �

X
j�S�

v�x� aj


sup
n X
j�S�

v�ai � aj � �
 � j�j � r� � 	 � i � k
o �

where v is given by ���
� Then there is the inequality

����
 u�x
 � u�x
 � x �W �

Proof� From ����
 it follows that u is subharmonic on W � By de�ni�
tion of S� one has u�x
 � �� x � �U � Furthermore one has u�x
 � 	
if x � �D�aj� r�
� j � 	� � � � � k� The maximum principle now yields the
inequality ����
�

Next let Z�
 be the lattice

Z
�

 � f
�n�m
 � n�m integersg �

For  r� � 
 � R let W
�R be the set

����
 W
�R � D��� R
n  fD�a� r�
 � a � Z�
� D�a� r�
 � D��� R
g �

Consider the function u�x
 which is the solution of the boundary value
problem

����


���
��

�u�x
 � � � x �W
�R �

u�x
 � � � jxj � R �

u�x
 � 	 � x � �D�a� r�
 � a � Z�
 � D�a� r�
 � D�a�R
 �

Evidently u�x
 is the probability that Brownian motion started at x �
D��� R
 hits one of the discs radius r�� centered at a � Z�
� before exiting
the region D��� R
� Let us consider the quantity inf fu�x
 � jxj � R�g�
If 
� r� are �xed and R becomes large we should expect this quantity
to converge to 	 since a Brownian path is unlikely to avoid all the discs
centered at points in Z�
 over large distances� The following lemma
gives an estimate which veri�es this intuition�
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Lemma ���� Suppose � r� � R and u�x
 is the solution of ����
� Then
there is a universal constant c � � such that

����
 inf
jxj�R��

u�x
 � 	� c 


R
�

provided 
 lies in the region�

����
  r� � 
 �
R

log
�R
r�

� �

Proof� Let us take R� � R�� in ���
� Then by Lemma ��	 we have
that

����
 u�x
 �
X
a�Z��

v�x� a


sup
n X
a�Z�

�

v�� � a
 � j�j � r�

o �

provided jxj � R��
We have now that

X
a�Z��

v�� � a
 �
X
n�Z�

��jnj�R���
�

log
� R

�
 jnj
�

log
� R

� r�

�

� 	

log
� R

� r�

� Z
jxj�R���
�

log
� R

�
 jxj
�
dx

�

�



� R

�


��
log
� R

� r�

� �

By virtue of ����
 we can conclude then that

���	�

X
a�Z��

v�� � a
 � c
�



� R

�


��
log
� R

� r�

� �
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for some universal constant c�
We estimate the numerator of ����
 by Taylor expansion� Let b �

Z
�

 be the nearest lattice point to x and y � x � b� Thus jyj � 
�

p
�

Hence we have

���		


X
a�Z�

�

v�x� a
 �
X
a�Z�

�

v�y � a


�
X
a�Z�

�

v�� � a
 �
X
a�Z�

�

�v�y � a
� v�� � a

 �

where j�j � r�� By Taylor�s theorem we have

X
a�Z��

�v�y � a
� v�� � a

 �
X
a�Z��

Z �

�

�y � �
 � rv �� � a� t �y � �

 dt �

Now if we use the inequality

jrv�x
j �
log
� R

� r�

�
jxj �

we conclude from ���	�
� ���		
 that

���	
 	� u�x
 � C� R

�


�� X
n�Z�

��jnj�R���
�

	

jnj

where C is a universal constant� The inequality ����
 follows now by
observing that the sum in ���	
 is of order 
�R�

Next we wish to obtain a three dimensional generalization of Lem�
ma ��� First we consider a generalization of the boundary value prob�
lem ���	
�

Let v�x
 be the solution of the problem

���	�


���
��

�v�x
 � � v�x
 � r� � jxj � R� �

v�x
 � 	 � jxj � r� �

v�x
 � � � jxj � R� �

The function v�x
 is a Brownian motion expectation value� In fact
let X�t
 be Brownian motion started at a point x and � be the exit



Estimates on the solution of an elliptic equation ���

time from the region fy � r� � jyj � R�g� Let  be the characteristic
function�

�z
 �



	 � if jzj � r� �

� � if jzj � R� �

Then we have

���	�
 v�x
 � Ex�e
���X��

� �

It is well known that the solution of ���	�
 exists provided the parameter
� is larger than the largest eigenvalue of the Dirichlet Laplacian� For
� � � the solution of ���	�
 is given by ���
� For � �� � we have the
following�

Lemma ���� Let I� be the modi�ed Bessel function of the �rst kind

de�ned by the in�nite series�

I��z
 �
�X
k��

	

�k�
�

�z


��k
�

Suppose � satis�es the condition

���	�
 I��
p
� t
 �� � � r� � t � R� �

Then the solution v of ���	�
 is given by

���	�
 v�x
 �

I��
p
� r


Z R�

r

dt

t I�� �
p
� t


I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


�

where r � jxj�

Proof� The problem ���	�
 is rotation invariant� Hence v�x
 is just a
function of r � jxj� v�x
 � v�r
� and satis�es the equation

���	�


����
���

	

r

d

dr

�
r
dv

dr

�
� � v �

v�r�
 � 	 �

v�R�
 � � �
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This is a Bessel equation of order zero� It is easy to see that v�r
 �
I��
p
� r
 is a solution of the equation ���	�
� but not the boundary

condition� A second solution can be found by the method of reduction
of order provided ���	�
 holds� It is given by

���	�
 v�r
 � I��
p
� r


Z R�

r

dt

t I�� �
p
� t


�

It follows from ���	�
 that the function ���	�
 satis�es ���	�
�
We consider a region in R� which has a two dimensional structure�

For � � � r� � R� consider the two cylinders

���	�


S� � fx � �x�� x�� x�
 � �R� � x� � R�� x
�
� � x�� � R�

�g �

S� �
n
x � �x�� x�� x�
 �

�R�


� x� �

R�


� x�� � x�� � r��

o
�

The region D we wish to consider is given by D � S�nS�� The boundary
�D ofD is evidently the union of �S� and �S�� We consider the problem

����


���
��

�v�x
 � � � x � D �

v�x
 � 	 � x � �S� �

v�x
 � � � x � �S� �

Lemma ���� Suppose x � �x�� x�� x�
 � D� and r� � x�� � x��� Then

there is a universal constant c � � such that

���	
 v�x
 � c
log
�R�

r

�
log
�R�

r�

� �

provided jx�j � R����

Proof� Consider the two dimensional Brownian motion started at
�x�� x�
 and consider all paths which hit the circle r � r� before hitting
the circle r � R�� Let � be the hitting time for such paths and suppose
��r� t
 is the density for � � Then the function

���


Z �

�

e��t ��r� t
 dt
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is the solution to the problem ���	�
� This follows from the represen�
tation ���	�
� Next let X��t
 be Brownian motion started at x� � R

and let �� be the �rst exit time from the interval ��R�� R��� We de�ne
w�x�� t
 by

����
 w�x�� t
 � Px�

h
� R�


� X��t � ��
 � R�



i
�

Evidently w�x�� t
 satis�es the heat equation

����

�w

�t
�
��w

�x��
� �R� � x� � R� � t � � �

with the boundary conditions

����
 w�R�� t
 � w��R�� t
 � � � t � � �

and the initial conditions

����
 w�x�� �
 �

�
	 � �R�


� x� �

R�


�

� � otherwise �

It is clear from the de�nition ����
 that the solution v of ����
 has
the representation

����
 v�x�� x�� x�
 � v�r� x�
 �

Z �

�

��r� t
w�x�� t
 dt �

Observe that for any � � � there is a constant 	� � � depending only
on �� such that

w�x�� t
 � 	� � � � jx�j � R�

�
� � � t � �R�

� �

Hence� provided jx�j � R��� there is the inequality

����
 v�r� x�
 � 	�

Z �R��

�

��r� t
 dt �

Now from Lemma ��� we see there exists an � � � independent of R�

such that Z �

�

exp
� � t
R�
�

�
��r� t
 dt � C�

log
�R�

r

�
log
�R�

r�

� �
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for some constant C� � � depending only on �� Thus for any � � � one
has the inequality

Z �

�R��

��r� t
 dt � exp ����
C�
log
�R�

r

�
log
�R�

r�

� �

Choosing � such that exp ��� �
C� � 	�� we conclude that

����


Z �R��

�

��r� t
 dt � 	



log
�R�

r

�
log
�R�

r�

� �

The inequality ���	
 follows now from ����
� ����
�

Lemma ���� Let v�x
 � v�x�� x�� x�
 � v�r� x�
 be the solution of

����
� Then there is a universal constant C � � such that

�����

����v�r� �


�r

��� � C

r
log
�R�

r�

�
�

Proof� The eigenfunction expansion for the solution to the problem
����
� ����
� ����
 is given by

w�x�� t
 �
	

R�

�X
m��

exp
�
� ��m�

�R�
�

t
�
sin
��m
R�

�x� � R�

�

�
Z R���

�R���

sin
��m
R�

�� �R�

�
d� �

Hence from ����
 we have

v�r� �
 �
�X
m��



�m
�	� ��	
m
u

�
r�
��m�

�R�
�

�
sin
��m

�

�
�

where u�r� �
 is the function given by ���
� Consequently

����	

�v�r� �


�r
� �

�X
m��

am�r
 sin
��m

�

�
�
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where

����
 am�r
 �
�
�m

�	� ��	
m

�u

�r

�
r�
��m�

�R�
�

�
� � �

The inequality ����
 follows from the maximum principle applied to the
equation ���	�
 which u�r� �
 satis�es� We shall prove in the appendix
that

�����

�

�r

�

��

�u�r� �
p
�

�
� � � r� � r � R� � � � � �

It follows then from �����
 that am�r
 is a decreasing function of odd
integers m� Hence by the alternating series theorem applied to ����	

we conclude that ����v�r� �


�r

��� � a��r
 � a��r
 �

Next we use Lemma ��� to estimate a��r
� a��r
� From ���	�
 we see
that

�u

�r
�r� �
 � �

�I��p� r

r

�p� I ���
p
� r


Z R�

r

dt

t I�� �
p
� t


�

I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


�

Thus we have

����u
�r

�
r�

��

�R�
�

���� � C

r

	 �
� r

R�

��
log
�R�

r

�
log
�R�

r�

� �

for some universal constant C � �� In view of the fact that z� log �	�z
�
	�e� for � � z � 	� we conclude that

a��r
 � C

r log
�R�

r�

� �

for some universal constant C� Since a similar inequality holds for a��r

the inequality �����
 follows�
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We wish to obtain a three dimensional analogue of Lemma ��� For
a � �a�� a�
 � R� let S��a
 be the cylinder S� of ���	�
 centered at the
point �a�� a�� �
 � R� � Then for  r� � 
 � L we de�ne the set W
�L to
be

�����
 W
�L � S�n  fS��a
 � a � Z�
� S��a
 � S�g �
where we take R� � L in ���	�
� Thus W
�L is a three dimensional
analogue of the set ����
� Consider the Dirichlet problem corresponding
to ����
�

�����


���
��

�u�x
 � � � x �W
�L �

u�x
 � � � x � �S� �

u�x
 � 	 � x � �S��a
 � S��a
 � S� � a � Z�
 �
The following lemma generalizes Lemma ���

Lemma ���� Suppose � r� � L and u�x
 is the solution of �����
� Then
there is a universal constant c � � such that

�����
 inf
jxj�L��

u�x
 � 	� c 


L
�

provided 
 lies in the region

 r� � 
 �
L

log
� L
r�

� �

Proof� First consider x � �x�� x�� �
� Let v�x
 be the solution of the
problem ����
 with R� � L��� Then

�����
 u�x
 �

X
a�Z��

v�x� a


sup
n X
a�Z��

v�y � a
 � y � �S�
o �

From Lemma ��� it follows that

sup
n X
a�Z��

v�y � a
 � y � �S�

o
� c

� L

�


��
log
� L

� r�

� �
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for some universal constant c � �� Now we can obtain a lower bound
on the numerator in �����
 by the same argument as in Lemma ���
using Lemma ���� Hence �����
 follows for x of the form x � �x�� x�� �
�
jxj � L��� Finally it is easy to extend these considerations to the case
x� �� �� jxj � L��� by observing that u�x
 is bounded below by the
solution for cylinders centered on the x� constant plane of length L��
This last situation is just the x� � � case again�

Next let  � r� � R� and D � R
� be the cylinder

D � fx � �x�� x�� x�
 � �R� � x� � R�� r
� � x�� � x�� � R�

�g �

We de�ne a drift b � D �� R
� as follows

�����


b�x�� x�� x�
 � � � r� � r � R� � �R� � x� � R� �

b�x�� x�� x�
 � �
�x�
r
�
x�
r
� 	
�
� r � r� � �R� � x� � R� �

For x � D let Px�D
 be the probability that the Brownian process
with drift b� started at x� exits �D through the bottom of the cylinder�
�D�fx � x� � �R�g� We wish to obtain a lower bound for Px�D
 when
r � r�� To obtain this we consider an auxiliary region D� de�ned by

D� �
n
x � r � 	 � �R� � x� �

R�



o
�

Let Qx�D�
 be the probability of exiting the region DnD� through the
bottom of the cylinder �D � fx� � �R�g or through �D�� Then it is
clear that for x � DnD��

�����
 Px�D
 � Qx�D�
 inf fPy�D
 � y � �D�g �

We shall estimate both quantities on the right in �����
�

Lemma ��	� Let b� be a drift on D which is the same as b except the x�
component is always zero� Let Q�

x�D�
 be the probability corresponding

to b�� Then

�����
 Qx�D�
 � Q�
x�D�
 �
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Proof� Let u�x
 � Qx�D�
� x � DnD�� Then u is the solution of the
Dirichlet problem

����	


���
��
��u�x
� b�x
 � ru�x
 � � � x � DnD� �

u�x
 � 	 � x � ��D � fx� � �R�g
  �D� �

u�x
 � � � x � �D � fx� � �R�g �

Similarly if v�x
 � Q�
x�D�
 then v satis�es the equation

��v�x
� b��x
 � rv�x
 � � � x � DnD� �

with the same boundary conditions as in ����	
� We shall show later
that

����

�v�x


�x�
� � � x � DnD� �

Thus we have

���u�v
�b�x
�r�u�v
 � �b�x
�b��x

�rv�x
 � � � x � DnD� �

in view of ����
� Since u�v has zero boundary conditions on �D�D�

it follows by the maximum principle that

u�x
 � v�x
 � x � DnD� �

This is exactly the inequality �����
�

To prove ����
 we use a representation for the function v�x
 which
is analogous to ����
� Consider two dimensional Brownian motion with
drift b�x�� x�
 de�ned by

b�x�� x�
 �

�
� � r � r� �

�
�x�
r
�
x�
r

�
� r � r� �

Suppose the motion starts at �x�� x�
 and consider only paths which
hit the circle r � 	 before the circle r � R�� Let �� be the hitting time
for such paths and ���r� t
 be the density for ��� Similarly let �� be the
hitting time for paths which �rst hit the circle r � R� and ���r� t
 the
density for ���
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Next let X��t
 be Brownian motion started at x� � R and �� be
the �rst exit time from the interval ��R�� R��� Let w�x�� t
 be given by

w�x�� t
 � Px�

�
�R� � X��t � ��
 � R�



�
�

h�x�� t
 � Px���� � t� X����
 � �R�
 �

Then we have the representation�

�����


v�x�� x�� x�
 �

Z �

�

���r� t
w�x�� t
 dt

�

Z �

�

����r� t
 � ���r� t

h�x�� t
 dt �

The function w�x�� t
 satis�es the heat equation ����
 with boundary
condition ����
 and initial condition given by

�����
 w�x�� �
 �

���
��

	 � �R� � x� �
R�


�

� �
R�


� x� � R� �

The function h�x�� t
 satis�es the heat equation ����
 with boundary
conditions

�����
 h��R�� t
 � 	 � h�R�� t
 � � � t � � �

and initial conditions given by

�����
 h�x�� �
 � � � �R� � x� � R� �

Lemma ��
� The function h�x�� t
 is a decreasing function of x� in

the interval ��R�� R���

Proof� By the maximum principle one has

� � h�x�� t
 � 	 � �R� � x� � R� �

Hence if we put u�x�� t
 � �h�x�� t
��x�� then u�x�� t
 satis�es the heat
equation with initial and boundary conditions satisfying

u�x�� �
 � � � �R� � x� � R� �

u��R�� t
 � � � u�R�� t
 � � � t � � �
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Again by the maximum principle for the heat equation it follows that

u�x�� t
 � � � �R� � x� � R� � t � � �

Hence h�x�� t
 is a decreasing function of x��

Lemma ���� The function w�x�� t
 � h�x�� t
 is a decreasing function

of x� in the interval ��R�� R���

Proof� Putting u�x�� t
 � w�x�� t
 � h�x�� t
� it is easy to see from
�����
� �����
� �����
 that u satis�es the heat equation with boundary
and initial conditions given by

u�x�� �
 �

���
��

	 � �R� � x� �
R�


�

� �
R�


� x� � R� �

u��R�� t
 � 	 � u�R�� t
 � � � t � � �

It follows again by the maximum principle for the heat equation that

� � u�x�� t
 � 	 � �R� � x� � R� � t � � �

Now we apply the same argument as in Lemma ��� to complete the
proof�

The inequality ����
 follows easily now from �����
 and Lemmas
���� ����

Next we wish to estimate Q�
x�D�
� In view of the fact that the drift

b� does not depend on x� this is easier to estimate than Qx�D�
� Let
us consider the function

u�r� �
 �

Z �

�

e��t���r� t
 dt �

Then u�r� �
 satis�es the equation

�����


�����
����

d�u

dr�
�
�
b��r
 �

	

r

�du
dr

� � u � 	 � r � R� �

u�	� �
 � 	 �

u�R�� �
 � � �
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Here b��r
 is given by the magnitude of b��

b��r
 �



�� r � r� �

�	 � r � r� �

Lemma ���� Suppose  � r� � R�� and � � �R� � 	� Then there is a

universal constant C such that

�����
 u�r�� �
 � 	� C
log r�
logR�

�

Proof� By the maximum principle the solution of �����
 is bounded
below by the solution of the zero drift problem� Thus from Lemma ���
we have the inequality

u�r�� �
 �
I��
p
� r�


Z R�

r�

dt

t I�� �
p
� t


I��
p
�


Z R�

�

dt

t I�� �
p
� t


�
I��
p
� r�


I��
p
�



	�

Z r�

�

dt

t I�� �
p
� t
Z R�

�

dt

t I�� �
p
� t


�
�

Evidently one has

I��
p
� r�


I��
p
�


� 	 ������


Z r�

�

dt

t I�� �
p
� t


� log r� ������


If we use the fact that there is a universal constant C � � such that
I��
p
� t
 � C for � � t � R

���
� then it is clear that

����	


Z R�

�

dt

t I�� �
p
� t


� C� logR� �

for some universal constant C�� The inequality �����
 follows now from
�����
� �����
� ����	
�
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Lemma ����� Suppose x � �x�� x�� x�
 � DnD� with x� � R��� and

r� � �x�� � x��

���� Then if  � r� � R� there is a universal constant C

such that

����
 Q�
x�D�
 � 	� C

log r�
logR�

�

Proof� First we show that

�����


Z R
���
�

�

���r�� t
 dt � 	� C�
log r�
logR�

�

for some universal constant C�� To see this observe from Lemma ��	�
that Z �

�

e�t�R����r�� t
 dt � 	� C�
log r�
logR�

�

Thus

�����


Z R
���
�

�

���r� t
 dt� e�R
���
�

Z �

R
���
�

���r� t
 dt � 	� C�
log r�
logR�

�

Now� if we use the fact thatZ �

�

���r� t
 dt � 	 �

we conclude from �����
 that

�����

�	� e�R

���
� 


Z R
���
�

�

���r� t
 dt

� 	� e�R
���
� � C�

log r�
logR�

�

The inequality �����
 clearly implies �����
�
The result ����
 follows now from the representation �����
 by

observing from the re�ection principle that

Px�

h
X��t
 �

R�


� � � t � R

���
�

i
� 	� 

Z �

R����x�

	�
��R

���
�

���� exp
�
� z�

�R
���
�

�
dz �
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Next we wish to obtain a lower bound on Py�D
 for y � �D�� We
shall show that if r� is of order logR� then this bound is close to 	�

Lemma ����� Let X��t
 be one dimensional Brownian motion started

at x� � R with constant drift b�x�
 � �	� x� � R� Let �� be the exit time

from the interval ��R�� R��� where R� � 	� Then there is a universal

constant C � � such that for x� in the interval jx�j � R�� there is the

inequality

�����
 Px���� � R�
� � X����
 � �R�
 � 	� C

R
���
�

�

Proof� For � � � let u�x�� �
 be de�ned by

�����
 u�x�� �
 � Ex� �e
����X����

� �

where

�z
 �



	 � if z � � �

� � if z � � �

Then u�x�� �
 satis�es the equation

�����


�����
����

d�u

dx��
� du

dx�
� � u � �R� � x� � R� �

u��R�� �
 � 	 �

u�R�� �
 � � �

The equation �����
 can be solved explicitly to yield

�����
 u�x�� �
 �
e�x�	R���� sinh

� �	 � ��
����R� � x�




�
sinh ��	 � ��
���R�


�

Next we take � � 	�R
���
� � Then it is clear from �����
 that

�����
 u�x�� �
 � 	� C�

R
���
�

� �R�


� x� �

R�


�

Arguing as before we can see from �����
 that

����	

Px���� � R�

�� X����
 � �R�


� �	� e��R
�
�
�� �u�x�� �
� e��R

�
�
 �
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The inequality �����
 follows now from �����
� ����	
�

Lemma ����� Let X�t
 be two dimensional Brownian motion started

at x � �x�� x�
 � R� with drift b de�ned by

b�y�� y�
 � � �y�� y�


�y�� � y��

���

�

Suppose �x�� x�
 lies on the unit circle and � is the �rst hitting time

on the circle radius r� � 	� Then for R� �  there exists a universal

constant C � � such that if r� � C logR� then there is the inequality

����
 P �� � R�
�
 � 	� C

R�
�

Proof� Let us put

u�x
 � Ex�e
�� � � � � � �

and let r � �x�� � x��

���� Then u�x
 � u�r
 satis�es a boundary value

problem�

��
�

d�u

dr�
�
�	
r
� 	

�du
dr

� � u � � � r � r� �

u�r�
 � 	 �

Let v�r
 be the solution of the boundary value problem

�����


�����
����

d�v

dr�
� 	



dv

dr
� � v �  � r � r� �

v�r�
 � 	 �

v��
 � � �

In view of the fact that u��
 � � it follows from the maximum principle
that

u�r
 � v�r
 �  � r � r� �

Now we have

�����
 P �� � R�
�
 � e u

�
	�

	

R�
�

�
� e u

�
�

	

R�
�

�
� e v

�
�

	

R�
�

�
�
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We can estimate the last expression in �����
 since the solution of �����

can be explicitly computed� It is given by

�����


v�r� �
 �
��� 	
 exp

� ��� 	
 �r � 


�

�
A

�
��� 	
 exp

�
� ��� 	
�r � 


�

�
A

with

A � ��� 	
 exp
� ��� 	
�r� � 


�

�
� ��� 	
 exp

�
� ��� 	
�r� � 


�

�
�

where � is related to � by

�����
 � � �	 � 	� �
��� �

It is easy to see from �����
� �����
 that

�����
 v
�
�

	

R�
�

�
� �

�� 	
exp

�
� ��� 	
 �r� � 


�

�
� C

R�

if r� � C logR� and C is su�ciently large� The inequality ����
 follows
now from �����
 and �����
�

