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A proof of the smoothing

properties of the positive

part of Boltzmann�s kernel

Fran�cois Bouchut and Laurent Desvillettes

Abstract� We give two direct proofs of Sobolev estimates for the
positive part of Boltzmann�s kernel� The �rst deals with a cross section
with separated variables� no derivative is needed in this case� The
second is concerned with a general cross section having one derivative
in the angular variable�

R�esum�e� Nous donnons deux preuves directes des estimations de
Sobolev pour la partie positive du noyau de Boltzmann� La premi�ere
concerne les sections e�caces �a variables s�epar�ees� aucune d�eriv�ee n�est
n�ecessaire dans ce cas� La deuxi�eme traite des sections e�caces g�en�era	
les ayant une d�eriv�ee dans la variable angulaire�

�� Introduction�

The Boltzmann quadratic kernel Q models binary collisions occur	
ring in a rare�ed monatomic gas 
cf� ��
� ��
� ��
�� It can be written
under the form


���� Q
f�
v� � Q�
f�
v�� f
v�Lf
v� �

where Lf is a linear convolution operator� and Q� is the positive part

��
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of Q� de�ned by

Q�
f�
v� �

ZZ
v��R

N

��SN��

f
�v � v�

�
� jv � v�j

�
�
�
f
�v � v�

�
�
jv � v�j

�
�
�

�B
�
jv � v�j� v � v�

jv � v�j � �
�
d� dv� �
����

The nonnegative cross section B depends on the type of interaction
between the particles of the gas�

In a gas in which particles interact with respect to forces propor	
tional to r�s� s � �� the cross section B writes


���� B
x� u� � b
x� �
u� �

where


���� b
x� � x�s�����s��� �

and � has a strong singularity near u � ��
The classical assumption of angular cuto� of Grad ��
 
that is � �

L�

��� ���� is used to remove this singularity� It will always be made in
this paper� To get an idea of the properties of Q when this assumption
is not made� we refer the reader for example to ��
 or ��
�

The properties of Q� 
with the assumption of angular cuto� of
Grad� have �rst been investigated by P�	L� Lions in ��
� In this work�
it is proved that if B is a very smooth function with support avoiding
certain points� then there exists CN�B such that


���� kQ�
f�k �H�N������RNv � � CN�B kfkL��RNv � kfkL��RNv �

for any f � L� � L�
RNv ��
The proof of this estimate used the theory of Fourier integral op	

erators� The very restricting conditions on B were not a serious in	
convenience since in the application to the inhomogeneous Boltzmann
equation� only the strong compactness in L� of Q�
f� was used� and
not the estimate itself� so that these smoothness assumptions could be
relaxed by suitable approximations of B� Notice that the use of the
Fourier transform in the velocity variable in the context of the Boltz	
mann equation was already used by Bobylev in ��
�
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An extension of this work to the case of the relativistic Boltzmann
kernel can be found in ��
�

Then� another proof of 
���� was given by Wennberg ���
 with the
help of the regularizing properties of the 
generalized� Radon trans	
form� The hypothesis on B were considerably diminished� so that for
example forces in r�s with angular cuto� and s � � were included�
Considerations on related kernels 
for example the relativistic kernel�
can also be found in ���
�

This work is intended to give yet another proof of 
����	like esti	
mates� using only elementary properties of the Fourier transform� More	
over� we prove that the estimate holds for a large class of cross sections
B� including all hard potentials with cuto� 
that is when s � �� and
also soft potentials up to s � �����

One of the drawbacks of our proof is that instead of having a L�

norm times a L� norm in the right	hand side of 
����� we only get a L�

norm to the square�
In Section �� we deal with the case when B is a tensor product


that is of the form 
������ Then� we present in Section � the case of
general dependence for B with a reasonable smoothness assumption�

The following notations will be used throughout the paper� For
any p � �� q � �� Lpq
R