Corollary ���� There exists a universal constant C � � such that if

r� � C logR� then for y � �D� there is the inequality

Py�D
 � 	� C

R
���
�

�

Proof� From Lemmas ��	 and ��	� there is the inequality

Py�D
 �
�
	� C

R
���
�

��
	� C

R�

�
�

Thus we are estimating the probability by restricting to paths which
remain in the cylinder r � r� until they exit� For paths which remain
in the cylinder� the components of the Brownian motion in the x� and
�x�� x�
 directions are independent�
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Corollary ���� Suppose x � DnD� with x� � R���� r� � �x�� � x��

����

Then there is a universal constant C � � such that for r� � C logR��

there is the inequality

�����
 Px�D
 � 	� C

�logR�
���
�

Proof� The inequality �����
 follows from �����
 and Lemmas ����
��		 and Corollary ��	�

Lemma ����� Suppose R � � Then there is a drift b � R� �� R�

with the following properties�

a
 supp �b
 � fx � �R�� � jxj � �R��g�
b
 b�x
 � x � �� x � R� �
c
 kbk� � 	� Z

R�

jbj dx � CR �logR
� �

for some universal constant C � ��

d
 For x � R� satisfying jxj � R let Px be the probability that the

drift process exits the region fy � R� � jyj � Rg through the outer

boundary fy � jyj � Rg� Then there is a universal constant C � �
such that

�����
 Px � min
n
�
�

C

�logR
���

o
�

Proof� Let a � R
� satisfy jaj � R� and W
�L�a
 denote the set W
�L

of �����
 rotated and translated such that the origin corresponds to a
and the �x�� x�
 plane to the tangent plane to the sphere fx � jxj � Rg
at the point a� We furthermore choose 
� L by

�����
 L � �R � 
 �
L

 logL
�

where � satisfying � � � � 	 will be chosen independently of R�
We de�ne a drift ba�x
� x � R� as follows� Suppose S� is one of the

cylindrical holes in W
�L�a
� Thus S� has radius r� and height L� Let
�x�� x�� x�
 be orthogonal coordinates with x� in direction a and origin
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at the center of the circle formed by the intersection of S� with the
tangent plane to the sphere jyj � R at a� We de�ne ba�x
 for x � S�
by �����
� We similarly de�ne ba�x
 for x in any cylindrical hole S� of
W
�L�a
� Otherwise we set ba�x
 � ��

Next we choose a �nite number of points a�� � � � � aN on fx � jxj �
Rg with the properties� 	
 For any x � fy � jyj � Rg there is an
ai� 	 � i � N � such that jx� aij � L��� 
 None of the holes S� in the
cylinders W
�L�ai
� 	 � i � N � intersect�

Finally we choose r� � � logR�� R� � L� so that Corollary ��
holds and de�ne the drift b by b �

PN
i�� bai � It is easy to see now that

the parameters ���� N can be chosen in a universal way so that 	
� 
�
a
� b
� c
 hold� It remains then to verify d
�

To prove d
 let x be such that jxj � R and ai satisfy jx�aij � L���
Let Qx be the probability of hitting one of the cylinders where b �� �
before exiting the region fy � R �	 � �
 � jxj � R �	 � �
g� Then by
Lemma ��� and �����
 there is a constant C� depending on � such that

����	
 Qx � 	� C�
logR

�

Next� for y � fz � R �	� �
 � jzj � R �	 � �
�b�z
 �� �g� let Hy be the
probability that the drift process exits the set fz � R �	 �  �
 � jzj �
R �	 �  �
g through the inner boundary fz � jzj � R �	 �  �
g� Then
by Corollary ��� � can be chosen su�ciently small such that

����
 Hy � 	� C

�logR
���
�

where the constant C depends only on ���� Finally� for y satisfying
jyj � R �	 �  �
 let Ky be the probability that the drift process exits
the set fz � R� � jzj � Rg through the outer boundary fz � jzj � Rg�
In view of b
 and the maximum principle this probability is less than
the corresponding Brownian motion probabilty� Hence one has

�����
 Ky � 	� � �

	�  �
� 	 �

We use ����	
� ����
� �����
 to estimate Px from above� In fact one
clearly has

�����
 Px � �	�Qx
 �Qx�	� inf
y
Hy
 �Qx sup

y
Hy sup

y
Ky sup

y
Py �
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The inequality �����
 follows now from �����
 and the previous inequal�
ities since � can be chosen in a universal way with � � ��

We use Lemma ��	� to construct a drift on R� � In fact let bn be
the drift constructed in Lemma ��	� with R � �n� n � �	��� � � �
Then we put

�����
 b �
��X

n���

bn �

Observe that supp �bn
 do not overlap for di�erent n� Hence from b
�
d
 of Lemma ��	� we have the inequality

p�n � sup
jxj���n

P �drift process started at x with drift given by

�����
 exits the region �n�� � jyj � �n	�

through the outer boundary

�����


� min
n
�
�

C

jnj���
o
�

for some universal constant C � �� �n � 	� � � � �

Lemma ����� Let b be the drift given in �����
 and suppose an�p is

de�ned by �	��
 and n�� R related by �	��
� Then for any constants 	�
C� � �� � � 	 � 	� there is the inequality�

�����

�X
m��

	m sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
� KR� �

for some constants K�� depending only on 	� C� and p satisfying 	 �
p � �

Proof� From c
 of Lemma ��	� we see that

�����

�X
j��

an�	j�p��
 � C �

where C is a universal constant� This follows because p � � On the
other hand it is easy to see that if x satis�es �n�� � jxj � �n	� then

�����

�X
j��

an�	j�p�x
 � C jnj �
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for some universal constant C� Hence from �����
� �����
� we have

sup
x��R

exp
�
C�

mX
j��

an�	j�p�x

�
� exp �C�C jn�j
 � R� �

for some � depending only on C�C� Hence �����
 follows�

Our �nal goal now is to use the inequality �����
 to prove that the
expected time to exit �R� starting at the origin� exceeds R� for any ��
provided R is su�ciently large� In view of Lemma ��	� this will show
that there is no inequality �	��
 for p � �

Lemma ����� Let S�� S�� � � � � SM be a set of concentric spheres with

radii r�� r�� � � � � rM satisfying r� � r� � � � � � rM � Let Y �t
 be a

stochastic process with continuous paths which is Brownian motion in

the set fx � jxj � r�g� Consider every path of Y �t
 as being a random

walk on the spheres S�� S�� � � � � SM � For x � S� let Nx be the number

of times this random walk� started at x� hits S� before hitting SM � Let

�x be the amount of time taken for the process started at x to reach the

sphere SM � Then� if  r� � r�� there is an inequality

�����
 E ��x� � Cr�� E �Nx� �

where C is a universal constant�

Proof� For z � S� let p�z
 be the probability of the process started at
z hitting SM before S�� For n � 	� � � � � � and x � S�� y � S� let qn�x� y

be the probability density for the process started at x and hitting S� n
times without hitting SM � Thus if O � S� is an open set�

P �Y with Y ��
 � x hits S� n times without hitting SM and

that on the n�th hit it lands in the set O
 �

Z
O

qn�x� y
 dy �

For x � S� let Tx be the �rst hitting time on S� for the process Y
started at x� In view of our assumptions Tx is purely a Brownian
motion variable� Then we have the identities

����	


P �Nx � 	
 � E �p�Y �Tx

� �

P �Nx � m� 	
 � E
h Z

S�

qm �Y �Tx
� y
 p�Y �Ty

 dy
i
�
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with m � 	� � � � � Clearly we also have the relation

����
 qm�x� y
 � E
h Z

S�

qn�x� z
 qm�n �Y �Tz
� y
 dz
i
�

with n � 	� � � � �m�	� We shall use the functions p� qm and the variables
Ty to obtain a lower bound on E ��x�� We do this by bounding E ��x�
below by the amount of time the path spends in jumping from S� to
S�� Thus

E ��x� � E �Tx p�Y �Tx

�

�
�X
m��

�
E
h
Tx

Z
S�

qm�Y �Tx
� y
 p�Y �Ty

 dy
i

�
m��X
n��

E
h Z

S�

Z
S�

dy dz qn�Y �Tx
� y


�����


� Ty qm�n �Y �Ty
� z
 p�Y �Tz


i

� E
h Z

S�

qm�Y �Tx
� y
Ty p�Y �Ty

 dy
i�

�

Since Ty is purely a Brownian motion variable and  r� � r�� there is a
universal constant C � � such that

�����
 E �Ty jY �Ty
� � C r�� � y � S� �

Substituting �����
 into �����
 and using the identities ����	
� ����

yields the inequality �����
�

Lemma ���	� Let S�� S�� � � � � SM be a set of concentric spheres with

radii r�� r�� � � � � rM satisfying r� � r� � � � � � rM � For j � 	� � � � �M�	
let pj�x� y
 be nonnegative functions of x � Sj � y � Sj	� satisfying

� �

Z
Sj��

pj�x� y
 dy � pj � 	 � x � Sj �

for some positive numbers p�� � � � � pM��� Suppose now that the pj�x� y
�
j � 	� � � � �M � 	� are probability density functions for a stochastic pro�

cess Y �t
 with continuous paths in the following sense� for any open set

O � Sj	��

P �Y started at x � Sj exits the region

between Sj�� and Sj	� through O
 �

Z
O

pj�x� y
 dy �
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Let x � S� and Nx be the number of times the process hits S� before

hitting SM when viewed as a random walk on the spheres S�� � � � � SM �

Then

�����
 E �Nx� � 	 �
M��X
j��

jY
i��

qi
pi

�

where qi � 	� pi� i � 	� � � � �M � 	�

Proof� We shall �rst prove �����
 in the case M � � Thus if we put
u�x
 � E �Nx� it follows that

�����
 u�x
 �

����
���

Z
S�

q��x� y
u�y
 dy � x � S� �Z
S�

p��x� y
u�y
 dy� 	 � x � S� �

where

�����


P �Y started at x � S� exits the region inside

S� through the open set O � S�
 �

Z
O

p��x� y
 dy �

�����


P �Y started at x � S� exits the region between S�

and S� through the open set O � S�
 �

Z
O

q��x� y
 dy �

Evidently from the de�nitions �����
� �����
 one has

Z
S�

p��x� y
 dy � 	 � x � S� �

Z
S�

p��x� y
 dy�

Z
S�

q��x� y
 dy � 	 � x � S� �

From �����
 we have

�����
 u�x
 �

Z
S�

p��x� y


Z
S�

q��y� z
u�z
 dz dy � 	 � x � S� �
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Hence if we put u� � inf fu�x
 � x � S�g then

u�x
 � u�

Z
S�

p��x� y


Z
S�

q��y� z
 dz dy � 	

� u�

Z
S�

p��x� y

�
	�

Z
S�

p��y� z
 dz
�
dy � 	

� u�

Z
S�

p��x� y
 �	� p�
 dy � 	 � u� �	� p�
 � 	 � x � S� �

Taking the in�mum on the left in �����
 we conclude

�����
 u� � 	

p�
�

This last inequality is just �����
 for M � �
To generalize this for M �  let P��x� y
 be de�ned by

P �Y started at x � S� exits the region between S�

and SM through the open set O � SM 
 �

Z
O

P��x� y
 dy �

From ��� Lemma ���� it follows that

����	


Z
SM

P��x� y
 dy � P� � x � S� �

where

����
 P� �
	

	 �
M��X
j��

jY
i��

qi
pi

�

Hence �����
 follows from �����
� ����	
� ����
�

We use Lemmas ��	� and ��	� to obtain a lower bound on u��

where u is the solution of �	�	
� �	�
 with f 	 	 and drift given by
�����
� Let Sj � j � �� 	� � � � � be spheres centered at the origin with
radius j� Then the probabilities pj � j � 	� � � � �M � 	 � of Lemma ��	�
satisfy by �����
 the inequality

pj � min
n
�
�
Cp
j

o
� j � 	� � � � �
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Consequently� if R � �n� one has from Lemmas ��	� and ��	� the
inequality

u��
 � C
�
	 �

jn�j��X
j��

jY
i��

qi
pi

�
� C exp �C� jn�j log jn�j

�
�

where C�C� are universal constants� Thus one has an inequality

u��
 � CR� log logR �

for some C�� � �� In view of Lemma ��	� the inequality �	��
 does not
hold for R su�ciently large�

�� Perturbative estimates on the exit probabilities from a

spherical shell�

In this section we shall be interested in the drift process with per�
turbative drift b� For R� � R � R� let UR��R� be the spherical shell

UR��R� � fx � R� � R� � jxj � R�g �

Now suppose we start the process o� on the sphere fx � jxj � Rg
with density f�x
� jxj � R� Some of the paths of the process exit the
shell UR��R� through the boundary fjxj � R�g and the others through
fjxj � R�g� Hence the density f induces densities f� on fjxj � R�g and
f� on fjxj � R�g� We shall be interested in comparing f�� f� and f �
To do this we shall need to de�ne norms of these functions� Let � � �
and g a measurable function on the sphere fjxj � �g� For 	 � q � �
we de�ne the Lq norm of g by

kgkq �
� 	

����

Z
jxj��

jg�x
jq dx
���q

�

Thus k�kq � 	� For an L� function g we de�ne Av g by

Av g �
	

����

Z
jxj��

g�x
 dx �

It is clear that the functions f�� f�� f satisfy

Av f� � Av f� � Av f �
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We wish to obtain an expression for f� in terms of f � Let g�x
 be a
function de�ned on the sphere fjxj � R�g and u�x
 � Pg�x
 be de�ned
for x � UR��R� as the solution of the boundary value problem

���	


���
��

�u�x
 � � � R� � jxj � R� �

u�x
 � g�x
 � jxj � R� �

u�x
 � � � jxj � R� �

For x� y � UR��R� let GD�x� y
 be the Dirichlet Green�s function and kT
the kernel

���
 kT �x� y
 � b�x
 � rxGD�x� y
 � x� y � UR��R� �

Suppose g � Lq�fjxj � R�g
� Then we de�ne the operator Q by

����
 Qg�x
 �

Z
UR��R�

GD�x� y
 �I�T 
�� b �rPg�y
 dy � jxj � R �

where T is the operator induced by the kernel kT � The expression ����

is purely formal� It takes functions with domain fjxj � R�g to functions
with domain fjxj � Rg� Similarly� the operator P de�ned above takes
functions on the sphere jxj � R� to functions on the sphere jxj � R�
Hence the formal adjoints P � and Q� of P and Q take functions on
jxj � R to functions on jxj � R�� We have now the relation

f� � P �f �Q�f �

Our major goal here will be to show that the operator Q� is dominated
by the operator P �� We shall prove this by showing that Q is dominated
by P � To do this we shall need various estimates on the Green�s function
GD�x� y
 and its derivatives� Observe that the Green�s function for the
shell UR��R� can be obtained from the Green�s function for a sphere by
the method of images� The estimates we need on GD�x� y
 can easily
be derived from this image representation� First we shall consider the
simplest of cases R� � �� R� � R� We obtain an improvement on
Lemma ��

Lemma ���� Suppose R� � �� R� � R� Let r� p� q satisfy the inequal�

ities 	 � r � p � �� q � r�

����

	

q
�

	

r
� 	

p

	� 	

p

�
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Then if g � Lq�fjxj � R�g
 the function b �rPg is in the Morrey space

Mq�
r �fjxj � R�g
� where

����

	

q�
�

	

�
�



� q

and

����
 kb � rPgkq��r � C R��q�� kbk��p kgkq �

Proof� The idea of the proof here is to use the Harnack inequality�
Thus it follows from Harnack that if g is a nonnegative function then
there is a universal constant C such that

�R� � jxj
 jrPg�x
j � CPg�x
 �

Hence for any cube Q one has

	

Rr
�

Z
Q�fjxj�R�g

�R� � jxj
r jb�x
jr jrPg�x
jr dx

� Cr

Rr
�

Z
Q�fjxj�R�g

jb�x
jr jPg�x
jr dx

�
Cr

Rr
�

Z
Q�fjxj�R�g

jb�x
jr����� jb�x
jr� jPg�x
jr dx����


� Cr

Rr
�

�Z
Q

jb�x
jr���������r�q� dx
���r�q

�
�Z

Q�fjxj�R�g

jb�x
jq�jPg�x
jq dx
�r�q

�

Since P �	
 � 	 it follows by Jensen that

�Pg�x

q � Pgq�x
 �

Thus

����


Z
Q�fjxj�R�g

jb�x
jq� jPg�x
jq dx

� � sup
jxj�R�

CQ�x

� Z

jxj�R�

jg�x
jq dx �
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where

CQ�x
 �

Z
Q�fjyj�R�g

jb�y
jq�P�x�y
 dy �

and �x is the Dirac � function concentrated at x� jxj � R�� We suppose
now that � � � is chosen so that q � � 	� Then we have

CQ�x
 � C

Z
Q

jb�y
jq�
jy � xj� dy � C

�X
n�n�

�n
Z
Qn

jb�y
jq� dy �

where the Qn are cubes with side �n and n� is chosen so that jQj �
��n� � Using the fact that b �M�

p we conclude that

CQ�x
 � C
�X

n�n�

�n jQnj��q��� kbkq���p � C jQj���q���� kbkq���p �

for some universal constant C� Hence from ����
 and ����
 we conclude
that

	

Rr
�

Z
Q�fjxj�R�g

�R� � jxj
r jb�x
jr jrPg�x
jr dx

� Cr

Rr
�

jQj��r�q�r������� jQj���q��r��q kbkr��pR�r�q
� kgkrq����


� CrR
r���q���
� jQj��r�q� kbkr��p kgkrq �

where q� is given by ����
 and � must satisfy the inequality

���	�

r �	� �


	� r

q

� p �

The inequality ���	�
 taken together with the condition q � � 	 implies
����
� The inequality ����
 is an immediate consequence of ����
�

Remark� Observe that ����
 is the same as ���
 but ����
 is an im�
provement on ���
�

Proposition ���� For 	 � q � � the operator Q de�ned by ����

is a bounded operator from Lq�fjxj � R�g
 to Lq�fjxj � Rg
 provided
kbk��p � � for su�ciently small � depending on p and q� Furthermore
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the norm of Q� kQk satis�es an inequality kQk � C�� where C is a

universal constant�

Proof� We have by Lemma ��	 and Proposition �	 that if � is su��
ciently small then

Qg�x
 �

Z
jyj�R�

GD�x� y
h�y
 dy � jxj � R �

where h is in the Morrey space Mq�
r �fjxj � R�g
 and

���		
 khkq��r � CR
��q��
� kbk��p kgkq �

for some universal constant C� Arguing as in Lemma �� we see that if
m � 	 satis�es the inequality

���	



�
�

	

q�m
�

	

q�
�

	

�m
�

then
Qg � Lm�fjxj � Rg


and

���	�
 kQgkm � CR
����q�
� khkq��r �

for some constant C� This inequality ���	
 holds provided m satis�es
the inequality

���	�

	

m
�

� q


�

It is easy to see that ���	�
 holds with m � q for all q � 	� The
result now follows from ���		
 and ���	�
 by observing that �q � 	 �
��� ��q�
�

Corollary ���� Suppose R� � �� R� � R� Then for any p� 	 � p � �
and q � 	 the following holds� there exists �� � � � depending only on

p� q such that if kbk��p � � and kf �Av fkq � �jAv f j then

kf� � Av f�kq � �jAv f�j �
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Proof� By Proposition ��	 the operator Q� is a bounded operator
from Lq�fjxj � Rg
 to Lq�fjxj � R�g
 and kQ�k � C�� We combine
this with the fact that there exists 	� � � 	 � 	� such that

���	�
 kP ��f � Av f
kq � 	kf � Av fkq �

The inequality ���	�
 follows by the same argument as in ��� Lemma ��	��
It is clear that

Av f � P ��Av f
 � AvP �f � Av f� �

Thus

kf� � Av f�kq � kQ�f � AvQ�f � P ��f � Av f
kq
� C� kfkq � 	 kf � Av fkq
� C� �	 � �
 jAv f j� 	 � jAv f j
� � jAv f j
� � jAv f�j �

if � is chosen so that

C�
	 � �

�
� 	 � 	 �

The proof is complete�

Next we state an obvious generalization of Corollary ��	�

Corollary ���� Suppose R� � R�� R� � R� Then for any p� 	 � p �
� and q � 	 the following holds� there exist positive constants c�� c�� �� �
depending only on p� q such that if kbk��p � � and kf�Av fk� � � jAv f j
then

jAv f�j � c� jAv f j and kf� � Av f�kq � � jAv f�j �
jAv f�j � c� jAv f j and kf� � Av f�kq � � jAv f�j �
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Proof� We shall just show that jAv f�j � jAv f j� Observe that

Av �P �f
 � P ��Av f


� �Av f
P ��	


� �Av f
P �Brownian motion started at x with jxj � R

exits UR��R� through the boundary jyj � R��

�

	

R�
� 	

R
	

R�
� 	

R�

Av f

�


�
Av f �

Hence

jAv f�j � jAv�P �f
 � Av �Q�f
j

�  jAv f j
�

� C � kfkq

�  jAv f j
�

� C � �	 � �
 jAv f j

� c� jAv f j �

The proof is complete�

In Corollary �� the distances R � R� and R� � R are commen�
surable� Now we wish to consider the situation when R � R� is much
smaller than R� � R�

Lemma ���� Suppose R� � R� � R � R� � R� Then if b 	 � there

exists a universal constant c� � � and a constant 	� � � 	 � 	 such

that

jAv f�j � c� jAv f j R� R�

R
����	�


kf� � Av f�kq � 	 jAv f�j kf � Av fkq
jAv f j ����	�


for any q� 	 � q � ��
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Proof� Since we are in the Brownian motion case we have f� � P �f �
The inequality ���	�
 follows by the argument in Corollary ��� To get
the inequality ���	�
 we let k � � be such that k P �	
 � 	� Since
f� � P �f it follows that

h	� f�i � h	� P �fi � hP	� fi �

and so we have

���	�
 Av f� �
	

k
Av f �

Using Jensen�s inequality and the fact that P � P � we have that for
any q� 	 � q � � there is the inequality

kk Pgkq � kgkq �

The inequality ���	�
 will follow if we can show a version of the Harnack
inequality� namely

���	�
 C Pg�x�
 � Pg�x
 � c Pg�x�
 � jxj � jx�j � R �

for universal constants C� c � � and nonnegative functions g� In fact
we need only repeat the argument of ��� Lemma ��	� for the operator
k P and use ���	�
�

To see ���	�
 we write

Pg�x
 � Ex�g�X��

� �

Z
jyj��R��

�x�y
Ey�g�X��

� dy �

Here � is the exit time from the shell UR��R� for Brownian motion� The
density �x�y
 is the density for paths started at x� jxj � R� which hit
the sphere jyj � �R� before hitting the sphere jyj � R�� Thus

Z
jyj��R��

�x�y
 dy �

	

R�
� 	

R
	

R�
� 

�R

�

Now by the standard Harnack inequality applied to the shell UR��R�
there exist universal constants C�� c� � � such that

C�Pg�y�
 � Pg�y
 � c�Pg�y�
 � jyj � jy�j � �R


�
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Hence we have

Pg�x
 �

Z
jyj��R��

�x�y
Pg�y
 dy

�
Z
jyj��R��

�x�y
C� Pg�y�
 dy

�

Z
jyj��R��

�x��y
C� Pg�y�
 dy

�
Z
jyj��R��

�x��y
C
�
� Pg�y
 dy

� C�
� Pg�x�
 �

Similarly we obtain a lower bound Pg�x
 � c��Pg�x�
� Thus ���	�

follows with C � C�

� � c � c���

Next we wish to generalize Lemma �� to the case of nontrivial
drift b� To do this we shall need to generalize further the notion of
a Morrey space� For Q a dyadic cube intersecting the spherical shell
UR��R� let d�Q
 be de�ned by

d�Q
 � sup fd�x� jyj � R�
 � x � Qg �

Observe that d�Q
 is not the maximum distance from points in Q to
the boundary of UR��R� � only to the part of the boundary consisting of
the sphere jyj � R�� We de�ne the Morrey space Mq

r�s�UR��R�
 where
	 � r � q � � and s � � by the following� a measurable function
g � UR��R� �� C is in Mq

r�s�UR��R�
 if �R� � jxj
r jg�x
jr is integrable
on UR��R� and there is a constant C � � such that