N � is the weighted space embedded with the
norm


���� kfkLpq�RN� �
�Z

v�RN
jf
v�jp 
� � jvj�pq dv

���p
�

and if � � s � N��� �Hs
RN � is the homogeneous Sobolev space of
functions f of L�N��N��s�
RN � such that

bf � L�
loc
R

N � and j	js bf
	� � L�
RN� � �

Its norm is given by


���� kfk �Hs�RN� �
�Z

��RN
j bf
	�j� j	j�s d	���� �

We shall use the two following formulas to compute some integrals on
the sphere SN�� 
N � ��� The �rst deals with functions which only
depend on one component� for any function � de�ned on 
� �� �� �


����

Z
SN��

�

N � d
 �
���N�����

�
�N � �

�

� Z �

��

�
u� 
�� u���N����� du �
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The second is concerned with the change of variables � � � 
	 �
�
�	�
for a �xed 	 � SN��� We have for any function � de�ned on SN��


����

Z
SN��

�
�� d� �

Z
SN��

�
� 
	 � 
�
 � 	� j� 	 � 
jN�� d
 �

Finally� constants will be denoted by C� or CN when they depend on
the dimension N �

�� The case of separated variables�

We investigate here the properties of Q� when


���� B
�
jv � v�j� v � v�

jv � v�j � �
�
� b 
jv � v�j� �

� v � v�
jv � v�j � �

�
�

where b and � are Borel functions de�ned on 
���� and 
� �� �� respec	
tively� We consider the multidimensional case N � �� Let us state the
main result of this section�

Theorem ���� Assume that there exists K � �� 
 � � such that


���� jb
x�j � K
� � x�� � for all x � � �

and that


���� � � L�
 
� �� �� � 
�� u���N����� du� �

Then for any f � L�
���
R

N �� Q�
f� � �H�N�����
RN � and


����
kQ�
f�k �H�N������RN�

� CNK k�kL�� 	����
 ����u���N����� du�kfk�L�
����R

N� �

In order to prove Theorem ���� let us de�ne the operator eQ� for
functions of two variables F 
v�� v��� v�� v� � RN by

eQ�
F �
v� �

ZZ
v��R

N

��SN��

F
�v � v�

�
� jv � v�j

�
��
v � v�

�
�
jv � v�j

�
�
�

� �
� v � v�
jv � v�j � �

�
d� dv� �
����
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Proposition ���� For the linear operator 
����� we have

i� If � � L�
 
��� �� � 
��u���N����� du�� then for any F � L�
RN�
RN �� eQ�
F � � L�
RN � and

k eQ�
F �kL��RN�

� ���N�����

�
�N � �

�

� k�kL��	����
����u���N����� du� kFkL��RN�RN� �


����

Moreover� 
���� is an equality if � and F are nonnegative�

ii� If � � L�
 
��� �� � 
��u���N����� du�� then for any F � L�
RN�
RN � such that 
v��v��F � L�
RN �RN �� the integral 
���� is absolutely

convergent for almost every v� eQ�
F � � �H�N�����
RN � and

k eQ�
F �k �H�N������RN�

� CNk�kL��	����
����u���N����� du� kFk���L� k
v� � v��Fk���L� �


����

Let us postpone the proof of Proposition ��� and deduce Theorem
����

Proof of Theorem ���� Let us de�ne


���� F 
v�� v�� � f
v�� f
v�� b
jv� � v�j� �

Then� de�nitions 
����� 
���� and 
���� yield Q�
f� � eQ�
F �� Now� by

���� we have


����

jF 
v�� v��j � jf
v��j jf
v��jK 
� � jv� � v�j��

� K jf
v��j jf
v��j 
� � jv�j� jv�j��

� K j
� � jv�j�� f
v��j j
� � jv�j�� f
v��j �

Therefore�


����� kFkL� � K kfk�L�
�
� kFkL� � K kfk�L�

�
�
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and since

j
v� � v��F 
v�� v��j � jv�j jF 
v�� v��j� jv�j jF 
v�� v��j
� Kj
� � jv�j����f
v��j j
� � jv�j��f
v��j