����

	

Rr
�

Z
Q�UR��R�

�R� � jxj
r jg�x
jr dx � Cr jQj��r�q
� R�

d�Q


�sr
�

for all cubes Q � R
� � The norm of g� kgkq�r�s is de�ned as

kgkq�r�s � inf fC � ����
 holds for all cubes Qg �

Lemma ���� Suppose R� � R� � R � R� � R� Let r� p� q satisfy the
inequalities 	 � r � p � �� q � r and ����
� Then if g � Lq�fjxj � R�g
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the function b �rPg is in the Morrey space M�
r�s�UR��R�
 where s � �q

and

kb � rPgk��r�s � CR��� kbk��p kgkq �

Proof� This follows immediately from the argument of Lemma ��	�
The only modi�cation is in estimating the function CQ�x
� It is clear
that if jxj � R� then

���	
 CQ�x
 � C
jQj��q��� kbkq���p

d�Q
�
�

for some universal constant C� Observe that we also have an inequality

���
 jrPg�x
j � CR��� kgkq �
provided R� � jxj � �R�� This follows since Pg�x
 � � for jxj � R��
To get the inequality ����
 we divide the cubes Q into two types� those
with d�Q
 � R� and those with d�Q
 � R�� For the �rst type we
use the estimate ���	
 and the corresponding estimate in Lemma ��	
to obtain ����
 with s � �q� For the second category we use ���

and the fact that b is in M�

p �

Lemma ���� Suppose R� � R� � R � R� � R� Then the operator T
with kernel kT given by ���
 is a bounded operator on the Morrey space

Mq
r�s�UR��R�
 provided 	 � r � p and 	 � q � �� s � �� Furthermore�

the norm of T is bounded as kTk � C kbk��p where the constant C
depends only on r� s� q�

Proof� This follows from Corollary �	 and the fact that

nQ�X
n���

jb�x
jSnu�x
 � jb�x
j
nQ�X

n���

�nuQn
R

d�Qn

�

where the Qn are an increasing sequence of dyadic cubes containing the
point x� We have now from ����
 that

uQn � C jQnj���q
� R�

d�Qn


�s
kukq�r�s �

Hence�

nQ�X
n���

�n uQn
R

d�Qn

� C jQ�j������q

� R

d�Q�


�s	�
kukq�r�s �
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for some universal constant C� since q � �� Here we have used the fact
that d�Qn
 � d�Q�
 since Qn � Q�� Thus

	

Rr
�

Z
Q��UR��R�

�R� � jxj
r
� nQ�X
n���

jb�x
jSnu�x

�r

dx

� Cr
�Z

Q�

jb�x
jr dx
�
kukrq�r�s

� R

d�Q�


�sr
jQ�jr���r�q

� Cr kbkr��p jQ�j��r�� kukrq�r�s
� R

d�Q�


�sr
jQ�jr���r�q

� Cr kbkr��p kukrq�r�s
� R

d�Q�


�sr
jQ�j��r�q �

Proposition ���� Suppose R� � R� � R � R� � R� For 	 � q ��
the operator Q de�ned by ����
 is a bounded operator from Lq�fjxj �
R�g
 to Lq�fjxj � Rg
 provided kbk��p � � for su�ciently small �
depending on p and q� Furthermore� the norm of Q� kQk satis�es an

inequality kQk � C� �R�R�
�R� where C is a universal constant�

Proof� From Lemma ��� and Lemma ��� we have

Qg�x
 �

Z
UR��R�

GD�x� y
h�y
 dy � jxj � R �

where h is in the Morrey space Mq�
r�s�UR��R�
 for any 	 � r � p� r �

q� � �� provided ����
 is satis�ed and

����

	

q�
�

	

�
� s

�
�



� q
�

with � � s � �q� The norm of h satis�es an inequality

����
 khkq��r�s � CR
��q�s��
� kbk��p kgkq �

We write Qg�x
 � g��x
 � g��x
� where

g��x
 �

Z
UR��R��fjyj��R��g

GD�x� y
h�y
 dy �
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It follows that for jxj � R� there is an inequality

����


jg��x
j � C �R� R�


R�

Z
UR��R��fjyj��R��g

�R� � jyj
 jh�y
j dy

� C �R� R�


R�
R����q� khkq��r�s

�
C �R� R�


R
kbk��p kgkq �

Next observe that

����
 jg��x
j � C �R� R�


Z
UR��R��fjyj��R��g

jh�y
j
jx� yj� dy �

We estimate the integral in a similar way to Lemma ��� ThusZ jh�y
j
jx� yj� dy �

Z jh�y
jr�q
jx� yj���q

jh�y
j��r�q
jx� yj�����q dy

�
�Z jh�y
jr

jx� yj�� dy
���q� Z jh�y
jq����r�q�

jx� yj������q�q� dy
���q�

�

where 	�q � 	�q� � 	� We have used here the fact that r � q which is
a consequence of ����
� We can estimateZ jh�y
jq����r�q�

jx� yj������q�q� dy � C
�X

n�n�

n������q�q
�

Z
Qn

jh�y
jq����r�q� dy �

where Qn is the cube centered at x with side of length �n and �n� �
R� In view of the fact that q��	� r�q
 � r we haveZ

Qn

jh�y
jq����r�q� dy � khkq����r�q�q��r�s jQnj��q
����r�q��q� �

Hence� provided �� � � � � 	� satis�es the inequality

����

�
� �

q

�
q� � � �

� q�
�
	� r

q

�
q�

� � �

we have the inequality

� Z jh�y
jq����r�q�
jx� yj������q�q� dy

���q�
� C khk��r�qq��r�s R

���������q�����r�q��q� �
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There exists �� � � � � 	 satisfying ����
 provided

	

q�
�

	� 	

q

�
�
	� r

q

� �

Observe that since r � 	 the number on the right hand side of the last
equation exceeds 	��� Since q� satis�es ����
 and we can choose s as
close as we please to �q the number q� may be chosen so that 	�q� is
less than any number larger than 	��� Hence we can �nd an � with
� � � � 	 such that ����
 holds� ThenZ

jxj�R

�Z jh�y
j
jx� yj� dy

�q
dx

� Cq khkq�rq��r�s
Rq����������q�r��q�

Z
jxj�R

Z jh�y
jr
jx� yj�� dy dx

� Cq khkq�rq��r�sR
q����������q�r��q�R���� khkrq��r�sR���r�q�

� Cq khkqq��r�sRqs

� CqR��q kbkq��p kgkqq �
for some universal constant C by ����
� Hence by ����
 we have

����
 kg�kq � C
R� R�

R
kbk��p kgkq �

Putting ����
 and ����
 together we conclude that

kQgkq � C
R� R�

R
kbk��p kgkq �

and hence the result follows�

Next we put Lemma �� and Proposition �� together to obtain an
analogue of Corollary �� for the case when R�R� can be much smaller
than R� � R�

Corollary ���� Suppose R� � R� � R � R� � R� Then for any p�
	 � p � � and q � 	 the following holds� there exist positive constants

c� �� � depending only on p� q such that if kbk��p � � and

����
 kf � Av fkq � � jAv f j �
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then

�����
 jAv f�j � C
R�R�

R
jAv f j

and

����	
 kf� � Av f�kq � � jAv f�j �

Proof� We have

jAv f�j � jAv �P �f
 � Av �Q�f
j � jAv �P �f
j � C �
R� R�

R
kfkq �

by Proposition ��� Now from the assumption ����
 we conclude that

����
 jAv f�j � jAv�P �f
j � C � �R� R�


R
�	 � �
 jAv f j �

The inequality �����
 follows now from ����
 and ���	�
 of Lemma ���
provided we choose � su�ciently small� To get ����	
 observe that

kf� � Av f�kq
jAv f�j � kP �f �Av �P �f
kq

jAv f�j �
kQ�f � Av �Q�f
kq

jAv f�j

� 	 �
jAv �P �f
j
jAv f�j �

C � �R� R�


R
�	 � �


jAv f j
jAv f�j �

where we have used ���	�
 of Lemma �� and Proposition �� together
with ����
� Now from ����
 and ���	�
 it is clear that for su�ciently
small � we have jAv �P �f
j

jAv f�j �
	


�

	

 	
�

since 	 � 	� Similarly we see that for su�ciently small � there is the
inequality

C � �R�R�


R
�	 � �


jAv f j
jAv f�j �

�	

� 	



�
� �

Putting the last three inequalities together we conclude that ����	

holds�
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Observe that� in contrast to Corollary ��� we cannot expect the
inequality kf��Av f�kq � �jAv f�j to hold in the situation of Corollary
���� The reason is that if R�R� is small then Brownian motion has a
very small smoothing e�ect on a smooth density f � Thus the �uctuation
of P �f decreases by a small amount proportional to �R � R�
�R� On
the other hand the perturbative part Q�f can generate high frequency
modes with norm strictly larger than �R�R�
�R and hence the relative
�uctuation of f� can be larger than that of f � We study this situation
further in ����

�� Perturbative estimates on the exit probabilities from a

spherical shell with holes�

Consider a set S � R� which is a union of disjoint cubes� In this
section we shall prove theorems analogous to the theorems of Section �
for the drift process restricted to paths which do not intersect the set
S� To do this we associate with S a potential function VS from which
we can estimate the probability of hitting the set S�

First we consider the case of Brownian motion b 	 �� For each
cube Q in S let  Q be the cube concentric with Q but double the size�
We de�ne a function VQ � R� �� R by

���	
 VQ�x
 �

��
�

	

jQj��� � x �  Q�

� � otherwise �

The potential VS is then de�ned as

���
 VS �
X
Q	S

VQ �

Now let X�t
� t � �� be Brownian motion started at a point x � R� �
If X hits a cube Q � S then it will spend time of order jQj��� in the
cube� Thus

R�
� VQ�X�t

 dt is of order 	 on paths X�t
 which hit Q�

Hence we expect that the probability of Brownian motion hitting S can
be estimated by the expectation of

R�
� VS�X�t

 dt This is in fact the

case�

Proposition ���� Let X�t
 be Brownian motion in R� � Then there is

a universal constant C � � such that

Px�X hits S
 � C Ex

h Z �

�

VS�X�t

 dt
i
�
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Proof� Putting u�x
 � Px�X hits S
� x � R�nS it is well known that
u�x
 is the solution to the Dirichlet problem


�u�x
 � � � x � R�nS �
u�x
 � 	 � x � �S �

On the other hand the function

w�x
 � Ex

h Z �

�

VS�X�t

 dt
i
�

	

��

Z
R�

VS�y


jx� yj dy

satis�es
�w�x
 � � � x � R�nS �

Suppose x is close to a boundary point of S� Then this point is part of
a cube Q� Thus

lim
x
�S

w�x
 � lim
x
�Q

	

��

Z
Q

VQ�y


jx� yj dy � c � � �

where c is a univeral constant� Consequently we have

u�x
 � w�x


c
� x � �S �

Hence by the maximum principle we have the inequality

u�x
 � w�x


c
� x � R�nS �

which proves the result�

We shall use the argument of Proposition ��	 to prove an analogue
of Corollary ��	�

Proposition ���� Suppose R� � �� R� � R� b 	 �� Let f be a

density on the sphere jxj � R and f� the density induced on jxj � R�

by f propagated along Brownian paths which do not intersect S� Then

for any q� 	 � q � �� there exists �� � � � depending only on q such

that if

kf � Av fkq � � jAv f j
and

Avjxj�R

�
Ex

h Z R�

�

VS�X�t

 dt
i�

� � �
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then

kf� � Av f�kq � �jAv f�j and jAv f�j � jAv f j


�

Proof� We consider the operator from functions g on jxj � R� to
functions on jxj � R given by

Ag�x
 � Ex�g �X��R�

 � X�t
 � S � some t� � � t � �R� � �

Then for any r� r�� 	 � r ��� 	�r� 	�r� � 	� we have

jAg�x
jr � Px�X�t
 � S� some t� � � t � �R�

r�r�Ex�jg�X��R�

jr� �

by Holder�s inequality� Now by the property of the Poisson kernel we
have that

Ex�jg�X��R�

jr� � C kgkrr �
for some universal constant C� Hence if r � r�� we have

kAgkrr � C kgkrr Avjxj�R Px�X�t
 � S� some t� � � t � �R�
 �

If r � r� we have by Jensen�

kAgkrr � C kgkrr �Avjxj�R Px�X�t
 � S� some t� � � t � �R�


r�r� �

Now by the argument of Proposition ��	 we conclude that

kAgkr � C kgkr �min f��r���r�g �

for some universal constant C� Thus the adjoint A� of A is a bounded
operator from Lq�fjxj � Rg
 to Lq�fjxj � R�g
 with norm kAk bounded
as

kAk � C�min f��q���q�g �

for some constant C� Observe next that the densities f and f� are
related by the equation

f� � P �f �A�f �

where P is the integral operator with Poisson kernel as in Section ��
Hence we have

Av f� � AvP �f �Av�A�f
 � Av f � Av �A�f
 �
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Now since q � 	 it follows that

jAv �A�f
j � kA�fkq
� C �min f��q���q�gkfkq
� C �min f��q���q�g �	 � �
 jAv f j �

Thus by choosing � su�ciently small we have jAv f�j � jAv f j��
Next observe that there exists 	� � � 	 � 	 such that

kP �f � Av �P �f
kq � 	 kf � Av fkq �

Hence

kf� �Av f�kq � kP �f � Av �P � f
kq � kA�f �Av �A�f
kq
� 	 � jAv f j� C �min f��q���q�g �	 � �
 jAv f j �

It is clear by choosing � � � su�ciently small that the right hand side
of the last inequality is less than � jAv f�j� The result is complete�

Remark ���� Observe that in Proposition �� we have used the fact
that if Q is a cube in S then VS�x
 � jQj���� on the double of Q�  Q� The
reason is that if Q has a small intersection with UR��R� then

 Q�UR��R�
has volume of order jQj� Hence a Brownian path which hits Q makes
an order 	 contribution to

R R�
� VS�X�t

 dt�

Next we wish to generalize Propositions ��	� �� to the case of
nontrivial drift� First we estimate the probability that the drift process
visits a cube Q�

Proposition ���� Let Qm be a cube with side of length �m� m an

integer� and Px�Qm
 the probability that the process with drift b started

at x visits Qm before exiting to �� Then for any � � 	 there exists

� � � such that if kbk��p � � then

����
 Px�Qm
 � C

�md�x�Qm
 � 	
�
�

for some universal constant C� Here d�x�Qm
 is the distance from the

point x to the cube Qm�
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Proof� First we consider the solution of a boundary value problem
on the shell UR��R� with R� � R� and R� � R� Thus we wish to
estimate the solution of���

��
�w�x
 � b�x
 � rw�x
 � � � x � UR��R� �

w�x
 � � � jxj � R� �

w�x
 � 	 � jxj � R� �

Let w� be the solution when b 	 �� Then� in the notation of Section ��
w� � P 	� It is easy to see that w� is given by the formula

w��x
 �
�

�

�
	� R

 jxj
�
�

We shall show that � � � can be chosen so that if kbk��p � � then there
exists a universal constant C � � such that

����
 jw�x
� w��x
j � C kbk��p � x � UR��R� �

In fact we have

����
 w�x
 � w��x
 �Q��x
 � x � UR��R� �

where Q is the operator ����
� It is easy to see that if 	 � r � p�
r � q � �� the function b � rw� is in the Morrey space Mq

r and

kb � rw�kq�r � CR��q�� kbk��p �

for some universal constant C � �� It follows then from ��� Theorem 	��
that for � su�ciently small

Q��x
 �

Z
UR��R�

GD�x� y
 g�y
 dy �

where g �Mq
r and

kgkq�r � CR��q�� kbk��p �

and C is a universal constant� If we take q � �� then the inequality
of ����
 follows by standard argument�
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To prove the inequality ����
 let Sk� k � �� 	� � � � � be spheres
concentric with Qm and with radius k �m� Thus S� contains Qm�
From ����
 we can choose � su�ciently small such that w satis�es

����
 inf
jxj�R

w�x
 � �

�	 � �

� � � R �� �

The inequality ����
 follows immediately now from ����
 and ���
Lemma �����

Remark ���� Observe that in the Brownian motion case one can take
� � 	 in ����
 but for the case of nontrivial b one must have � � 	�
This fact will determine our selection of the function VS in the case of
nontrivial b�

The proof of Proposition ��� does not generalize to the situations
we are interested in� We shall therefore give a di�erent� more compli�
cated proof of the Proposition which does generalize� Let us consider
the region �R external to the ball of radius R � � centered at the
origin� The Dirichlet Green�s function for this region is given by

����
 GD�x� y
 �
	

��

� 	

jx� yj �
R

jyj
	

jx� yj
�
� jxj� jyj � R �

where y is the re�ection of y in the boundary of �R� We estimate GD

and its gradient rxGD�

Lemma ���� a
 There is the inequality

� � GD�x� y
 � 	

�� jx� yj � jxj� jyj � R �

b
 jrxGD�x� y
j � k��x� y
 � k��x� y
� where

jk��x� y
j � C

jx� yj� � jxj� jyj � R �����


��
� jk��x� y
j � C

jxj jyj � jyj � �jxj � jxj � R �

jk��x� y
j � � � otherwise �

����


and C is a universal constant�
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Proof� Since a
 follows easily from the maximum principle we shall
just consider b
� We have now

rxGD�x� y
 �
�	
��

� x� y

jx� yj� �
R

jyj
x� y

jx� yj�
�
�

Since GD�x� y
 � � it follows that

jrxGD�x� y
j � 	

��

� 	

jx� yj� �
	

jx� yj jx� yj
�
�

We consider �rst the case jyj � � jxj� It is easy to see that jx � yj �
 jyj�� and

jx� yj � jxj � jyj � jxj � R

�
� jxj


�

Hence
	

jx� yj jx� yj �
�

jxj jyj �

Next consider the situation R � jyj � �jxj� Suppose that jxj � R�
Then

jx� yj � jxj �R � jxj

� jxj� jyj

�
� jx� yj

�
�

In the case R � jxj� jyj � R it is clear that there exists a universal
constant C� with jx � yj � C� jx � yj� We conclude then that in this
situation one has

jrxGD�x� y
j � C

jx� yj� �

for some universal constant C � �� The proof is complete�

Next we de�ne Morrey spaces for the region �R in a similar way
to ����
� Thus for 	 � r � q �� and s � � we say g � �R �� C is in
the Morrey space Mq

r�s��R
 if

���	�


Z
Q��R

jg�x
jr dx � Cr jQj��r�q
� R

d�Q


�rs
�

for all cubes Q and constant C� Here d�Q
 is de�ned by

d�Q
 � sup fjyj � y � Q � �Rg �

Evidently one has d�Q
 � R� The norm of g� kgkq�r�s is then the
in�mum of all C such that ���	�
 holds�
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Lemma ���� Let T� be the integral operator on functions with domain

�R which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ����
� Then for 	 � r � p� r � q � �� s � �� T� is a bounded

operator on Mq
r�s��R
 and the norm of T�� kT�k satis�es an inequality

kT�k � Ckbk��p where C depends only on r� p� q� s�

Proof� Same as for Lemma ����

Lemma ���� Let T� be the integral operator on functions with domain

�R which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ����
� Then for 	 � r � p� r � q� s � � and  � ��q�s � ��r�
T� is a bounded operator onM

q
r�s��R
 and the norm of T�� kT�k satis�es

an inequality kT�k � Ckbk��p� where C depends only on r� p� q� s�

Proof� For n � ���	� � � � let Qn be the cube centered at the origin
with side of length �n� If u � �R �� C is a locally integrable function
we denote by uQn the average value of juj on Qn� whence

uQn � jQnj��
Z
�R�Qn

ju�x
j dx �

Hence we have

jT�u�x
j � C jb�x
j
jxj

X
jxj���n

��n uQn �

for some universal constant C� Hence for �m � R� we have

Z
Qm��R

jT�u�x
jr dx � Cr
�X
k�m

Z
Qk

�
jb�x
j k

kX
n���

��n uQn

�r
dx

� Cr kbkr��p
�X
k�m

k��r���
� kX
n���

��n uQn

�r
�

Observe next that

kX
n���

��n uQn � kukq�r�s
kX

n���

n���	��q	s�Rs

� C�R
s kukq�r�s k���	��q	s� �
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since  � ��q � s� Thus we have

Z
Qm

jT�u�x
jr dx � Cr Cr
� R

sr
�X
k�m

kbkr��p kukrq�r�s k��r�q	sr���

� Cr
� R

sr kbkr��p kukrq�r�s m��r�q	sr��� �

since ��q � s � ��r� Consequently� we have

Z
Qm

jT�u�x
jr dx � Cr
� kbkr��p kukrq�r�s jQmj��r�q

� R

d�Qm


�sr
�

We have shown therefore that ���	�
 holds for cubes centered at the
origin� It is easy now to generalize the previous argument to all cubes�

Proof of Proposition ��
� Evidently Px�Qm
 is bounded above by
the probability that the drift process started at x hits the ball concentric
with Qm of radius R � �m� For Brownian motion this probability is
given by w��x
� where



�w��x
 � � � jxj � R �

w��x
 � 	 � jxj � R �

Thus w��x
 � R�jxj� jxj � R� For the drift process it is given by w�x
�
where

���		
 w�x
 � w��x
 �

Z
�R

GD�x� y
 �I � T 
�� b � rw��y
 dy �

Here GD is the Green�s function ����
 and T is the integral operator
with kernel b�x
 � rxGD�x� y
� We wish to show that the function
b � rw� is in an appropriate Morrey space Mq

r�s��R
� Evidently one
has jb�x
 � rw��x
j � R jb�x
j�jxj�� Now for the cube Qn with side of
length �n � R centered at the origin one has

���	


Z
Qn

�R jb�x
j
jxj�

�r
dx � C

mX
j�n

kbkr��pRr �j����r�

� Cr
� kbkr��pR���r �
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for some constant C�� provided 	 � r � p� On the other hand if Q is a
cube such that d�Q
� jQj��� then we haveZ

Q

�R jb�x
j
jxj�

�r
dx � Rr

d�Q
�r
kbkr��p jQj��r��

� Rr���q���
� R

d�Q


�r�����q�
kbkr��p jQj��r�q

� Rr���q���
� R

d�Q


�rs
kbkr��p jQj��r�q �

for any r� s� q with 	 � r � p� q � �� s � �� ��q� Combining this last
inequality with ���	
� we see that if r� s� q satisfy the inequalities

���	�
 	 � r � p � r � q � � � s � �
�	
r
� 	

q

�
�

then b � rw� is in Mq
r�s��R
 and

kb � rw�kq�r�s � CR��q�� kbk��p �
for some constant C depending only on q� r� s�

Observe next that for any s� � � s � 	� it is possible to �nd
r� q such that �� � q � � as well as the inequalities ���	�
 and the
conditions of lemmas ��� ��� hold� Hence the function

g�x
 � �I � T 
�� b � rw�

is also in Mq
r�s��R
 for su�ciently small � and has norm which satis�es

kgkq�r�s � CR��q�� kbk��p �
for a constant C depending only on q� r� s� Now let us suppose that
jxj � R� Then from ���		
 we have

���	�


jw�x
� w��x
j �
Z
�R

GD�x� y
 jg�y
j dy

�
Z
jx�yj�jxj��

dy �

Z
jyj�jxj��

dy

�

Z
fjx�yj�jxj��� jyj�jxj��g

dy

� I� � I� � I� �
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If we take now �n� � jxj for a suitable integer n� we have

I� � C
�X

k�n�

k
Z
jx�yj���k

jg�y
j dy

� C
�X

k�n�

k R��q�� kbk��p
� R

�n�

�s
��k�����q�

� C n����q���R��q�� kbk��p
� R

�n�

�s
� C kbk��p

� R

�n�

�s	��q��
�

since q � ���
On the other hand we have

I� � C n�
mX

k�n�

Z
��k�jyj���k��

jg�y
j dy

� C n�
mX

k�n�

R��q��
� R

�k

�s
kbk��p ��k�����q�

� C kbk��p
� R

�n�

�s	��q��
�

since s� ��q � �� Finally we have

I� � C

n�X
k���

k
Z
��k�jx�yj���k��

jg�y
j dy

� C

n�X
k���

kR��q��
� R

�k

�s
kbk��p ��k�����q�

� C kbk��p
� R

�n�

�s	��q��
�

provided s � ��q �  � �� Now it is easy to see that we can choose
s� q� r appropriately to make s���q�  as close to 	 as we please� The
inequality ����
 easily follows from this�



�	� J� G� Conlon and P� A� Olsen

Next we consider a cube Qm with side of length �m which is
contained in the ball U��R� of radius R�� For x � U��R� let Px�Qm
 be
given now by

Px�Qm
 � probability that the drift process started at x

hits Qm before hitting the boundary of U��R� �

It is easy to estimate this probability in the case of Brownian motion
b 	 �� In fact by the argument of Proposition ��	 it is bounded by

���	�
 Px�Qm
 � C

Z
Qm

�mGD�x� y
 dy �

where GD is the Dirichlet Green�s kernel on U��R� and C is a universal
constant� Since GD is given explicitly it is easy to estimate the right
hand side of ���	�
� Let d�Qm
 be de�ned by

d�Qm
 � sup fd�y� �U��R�
 � y � Qmg �

Then we see from ���	�
 that

���	�
 Px�Qm
 � C

md�x�Qm
 � 	
min

n
	�

m d�Qm


m d�x�Qm
 � 	

o
�

where C is a universal constant� In view of Proposition ��� it would
seem that one could generalize ���	�
 to the case of nontrivial b by

���	�
 Px�Qm
 � C�
�m d�x�Qm
 � 	
�

min
n
	�

m d�Qm


m d�x�Qm
 � 	

o
�

where � � � � 	 and the constant C� depends on �� We shall prove
the inequality ���	�
 following the same lines as the second proof of
Proposition ����

Let Ba��
 be the ball of radius � centered at the point a� Suppose
a � U��R� � the ball of radius R� centered at the origin and the distance
from a to �U��R� is larger than ��� Let w� be the solution of the
Dirichlet problem

���	�


���
��

�w��x
 � � � x � U��R�nBa��
 �

w��x
 � 	 � x � �Ba��
 �

w��x
 � � � x � �U��R� �
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Lemma ���� There is a universal constant C � � such that for x �
U��R�nBa��


���	�
 jrw��x
j � C�

jx� aj� min
n
	�
d�a� �U��R�


jx� aj
o
�

Proof� Let GD�x� y
� x� y � U��R� be the Dirichlet Green�s function
for the ball� Then just as in Proposition ��	� there exists a universal
constant C such that

w��x
 � C���
Z
Ba���

GD�x� y
 dy � x � U��R�nBa��
 �

It is easy to estimate w��x
 from the last inequality since we have an
explicit formula for GD� Thus there is a universal constant C � � such
that

����
 w��x
 � C�

jx� aj min
n
	�
d�a� �U��R�


jx� aj
o
�

We obtain the estimate ���	�
 from ����
 and the Harnack principle�
First let us consider the case where � � jx � aj � ���� Now the
function w� can be extended in a harmonic way inside the ball Ba��

by using the Kelvin transform �	�� Hence w� is harmonic in the region
�� � jx � aj � ���� and kw�k� � C for some universal constant C�
It follows then from the Harnack principle that

jrw��x
j � C

�
� � � jx� aj � ��


�

for a suitable universal constant C � ��
Next we consider the situation where

��


� jx� aj � d�a� �U��R�



�

Then w� is harmonic in the ball jy � xj � jx� aj��� In fact we have

jx� aj � jx� yj� jy � aj � jx� aj
�

� jy � aj �

whence jy � aj � � jx� aj�� � ���� � �� On the other hand

jy � aj � jx� yj� jx� aj � � jx� aj
�

� � d�a� �U��R�


�
� d�a� �U��R�
 �
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It follows easily now from ����
 and the inequality jy�aj � � jx�aj��
that jrw��x
j � C��jx� aj� for some universal constant C�

Finally we consider the situation jx � aj � d�a� �U��R�
�� Using
the Kelvin transformation the function w� can be extended in a har�
monic way to the entire ball jx � yj � jx � aj��� Now� using Harnack
and the estimate ����
 we conclude that there is a universal constant
C such that

jrw��x
j � C�
d�a� �U��R�


jx� aj� �

All cases of the inequality ���	�
 are now covered�

Let GD���x� y
 be the Dirichlet Green�s function for the domain
U��R�nBa��
� We wish to prove an analogue of Lemma ��	�

Lemma ���� a
 Let d � d�a� �U��R�
� Then there is a universal con�

stant C such that

���	
 � � GD���x� y
 � C

jx� yj min
n
	�
jy � aj� d

jx� yj
o
�

b
 jrxGD���x� y
j � k��x� y
 � k��x� y
� where

jk��x� y
j � C

jx� yj� min
n
	�
jy � aj� d

jx� yj
o
����


jk��x� y
j � C

jx� aj jy � aj min
n
	�
jx� aj� d

jy � aj
o
������	


if jy � aj � � jx� aj and
�����
 jk��x� y
j � � �

otherwise�

Proof� a
 Let GD�x� y
 be the Dirichlet Green�s function for the ball
U��R� � Then we have the inequality

� � GD�x� y
 � C

jx� yj min
n
	�
d�y� �U��R�


jx� yj
o
�

for some universal constant C� The inequality ���	
 follows now from
the fact that

� � GD���x� y
 � GD�x� y
 � d�y� �U��R�
 � jy � aj� d �
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b
 Consider �rst the situation jy � aj � � jx� aj� Then we have

jx� yj � jx� aj� jy � aj � � jx� aj �

Consider next the ball Bx�jx�yj��
 centered at x with radius jx�yj���
For z � Bx�jx� yj��
 we have

jz � yj � jx� yj � jz � xj � � jx� yj
�

and

jz � aj � jx� aj � jx� zj � jx� aj � jx� yj
�

� jx� aj


�

Hence if jx � aj � � the ball Bx�jx � yj��
 does not intersect Ba��
�
Furthermore� the function u�z
 � GD���z� y
 can be extended in a har�
monic way by the Kelvin transform to the entire ball Bx�jx � yj��
�
From ���	
 it follows that the L� norm of u� kuk�� on this ball satis�
�es

kuk� � C

jx� yj min
n
	�
jy � aj� d

jx� yj
o
�

The inequality ���
 follows now from this last inequality by the Har�
nack principle� To deal with the situation jx� aj � � observe that the
inequality ���
 is just the same as k��x� y
 � C�jx� yj��

We get this last inequality by exactly the same argument as be�
fore� extending the harmonic function GD���z� y
 into the ball Ba��
 as
necessary�

Finally we consider the case jy � aj � � jx� aj� As in Lemma ��	
it follows that jy � xj �  jy � aj��� For z � Bx�jx� aj��
 we have

jy � zj � jy � xj � jz � xj �  jy � aj
�

� jx� aj
�

� � jy � aj
	

�

Furthermore� jz � aj � � jx � aj��� Now consider again the function
u�z
 � GD���z� y
 which can be continued in a harmonic way to the
entire ball Bx�jx � aj��
� By the symmetry of GD�� it follows from
���	
 that

� � u�z
 � C

jz � yj min
n
	�
jz � aj� d

jz � yj
o
�
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The inequality ����
 follows now from this last inequality and the Har�
nack principle�

Next let �� be the domain

�� � fx � R� � jx� aj � �g �
We de�ne Morrey spaces on �� which generalize ���	�
� For 	 � r �
q � � and s � � we say that g � �� �� C is in the weighted Morrey
space Mq

r�s���
 with weight w if

����


Z
Q���

w�x
r jg�x
jr dx � CrjQj��r�q
� �

d�Q


�rs
�

for all cubes Q and constant C� Here d�Q
 � sup fjx�aj � x � Q���g�
The norm of g� kgkq�r�s is then the in�mum of all C such that ����

holds�

Lemma ���� Let T� be the integral operator on functions with domain

�� which has kernel jb�x
j k��x� y
 where b � M�
p � 	 � p � � and k�

satis�es ���
� Then for 	 � r � p� r � q � �� s � �� T� is a bounded

operator on the weighted Morrey space Mq
r�s���
 with weight w given by

����
 w�x
 �
	

min
n
	�

d

jx� aj
o � x � �� �

The norm kT�k of T� satis�es an inequality kT�k � C kbk��p� where C
depends only on r� p� q� s�

Proof� We proceed in a similar way to the proof of Proposition �	�
Consider a dyadic decomposition of R� into cubes Q� For u � �� �� C

we de�ne uQ by

uQ �
d�Q


d
jQj��

Z
���Q

ju�x
j dx � jQj � d� �

uQ � jQj��
Z
���Q

w�x
 ju�x
j dx � jQj � d� �

Let n � Z and Snu�x
 be given by

Snu�x
 � �n
� d

d�Qn


�
uQn � x � Qn �
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where Qn is the unique dyadic cube with side of length �n containing
x� The operator S on functions u � �� �� C is then de�ned as

����
 Su�x
 �
�X

n���

jb�x
jSnu�x
 � x � �� �

Now we can think of the dyadic decomposition as being centered at
some point � � R� � The operator S of ����
 should therefore be more
accurately written as S�� Then� in analogy to ��
 we haveZ

Q���

w�x
r jT�u�x
jr dx � Cr

j!j
Z
�

d�

Z
Q���

w�x
r jS�u�x
jr dx �

where ! is a su�ciently large cube and C is a universal constant� This
follows from the inequality ���
� We can therefore restrict ourselves
to showing that S� is a bounded operator on the weighted Morrey space
for an arbitrary �� Let n� be the smallest integer n such that �n � d�
Then we may write S� � A� B where

Au�x
 �
�X

n�n�

jb�x
jSnu�x
 � x � �� �

Suppose Qm is a dyadic cube with side of length �m where m � n��
Then supw� inf w is bounded above by a universal constant on Qm�
We write Au�x
 � A�u�x
 � A�u�x
� for x � Qm where

A�u�x
 �
�X

n�m

jb�x
jSnu�x
 �

Then we haveZ
Qm���

w�x
r jA�u�x
jr dx � �supw
r
Z
Qm���

jA�u�x
jr dx

� �supw
r Cr
� kbkr��p

Z
Qm���

ju�x
jr dx����


� Cr
� kbkr��p

Z
Qm���

w�x
r ju�x
jr dx �

where C� and C� are constants depending only on r � p� Here we are
using the boundedness of the operator A� as given in ��� Theorem 	���
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Since supw� inf w is bounded above on the dyadic cube Qn� with side
of length �n� which contains Qm we have

jA�u�x
j � jb�x
j
mX

n�n�

�n
Z
Qn���

ju�y
j dy

� C jb�x
j
supw

mX
n�n�

�n
Z
Qn���

w�y
 ju�y
j dy

� C jb�x
j
supw

mX
n�n�

n���r���
�Z

Qn���

w�y
r ju�y
jr dy
���r

� C jb�x
j
supw

mX
n�n�

n���r��� C ��n���r���q�
� �

d�Qn


�s

� C� jb�x
j
supw

jQmj������q
� �

d�Qm


�s
�

Hence we have

����


Z
Qm���

w�x
r jA�u�x
jr dx

� Cr
� jQmjr���r�q

� �

d�Qm


�rs Z
Qm

jb�x
jr dx

� Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�

If we put this last inequality together with ����
 we conclude thatZ
Qm���

w�x
r jAu�x
jr dx � Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�

Suppose next that m � n�� Then we haveZ
Qm���

w�x
r jAu�x
jr dx

�
X

Qn�	Qm

Z
Qn�

w�x
r jAu�x
jr dx

�
by �����

X
Qn�	Qm

Cr kbkr��p
Z
Qn�

w�x
r ju�x
jr dx
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� Cr kbkr��p
Z
Qm

w�x
r ju�x
jr dx �

We conclude therefore that if m � n� then the inequality ����
 holds�
Therefore the operator A is bounded on the weighted Morrey space and
kAk � C kbk��p for some constant C depending only on r� p� q� s�

Next we turn to the operator B� To bound it we follow the same
strategy as in Lemma �	 and Corollary �	� Observe that Bu�x
 is
constant for x � Qn� where Qn� is an arbitrary dyadic cube with side
of length �n� � We can bound Bu�x
 by

jBu�x
j � jb�x
j
n���X
n���

�n
d

d�Qn


Z
���Qn

w�y
 ju�y
j dy �

where the Qn are the unique dyadic cubes with side of length �n

containing Qn� � Hence we have

jBu�x
j � jb�x
j
n���X
n���

�n
d

d�Qn

jQnj����r

�Z
���Qn

w�y
r ju�y
jr dy
���r

� jb�x
j
n���X
n���

n���r���
d

d�Qn

C jQnj��r���q

� �

d�Qn


�s

� C jb�x
j
n���X
n���

n���q���
d

d�Qn


� �

d�Qn


�s

� C� jb�x
j n����q��� d

d�Qn�


� �

d�Qn�


�s
�

Let Qm be a dyadic cube with m � n�� Then if Qm � Qn� we have

Z
Qm���

w�x
r jBu�x
jr dx � max
n
	�
d�Qm


d

or

�
�
C� 

n����q���
d

d�Qn�


� �

d�Qn�


�s�r
�
Z
Qm

jb�x
jr dx

� Cr
� kbkr��p jQmj��r�q

� �

d�Qm


�rs
�
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since
d�Qn�
 � d�Qm
 � jQn� j � jQmj �

Next we consider dyadic cubes Qm withm � n�� Putting Q
� � Qm� one

can easily verify the analogue of Lemma �	� Thus there are constants
�� C � �� depending only on r and p such that

jQj���	� uQ � jQ�j���	� uQ� �

for all dyadic subcubes Q of Q� with jQj � ��n� implies the inequality

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jurQ� �

Now the analogue of Corollary �	 yields

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p
Z
Q����

w�x
r ju�x
jr dx �

for some constant C depending only on r� p� We conclude therefore that

Z
Q����

w�x
r
� n�X
n�nQ�

jb�x
jSnu�x

�r

dx

� Cr kbkr��p jQ�j��r�q
� �

d�Q�


�rs
�

by virtue of the fact that u is in the weighted Morrey space� Finally we
see just as in Lemma ��� that

Z
Q����

w�x
r
� nQ���X
n���

jb�x
jSnu�x

�r

dx

� Cr kbkr��p jQ�j��r�q
� �

d�Q�


�rs
�

Hence the operator B is bounded on the weighted Morrey space� Since
the operator A is also bounded it follows that T� is bounded�
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Lemma ��	� Let T� be the integral operator on functions with do�

main �� which has kernel jb�x
j k��x� y
 where b �M�
p and k� satis�es

����
� Then for 	 � r � p� r � q� s � � and  � ��q � s � ��r�
T� is a bounded operator on the weighted Morrey space Mq

r�s���
 with

weight w given by ����
� The norm kT�k of T� satis�es an inequality

kT�k � C kbk��p where C depends only on r� p� q� s�

Proof� We follow the same lines as the proof of Lemma ���� Thus for
n � ���	� � � � � let Qn be the cube centered at a with side of length �n

and assume that the integer n� satis�es �n� � d� Then if jx� aj � d
we have the inequality

jT�u�x
j � C jb�x
j
jx� aj

X
jx�aj���n�d

��n uQn �
C jb�x
j d
jx� aj

n�X
n���

�n uQn �

where C is a constant and uQn is an average of u on Qn given by

uQn � jQnj��
Z
Qn�fjx�aj���n��g

ju�x
j dx �

Thus if m � n� we have

Z
Qm���

w�x
r jT�u�x
jr dx

�
Z
Qm���

jT�u�x
jr dx

� Cr
�X

k�m

Z
Qk

�
jb�x
j k

kX
n�n�

��n uQn

�r
dx����


� Cr
�X
k�m

Z
Qk

�
jb�x
j k

n�X
n���

d �n uQn

�r
dx �

Arguing as in Lemma ��� we see that

�X
k�m

Z
Qk

�
jb�x
j k

kX
n�n�

��n uQn

�r
dx

� Cr
� �

sr kbkr��p kukrq�r�s m��r�q	sr��� �
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since we are assuming ��q� s � ��r� To bound the second term on the
right in ����
 we estimate

n�X
n���

d �n uQn � kukq�r�s
n�X

n���

d� n���q	s� �s

� C� �
s kukq�r�s d� n����q	s�

� C� �
s kukq�r�s d����q�s �

since � � ��q � s�
Hence

�X
k�m

Z
Qk

�
jb�x
j k

n�X
n���

d �n uQn

�r
dx

� Cr
� �

sr kukrq�r�s d�����q�s�r
�X
k�m

kbkr��p k��r���

� Cr
� �

sr kbkr��p kukrq�r�s m��r�q	sr��� �

since  � ��q�s� We conclude then that ifm � n� there is the estimate

�����


Z
Qm���

w�x
r jT�u�x
jr dx

� Cr
� kbkr��p kukrq�r�s jQmj��r�q

� �

d�Qm


�sr
�

Next we consider the case m � n�� Observe that if jx� aj � d then

jT�u�x
j � C jb�x
j
X

jx�aj���n

�n uQn �

Hence we have for k � n�Z
Qk�fjx�aj���k��g

w�x
r jT�u�x
jr dx

� Cr
� k	�X
n���

d�� �n�k uQn

�r Z
Qk

jb�x
jr dx�
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We have now

k	�X
n���

d�� �n�k uQn �
k	�X

n���

�k kukq�r�s jQnj���q
� �

d�Qn


�s

� C �s kukq�r�s k���	��q	s� �

Combining the last two inequalities we concludeZ
Qk�fjx�aj���k��g

w�x
r jT�u�x
jr dx

� Cr �sr kbkr��p kukrq�r�s k��r�q	sr��� �

Now by summing this last inequality over k� m � k � n� and using the
fact that �����
 holds with m � n� we conclude that �����
 continues
to hold for m � n��

We have shown that g � T�u satis�es the inequality ����
 provided
d�Q
 � jQj���� The inequality ����
 for cubes Q with d�Q
 � jQj���
follows by similar argument�

Proposition ���� Let Qm be a cube with side of length �m� m an

integer� which is contained in the ball U��R� of radius R�� For x � U��R�
let Px�Qm
 be the probability that the drift process started at x hits Qm

before hitting the boundary of U��R�� Then for any � � 	 there exists

� � � such that if kbk��p � � then the inequality ���	�
 holds where the

constant C� depends only on ��

Proof� We follow the same argument as the second proof of Propo�
sition ���� We can choose a point a � Qm such that the ball Ba��
 of
radius � � �m centered at a is a distance larger than �� from �U��R��
Let v�x
 be the probability of the drift process started at x � U��R� of
hitting Ba��
 before �U��R�� Then we have

v�x
 � w��x
 �

Z
�

GD���x� y
 �I � T 
�� b � rw��y
 dy �

where � � U��R�nBa��
 and GD�� is the Dirichlet Green�s function on
�� The function w� is given by ���	�
 and T is the integral operator
with kernel b�x
 � rxGD���x� y
� x� y � ��

We wish to show that b � rw� is in a weighted Morrey space Mq
r�s

with weight given by ����
� where d � d�Qm
� It is an immediate
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consequence of Lemma ��� that this is so provided r� q� s satisfy ���	�

and that

kb � rw�kq�r�s � C���q�� kbk��p �
Now T � T��T� where T� and T� satisfy the conditions of lemmas ����
��� respectively� Since the conditions in these lemmas on r� p� q� s are
exactly the same as in lemmas ��� ���� we have that

����	
 jv�x
� w��x
j �
Z
�

GD���x� y
 jg�y
j dy �

where g is in the weighted Morrey space Mq
r�s�

kgkq�r�s � C���q�� kbk��p �

and �� � q � �� � � s � 	� as well as the inequalities ���	�
 hold�
We need then to estimate the integral on the right in ����	
� If

d�x�Qm
 � d�Qm
 then the inequality ���	�
 is the same as ����
� Hence
we may argue directly as in the second proof of Proposition ���� The
estimates on the integrals I�� I�� I� in ���	�
 are exactly as previously�
since the weight function for our Morrey space is always greater than
	� Hence we may consider the situation when d�x�Qm
 � d�Qm
� We
write Z

�

GD���x� y
 jg�y
j dy �
Z
jx�yj�jx�aj��

�

Z
jy�aj�jx�aj��

�

Z
fjx�yj�jx�aj��� jy�aj�jx�aj��g

� I� � I� � I� �

Then from Lemma ��� we have if jx� aj � �n� �

I� � C
�X

k�n�

k
Z
jx�yj���k

jg�y
j dy

� C
�X

k�n�

k ���q�� kbk��p
� �

�n�

�s
��k�����q�

d

�n�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�
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as in the estimate of I� in the proof of Proposition ���� Similarly we
can estimate I� as

I� � C

n�X
k���

k
Z
��k�jy�aj���k��

jg�y
j dy

� C
n�X

k���

�k d

Z
��k�jy�aj���k��

w�y
 jg�y
j dy

� C

n�X
k���

�k d ���q��
� �

�k

�s
kbk��p ��k�����q�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�

provided s� ��q � 	 � ��
Next we write I� as a sum�

I� �

Z
jy�aj�d

�

Z
d�jy�aj�jx�aj��

� I� � I �

We can estimate I� from Lemma ��� as

I� � C
d

��n�

Z
jy�aj�d

jg�y
j dy

� C
d

��n�
���q�� kbk��p d����q

��
d

�s
� C kbk��p

� �

�n�

�s	��q�� d

�n�

� d

�n�

���s���q
� C kbk��p

� �

�n�

�s	��q�� d

�n�
�

since d � �n� �
Finally� from Lemma ��� we have

I � C
�X

k�n�

d

��n�

Z
��k�jy�aj���k��

w�y
 jg�y
j dy

� C
�X

k�n�

d

��n�
���q��

� �

�k

�s
kbk��p ��k�����q�

� C kbk��p
� �

�n�

�s	��q�� d

�n�
�
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since s� ��q � ��
We conclude therefore that there is a constant C such thatZ

�

GD���x� y
 jg�y
j dy � C kbk��p
� �

�n�

�s	��q�� d

�n�
�

The result follows now from this last inequality just as in the proof of
Proposition ����

We can use Proposition ��� to generalize Proposition ��	 to the
case of nontrivial drift b� First we need to modify the de�nition of VS
in ���	
� ���
� For any Q such that Q�U��R� �� � we de�ne a potential
function VQ�� � U��R� �� R which depends on a parameter � � � by

VQ���x
 �

��
� jQj����

� R�

jQj���
��

� x �  Q �

� � otherwise �

With this new de�nition of VQ�� the potential VS�� is de�ned exactly as
in ���
� Thus

VS�� �
X
Q	S

VQ�� �

Proposition ���� Let X�t
 be Brownian motion in R� and Xb�t
 be

the drift process with drift b� Suppose S is a union of cubes with sides

of length � R�� Then for any � � � there exists � � � such that if

kbk��p � � then

Px�Xb hits S before exiting U��R�
 � CEx
h Z 

�

VS���X�t

 dt
i
�

where jxj � R��� Here � is the �rst exit time out of the region U��R�
and C is a constant depending only on �� ��

Proof� It is su�cient for us to assume that S consists of a single
cube Q with side � R� which intersects U��R� � In that case  Q � U��R�
contains a cube Qm with side of length �m which has the same order
of magnitude as the length of Q� In view of Proposition ��� it will be
su�cient for us to show that

Ex
h Z 

�


Qm

�X�t

 dt
i

� c�

��m
R�

�� ��m

�md�x�Qm
 � 	
�
min

n
	�

md�Qm


md�x�Qm
 � 	

o
�����
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for some �� � � � � 	 and constant c� depending only on �� Now the
left hand side of the above inequality is justZ

Qm

GD�x� y
 dy �

where GD is the Dirichlet Green�s function on the ball U��R� � It is easy
to see from the explicit formula for GD that if jxj � R�� thenZ

Qm

GD�x� y
 dy � c ��m

md�x�Qm
 � 	
min

n
	�

md�Qm


md�x�Qm
 � 	

o
�

for some universal constant c � �� Thus the inequality ����
 holds
provided � � 	� ��

Next we generalize Proposition �� to the case of nontrivial b�

Proposition ���� Suppose R� � �� R� � R� and suppose S consists

of cubes of length � R� Let f be a density on the sphere jxj � R and f�
the density on jxj � R� by f propagated by the process with drift b along

paths which do not intersect S� Let � � �� 	 � q ��� 	 � p � �� Then
there exist �� �� � � � depending only on �� p� q such that if kbk��p � ��
kf � Av fkq � � jAv f j and

Avjxj�R Ex

h Z R�

�

VS���X�t

 dt
i
� � �

then

kf� �Av f�kq � � jAv f�j and jAv f�j � jAv f j


�

Proof� We proceed as in Proposition ��� Letting q� satisfy 	�q �
	�q� � 	� we need to show that the operator A de�ned by

Ag�x
 � Ex�g�Xb��R�

" Xb�t
 � S� some t� � � t � �R� �

which maps functions on jxj � R� to functions on jxj � R satis�es an
inequality

kAgkq� � 	��
 kgkq� �
where 	��
 �� � for � �� �� To prove this let 	 � r � q�� Then it is
su�cient to show that

�����
 Ex�jg�Xb��R�

jr� � C kgkrq� � jxj � R �
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for some constant C depending only on r� q� p� �� Now we can write

Ex�jg�Xb��R�

jr� � h�x� jgjri �

where �x is the density of the drift process started at x� jxj � R� on
the sphere jyj � R�� Arguing similarly to the proof of ��� Lemma ����
and using Corollary ��	 we see that for any s� 	 � s � �� we can
choose � � � su�ciently small so that �x is s integrable on jyj � R�

and k�xks � C where C is a universal constant� Now we obtain the
inequality �����
 by choosing s to satisfy 	�s� r�q� � 	 and applying
Holder�s inequality�

�� Auxiliary perturbative estimates�

In this section we shall prove a perturbative theorem which will be
needed in the induction argument of Section �� The theorem is similar
in spirit to the results of sections � and � and our proof will depend on
these� Let �R be the ball of radius R in R� centered at the origin and
suppose a�� a� are points which satisfy ja�j � ja�j � R�� ja��a�j � R�
Thus a� and a� lie on a diameter of �R at a distance R� from the
center� Let Br� be a ball of radius r� � 	�R such that a� � �Br� and
the outward normal to �Br� at a� makes an angle less than ��	�� with
the vector a� � a�� Similarly� let Br� be a ball of radius r� � 	�R such
that a� � �Br� and the outward normal to �Br� at a� makes an angle
less that ��	�� with the vector a� � a�� We shall be interested in the
surfaces D� � B�a�� R��
 � �Br� and D� � B�a�� R��
 � �Br��

Next suppose we have a vector �eld b � R� �� R� and a dyadic
decomposition of R� into cubes Q� For n� an integer and � � � let S
be the set of all dyadic cubes Qn with side of length �n� n � n�� such
that

���	


Z
Qn

jb�x
jp dx � �p jQnj��p�� �

For Q � S and � � � de�ne VQ�� � R� �� R by

VQ���x
 �

��
� jQj����

� �n�

jQj���
��

� x �  Q �

� � otherwise �
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where  Q is the double of Q� The potential V� is then given by

���
 V� �
X
Q�S

VQ�� �

Observe that the potential V� de�ned here is a particular case of the
potential VS�� of Section �� Suppose �� is a density on the surface D��
Then AvD�

�� is the average of �� on D� and k��kD��q� 	 � q � �� is
the Lq norm of �� normalized so that k�kD��q � 	� The theorem we
wish to prove is as follows�

Theorem ���� Let R � �n� n � n�� and �� be a density on D��

Suppose f � M t
r�R

�
 with 	 � r � t� r � p� �� � t � �� Let �� be

the density induced on D� by the paths of the drift process Xb�t
 which
start on D�� avoid the cubes Q � S with jQj � ��n� exit the region

�R � Br� through D�� and satisfy the inequality

Z 

�

jf j �Xb�t

 dt � C�R
����t kfkt�r �

where C� is a constant� Let � � �� � � and suppose

����

	

R

Z
�R

V��x
 dx � � �
��n�n�� �

where � � � is a constant� Then there exists a constant � � 	 depending
only on �� such that if 	 � q � � and C� is su�ciently large� �
su�ciently small� one can �nd constants C�� c� such that

����
 k��kD��q � C� �
n�n� AvD�

��

implies that

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

The constants �� C�� C�� c� can be chosen independent of R�

Remark� Theorem ��	 is rather like the results we have already proven�
In fact� if we take C� � �� � � �� we are in the situation studied in
Section �� The case C� ��� � � �� n � n�� is the situation studied in
Section �� Observe that since the regions D�� D� are not spheres the
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results of sections � and � do not immediately yield a proof of Theorem
��	 in the above mentioned cases�

We shall prove Theorem ��	 in a series of steps starting from the
simplest situation� We �rst consider the case of Brownian motion where
b 	 ��

Lemma ���� Let �� be a density on D� with AvD�
�� � � and ��

the density induced on D� by Brownian paths started on D� which exit

�R�Br� through D�� Then there exists universal constants c�� C� such

that for 	 � q � ��

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Suppose g is a function de�ned on D� and let u�x
 � Pg�x
�
x � �R � Br� be given by the solution of the Dirichlet problem

����


���
��

�u�x
 � � � x � �R �Br� �

u�x
 � g�x
 � x � D� �

u�x
 � � � x � ���r � Br�
nD� �

Thus P de�nes a mapping of functions on D� to functions on D�� Let
P � be the adjoint of P de�ned by

hf� PgiD�
� hP �f� giD�

�

where h� � �iD�
� h� � �iD�

are the standard inner products on L��D�
 and
L��D�
 normalized so that k�kD��� � k�kD��� � 	� Then �� and �� are
related by the equation �� � P ���� We have therefore that

AvD�
�� � h��� 	iD�

� hP ���� 	iD�
� h��� P	iD�

�

Thus to show that AvD�
�� � c�AvD�

�� it is su�cient to prove that
P��x
 � c� � � for all x � D�� Hence we need to prove that there is a
universal constant c� � � such that

����
 Px�X�t
 exits �R � Br� through D�
 � c� � x � D� �

To see this let B�� B�� � � � � BN be balls with radius � R having the
following properties�
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a
 Bi � �R � Br� � 	 � i � N � 	� BN is centered at a�� B� is
centered at x�

b
 j�Bi �Bi	�j � R�� 	 � i � N � 	�

Now for 	 � i � N let Si be the sets

Si � fy � �Bi � y � Bi	�� d�y� �Bi	�
 � cRg � 	 � i � N � 	 �

SN � �BN � �R�n�R � Br�
 �

It is clear from a
� b
 that we may choose c � � such that jSij � R��
	 � i � N � Next de�ne p�� � � � � pN�� by

p� � P �BM started at x exits B� through S�
 �

pi � inf
y�Si

P �BM started at y � Si exits Bi	� through Si	�
 �

with 	 � i � N � 	� It is clear from the Poisson formula that there is
a constant c � � such that pi � c� � � i � N � 	� Hence we have

Px�X�t
 exits �R � Br� through D�
 � p� p� � � �pN�� � cN �

Since we can choose N to be an absolute constant the inequality ����

follows�

Next� to show that k��kD��q � C�AvD�
��� we can prove that

jh��� fiD�
j � C�AvD�

�� kfkD��q� �

where 	�q�	�q� � 	� Since h��� fiD�
� h��� PfiD�

and we have already
proved that AvD�

�� � c�AvD�
��� it is su�cient to show that

����
 kPfkD��� � C kfkD��q� �

for some universal constant C� We can prove this last inequality by
observing that jPf�x
j � P jf j�x
� where P is the Poisson kernel for
the ball Br� �

Lemma ���� Let �� be a density on D� with AvD�
�� �� and �� the

density induced on D� by Brownian paths X�t
 started on D� which

exit �R �Br� through D� and satisfyZ 

�

jf j�X�t

 dt � C�R
����t kfkt�r � 	 � r � t � t �

�


�
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Then there exist universal constants c�� C� such that for 	 � q �� and

su�ciently large C�� depending only on r� t� one has the inequalities

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Suppose g is a function de�ned on D� and extend g to ���R�
Br�
 by setting g to be zero on the rest of the boundary� Then Pg�x

is de�ned for x � �R � Br� by

Pg�x
 � Ex

h
g�X��

H

�
C�R

����t kfkt�r �
Z 

�

jf j�X�t

 dt
�i

�

where H is the Heaviside function H�z
 � 	� z � �� H�z
 � �� z � ��
Then just as in Lemma ��	 we have �� � P ���� It is furthermore clear
that the inequality ����
 continues to hold� Hence we need only prove
that AvD�

�� � c�AvD�
��� This follows if we can show that

Px
�
X�t
 exits �R �Br� through D�

and

Z 

�

jf j �X�t

 dt � C�R
����tkfkt�r

�
� c� � x � D� �

����


Evidently from the Chebyshev inequality the left hand side of the pre�
vious inequality is bounded below by

Px�X�t
 exits �R �Br� through D�
�
Ex

h Z 

�

jf j �X�t

 dt
i

C�R����t kfkt�r �

If we use now the fact that

Ex
h Z 

�

jf j�X�t

 dt
i
� 	

��

Z
�R

jf�y
j
jx� yj dy � KR����t kfkt�r �

for some constant K depending on t� then it is clear that ����
 holds
and hence the result�

Lemma ���� Let S be a set of dyadic cubes and suppose V� is de�ned

by ���
� Let �� be a density on D� and �� the density induced on D�

as in Theorem ��	� Then if b 	 � the conclusion of Theorem ��	 holds�
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Proof� As in Lemma �� we may con�ne ourselves to proving that
AvD�

�� � c�AvD�
��� Thus we need to showZ

D�

���x
Px
�
X�t
 exits �R �Br� through D�� avoids

cubes Q � S with jQj � ��n andZ 

�

jf j�X�t

 dt � C�R
����tkfkt�r

�
d��x


� c�AvD�
�� �

where � is the surface measure on D� normalized so that ��D�
 � 	�
From Lemmas ��	� �� it will be su�cient to show thatZ

D�

���x
Px
�
X�t
 hits

	
Q�S

jQj����n

Q before exiting �R � Br�

�
d��x


� 	AvD�
�� �����


where 	 is a number which can be chosen arbitrarily small depending
on �� Let Qm be a cube in S with side of length �m� m � n� In view
of the inequality ����
 m must satisfy the inequality

���	�
 ������m�n� � ��� ����
���n�n�� �

whence m � n is larger than a constant times n � n� plus a constant
which may be made arbitrarily large depending on �� Let d�x�Qm
 be
de�ned by d�x�Qm
 � �m if x � Qm� d�x�Qm
 � distance from x to
the center of Qm if x �� Qm� Then as in Section � we haveZ

D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� C

Z
D�

�m ���x


d�x�Qm

d��x


� C
�Z

D�

�mq
�

d�x�Qm
q�
d��x


���q�
k��kD��q� �

where 	�q � 	�q� � 	� We have now that

Z
D�

�mq
�

d�x�Qm
q
� d��x
 � C ��m�n� � 	 � q� � � �
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for some constant C� Hence by the assumption ����
 we conclude that
there is a constant C such thatZ

D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� C ��m�n��q
�

�n�n� AvD�
�� �

It is clear now from ���	�
 that if � satis�ed the inequality

���		
 	 � � � ����
���q������ �

then for any 	 � �� � can be chosen su�ciently small so thatZ
D�

���x
Px�X�t
 hits Qm before exiting �R � Br�
 d��x


� 	AvD�
�� �

Suppose now that m satis�es ���	�
 and Nm is the number of cubes Qm

in S with side of length �m� Then from ����
 it follows that

Nm � � ������m�n������
���n�n�� �

Let gm be the function de�ned by

gm�x
 � Px

�
X�t
 hits

	
Qm�S

Qm before exiting �R � Br�

�
�

Then we have

kgmkD��� �
X
Qm�S

C

Z
D�

�m d��x


d�x�Qm


� CNm ��m�n� � C � ���m�n������
���n�n�� �

Now� using the obvious fact that gm�x
 � 	� we have thatZ
D�

���x
 gm�x
 d��x
 � kgmkD��q� k��kD��q

� kgmk��q
�

D���
k��kD��q

� C ���q
�

���m�n��q
���������n�n���q

�

� �n�n� AvD�
�� �
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Letting m� be the minimum integer m such that ���	�
 holds we con�
clude thatZ

D�

���x
Px

�
X�t
 hits

	
Q�S

jQj����n

Q before exiting �R � Br�

�
d��x


�
�X

m�m�

C ���q
�

���m�n��q
���������n�n���q

�

�n�n� AvD�
��

� C � ���q
�

���m��n��q
���������n�n���q

�

�n�n� AvD�
�� �

If we use the inequality ���		
 we have that

���m��n��q
���������n�n���q

�

�n�n� �

��������m��n�	����
���n�n��
��q

������ � ���q
������ �

from the de�nition of m� and ���	�
� The inequality ����
 immediately
follows from this�

Next we wish to consider the case of nontrivial drift b with � � ��

Lemma ���� Let �� be a density on D� with AvD�
�� �� and �� the

density induced on the sphere �B�a�� R��
 by paths of the drift process

Xb�t
 started on D�� Suppose that b � M�
p and kbk��p � �� Then for

any q� 	 � q ��� and su�ciently small �� depending only on p� q one

has� with D� � �B�a�R��
�

AvD�
�� � AvD�

�� � k��kD��q � C�AvD�
�� �

where C� depends only on p� q� ��

Proof� For y � D� let �y be the Dirac � function concentrated at
y� Then it follows from Corollary ��	 that if hy is the density induced
on D� by �y then khykD��q � C�� for some constant C�� provided � is
su�ciently small� Since

�� �

Z
D�

��y
 �y d��y
 �
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it follows that

k��kD��q �
��� Z

D�

��y
hy d��y

���
D��q

�
Z
D�

��y
 khykD��q d��y


� C�AvD�
�� �

The fact that AvD�
�� � AvD�

�� follows simply from the observation
that u�x
 	 	 is a solution of the equation �u�x
 � b�x
 � ru�x
 � ��

Next let GD�x� y
 be the Dirichlet kernel for �� on the domain
�R � Br� � As in Section � we shall be concerned with the integral
operator T on functions with domain �R � Br� which has kernel kT
given by

���	
 kT �x� y
 � b�x
 � rxGD�x� y
 � x� y � �R � Br� �

Lemma ���� There is a universal constant C such that

���	�
 jrxGD�x� y
j � C

jx� yj� � x� y � �R � Br� �

Proof� Let u�x
 � GD�x� y
� We shall show that there is a universal
constant C such that

���	�
 u�x
 � C

jx� yj min
n
	� d

�
x�
���R � Br�


jx� yj
�o

�

where x � �R � Br�nfyg� The estimate ���	�
 follows from ���	�
 by
using the fact that u is harmonic in �R � Br� � fyg and the Poisson
formula� One can easily prove ���	�
 by constructing a barrier function�
Thus let us suppose that d�x� ���R � Br�

 � jx� yj�� and that x� is
the nearest point on ���R � Br�
 to x� Let x� be the point x� � x� �
c jx�yj �x��x
�jx��xj where c � �� Let Ux � fz � jz�x�j � c jx�yjg�
Then it is clear that we may choose c � 	�� in a universal way so that
�R �Br� � Ux and jz � x�j � jx� yj�� if jz � yj � jx� yj��� Let v�z

be the function

v�z
 � 	� jx� � x�j
jz � x�j � z � Ux �
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Thus v is harmonic in the region �R �Br�nB�y� jx� yj��
 and satis�es
the boundary conditions

v�z
 � � � z � ���R � Br�
 �

v�z
 � 	� � c �
	


� z � �B

�
y�

	

�
jx� yj

�
�

On the other hand u�z
 is also harmonic in the region

�R � Br�nB
�
y�
jx� yj

�

�
and satis�es the boundary conditions

u�z
 � � � z � ���R �Br�
 �

u�z
 � C

jx� yj � z � �B
�
y�

	

�
jx� yj

�
�

where C is a universal constant� It follows then by the maximum prin�
ciple that

���	�
 u�z
 � C
v�z


jx� yj � z � �R �Br�nB
�
y�

	

�
jx� yj

�
�

Observing now that

v�x
 � 	� jx� � x�j
jx� x�j

� 	� jx� � x�j
jx� x�j� jx� � x�j

�
jx� x�j

jx� x�j� jx� � x�j

� jx� x�j
jx� � x�j

�
jx� x�j
c jx� yj �

the inequality ���	�
 follows from ���	�
 on setting z � x�
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The estimates in Lemma ��� can be improved when y is close to
���R�Br�
 but a distance from ��R��Br� In fact one can see this by
using the Kelvin transform just as in the proof of Lemma ���� In par�
ticular we have an estimate similar to Proposition �	 for rxGD�x� y

when y is close to D��

Lemma ���� There exist universal constants� c� C such that if d�y�D�

� cR then

jrxGD�x� y
j � C

jx� yj� min
n
	�
d�y� �Br�


jx� yj
o
� x� y � �R � Br� �

Proof� Suppose d�y�D�
 � cR� Then if c is su�ciently small one
can choose 	� � � 	 � 	�� in a universal way such that the harmonic
function u�z
 � rxGD�x� z
 extends to the entire ball B�y� 	jx� yj
�
This follows by using the Kelvin transform� Furthermore� by Lemma
��� there is a universal constant C such that

���	�
 sup
z�B�y��jx�yj�

ju�z
j � C

jx� yj� �

Let y� be the closest point on �Br� to y and suppose that jy � y�j �
	 jx� yj�� Then from the Poisson integral formula and ���	�
 one has
that jru�z
j � C��jx � yj� for all z on the line segment joining y to
y�� where C� is a constant� Since u�y�
 � � if follows from this that
ju�y
j � C� d�y� �Br�
�jx� yj�� The result easily follows�

We use Lemmas ��� and ��� to show that the operator T with
kernel kT given by ���	
 is a bounded operator on a weighted Morrey
space� Let 
 � � be a parameter and de�ne the weight function w
 on
�R � Br� by

w
�y
 �

��
�

d�y� �Br�


R
� if d�y�D�
 � 
R �

	 � if d�y�D�
 � 
R �

and

w
�y
 �
�
� d�y�D�



R

�d�y� �Br�


R
�
�d�y�D�



R
� 	

�
�

if 
R � d�y�D�
 � 
R�
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Lemma ��	� Let Q be an arbitrary cube which intersects �R�Br� and

suppose

d�Q
 � sup fd�x� �Br�
 � x � Qg �
Then there exists a constant C
 depending only on 
 such that

d�y� �Br�


d�Q

� C
 �
�y


k�
k��Q
� y � Q � �R � Br� �

where k�
k��Q denotes the L� norm of �
 on Q�

Proof� Suppose jQj��� � cR for some constant c � �� Hence there are
constants C�� C�� C� such that d�Q
 � C�R� k�
k��Q � C�� w
�y
 �
C� d�y� �Br�
�R� The inequality ���	�
 clearly follows from this and
so we may assume from here on that jQj��� � cR where c � � is an
arbitrarily small universal constant�

Next suppose that for all y � Q one has d�y�D�
 � 
R� In view
of the de�nition of w
�y
 for d�y�D�
 � 
R the inequality ���	�
 im�
mediately follows� Similarly ���	�
 follows if for all y � Q one has
d�y�D�
 � 
R� Hence we may assume that there exists y � Q such
that 
R � d�y�D�
 � 
R� We put 	 � d�y�D�
�
R � 	� whence
� � 	 � 	� Let � � jQj����
R� Then if jQj��� � cR and c � � is small
we have � � � � 	� One has the inequalities

kw
k��Q � �	� 	 � �

d�Q


R
� 	 � � �

w
�y
 � �	� 	 � �

d�y� �Br�


R
� 	 � � �

Suppose now that  � � 	 � 	�  �� Then

w
�y


kw
k��Q
�

�	� 	
 d�y� �Br�


R
�
	


� �	� 	
 d�Q


R
�

� 	



� 	

�

d�y� �Br�


d�Q

�

since d�y� �Br�
 � d�Q
� Next suppose � � 	 �  �� Since � �
C d�Q
�R for some constant C � � we have that

kw
k��Q � �	 � �C

d�Q


R
�
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On the other hand one also has w
�y
 � d�y� �Br�
��R
 if � is su��
ciently small� Hence ���	�
 holds again� Finally� for 	� � � 	 � 	 one
has w
�y
 � 	� for su�ciently small � and hence ���	�
 holds in this
case also�

For 	 � r � q �� we de�ne the weighted Morrey spaceMq
r�w�

��R
� Br�
 as follows� a measurable function g � �R � Br� �� C is in
Mq

r�w�
��R � Br�
 if w
�y


r jg�y
jr is integrable on �R � Br� and there
is a constant C such that

���	�


Z
Q��R�Br�

w
�y

r jg�y
jr dy � Cr jQj��r�q �

for all cubes Q � R� � The norm of g� kgkq�r�w� is de�ned as

kgkq�r�w� � inffC � ���	�
 holds for all cubes Qg �

Lemma ��
� Suppose b � M�
p � 	 � p � �� and r� q satisfy 	 � r � p�

r � q � �� Then there exists a universal constant 
 � � such that

the operator T with kernel kT given by ���	
 is a bounded operator

on the space Mq
r�w�

��R � Br�
� The norm of T satis�es the inequality

kTk � C kbk��p� where the constant C depends only on r� p� q�

Proof� We follow the same lines as the proof of Proposition �	�
De�ne an integer n� by �n��� � �R � �n� and let Q���
 be the cube
centered at � with side of length �n� � It is clear that for � � �R �Br�

then �R � Br� � Q���
� We de�ne an operator TK on functions u �
�R �Br� �� C which have the property that w
�x
u�x
 is integrable�
To do this we decompose K into a dyadic decomposition of cubes Qn

with sides of length �n� n � n�� For any dyadic cube Q � K with
volume jQj let uQ be de�ned by

uQ � jQj��
Z
Q��R�Br�

w
�x
u�x
 dx �

For n � n� de�ne the operator Sn by

Snu�x
 � �n
uQn

kw
k��Qn

� x � Qn �
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The operator TK is then given by

TKu�x
 �
�X

n�n�

jb�x
jSnu�x
 � x � �R �Br� �

It follows now from Lemmas ���� ���� ��� and Jensen�s inequality that
one can choose 
 in a universal way such that for every cube QZ