�Kj
� � jv�j��f
v��j j
� � jv�j����f
v��j �

we have also


����� k
v� � v��FkL� � �KkfkL�
�
kfkL�

���
�

Therefore� we can apply Proposition ����ii�� and we get Q�
f� � eQ�
F �
� �H�N������


����� kQ�
f�k �H�N����� � CN k�kL� Kkfk���L�
�
kfk���

L�
���

�

Finally� 
���� follows since

kfkL�
�
� kfkL�

���
�

Proof of Proposition ���� Estimate i� is easy with 
����� and we
only prove ii�� Let us �rst assume that F � L�
RN �RN �� We perform
the change of variables


����� � � �
� v � v�
jv � v�j � 


�

 � v � v�

jv � v�j �

According to 
�����

eQ�
F �
v� �

ZZ
v��R

N

��SN��

F 
v � 
v � v�� � 
 
� v� � 
v � v�� � 
 
�

� �
�
�
� v�v�
jv�v�j � 


��
� �

����� v�v�
jv�v�j � 


���N��

dv� d
 �
�����

Since by i� eQ�
F � � L�� we can compute its Fourier transform� which
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is given by

�eQ�
F �
	�

�

ZZZ
v�v��R

N

��SN��

e�i��vF 
v � 
v � v�� � 
 
� v� � 
v � v�� � 
 
�

� �
�
�
� v � v�
jv � v�j � 


��
� �

����� v � v�
jv � v�j � 


���N��

dv dv� d


�

ZZZ
v��v��R

N

��SN��

e�i���v���v��v���� ��F 
v�� v��

� �
�
�
� v� � v�
jv� � v�j � 


��
� �

����� v� � v�
jv� � v�j � 


���N��

dv� dv� d
 �

by the usual pre	post collisional change of variables� Next we perform a
change of variables in 
� given by an orthogonal hyperplane symmetry
which exchanges the unitary vectors

v� � v�
jv� � v�j and

	

j	j �

We obtain

�eQ�
F �
	� �

ZZZ
v��v��R

N

��SN��

e�i���v���v��v���� ����F 
v�� v��

� �
�
�
� 	

j	j � 

��
� �

����� 	

j	j � 

���N��

dv� dv� d


�

Z
��SN��

bF 
	 � 	 � 
 
� 	 � 
 
�

� �
�
�
� 	

j	j � 

��
� �

����� 	

j	j � 

���N��

d
 �

with bF the Fourier transform of F in both variables� Finally� we make
the change of variables

� � �
� 	

j	j � 

�

 � 	

j	j �
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and get according to 
����


�����
�eQ�
F �
	� �

Z
��SN��

bF�	 � j	j�
�

�
	 � j	j�

�

�
�
� 	

j	j � �
�
d� �

Now� in order to estimate 
����� we assume that F � C�
c 
RN � RN ��

so that bF is smooth� This assumption can easily be relaxed by cuto�
and convolution of F to get 
���� in the general case�

We have by Cauchy	Schwarz�s inequality


�����

j�eQ�
F �
	�j� �
Z

��SN��

��� bF�	 � j	j�
�

�
	 � j	j�

�

����� d�
�

Z
��SN��

����� 	

j	j � �
����� d� �

and the last integral can be computed using 
�����


�����

Z
��SN��

����� 	

j	j ��
����� d�
�

���N�����

�
�N � �

�

� Z �

��

j�
u�j� 
�� u���N����� du �

Then�Z
��SN��

��� bF�	 � j	j�
�

�
	 � j	j�

�

����� d�
�

Z
��SN��

Z �

r�j�j

� �

�r

��� bF�	 � r �

�
�
	 � r �

�

����� d� dr
�

Z
��SN��

Z �

r�j�j

��� bF�	 � r �

�
�
	 � r �

�

����
�
���
r�

bF �r�
bF ��	 � r �

�
�
	 � r �

�

���� d� dr
�

Z
j�j	j�j

��� bF�	 � �

�
�
	 � �

�

����
�
���
r�

bF �r�
bF ��	 � �

�
�
	 � �

�

���� d�

j�jN��
�
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where r�
bF and r�

bF denote the gradients of bF with respect to the �rst
and second variables� Therefore�Z
��RN