Q��R�Br�

w
�x

r jTu�x
jr dx

� Cr

j�R � Br� j
Z
�R�Br�

d�

Z
Q��R�Br�

w
�x

r jTQ����u�x
jr dx �

for some universal constant C� Hence it is su�cient to prove the result
of the lemma for the operator TK �

Next we have the analogue of Lemma �	� Thus let Q� � K be an
arbitrary dyadic subcube of K with side of length �nQ� � Suppose r� p
satisfy the inequality 	 � r � p� Then there are constants �� C � �
depending only on r� p such that jQj���	� uQ � jQ�j���	� uQ� for all
dyadic subcubes Q of Q� implies the inequality

Z
Q�

w
�x

r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p jQ�jurQ� �

The analogue of Corollary �	 follows from this last inequality� Thus
we have for any dyadic subcube Q� � K�

Z
Q�

w
�x

r
� �X
n�nQ�

jb�x
jSnu�x

�r

dx � Cr kbkr��p
Z
Q�

w
�x

r ju�x
jr dx �

To complete the proof of the lemma we need to show that for any dyadic
subcube Q� � K one has

Z
Q�

w
�x

r
� nQ���X
n�n�

jb�x
jSnu�x

�r

dx � Cr kbkr��p kukrq�r�w� jQ�j��r�q �

for some constant C� This inequality is clear�

Next we prove the analogue of Lemma ��	�
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Lemma ���� Suppose g is a function de�ned on D� and let Pg�x
�
x � �R � Br�� be the function given by the solution of the Dirichlet

problem ����
� Let r� p� q� q� be as in Lemma ��	� Then if g � Lq�D�

the function b � rPg is in the Morrey space Mq�

r�w�
��R �Br�
 for some

universal 
 � � and

kb � rPgkq��r�w� � CR��q��kbk��p kgkD��q �

Proof� The inequality will follow just as in Lemma ��	 if we can show
that

���	�
 w
�x
 jrPg�x
j � CR���P jgj�x
 � kgkD���
 � x � �R � Br� �

where C is a constant depending only on 
� To prove ���	�
 �rst con�
sider the case where d�x�D�
 � 
R� Since the Harnack principle implies
that

d�x� �Br�
 jrPg�x
j � CP jgj�x
 �
the inequality follows� Next suppose d�x�D�
 � 	R� If d�x� ���R �
Br�

 � cR for an arbitrary constant c � � then the Harnack principle
again implies that

w
�x
 jrPg�x
j � C� jrPg�x
j � C�R
�� kgkD��� �

where C� depends on c� Hence we may assume that d�x�D�
 � 
R
and d�x� ���R � Br�

 � cR where c � � can be arbitrarily small� We
proceed now as in the argument of Lemma ���� Thus let x� be the
nearest point on ���R �Br�
 to x and x� � x� � 	R �x� � x
�jx� � xj�
where 	 is to be chosen depending on 
� c� Let Ux � fz � jz � x�j �
	Rg� Then it is clear that we may choose 	 su�ciently small so that
�R � Br� � Ux and jz � x�j � � 	 R if z � D�� Next let v�z
 �
	�jx��x�j�jz�x�j� z � Ux and W be the region W � fz � �R�Br� �
jz�x�j �  	 Rg� Evidently the functions P jgj�z
 and v�z
 are harmonic
in W and there is a constant C depending on 	 such that

P jgj�z
 � C kgkD���
v�z
 � z � �W �

Hence by the maximum principle this last inequality holds for all z �W �
For c su�ciently small x � W and hence there is a constant C such
that

P jgj�x
 � C kgkD���
d�x� ���R � Br�



R
�



Estimates on the solution of an elliptic equation ��	

Using the Harnack principle we immediately conclude that

jrPg�x
j � C
kgkD���

R
�

for some constant C� Hence ���	�
 holds in all cases�

Lemma ����� Let �� be a density on D� � �B�a�� R��
 which satis�es

k��kD��q � C�AvD�
��� Let �� be the density induced on D� by the paths

of the drift process Xb�t
 which start on D� with density �� and exit

the region �R � Br� through D�� Then if b �M�
p � kbk��p � � and � is

su�ciently small there are constants C�� c� such that

k��kD��q � C�AvD�
�� � AvD�

�� � c�AvD�
�� �

Proof� Let g � Lq�D�
� We consider the operator Q analogous to
����
� de�ned by

Qg�x
 �

Z
�R�Br�

GD�x� y
 �I � T 
�� b � rPg�y
 dy � x � D� �

Then �� � P ��� �Q���� We shall show just as in Proposition ��	 that
for any q� 	 � q ��� and � su�ciently small Q is a bounded operator
from Lq�D�
 to Lq�D�
 and kQk � C kbk��p� The result follows from
this by the same argument as in Section ��

To prove that Q is bounded we use Lemmas ���� ���� Thus if � is
su�ciently small the function

h�y
 � �I � T 
�� b � rPg�y
 � y � �R �Br� �

is in the weighted Morrey space Mq�
r�w�

��R �Br�
 where q� is given by
����
 and 
 � � is universal� Furthermore by Lemma ��� there is the
bound

khkq��r�w� � CR��q��kbk��p kgkD��q �

For 	 � � let W� � fy � �R � Br� � d�y� �Br�
 � 	Rg and W� �
�R � Br�nW�� It is clear that for 	 and 
 su�ciently small there is a
constant C such that

GD�x� y
 � C
w
�y


jx� yj � y �W� � x � D� �

GD�x� y
 � C
w
�y


R
� y � W� � x � D� �
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Hence we have

jQg�x
j � C

Z
W�

w
�y
 jh�y
j
jx� yj dy�

C

R

Z
W�

w
�y
 jh�y
j dy � x � D� �

Now we argue exactly as in Proposition ��	 to see that kQk � C kbk��p�

Proof of Theorem ���� If � � � and C� � � the result is a
consequence of Lemmas ��� and ��	�� Hence it is su�cient for us to
prove that for � � � small and C� �� large then AvD�

�� � cAvD�
��

for some constant c � �� For C� � � we argue as in Lemma ��
using ��� Theorem 	�	�� For � � � we argue as in Lemma ��� and use
Proposition ����

	� Nonperturbative estimates on the exit probabilities from a

spherical shell�

In this section we shall generalize Corollary �� to the nonpertur�
bative case� The main tool we use to do this is the following nonper�
turbative version of Theorem ��	�

Theorem 	��� Let R � �n� n an integer� n � n�� and �� be a density

on D�� Suppose f � M t
r�R

�
 with 	 � r � t� r � p� �� � t � �� Let

�� be the density induced on D� by the paths of the drift process Xb�t

which start on D�� exit the region �R �Br� through D�� and satisfy the

inequality Z 

�

jf j�Xb�t

 dt � C�R
����t kfkt�r �

where C� is a constant� Then for � � �� 	 � q �� and C� su�ciently

large there exist constants � � 	� �� C�� c� � � such that

k��kD��q � C� �
n�n�AvD�

��

implies that there is a function �� on D� such that ���x
 � ���x
 � ��
x � D�� and

k��kD��q � C�AvD�
�� �

AvD�
�� � c�AvD�

�� exp
�
� �

R

Z
�R

V��x
 dx
�
�
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Remark� Theorem ��	 implies Theorem ��	 when ����
 holds by taking
� � �� We can prove Theorem ��	 under the assumption that b � L�

since none of the constants depend on b� In that case when R �
�n and n is su�ciently large we are in the perturbative case and the
theorem follows again from Theorem ��	�

We shall prove Theorem ��	 by induction� In particular we will
prove that if m is an integer� m � n� and if Theorem ��	 holds for
R � �n� n � m� then it also holds for R � �m� The key fact
in reducing the R � �m case to the case R � �n� n � m� is the
following�

Lemma 	��� For x � D�� z � D�� let �x�z�k be the cylinder whose axis

is the line joining x to z and with radius �k� Let V � �R �� R be a

nonnegative potential� Then there is a universal constant C such thatZ
D�

d��x


Z
D�

d��z


Z
�x�z�k��R

V �y
 dy � C
���k
R�

�Z
�R

V �y
 dy �

where d� denotes the normalized euclidean measures on D�� D��

Proof� Let 
x�z�k

be the characteristic function of the set �x�z�k ��R�

For any y � �R either jy � a�j � R� or jy � a�j � R�� Suppose
jy � a�j � R�� Then there is a universal constant C such thatZ

D�


x�z�k

�y
 d��z
 � C
���k
R�

�
� x � D� �

Similarly if jy � a�j � R� we haveZ
D�


x�z�k

�y
 d��x
 � C
���k
R�

�
� z � D� �

The lemma follows easily from these last two inequalities�

Lemma 	��� For x � D� and � � � let Dx � fy � D� � jy � xj � �g�
Suppose 	� q � 	 and kfkD��q � KAvD�

f � Let G be the set

G � fx � D� � d�x� �D�
 �  �� kfkDx�q � K 	AvDx
fg �

Then there is a universal constant C such thatZ
G

AvDx
f d��x
 �

�
	� 	

	
� C

� �
R

���q�
K
�
AvD�

f �
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Proof� We have

AvD�
f �

	

jD�j
Z
D�

f�y
 dy

�
	

jD�j
Z
D�

f�y

	

jD� � B�y� �
j dy
Z
D�


Dx

�y
 dx �

where 
Dx

is the characteristic function of Dx� Letting Hi � fx � D� �

d�x� �D�
 � i �g� i � 	� � � � � � we can rewrite this last expression as

���	


AvD�
f �

	

jD�j
Z
D�nH�

f�y

	

jD� �B�y� �
j dy
Z
D�


Dx

�y
 dx

�
	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�


Dx

�y
 dx �

Next observe that

	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�


Dx

�y
 dx

�
	

jD�j
Z
H�

f�y

dy

jDxj
Z
D�nH�


Dx

�y
 dx���


�
	

jD�j
Z
H�

AvDx
f dx �

We can bound the �rst term in ���	
 as

	

jD�j
Z
D�nH�

f�y
 dy � jD�nH�j��q�
jD�j��q�

� 	

jD�j
Z
D�

f�y
q dy
���q

�
� jD�nH�j

jD�j
���q�

kfkD��q

� 	


C
� �
R

���q�
KAvD�

f �

for some universal constant C� Similarly we can bound the �rst term
in ���
 by

	

jD�j
Z
D�nH�

f�y
 dy � 	


C
� �
R

���q�
KAv f �
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We conclude from these last two inequalities that

	

jD�j
Z
H�

AvDx
f dx �

�
	� C

� �
R

���q�
K
�
Av f �

Next observe that

	

jD�j
Z
H�nG

AvDx
f dx � 	

jD�jK 	

Z
H�nG

kfkDx�q dx

�
	

jD�jK 	

Z
H�nG

� 	

jDxj
Z
Dx

f�y
q dy
���q

dx

� jH�nGj��q�
jD�jK 	

�Z
H�nG

dx

jDxj
Z
Dx

f�y
q dy
���q

�
� jH�nGj
jD�j

���q� 	

K 	

� 	

jD�j
Z
D�

f�y
q dy
���q

�
� jH�nGj
jD�j

���q� 	

K 	
kfkD��q

� 	

	
AvD�

f �

The lemma follows from this last inequality and ����
�

Let us assume now that Theorem ��	 holds for R � �n with
n � m� m � n�� and consider the case R � �m� If ����
 holds the
theorem is correct so we shall assume that ����
 is violated� Put k� � m
and de�ne an integer k� � k� by

����
 k��k� � 
�
� 	

R

Z
�R

V��y
 dy
����

�

where 
� � � is a �xed integer to be chosen later� Since we are assuming
that

����

	

R

Z
�R

V��y
 dy � � �
��m�n��

and m � n� we should choose 
� to satisfy 
� ���� �  to ensure
k� � k��
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Proposition 	��� Suppose that Theorem ��	 holds for n � m � n�
and that for every z � D� the following inequality holds

����

	

�k�

Z
B�z���k� �

V��y
 dy � � �
��k��n�� �

Then Theorem ��	 holds for R � �m�

Proof� From Lemma ��	 we have that

����


Z
D�

d��x


Z
D�

d��z

	

�k�

Z
�x�z�k���R

V��y
 dy

� C ��k��k��
	

R

Z
�R

V��y
 dy

� �
� ��k��k��
�� �

Next for x � D� and f a function on D� let Avx�k�f be the average of
f on the set D� � B�x� �k���
 and kfkx�k��q be the corresponding Lq

norm normalized so that k�kx�k��q � 	� Let  D� be the set of x � D�

which satisfy the following properties�

a
 d�x� �D�
 � �k� �

b
 k��kx�k��q � C� �
k�	��n� Avx�k��� �

c


Z
D�

d��z


�k�

Z
�x�z�k���R

V��y
 dy � �
���  �k��k��
���� �

In view of Lemma �� we have thatZ
�D�

Avx�k��� d��x


�
�
	� 	

�k�	��k�
� C ��k��k���q

�

�k��n� C�

����


� C ��
�����k��k��
����
��q
�

�k��n� C�

�
AvD�

�� �

Observe that the last term in the previous expression is a consequence
of the restriction c
� In fact� in view of ����
 one has

meas fx � D� � c
 is violatedg
jD�j � �
��� ��k��k��
���� �
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Now from ����
� ����
 it follows that

��k��k���q
�

�k��n� � �
��q
�

�� ��� ��
��k��n���� �k��n� �

Hence if we choose � � �
��� and 
� su�ciently large depending on

�� C� we can have

����


Z
�D�

Avx�k��� d��x
 �
	


AvD�

�� �

For x �  D� we de�ne a subset  D� � D� as the set of z � D� which
satisfy

d
 d�z� �D�
 � �k� �

e

	

�k�

Z
�x�z�k���R

V��y
 dy � �
��� ���k��k��
���� �

From c
� e
 and the Chebyshev inequality we have that

���	�

j  D�j
jD�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

for some universal constant C� Evidently the set  D� depends on x �  D��
Let x �  D�� z �  D�� Then we can use the induction hypothesis to

propagate the density �� restricted to D� � B�x� �k���
 through the
cylinder �x�z�k� � To implement it we choose points x�� x�� � � � � xN with
the property that x� � x� xN � z� jxi�xi	�j � �k���� � � i � N � 	�
such that the balls centered at �xi � xi	�
� with radius ��k�	�� are
contained in �x�z�k� � Finally we insist that N � C k��k� for some
universal constant C�

Consider the ball B� centered at �x�� x�
� with radius ��k�	���
Letting Dx � D� � B�x� �k���
 then from b
 and the induction hy�

pothesis �� restricted to Dx can be propagated to a density �
���
� on

Dx� � �Br � B�x�� 
�k���
 where Br is a ball of radius r � 	� �k���

such that x� � �Br� Furthermore �
���
� satis�es the conditions

k����� kDx�
�q � C�AvDx�

�
���
� �

AvDx�
�
���
� � c�AvDx

�� exp
� ��
�k���

Z
B�

V��x
 dx
�
�
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In view of the above inequalities and the induction assumption we may

propagate �
���
� to a density �

���
� on Dx� � �Br � B�x�� 

�k���
 and

continue to do this until we obtain a density �
�N���
� on DxN��

� �Br �
B�xN��� 

�k���
 with the properties

k��N���� kDxN���q
� C�AvDxN��

�
�N���
� ����		


AvDxN��
�
�N���
�

� cN��� exp
� ��
�k���

Z
�x�z�k�

V��y
 dy
�
AvDx

�� ����	


In the inequalities ���		
� ���	
 the constants C�� c�� � are from The�
orem ��	� They are therefore part of the induction hypothesis� To
ensure that these constants continue to hold on the next level up we

use the assumption ����
� Hence in propagating �
�N���
� to �

�N�
� we may

use the perturbative Theorem ��	� Let us denote the constants C�� c�
in Theorem ��	 by C��perturb and c��perturb to distinguish them from
the corresponding constants C�� c� in Theorem ��	� It is clear that by
choosing 
� large enough we have

���	�
 C� � C��perturb �
k�	��n� �

Hence by Theorem ��	 �
�N���
� propagates to a density �

�N�
� on DxN �

D� � B�z� �k���
 which has the properties

k��N�
� kDxN �q

� C��perturbAvDxN
�
�N�
� ����	�


AvDxN
�
�N�
� � c��perturb c

N��
�

� exp
� ��
�k���

Z
�x�z�k���R

V��y
 dy
�
AvDx

�� ����	�


Evidently we can assume c� � 	 and c� � c��perturb� Hence the inequal�
ity ���	�
 yields

AvDxN
�
�N�
� � exp

�
�N log

�	
c �

�
� �

�k���

Z
�x�z�k���R

V��y
 dy
�

�AvDx
��

� exp
�
� C k��k� log

� 	

c�

�
� ��
��� ���k��k��
����

�
�AvDx

�� �
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upon using e
 and the fact that N � C k��k� � Observe now that

C k��k� log
� 	

c�

�
�  � �
��� ���k��k��
����

� � ��k��k��
��

�
�C 
� log

� 	

c�

�
�

���k��k��
�� � ��
��� ��k��k��
����
�
�

In view of the assumption ����
 we can choose 
� dependent only on �
such that

��
��� ��k��k��
���� �
	

�
�

With this choice of 
� and arbitrary c�� � � c� � 	 we can choose � � �
such that

��� C 
� log
� 	

c�

�
���k��k��
�� �

	

�
�

Hence it follows that

���	�
 AvDxN
�
�N�
� � exp

�
� �

R

Z
�R

V��y
 dy
�
AvDx

�� �

We wish to de�ne the density �� on D�� For x �  D� let

	�k�
 � jD� � B�x� �k���
j �
Evidently 	�k�
 is independent of x and 	�k�
 � ��k� � Also

���	�
 ���y
 �
Z
D�

	�k�

�� ���y
Dx

�y
 dx � y � D� �

where 
Dx

is the characteristic function of Dx � D� � B�x� �k���
�

For x �  D�� z �  D� let �x�z� be the density �
�N�
� de�ned above� Thus

�x�z� �y
 �

�
�
�N�
� �y
 � y � DxN �

� � y � D�nDxN �

It follows then from ���	�
 that the density �� induced on D� by �� as
in Theorem ��	 satis�es

���	�
 ���y
 �
Z
�D�

dx

	�k�
 j  D�j

Z
�D�

�x�z� �y
 dz � y � D� �
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From ���	�
 and the above we have that

AvD�
�� � exp

���
R

Z
�R

V��y
 dy
� 	

jD�j
Z
�D�

AvDx
�� dx �

Now if we use the inequality ����
 we conclude that

AvD�
�� � c� exp

���
R

Z
�R

V��y
 dy
�
AvD�

�� �

provided c� is su�ciently small� This last inequality is consistent with
the lower bound on AvD�

�� in Theorem ��	�
It seems reasonable from the previous argument that we shall de�ne

�� by the right hand side of ���	�
� We need to be more subtle than
this in order to keep control of k��kD��q as required by Theorem ��	�
We accomplish this by insisting that the integral of �x�z� is independent
of z �  D�� In view of ���	�
 we may insist that

���	�
 AvDz
�x�z� � exp

�
� �

R

Z
�R

V��y
 dy
�
AvDx

�� � z �  D� �

Then the density �� is de�ned like the right hand side of ���	�
 by

����
 �� �

Z
�D�

dx

	�k�
 j  D�j

Z
�D�

�x�z� dz �

Evidently AvD�
�� satis�es the lower bound of Theorem ��	� To estimate

k��kD��q we use the Minkowski inequality� Thus

���	
 k��kD��q �
Z
�D�

dx

	�k�


��� 	

j  D�j

Z
�D�

�x�z� dz
���
D��q

�

Now we have

��� 	

j  D�j

Z
�D�

�x�z� dz
���q
D��q

�
	

jD�j
Z
D�

� 	

j  D�j

Z
�D�

�x�z� �y
 dz
�q

dy �

Observe next that �x�z� �y
 � � if jz � yj � �k� � whence

�Z
�D�

�x�z� �y
 dz
�q
� Cq ��k��q���

Z
�D�

�x�z� �y
q dz �
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for some universal constant C� Hence

��� 	

j  D�j

Z
�D�

�x�z� dz
���q
D��q

� Cq

jD�j
Z
D�

��k��q���

j  D�jq
dy

Z
�D�

�x�z� �y
q dz

�
Cq ��k��q���

jD�j j  D�jq
Z
�D�

dz

Z
D�

�x�z� �y
q dy

� Cq ��k��q���

jD�j j  D�jq
���


�
Z
�D�

��k� Cq
��perturb

�
AvDz

�x�z�

�q
dz �

If we use now this last inequality together with ���	�
 and ���	
 we
can conclude that

k��kD��q � C C��perturb exp
�
� �

R

Z
�R

V��y
 dy
�
Z
�D�

AvDx
�� dx

�jD�j j  D�jq��
��q
�

It follows from ���	�
 that we can choose 
� su�ciently large depending
only on � so that �jD�j j  D�jq��
��q � jD�j�� In view of ���	�
 we have
that

AvD�
�� � exp

�
� �

R

Z
�R

V��y
 dy
� 	

jD�j
Z
�D�

AvDx
�� dx �

We conclude therefore that

����
 k��kD��q � C C��perturb AvD�
�� �

where C is a universal constant� Theorem ��	 follows then if we have
C C��perturb � C�� This inequality is consistent with the inequality
���	�
 provided we choose 
� large enough�

Remark ���� The assumption ����
 is only used in concluding ����
�
If we did not assume ����
 then the constant in ����
 would be C C�

and we obviously cannot conclude that C C� � C� if C � 	�

Proof of Theorem ���� The idea is to extend the argument of
Proposition ��	 until a perturbative situation holds at the boundary of
D�� This will require introduction of further cylindrical decompositions
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until we are in a situation where ����
 holds� We begin as in Proposition
��	 by de�ning k� � m� k� by ����
 and assume that ����
 holds� To
simplify notation we shall refer to the set D� from here on in this proof
as E�� and the density �� on D� as ��

The set  D� is de�ned exactly as in Proposition ��	 by a
� b
� c

following ����
� For x� �  D� we de�ne a subset  E� � E� which depends
on x� similarly to the set  D� of Proposition ��	� Thus we de�ne it by
the conditions d
� e
 following ����
 but we also impose the requirement
����
� Thus z� �  E� if

d���
 d�z�� �E�
 � �k� �

e���

	

�k�

Z
�x��z��k���R

V��y
 dy � �
��� ���k��k��
���� �

f���

	

�k�

Z
B�z����k��

V��y
 dy � � �
��k��n�� �

The set  F� � E� is de�ned as the set of z� � E� for which d���
�
e���
 above hold but not f���
� The inequality ���	�
 yields therefore the
inequality

����

j  E�   F�j
jE�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

Evidently if 
� is su�ciently large depending on � the right hand side
of the above inequality is strictly positive�

Now for x� �  D�� z� �  E� we can as in Proposition ��	 propagate
the density � restricted toD��B�x�� 

�k���
 to a density �x��z� on E��
B�z�� 

�k���
 whose average value and �uctuation we can control ex�
actly as in Proposition ��	� Next suppose z� �  F�� Then we may use the
induction hypothesis to propagate � restricted to E��B�z�� 

�k���
 to a
density �x��z� which is concentrated on a set D� � �Br �B�x� �k���

and x has the property that B�x� �k���
 � B�z�� 

�k���
 � �R but
has no intersection with B�z�� 

�k���
� The density �x��z� on D� cor�

responds to �
�N���
� in Proposition ��	 and can be controlled by the

inequalities ���		
 and ���	
�
For z� �  F� we de�ne k� by

k��k� � 
�
� 	

�k�

Z
B�z����k��

V��y
 dy
����

�
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Thus k� has the same relationship to k� as k� has to k�� but now it
depends on the variable z� �  F�� Let E� � B�z�� 

�k���
 � E� and
de�ne  D� in analogy with  D�� Thus  D� � D� and x� �  D� if

a���
 d�x�� �D�
 � �k� �

b���
 k�x��z�kx��k��q � C� �
k�	��n� Avx��k��x��z� �

c���


	

jE�j
Z
E�

dz�
�k�

Z
�x��z��k��B�z���

�k��

V��y
 dy

� �
��� �k��k��
���� �

By ���		
 we have that k�x��z�kD��q � C�AvD�
�x��z� � In analogy

to the derivation of ����
 we have that

	

jD�j
Z
�D�

Avx��k��x��z� dx� � AvD�
�x��z�

�
�
	� 	

�k�	��n�
� C ��k��k���q

�

C�����


� C ��k��k����q
�

C�

�
�

For x� �  D� we de�ne a subset  E� � E� in analogy to E�� Thus z� �  E�

if

d���
 d�z�� �E�
 � �k� �

e���

	

�k�

Z
�x��z��k��B�z���

�k��

V��y
 dy � �
��� ���k��k��
���� �

f���

	

�k�

Z
B�z����k��

V��y
 dy � � �
��k��n�� �

The subset  F� � E� is the set of z� � E� for which d���
 and e���

hold but not f���
� In analogy with ����
 we have the inequality

j  E�   F�j
jE�j � 	� �
��� ��k��k��
���� � C ��k��k�� �

For x� �  D�� z� �  E� we use Proposition ��	 to propagate the density
�x��z� restricted toD��B�x�� 

�k���
 to a density on E��B�z�� 
�k���
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whose average value and �uctuation we can control� This density is de�
noted by �x��z��x��z� � Just as previously if z� �  F� we use the induction
hypothesis to propagate �x��z� restricted to D� � B�x�� 

�k���
 to a
density �x��z��x��z� concentrated on a set D� � B�x� �k���
 � �Br�
The point x is to be chosen similarly to before� Thus we require that
B�x� �k���
 is contained in B�z�� 

�k���
��R but has no intersection
with B�z�� 

�k���
�
Evidently we may continue this process by induction� Thus we ob�

tain densities �x��z� � �x��z��x��z� � � � � � �x��z��x��z������xr�zr����� where �x��z� is

de�ned for x� �  D� � D�� z� �  E��x�
 � E�� The function �x��z��x��z�
is de�ned for x� �  D� � D�� z� �  F��x�
 � E�� x� �  D��x�� z�
 �
D��x�� z�
� z� �  E��x�� z�� x�
 � E��z�
� Here we have shown the de�
pendence of the sets  E��  E� etc� on the variables x�� x�� z�� z�� More
generally the density �x��z�����xr �zr is de�ned for x� �  D� � D�� z� �
 F��x�
 � E�� � � � �

xr�� �  Dr���x�� z�� � � � � xr��� zr��
 � Dr���x�� z�� � � � � xr��� zr��
 �

zr�� �  Fr���x�� z�� � � � � xr��� zr��� xr��
 � Er���zr��
 �

xr �  Dr�x�� z�� � � � � xr��� zr��
 � Dr�x�� z�� � � � � xr��� zr��
 �

zr �  Er�x�� z�� � � � � xr��� zr��� xr
 � Er�zr��
 �

Letting � be the density � propagated to E�� it is clear by analogy with
���	�
 that we have

� �
Z
�D�

dx�
	�k�


Z
�E�

dz�

j  E�   F�j
�x��z�

�

Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j

Z
�D�

dx�
	�k�


�
Z
�E�

dz�

j  E�   F�j
�x��z��x��z�����


� � � ��
Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j
� � �
Z
�Dr

dxr
	�kr


�
Z
�Er

dzr

j  Er   Frj
�x��z������xr�zr

� � � � �
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where 	�k
 � ��k� Observe that the previous sum is �nite� In fact kr
is de�ned by

����
 kr�kr�� � 
�
� 	

�kr��

Z
B�zr����

�kr���

V��y
 dy
����

�

and one also has the inequality

	

�kr��

Z
B�zr����

�kr���

V��y
 dy � � �
��kr���n�� �

Since we may assume b � L��R�
 this last inequality cannot hold for
arbitrarily large kr��� whence r is bounded since kr � kr�� � 	� The
last two inequalities imply that

kr�kr�� � 
��� �
��kr���n��
��� �

and hence

����
 kr � n� �
�
	 �

��

�

�
�kr�� � n�
 � 	 �

if we choose 
� to satisfy 
����� � � Thus kr � n� is increasing
exponentially fast as a function of r� Next we shall show that the
di�erence kr � kr�� actually decreases� To see this observe that

	

�kr

Z
B�zr ���kr �

V��y
 dy

� 	

�kr

Z
�xr�zr�kr�B�zr����

�kr���

V��y
 dy

� �
���
� 	

�kr��

Z
B�zr����

�kr�� �

V��y
 dy
������

� �
����� �
��kr���n��
�����

	

�kr��

Z
B�zr����

�kr���

V��y
 dy �

Here we have used the de�nition ����
 of kr and the condition e�r�

corresponding to e���
� Hence from ����
 we have the inequality

��kr���kr�
�� � �
����� �
��kr���n��
����� ��kr�kr���
�� �
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It follows that we may choose 
� large enough depending only on � such
that

����
 kr�kr�� � 	

r
k��k� �

We shall use ����
� ����
� ����
 to get a lower bound on AvE���
Suppose x� �  D�� z� �  F�� x� �  D�� z� �  F� � � �xr�� �  Dr��� zr�� �
 Fr��� xr �  Dr� Then in analogy to ���	
 we have from the induction
hypothesis that if zr �  Fr�Z

Dr��

�x��z������xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� �

�kr

Z
�xr�zr�kr�B�zr����

�kr���

V��y
 dy
�
�

Using now the condition e�r�
 corresponding to e���
 we conclude

Z
Dr��

�x��z������xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�

�����


Similarly if zr �  Er then

Z
E�

�x��z����� �xr�zr �y
 dy

�
Z
Dr�B�xr ���kr���

�x��z�����xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�
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Consequently we have that

Z
�Dr

dxr
	�kr


�Z
�Fr

dzr

j  Er   Frj

Z
�Dr��

�x��z������xr�zr �y
 dy

�

Z
�Er

dzr

j  Er   Frj

Z
E�

�x��z������xr�zr �y
 dy
�

�
Z
�Dr

dxr
	�kr


Z
Dr�B�xr���kr���

�x��z������xr���zr���y
 dy

� exp
�
� C kr�kr�� log

� 	

c�

�
� � �
��� ���kr�kr���
����

�
�

Next observe that in analogy to ����
 we have

Z
�Dr

dxr
	�kr


Z
Dr�B�xr���kr���

�x��z�����xr���zr���y
 dy

�
Z
Dr

�x��z������xr���zr���y
 dy

�
�
	� 	

�kr	��n�
�C ��kr�kr����q

�

C��C ��kr�kr�����q
�

C�

�
�

It is clear from ����
 that there is a constant a � 	 such that

����	

	

�kr	��n�
� C ��kr�kr����q

�

C� � C ��kr�kr�����q
�

C� �
	

ar
�

r � 	� � � � � � From the last three inequalities and ����
 we conclude
that

Z
�Dr

dxr
	�kr


�Z
�Fr

dzr

j  Er   Frj

Z
Dr��

�x��z������xr�zr �y
 dy

�

Z
�Er

dzr

j  Er   Frj

Z
E�

�x��z������xr�zr�y
 dy
�

�
�
	� 	

ar

�Z
Dr

�x��z������xr���zr���y
 dy

� exp
�
� C

r
k��k� log

� 	

c�

�
� � �
���

C����

��r��
���k��k��
����

�
�
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for some constant C depending only on �� We may apply the previous
inequality inductively to ����
 to obtainZ

E�

��y
 dy �
�Y
r��

�
	� 	

ar

�Z
D�

��y
dy

� exp
�
� C k��k� log

� 	

c�

� �X
r��

	

r

� � �
���C���� ���k��k��
����
�X
r��

	

��r��

�
�

Now we argue exactly as in Proposition ��	 to verify that AvE�� is
bounded below as the induction hypothesis requires�

Just as in Proposition ��	 we cannot de�ne �� by the right hand side
of ����
 since we cannot then control the �uctuation of �� in terms of its
average value� We proceed as in Proposition ��	 by generalizing ���	�
�
Thus we prescribe the averages of the densities �x��z� � �x��z��x��z����� �
First we modify ���	�
 by insisting that

����


Z
E�

�x��z��y
 dy � e���
Z
D��B�x����k����

��y
 dy � z� �  E� �Z
D�

�x��z��y
 dy � e���
Z
D��B�x����k����

��y
 dy � z� �  F� �

where �� is a constant which satis�es

�� � C k��k� log
� 	

c�

�
� � �
��� ���k��k��
���� �

In view of �����
 this is clearly possible� More generally� let x� �  D��
z� �  F�� x� �  D�� z� �  F�� � � � � xr �  Dr Then from �����
 we can insist
that Z

E�

�x��z������xr�zr �y
 dy

� e��r
Z
Dr�B�xr ���kr���

�x��z������xr���zr���y
 dy � zr �  Er �

Z
Dr��

�x��z������xr�zr �y
 dy

�����


� e��r
Z
Dr�B�xr ���kr���

�x��z������xr���zr���y
 dy � zr �  Fr �
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where �r is a constant satisfying the inequality

�r � C

r
k��k� log

� 	

c�

�
� � �
���

C����

��r��
���k��k��
���� �

for some constant C depending only on �� Now we de�ne �� by altering
the right hand side of ����
 to

�� �

Z
�D�

dx�
	�k�


Z
�E�

dz�

j  E�   F�j
�x��z� exp

�
�

�X
j��

�j

�

� � � ��
Z
�D�

dx�
	�k�


Z
�F�

dz�

j  E�   F�j
� � �
Z
�Dr

dxr
	�kr


�
Z
�Er

dzr

j  Er   Frj
�x��z������xr�zr exp

�
�

�X
j�r	�

�j

�
� � � � �

We consider the problem of estimating k��kE��q by writing �� as

�� �

Z
�D�

dx�
	�k�


Z
�E�� �F�

dz�

j  E�   F�j
�x��z� �

in analogy with the representation ����
 of proposition ��	� We argue
now as in Proposition ��	� using the Minkowski inequality to obtain the
bound

�����
 k��kE��q �
Z
�D�

dx�
	�k�


��� Z
�E�� �F�

dz�

j  E�   F�j
�x��z�

���
E��q

�

Since �x��z��y
 � � if jz� � yj � �k� we have just as in ���
 the
inequality

�����


��� Z
�E�� �F�

dz�

j  E�   F�j
�x��z�

���
E��q

� C ��k��q
�

j  E�   F�j
�Z

�E�� �F�

k�x��z�kqq dz�
���q

�

where 	�q � 	�q� � 	� C is a universal constant and k�x��z�kq is the
unnormalized Lq norm on E�� Now

�x��z� � exp
�
�

�X
j��

�j

�
�x��z� � z� �  E� �
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whence

k�x��z�kqq � exp
�
� q

�X
j��

�j

�
k�x��z�kqq

� exp
�
� q

�X
j��

�j
�
�k��q���Cq Cq

��perturb

�Z
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 dy
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�
�k��q���Cq Cq

��perturb

�
�Z

D��B�x����k����

��y
 dy
�q
�

by ����
 where C is a universal constant� Let us assume now that for
z� �  F� there is a universal constant C such that

�����
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� �k��q� C C��perturb
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It follows now from �����
� that
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Z
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�C C��perturb

Z
D��B�x����k����

��y
 dy�����


� C C��perturb

jD�j��q� exp
�
�

�X
j��

�j
�Z

D�

��y
 dy �

by making the ratio of jD�j to j  E�   F�j close to unity� This can be
arranged in view of d���
� e���
 by choosing 
� large� It follows from
this last inequality that

�����
 k��kE��q � C C��perturb exp
�
�

�X
j��

�j
�
AvD�

� �

where C is a universal constant�

We shall show now that the inequality �����
 holds in general� To
do this we shall prove by induction that �����
 holds� Thus for x� �  D��
z� �  F�� � � � � xr �  Dr� zr �  Er�

�x��z������xr�zr � exp
�
�

�X
j�r	�

�j
�
�x��z������xr�zr �

For x� �  D�� z� �  F�� � � � � xr �  Dr� zr �  Fr�

�����
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Z
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Z
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We now make the inductive assumption that for zr	� �  Fr	��

k�x��z�����xr���zr��kqq � exp
�
� q
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where a � 	 is some number to be speci�ed and C is universal� To
verify the assumption for �x��z������xr�zr � zr �  Fr� we argue as before
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using �����
� Thus
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 and Theorem ��	� From the induction assumption �����
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It follows then from these last three inequalities that
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We conclude that
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Thus we have veri�ed the induction hypothesis �����
 at the next level
down� Setting r � 	 in this last inequality yields �����
�
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The proof of the theorem will be complete if we can show that

����	
 AvE��� � c exp
�
�

�X
j��

�j

�
AvD�

� �

where the constant c is independent of the constant C� in the statement
of Theorem ��	� We can prove this in an exactly similar way to the proof
of �����
� Our induction assumption here is that for zr	� �  Fr	��Z

E�

�x��z������xr���zr���y
 dy

� exp
�
�

�X
j�r	�

�j
��
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�Z
Dr��

�x��z������xr���zr���y
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If we use now �����
� �����
 and ����	
 we can verify the induction
hypothesis on the next level down� The �uctuation bound on �� in
Theorem ��	 follows from �����
 and ����	
 if we choose the constant
C� in the induction assumption su�ciently large�

We will use Theorem ��	 to obtain estimates on the exit proba�
bility from a spherical shell� To do this we use the function a��n�s�p�x

de�ned in �	��
 in terms of the number of nonperturbative cubes in�
side the sphere of radius �n centered at x� Let us suppose now that
a��n���s�p��
 � 	 so that we are in the nonperturbative situation and
a��n���s�p��
 � n��n� n� � n� If we de�ne V� by ���
 then we have�

Lemma 	��� Suppose � � � � s � � Then there is a constant C�
depending only on � such that
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V��x
 dx � C� a��n���s�p��

� �

Proof� Clearly there is a universal constant C such thatZ
B�����n�

V��x
 dx �
�X

m�n�

��m�n�� �mNm �

where Nm is the number of dyadic cubes with side of length �m con�
tained in the ball B��� �n	�
 such that ���	
 holds� In view of the fact
that

Nm � �m�n����s� a��n���s�p��

s � �m�n����s� �n��n�s �
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it follows thatZ
B�����n�

V��x
 dx � �n ��n��n�
�X

m�n�

�m�n����	��s�

� C� 
�n a��n���s�p��


s�

since � � s� �

Theorem 	��� Let f be a density on the sphere jxj � �n� Suppose the
drift process started on jxj � �n with density f induces a density f� on
the sphere jxj � �n	� when it exits the spherical shell f�n�� � jyj �
�n	�g� Then there exist constants C�� C� such that if 	 � q �� and

kfkq � C�Av f there is a density f� on jxj � �n	� with � � f� � f�
such that kf�kq � C�Av f� and

Av f� � exp ��C� a��n���s�p��

Avf �

provided a��n���s�p��
 � 	� The Lq norm here is normalized so that

k�kq � 	�

Proof� For jxj � �n� jzj � �n	� we consider cylinders �x�z�k with
k de�ned by

k�n � 
� a��n���s�p��
 �

De�ning n� by a��n���s�p��
 � n��n� it follows that k � 
� � n��
Letting D� � fjxj � �ng� E� � fjxj � �n	�g it follows from Lemma
��	� ��� that
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We follow now the lines of the proof of Proposition ��	 and use Theorem
��	 to propagate the drift process through the cylinder� Let D�

� be the
set of x � D� such that

����
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It follows by Chebyshev from the last two inequalities that

jD�
�j

jD�j � 	� C �
��� �

Next we have by the argument of Lemma �� thatZ
D�nD�

�

dx

��k

Z
D��B�x���k���

f�y
 dy � �C �
���
��q
�

C�AvD�
f �

For x � D� let kfkx�k be the Lq norm on D� �B�x� �k��
 normalized
so that k�kx�k � 	� Let D��

� be the set of x � D� such that

kfkx�k � C��thm �k�n� Avx�kf �

where C��thm denotes the constant C� of Theorem ��	 and � is the same
constant as in the statement of the theorem� We choose 
� su�ciently
large so that C� � C��thm�

k�n� � Since 
� � k � n� this is certainly

possible� Setting  D� � D�
� � D��

� � we conclude on taking 	 � 	� in
Lemma �� thatZ

�D�

dx

��k

Z
D��B�x���k���

f�y
 dy � 	

�
AvD�

f �

provided 
� is su�ciently large�
Next for x �  D� let  E� be the set of z � E� such that
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Z
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V��y
 dy � �
��� �k�n�
�� �

It follows from ����
 that

j  E�j
jE�j � 	� �
��� �

Now we use Theorem ��	 to propagate the density f restricted to D� �
B�x� �k��
 through the cylinder �x�z�k to E� � B�z� �k��
� Let fx�z
be this propagated density� In view of �����
 we can arrange for this
density to satisfyZ

E��B�z���k���

fx�z�y
 dy � e��
Z
D��B�x���k���

f�y
 dy �
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where � � C k�n for some constant C� Theorem ��	 also yields an
estimate on the �uctuation of fx�z� Thus

kfx�zkq � C��thmAv fx�z �

The propagated density f� is de�ned now by

f� �

Z
�D�

dx

��k

Z
�E�

fx�z dz �

We can argue now exactly as in Proposition ��	 to conclude that

AvE�f� � exp ��C k�n
AvD�
f �

kf�kq � C��thmAvE�f� �

The result follows by taking C� � C��thm�


� Proof of Theorem ����

Here we follow closely the argument of ��� Section ��� In fact we
shall repeat the entire argument of ��� Section �� with the function
an�p�x
 given in �	��
 replaced by the function a��n�s�p�x
� s �  de�ned
in �	��
� Our �rst lemma is identical to ��� Lemma ��	�� In the following
we shall denote the function a��n�s�p simply by an�

Lemma 
��� Let Q� be a cube containing �R with side of length �n� �
R� Suppose for some integer m � �� the drift b satis�es the inequality

���	


Z
Q

jbjp dx � �p jQj��p�� �

on all dyadic subcubes Q � Q� with side of length �n� n � m � n��
Let u be the solution of the Dirichlet problem �	�	
� �	�
� Then if � is

su�ciently small� depending on p � 	� s � � there exist constants C�

depending only on p� q� r and C� depending only on p � 	� s � � such
that

kuk� � C�R
����q kfkq�r sup

x��R

exp
�
C�

mX
j��

an�	j�x

�
�
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Proof� We consider the function ��x
� x � �R� given by

��x
 � Ex

h
exp

�
� 	

�

Z 

�

jf j�Xb�t

 dt
�i

�

where � is the time for the drift process Xb�t
 to exit Q�� By ���	

the ball B�x� �m
 is perturbative for the drift b� We need now an
obvious generalization of Theorem ��� Thus let �n be a density on the
sphere jx � yj � �n and �n�� be the density induced on the sphere
jx� yj � �n	� by paths of the drift process which satisfy

���


Z n��

�

jf j�Xb�t

 dt � C �n�����q��� �n�� kfkq�r �

where �n�� is the �rst hitting time on jy � xj � �n	�� C is a positive
constant and � � � �  � ��q� Suppose now that an���x
 � � � ��
It follows from Section � that for any t� 	 � t � �� C can be chosen
su�ciently large so that k�nkt � CAv �n implies that �n�� � �n�� � ��
k�n��kt � CAv �n�� and

����
 Av �n�� � Av �n exp ��K�an���x

 �

where K� is a constant depending on �� If an���x
 � � and � is
su�ciently small then we are in the perturbative situation described
in Section �� Now �n�� is the density induced on jx � yj � �n	� by
paths which avoid nonperturbative cubes and such that ���
 holds� By
examining the proofs of Proposition ��� Proposition ��� and Lemma
��� we see that on choosing q su�ciently close to � depending on s � �
one has

����
 Av �n�� � �	� � ��n�n���
 �	� C� an���x

Av�n �

where the constant � � � can be made arbitrarily small and C� is
independent of �� It follows from ���
� ����
� ����
 that

��x
 � �

�
exp

�
� 	

�

�X
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C �n�����q��� �n�� kfkq�r
�

� exp
�
�K

mX
j��

an�	j�x

�
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If we choose now � � �n������q� kfkq�r we can conclude that

��x
 � 	


exp

�
�K

mX
j��

an�	j�x

�
�

The result follows from this last inequality and ��� Lemma ��	��

Next we consider the analogue of ��� Lemma ����

Lemma 
��� For n � Z let �n be the spherical shell �n � fx � R� �
�n�� � jxj � �n	�g� For x � �n let Px be the probability that the

drift process started at x exits �n through the sphere jyj � �n	�� Let

� be a number satisfying � � � � ��� Then if jxj � �n there is a

constant C depending only on � � ��� p � 	� s �  and � such that

Px � � exp ��C an����

 �

Proof� Observe that if b 	 � then

Px �
�

�

�
	� �n��

jxj
�
�

Hence if jxj � �n then Px � ��� It follows that for �xed x� with
jx�j � �n then

����
 Px � 	



�
� �



�

�
�

for x in the set

����
 B �
n
x � jx� x�j � �n�� � �


� �� �


o
�

Consider next the case when b �	 �� and let us �rst assume that we
are in the perturbative case so that an����
 � � and � is small� For
x � R� � m� k integers with k � m let Nm�k�x
 be the number of dyadic
cubes with side of length �k contained in the ball fy � jx� yj � �ng
which satisfy ���	
� Then from the de�nition of an����
 we have that

����
 Nn���m��
 � �s �m	��n����s� � m � n�  �
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Let X�t
 be an arbitrary continuous path with X��
 � x�� X�t
 � B�
t � � � and X��
 � �B� Let s� satisfy  � s� � s� We claim that
there are constants C�� � depending only on s� s�� such that C� � ��
� � � � 	� and a point x � X�t
 for some t� � � t � � � satisfying

�����
 Nm�k�x
 � C� �
s�m�n �k�m����s�� � k � m � n �

To prove this inequality we assume its negation and obtain a contradic�
tion� Thus for each x on the path X there exists integers m�x
� k�x

such that ����
 is violated when m � m�x
� k � k�x
� Now the balls
B�x� �m�x�
 form an open cover for the compact set X� Hence there
exists a �nite subcover � � fDj � 	 � j � Ng for some integer N � For
each integer m � n� let �m be the subset of � consisting of balls with
radius �m� Let D be an arbitrary ball and  D the ball concentric with
D but with three times the radius� Then there exists a subset  �m � �m
of disjoint balls such that

	
D��m

D �
	

D���m

 D �

For k � m let  �m�k be the subset of  �m consisting of balls D �
B�x� �m
 such that k�x
 � k� Since the balls in �m�k are disjoint
it follows from ����
� ����
 that

j �m�kjC� �
s�m�n �k�m����s�� � �s �k	��n����s� �

whence

j �mj �
�X
k�m

j �m�kj � C C��
� ���m�n� �m�n����s� �

for some constant C depending on s� � s� We choose � � 	 now so
that

��s

�
�  �

This is possible since s � � It is clear that for any point x on the path
X�t
� � � t � � � one must have the inequality

jx� x�j � �
�X

m�n

�m j �mj � A
�n

C�
�
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for some constant A depending on s� s�� Since X��
 lies on the boundary
of the ball B in ����
 this last inequality is violated for x � X��

provided C� is chosen su�ciently large� Hence we have a contradiction�

We may therefore assume that an x � X�t
 exists such that ����

holds� Now from Section � it follows that the Brownian particle at x
can be propagated to the sphere of radius �n centered at x with a
loss of density which can be made arbitrarily small as � �� �� The
density on the sphere of radius �n is approximately uniform� Again
from Section � the probability of exiting the outer sphere fjyj � �n	�g
starting from �B�x� �n
 with approximately uniform density can be
made arbitrarily close to the probability for Brownian motion b 	 � by
choosing � su�ciently small� In view of ����
 the result of the lemma
follows if an����
 � � and � is su�ciently small�

Next we turn to the nonperturbative case� We can assume now
that there exists � � � and an����
 � �� Let n� be the unique integer
such that

n�	� �
an����


�
� n� �

Hence� analogously to ����
 we have

����
 Nn���m��
 � �s s sn� �m	��n����s� � m � n�  �

We shall show� in analogy to ����
� that there exists x � X�t
 for some
t� � � t � � � satisfying

���	�
 Nm�k�x
 � C� �
s s

�n��m�n �k�m����s�� �

with k � m � n�� m � n� To see this we argue exactly as in the
perturbative case� Thus from ���	�
� ����
 the cardinality of the set
 �m�k satis�es

j �m�kjC� �
s s

�n��m�n�k�m����s�� � �s s sn� �k	��n����s� �

whence

j �mj �
�X

k�m	n�

j �m�kj � C C��
� ���m�n� �m�n����s� �

for some constant C depending on s� � s�
Now for x which satis�es ���	�
 we see from the argument of

Lemma ��� and Theorem �� that the Brownian particle at x can be
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propagated to the sphere of radius �n centered at x with a decrease
in density by a factor

exp
�
�A

�X
m�n

�m�n n�
�
�

for some constant A� Now this density on the sphere of radius �n

centered at x can be propagated to the outer sphere fjyj � �n	�g
with a further decrease in density by at most a factor

exp ��A� n�
 �
for some constant A�� Hence the total decrease in density from x� to
the outer sphere is by a factor

exp ��A�� n�
 �
for some constant A���

The proof of the theorem follows now exactly as in ��� Section ���
To prove �	��
 we need to prove the analogue of ��� Proposition �����

Proposition 
��� Suppose � � �� Then there exists a constant C
depending on �� � and a universal constant c such that

�X
n���

an�x
H
�
an�x
� �

� � C Nc ��b
 �

where H�t
 is the Heaviside function�

H�t
 �



	 � if t � � �

� � if t � � �

Proof� We have
�X

n���

an�x
H�an�x
� �
 � 	

�s��

�X
n���

an�x

s �

Letting Nm�n�x
 be the number of non perturbative dyadic cubes with
side of length �m� m � n� contained in the ball jx� yj � �n we have
from the de�nition of an�x
 that

�X
n���

an�x

s �

�X
n���

�X
m�n

Nm�n�x


�m�n����s�
�

�X
m���

mX
n���

Nm�n�x


�m�n����s�
�



Estimates on the solution of an elliptic equation ���

Let Nm be the number of nonperturbative cubes with side of length
�m in R� � Then it is clear there is a constant C such that

mX
n���

Nm�n�x


�m�n����s�
� C Nm �

It follows that

�X
n���

an�x

s � C

�X
m���

Nm � N �

whereN is the total number of nonperturbative cubes in R� � Finally� we
use the result of Fe�erman ��� that N � C Nc ��b
 for suitable universal
constants C� c�

Appendix A� Brownian motion conned to a cylinder�

In this section we give a new proof of ��� Theorem 	�	�a
�� To do
this we shall use a result concerning Brownian motion con�ned to a
cylinder� For 
 � � let D
 be the disc of radius 
 in R� �

D
 � fx � �x�� x�
 � r
� � x�� � x�� � 
�g �

Then for m � � the set

D
� ��m
�m

 � fx � �x�� x�� x�
 � �x�� x�
 � D
� x� � ��m
�m

g

is a cylinder in R
� � We are interested in studying Brownian motion

con�ned to the cylinder when m� 	� In particular let X�t
 be Brown�
ian motion in R� started at the origin and � be the �rst exit time from
the cylinder� We shall consider Brownian motion under the constraint
that jX��
�j � m
� Thus the paths must exit the cylinder through one
of the discs D
 �fm
g or D
�f�m
g� For m� 	 this is an unlikely
event� Hence Brownian motion under this constraint behaves very dif�
ferently to the standard Brownian motion� In fact it appears to behave
ballistically on length scales much larger than 
� As a consequence one
has

�A�	
 E �� � jX��
�j � m
� � m
� � m� 	 �
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One of our main goals here will be to prove �A�	
� We shall need
something more general to prove ��� Theorem 	�	�a
�� In fact we have
the following�

Theorem A��� Let V be a nonnegative potential on D
� ��m
�m

�
Then if m � 	 there is a universal constant C such that if X��
 is

uniformly distributed on a crosssection D
 � f�g�

E
h Z 

�

V �X�t

 dt � jX��
�j � m

i
� C




Z
D���m
�m
�

V �y
 dy �

We recall ��� Theorem 	�	�a
�� Thus let V be a nonnegative poten�
tial on the ball �R and for n � ���	��� � � � � x � �R let an�x
 be the
functions

an�x
 � n
Z
jx�yj���n

V �y
 dy �

��� Theorem 	�	�a
� is then given by�

Theorem A��� For x � �R and Brownian motion X�t
 started at x�
let � be the �rst exit time from �R� Then there is a universal constant

C � � such that

Ex
h
exp

�
�
Z 

�

V �X�t

 dt
�i
� exp

�
�C

�X
n�n�

min
�
an�x
� an�x


���
��

�

x � �R� where n� is the unique integer which satis�es the inequality

R � �n� � �R�

Proof� We de�ne a subset S of Brownian paths started at x� For
n � n� de�ne mn� 
n by

mn � an�x

��� � mn
n � �n �

For a Brownian path X�t
 started at x let �n be the �rst hitting time
on the sphere jx � yj � �n� Thus �n	� � �n� The set S is then all
Brownian paths started at x which for �n	� � t � �n are contained
within the cylinder centered at X��n	�
 with axis given by the vector
X��n	�
 � x and with radius 
n� n � n�� It is clear that there is a
universal constant c � � such that if mn � c there is no constraint on
the Brownian path for �n	� � t � �n�
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We have now from Jensen�s inequality that

�A�


Ex
h
exp

�
�
Z 

�

V �X�t

 dt
�i

� Ex

h
exp

�
�
Z 

�

V �X�t

 dt
�
� S
i

� P �S
 exp
�
�E

h Z 

�

V �X�t

 dt � S
i�

�

It is obvious from the proof of Theorem A�	 that

�A��
 P �S
 � exp
�
� C

�X
n�n�

mnH�mn � c

�
�

where C� c are universal constants and H is the Heaviside function�
H�t
 � 	� t � �� H�t
 � �� t � �� We can write now

E
h Z 

�

V �X�t

 dt � S
i
�

�X
n�n�

E
h Z n

n��

V �X�t

 dt � S
i
�

By symmetry X��n	�
 is uniformly distributed on the sphere jy� xj �
�n��� Hence if mn � c one has

E
h Z n

n��

V �X�t

 dt � S
i

� 	

�� ��n��

Z
jx�yj���n��

dy

��

Z
jx�zj���n

V �z
 dz

jy � zj�A��


� Kan�x
 �

for some universal constant K� Formn � c we use Theorem A�	 � Thus

E
h Z n

n��

V �X�t

 dt � S
i

� 	

�� ��n��

Z
jx�yj���n��

C dy


n

Z
�y��n�fjx�zj���ng

V �z
 dz �

where �y�
n is the cylinder centered at y with axis y�x and radius 
n�
Arguing now as in Lemma ��	 we have that

	

�� ��n��

Z
jx�yj���n��

dy

Z
�y��n�fjx�zj���ng

V �z
 dz

� C �
n
n
�

Z
fjx�zj���ng

V �y
 dy �
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for some universal constant C� Hence by the previous two inequalities
we have

�A��
 E
h Z n

n��

V �X�t

 dt � S
i
� C
n 

n an�x
 � Can�x

��� �

for some universal constant C� The result follows now from �A�
� �A��
�
�A��
� �A��
�

Remark� It is possible to prove Theorem A� after the fashion of the
proof of Proposition ��	� avoiding the use of the Jensen inequality in
�A�
 and Theorem A�	� This would on a technical level be a simpler
proof� Our main purpose here is to draw a comparison between the
proof of Theorem A� above and the proof in ���� In the latter proof
Jensen�s inequality was combined with restricting to Brownian paths
under a time constraint� In the former� Jensen is combined with re�
stricting to Brownian paths under a topological constraint� Thus in
some sense time constraints on Brownian paths are equivalent to topo�
logical constraints�

Next we turn our attention to the proof of Theorem A�	� First we
shall prove �A�	
� In order to do this we need to examine the behavior
of �dimensional Brownian motion on D
 at large time�

Lemma A��� For x� y � D
� t � �� let GD�x� y� t
 be the Green�s

function for the heat equation D
 with Dirichlet boundary conditions�

Then there is a universal constant C � � such that

�A��


Z
jyj�


GD�x� y� t
 dy � C

Z
jyj�
��

GD�x� y� t
 dy �

for all x � D
� t � 
��

Proof� It follows easily from the semi�group property of GD that it
will be su�cient to prove �A��
 when t � 
�� Evidently one has

�A��


Z
jyj�


GD�x� y� 

�
 dy � Px��
 � 
�
 �

where �
 is the �rst exit time from D
 of �dimensional Brownian mo�
tion Y �t
 started at x � D
� By the Chebyshev inequality we have
that

�A��
 Px��
 � 
�
 � 
��Ex��
� � 
�� u�x
 �
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where u�x
 satis�es the equation


 ��u�x
 � 	 � jxj � 
 �

u�x
 � � � jxj � 
 �

It is easy to see that the solution of this equation is given by

�A��
 u�x
 �
	

�
�
� � r�
 � r � jxj �

Hence �A��
� �A��
� �A��
 yield an upper bound on the left hand side
of �A��
�

Next we look for a lower bound on the right hand side of �A��
�
Let � satisfy � � � � 	� We shall show that there is a positive constant
C� depending only on � such that

�A�	�


Z
jyj�
��

GD�x� y� 

�
 dy � C� � jxj � �
 �

To see this let G�z� w� t
 be the heat kernel in R� �

G�z� w� t
 �
	

��t
exp

�
� jz � wj�

� t

�
�

Then for jzj� jwj � �
� � � � there is a density ��t� z�
� � � t � �
��
jz�j � 
 such that

G�z� w� �
�
 � GD�z� w� �

�
 �

Z
jz�j�


dz�
Z �
�

�

��t� z�
G�z�� w� t
 dt �

The density ��t� z�
 evidently satis�es the inequality

Z
jz�j�


dz�
Z �
�

�

��t� z�
 dt � 	 �

Suppose now that jzj� jwj � �
� jz � wj � �	� �

�� Then it is clear
that for � su�ciently small� depending only on � one has

G�z�� w� t
 � 	


G�z� w� �
�
 � jz�j � 
 � � � t � �
� �
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Hence from the last three inequalities we have that

GD�z� w� �

�
 � 	


G�z� w� �
�
 � jzj � jwj � �
 � jz � wj � �	� �




�

provided � � � is su�ciently small� The inequality �A�	�
 follows from
this last inequality by constructing paths from x to jyj � 
� in time
steps of length �
� and using the semi�group property of GD�

In view of the fact that the left hand side of �A��
 is bounded
above by 	� the inequality �A��
 follows for t � 
� and all x satisfying
jxj � �
� � � 	� from �A�	�
� Our main problem then is to deal with
the case jxj �� 
 since the right hand side of �A�	�
 converges to zero
as � �� 	� Let U� be the set

U� � fy � D
 � 
� � jyj � 
g �

Then for x � U� we have

Z
jyj�
��

GD�x� y� 

�
 dy

� Px
h
Y �t
 exits U� through the boundary fy � jyj � 
�g �

jY �t
j � 
 � � � t � 
� � jY �
�
j � 




i
� Px

h
Y �t
 exits U� through the boundary fjyj � �
g

in time �

�



i�A�		


� inf
jyj�
�

��s�
���

Py

h
jY �t
j � 
 � � � t � 
� � s � jY �
� � s
j� 




i
�

It is clear from what we have just done that

inf
jyj�
�

��s�
���

Py

h
jY �t
j � 
 � � � t � 
� � s � jY �
� � s
j � 




i
� c� � � �

where c� is a constant depending only on � � 	� Thus we are left to
estimate the �rst probability in the �nal expression of �A�		
�
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We do this by using the inequality

Px
h
Y �t
 exits U� through the boundary fjyj � �
g in time �


�



i
� Px�Y �t
 exits U� through the boundary fjyj � �
g�� 


�
Ex�� � �

where � is the �rst exit time from U�� If we put w�r
 � Ex�� �� jxj � r�
then w satis�es the boundary value problem

��
�
�d�w
dr�

� 	

r

dw

dr
� 	 � �
 � r � 
 �

w��

 � w�

 � � �

The solution of this boundary value problem is given by

w�r
 �
	

�
�
� � r�
� 	

�

� �	� ��


log
�

r

�
log
� 	
�

� �

If we put v�r
 to be the probability that Brownian motion started at x�
jxj � r� exits U� through the boundary fy � jyj � �
g then v satis�es
the boundary value problem�

��
�
�d�v
dr�

� 	

r

dv

dr
� � � �
 � r � 
 �

v��

 � 	 � v�

 � � �

The solution of this last boundary value problem is given by the formula

v�r
 �
log
�

r

�
log
� 	
�

� �

Now consider the expression�

v�r
� 


�
w�r
 �

	


��� ��


log
�

r

�
log
� 	
�

� � 	



�
	� r�


�

�
�
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It is clear that if � is su�ciently close to 	 there is a constant k� � �
such that

v�r
� 


�
w�r
 � k�

�

�
	� r�


�

�
� k�

u�r



�
�

Thus by �A��
� �A��
� �A��
 we conclude that �A��
 holds with t � 
�

if jxj � �
 with constant C � �k�c�

�� provided � is su�ciently close

to 	�
We have proved therefore that �A��
 holds for all x � D
 and

t � 
�� The result follows�

Lemma A��� Let �� � � be the minimum eigenvalue of �� on the

unit disc with Dirichlet boundary conditions� Let GD�x� y� t
 be the

Dirichlet Green�s function for the heat equation on D
� Then for any

�� � � � � 	� there exist positive constants c�� C� depending only on �
such that

�A�	
 c� exp
�
� �� t


�

�
�
Z
D�

GD�x� y� t
 dy � C� exp
�
� �� t


�

�
�

with t � �� provided jxj � �
�

Proof� Let ���x
 be the eigenfunction on the unit disc corresponding
to the eigenvalue �� of ��� Then ���x
 is a positive C� function for
jxj � 	� and continuous on jxj � 	 with ���x
 � �� jxj � 	� By scaling
we have that

�A�	�


Z
D�

GD�x� y� t
��

� y



�
dy � exp

�
� �� t


�

�
��

�x



�
�

Hence it follows thatZ
D�

GD�x� y� t
 dy � exp
�
� �� t


�

����x



�
k��k� �

Now the �rst inequality in �A�	
 follows from this last inequality by
taking

c� � inf
n ���z


k��k� � jzj � �
o
� � �

We use Lemma A�	 to prove the upper bound in �A�	
� Thus from
�A�	�
 we have

exp
�
� �� t


�

�
��

�x



�
� inf

n
��

� y



�
� jyj � 




oZ
jyj�
��

GD�x� y� t
 dy

� c

Z
jyj�


GD�x� y� t
 dy �
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for some universal constant c � � provided t � 
�� The upper bound
in �A�	
 clearly follows from this last inequality provided t � 
�� The
inequality for t � 
� is trivial by choosing C� to satisfy C� exp ����
 �
	�

Remark� The inequality �A�	
 has already been proved in a much
more general context ��� ���� for divergence form operators in domains
with Lipschitz boundary�

Next we wish to prove the formula �A�	
�

Proposition A��� Let � be the time taken for ��dimensional Brownian

motion X�t
 � �X��t
� X��t
� X��t

 started at the origin to exit the

cylinder D
� ��m
�m

� There are universal constants C� c � � such

that

cm
� � E �� � jX���
j � m
� � Cm
� �

provided m � 	�

Consider one�dimensional Brownian motion X��t
 starting at the
origin and let �� be the �rst hitting time on the boundary of the interval
��m
�m
�� and ��t
� t � �� be the probability density for ��� Next
consider �dimensional Brownian motion starting at the origin and let
�� be the �rst hitting time on the boundary of D
� Then

�A�	�
 E �� � jX���
j � m
� �

Z �

�

P ��� � t
 t ��t
 dtZ �

�

P ��� � t
 ��t
 dt

�

Now from Lemma A� it follows that there are universal constants
C� c � � such that

�A�	�
 c Im � E �� � jX���
j � m
� � CIm �

where

Im �

Z �

�

exp
�
� �� t


�

�
t ��t
 dtZ �

�

exp
�
� �� t


�

�
��t
 dt

�
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We have now that for � � ��Z �

�

e��t��t
 dt � E� �exp �����
� � 	

cosh �
p
� m



�

Di�erentiating this last expression with respect to � we obtain

Z �

�

e��t t ��t
 dt �
m
 sinh �

p
� m




p
� cosh��

p
� m



�

If we take now � � ���

� and we use the last two formulas it follows

that

Im �
m
�


p
��

tanh �m
p
��
 �

The result follows from this last formula and �A�	�
�

Proof of Theorem A��� Let Gm��� �� t
 be the Dirichlet Green�s
function of the interval ��m
�m
�� Then if GD is the Green�s function
for D
 as in Lemma A� it follows that the Dirichlet Green�s function
for the cylinder D
 � ��m
�m

 is given by

GD�x� y� t
Gm��� �� t
 � x� y � D
 � �m
 � � � � � m
 � t � � �

For x � D
� � � ��m
�m

 let u�x� �
 be the probability that Brownian
motion started at �x� �
 exits D
 � ��m
�m

 through D
 � fm
g or
D
 � f�m
g� If we de�ne w��
 by

w��
 �
	

jD
j
Z
D�

u�x� �
 dx � � � ��m
�m

 �

it follows from the argument of Proposition A�	 that there are positive
universal constants C� c � � such that

�A�	�
 cE�
h
exp

�
� ����


�

�i
� w��
 � CE�

h
exp

�
� ����


�

�i
�

where �� is the �rst exit time of Brownian motion started at � from the
interval ��m
�m

� Furthermore there is the identity

�A�	�
 E�
h
exp

�
� ����


�

�i
�

cosh
��p��
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We have now that if X�t
 denotes Brownian motion started uniformly
on the cross section D
 � f�g� then

E
h Z 

�

V �X�t

 dt � jX��
�j � m

i

�
	

jD
j
Z
D�

dx

Z �

�

dt

Z m


�m


Z
D�

GD�x� y� t
Gm��� �� t


� u�y� �
V �y� �

dy d�

w��

�

�A�	�


It follows from Lemma A� thatZ
D�

dx

Z �

�

GD�x� y� t
Gm��� �� t
 dt � C

Z �

�

exp
�
� �� t


�

�
Gm��� �� t
 dt

� CG��� �
 ��A�	�


where G is the Green�s function which satis�es��
�
�
� d�

d��
�
��

�

�
G��� �
 � � �� � �
 � �m
 � � � m
 �

G��� �
 � � � j�j � m
 �

We can solve this boundary value problem to obtain the explicit formula

G��� �
 � 
 sinh
�p��



�m
� �


� sinh
�p��



�m
� �


�
p
�� sinh �m

p
��


�

if � � �� and

G��� �
 � 
 sinh
�p��



�m
� �


� sinh
�p��



�m
� �


�
p
�� sinh �m

p
��


�

if � � �� It follows now from this last identity and �A�	�
� �A�	�
 that
there is a universal constant C such that

G��� �
w��
 � C 
w��
 � �m
 � � � � � m
 �

Hence from this last inequality and �A�	�
� �A�	�
 we have that

E
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 dt � jX��
�j � m

i
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Z
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w��
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for some universal constant C�
It is obvious from Lemma A� that there is a universal constant C

such that u�y� �
 � C w��
� y � D
� � � ��m
�m

� The result follows
from this and the last inequality�

Appendix B� A di�erential inequality�

Here we prove the inequality �����
� Consider the solution u�r� �

to the Sturm�Liouville problem�

�B�	


�����
����

��r

d�u

dr�
� ���r


du

dr
� � ��r
u � 	 � r � R �

u�	
 � 	 �

u�R
 � � �

where ��r
 � �� ���r
 � �� 	 � r � R� We shall show that

�B�

�

�r

�

��

�u�r� �
p
�

�
� � � 	 � r � R � � � � �

This implies the inequality �����
 on taking ��r
 � r� The inequality
�B�
 is sharp in the sense that the power of �� i�e� ���� in the de�
nominator cannot be improved� To see this consider for � � �� the
function

w��r
 �
�

��

� u

��

�
�

	

��

��u
��

� �
u

�

�
�

Now it follows easily from the maximum principle that the function u
decreases as a function of r� The function w��r
 � �u��� satis�es the
boundary conditions w��	
 � w��R
 � �� It follows from the maximum
principle again that w��r
 � �� 	 � r � R� Hence there exists a
minimum �� � � such that

dw�
dr

� � � 	 � r � R � � � �� �

We can explicitly compute �� in the exactly solvable case when � 	 	�
Thus for � 	 	� we have

u�r� �
 �
sinh

p
� �R� r


sinh
p
� �R� 	
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whence

	p
�

�u
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�
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p
� �R� r
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p
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Hence if � � � � 	� we have

dw�
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p
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p
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�
�R� r
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�
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cosh
p
� �R� r


sinh
p
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�

It is clear from this last identity that by choosing r � 	 and R large
we will have dw��dr � � at r � 	 for any � � 	�� Thus �� � 	� is
optimal in this case�

To prove �B�
 we �rst construct the Dirichlet Green�s function for
�B�	
� Let v�r
 be the solution of the equation �B�	
 with the boundary
conditions v�	
 � �� v�R
 � 	� Then the Dirichlet Green�s function
G�r� r�
� 	 � r� r� � R� can be written as

�B��
 G�r� r�
 �



c�r�
u�r
 v�r�
 � 	 � r� � r �

c�r�
u�r�
 v�r
 � r � r� � R �

The constant c�r�
 is determined by the jump discontinuity of �G��r
at r � r��

lim
r
r�	

�G

�r
�r� r�
� lim

r
r��

�G

�r
�r� r�
 �

	

��r�

�

Thus if W �r�
 denotes the Wronskian�

W �r�
 � u��r�
 v�r�
� u�r�
 v��r�
 � 	 � r� � R �

we have that
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Now using the fact that

W �r�
 � ���	
 v
��	


��r�

� 	 � r� � R �

we conclude that
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 c�r�
 � � 	
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It is clear that the function w�r
 � w����r
 satis�es the equation
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Hence w has the representation
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Using the formulas �B��
� �B��
 we have then
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On di�erentiating the above identity we have then
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It follows that dw�dr � �� 	 � r � R� if we can show that
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We have now that
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Z R
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� dr� �
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d
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Next we show that
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To see that �B��
 holds observe that
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We conclude from this that

� u�r�
� � u��r�
� � � u�R
� � u��R
� � �u��R
� � � �

whence �B��
 follows�
From �B��
� �B��
 it follows that
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u�r
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 �

Hence the left hand side of �B��
 is bounded above by

�v��r
 ��r
u�r
u��r
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Thus �B��
 holds if we can show

��	
 v��	
 � v��r
 ��r
u�r
 � 	 � r � R �

since u��r
 � �� 	 � r � R� This last inequality follows from the fact
that
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since u��r
 � �� v�r
 � �� 	 � r � R�
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