j	jN�� d	

Z
��SN��

��� bF�	 � j	j�
�

�
	 � j	j�

�

����� d�
�

ZZ
����RN

��� bF�	 � �

�
�
	 � �

�

���� ���
r�
bF �r�

bF ��	 � �

�
�
	 � �

�

���� d	 d�
� �Nk j bF j jr�

bF �r�
bF j kL��RN�RN�

� �Nk bFkL��RN�RN� kr�
bF �r�

bFkL��RN�RN�

� �N 
����NkFkL��RN�RN� k
v� � v��FkL��RN�RN� �

and together with 
�����	
������ we obtain 
�����

Remark ���� A slightly weaker version of Theorem ��� is still true
when one deals with 
not too� soft potentials 
with the angular cuto�
of Grad��

Namely� for a cross section satisfying assumption 
���� with

� � L�
 
� �� �� � 
�� u���N����� du�

and


����� b
x� � x�� � � � 
 �
N

�
�

for any f � L
�N��N���
� 
RN �� we have that

Q�
f� � �H�N�����
RN �

with


�����
kQ�
f�k �H�N������RN�

� CN��k�kL��	����
����u���N����� du�kfk�L�N��N���
�

�

Actually� de�ning

F 
v�� v�� � f
v��f
v�� jv� � v�j�� �
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we have

kFk�L��RN�RN� �

ZZ
jf
v��j� jf
v��j� jv� � v�j��� dv� dv�

� k jf j� kLr� k jf j� 	 jvj��� kLr �

We choose r � N�
� so that

k jf j� 	 jvj��� kLr � CN�� k jf j� kLN��N���

and we obtain

kFk�L� � CN�� k jf j� k�LN��N��� �

Therefore�

kFkL��RN�RN� � CN�� kfk�L�N��N���

and similarly

k
v� � v��FkL��RN�RN� � CN�� kvfkL�N��N���kfkL�N��N��� �

We conclude by applying Proposition ����ii��

�� The general case�

We now concentrate on the case when B is not a tensor product�
The estimate is not as straightforward as in Section �� and we have to
make a regularity assumption on B� Moreover� we only treat here the
three	dimensional case�

Theorem ���� Let B be a continuous function from 
��������� �
 to
R� admitting a continuous derivative in the second variable� We assume

that


���� jB
x� u�j�
����B
�u


x� u�
��� � K
� � x� �

for all x � � and u � ���� �
� Then� for any � � �� there exists a

constant C
 only depending on � such that for any

f � L�
�
R

�� � L�
���
���
R

�� �
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Q�
f� � �H�
R�� with


���� kQ�
f�k �H��R�� � C
Kkfk�L�
�������

�

Proof� Since
jB
x� u�j � K 
� � x� �

the result of Proposition ����i� ensures that the integral 
���� de�ning
Q�
f� is absolutely convergent for almost every v� and that Q�
f� �
L�
R���


���� kQ�
f�kL� � ��Kkfk�L�
�
�

Therefore� we can compute the Fourier transform of Q�
f��

�Q�
f�
	� �

ZZZ
v�v��R

�

��S�

e�iv��f
�v � v�

�
� jv � v�j

�
�
�
f
�v � v�

�
�
jv � v�j

�
�
�

�B
�
jv � v�j� v � v�

jv � v�j � �
�
d� dv dv�

�

ZZZ
v�v��R

�

��S�

e�i���v�v��jv�v�j����f
v�f
v��
����

�B
�
jv � v�j� v � v�

jv � v�j � �
�
d� dv dv� �

according to the pre	post collisional change of variables� Thus we obtain


���� �Q�
f�
	� �

ZZ
v�v��R�

e�i���v�v����f
v�f
v��D
v�v�� 	� dv dv� �

where for any w� 	 � R� n f�g
D
w� 	�

�

Z
��S�

eijwj�����B
�
jwj� wjwj � �

�
d�

�

Z ��

s���

eijwjj�js��


����

�
Z ��

���

B

�
jwj� s 	

j	j �
w

jwj�
p
��s�

s
��

� 	

j	j �
w

jwj
��

cos�

�
d� ds �
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with spherical coordinates and


���� s � � � 	

j	j �

Integrating by parts� we get

D
w� 	� � �
Z ��

s���

� eijwjj�js��

i jwj j	j

�
Z ��

���

�
	

j	j �
w

jwj �
sp

�� s�

s
��

� 	

j	j �
w

jwj
��

cos�

�

� �B
�u

�
jwj� s 	

j	j �
w

jwj

�
p
��s�

s
��

� 	

j	j �
w

jwj
��

cos�

�
d� ds


����

�
� eijwjj�j��

i jwj j	j ��B
�
jwj� 	j	j �

w

jwj
�

� � e�ijwjj�j��

i jwj j	j ��B
�
jwj�� 	

j	j �
w

jwj
�

and therefore


����

jD
w� 	�j � ��

jwj j	j K
� � jwj�
Z ��

��

�
� �

jsjp
�� s�

�
ds

�
��

jwj j	j K
� � jwj�

� ���

j	j K
�
� �

�

jwj
�
�

Coming back to 
���� and using the variables


����� z �
v � v�

�
� w � v � v� �

we get


����� �Q�
f�
	� �

Z
w�R�

W 
f� 
w� 	�D
w� 	� dw �
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where


����� W 
f�
w� 	� �

Z
z�R�

e�iz��f
�
z �

w

�

�
f
�
z � w

�

�
dz

is a Wigner	type transform of f � Then� according to Cauchy	Schwarz�s
inequality� we get for any � � �


�����

j�Q�
f�
	�j� �
Z

w�R�

jW 
f�
w� 	�j�
� � jwj���
 dw

�
Z

w�R�

jD
w� 	�j� dw


� � jwj���


� C

K�

j	j�
Z

w�R�

jW 
f�
w� 	�j�
� � jwj���
 dw �

Finally� using Plancherel�s identity� we obtainZ
��R�

j	j� j�Q�
f�
	�j� d	

� C
K
�

Z
w�R�

� Z
��R�

jW 
f�
w� 	�j� d	
�

� � jwj���
 dw

� C
K
�
����

�
Z

w�R�

� Z
z�R�

���f�z � w

�

�
f
�
z � w

�

����� dz�
� � jwj���
 dw

�����

� C
K
�
����

ZZ
v�v��R�

jf
v�f
v��j� 
� � jv � v�j���
 dv dv�

� C
K
�
���� kfk
L�

�������
�

by the same estimate as in 
���� and the proof is complete�

Remark ���� As in Section �� one could here also treat singular B 
in
the �rst variable� if one allowed to replace the weighted L� norms of f
in 
���� by suitable 
weighted� Lp norms� with p � ��
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Remark ���� As in ���
� one could deduce from Theorems ��� and ���
regularity properties for the homogeneous Boltzmann equation� Notice
that such properties give also counterexamples� For example one can
prove that if f is the solution of the homogeneous Boltzmann equation
and if f
�� is not smooth 
the exact smoothness considered here de	
pends on the properties of B�� then for any t � �� f
t� will also not be
smooth�

This behavior is completely opposite to that of the Boltzmann
equation without angular cuto� 
cf� ��
� ��
��
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