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Abstract� Let ��j and E�

j denote the eigenfunctions and eigenvalues of
a Schr�odinger�type operator H� with discrete spectrum� Let ��x��� be a
coherent state centered at a point �x� �� belonging to an elliptic periodic
orbit� � of action S� and Maslov index �� � We consider �weighted Weyl
estimates	 of the following form
 we study the asymptotics� as � �� �
along any sequence

� �
S�

�l� �� ��
�

l � N � � � R �xed� of X
jEj�Ej�c�

j ���x���� �
h
j � j� �

We prove that the asymptotics depend strongly on ��dependent arith�
metical properties of c and on the angles 	 of the Poincar�e mapping
of �� In particular� under irrationality assumptions on the angles� the
limit exists for a non�open set of full measure of c�s� We also study the
regularity of the limit as a function of c�

�� Introduction and results�

Consider a Schr�odinger operatorH � �����V �x� with V smooth�
either onM � R

m �in which case we assume V tends to in�nity at in�n�
ity and therefore H has discrete spectrum� or on a compact Riemannian

���
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manifold� M � In ��� we considered �trace formulae	 associated to pro�
jectors on coherent states in the following sense� For �x� �� � R

�m and
a � S�Rm� de�ne the coherent state �ax� as


��� �a�x����y� � 
�y � x� ������m�� �m�� e�ix���� ei�y�� �a
�y � xp

�

�
�

Here 
 is a cut�o� function near zero and �a is the Fourier transform of a�
�in the manifold case �x� �� � T �M and the above de�nition is in local
coordinates near x�� Let �j and Ej the eigenfunctions and eigenvalues
of H� Then if � is a Schwartz function whose Fourier transform is
compactly supported and E � j�j� � V �x�� we have

��
X
j

�
�Ej �E

�

�
j ���x���� �j� j��

X
j��

c�j �x� �� �
�m�	���j �

for � �� �� �If E �� j�j� � V �x�� the left�hand side tends to � rapidly
in ��� Although the form of the asymptotic expansion does not depend
on �x� ��� the coe�cient c��x� �� is highly sensitive to the point �x� ��
being periodic or not with respect to the classical �ow� In case �x� ��
is either not periodic or is on a hyperbolic trajectory� we proved in ���
�using a Tauberian theorem� that� for every c � R�

���
X

jEj�Ej�c�

j ���x���� �j� j�� c
�

�c�c�

� �x� �� ��m�	�� � o���m�	��� �

as � � � possibly along certain sequence� �Here �

�c�c�

is the charac�

teristic function of the interval ��c� c��� The main goal of this paper is
to study the case where �x� �� belongs to an elliptic closed trajectory�

Our results are related to the existence of quasi�modes near an
elliptic trajectory� Recall that if H is as before and � is a closed elliptic
trajectory of the Hamiltonian j�j� � V �x� with energy E� period T� �
action S� � Maslov index �� and Poincar�e mapping of angles 	j � j �
�� � � � �m��� then one can construct �see ���� ���� ���� ���� quasi�modes of
H �namely solutions of the Schr�odinger equation modulo a remainder��
microlocalized near �� of quasi�energies

��� Ek�l
QM � E �

�

T�

��
�l� S�

�

�
�

m�	X
j�	

�
kj �

�



�
	j � ��

�
�
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for �k� l� � Z
m� l large� The remainder is O���� uniformly as

����l� S�

�

��� and jkj 
�
X

kj

remain bounded� The existence of these quasi�modes implies that part
of the spectral density of H concentrates near the quasi�energies de�ned
by ���� but this doesn�t say anything about Ek�l

QM as j k j�� � and
does not involve the rest of the spectrum� The results of this paper will
indicate that the rescaled localized spectral density

���
X
j


�Ej � �

�

�
j ���x���� �j� j�

�which is the rescaled spectral density microlocalized at the point in
phase space �x� ��� has a certain semiclassical limit whose singulari�
ties are indeed precisely the quasi�energies ���� and this time with no
restriction on j k j�

We will now state our results� valid for more general quantum
Hamiltonians
 Let H� �

PL
l�� �

lPl�x�Dx� where Pl is a di�erential
operator of order l on Rm �or M� of principal symbol P �

l � sub�principal
symbol P�	l �formally Pl is regarded as acting on half�densities� and

smooth coe�cients� Let H�x� �� �
PL

l�� P
�
l �x� �� and Hsub�x� �� �PL

l�� P
�	
l �x� �� be the principal and sub�principal symbols of H�� We

assume that PL is elliptic� H is positive� and in case M � R
m � that

H tends polynomially to in�nity at in�nity� We will also suppose for
simplicity that Hsub�x� �� � ��

Let E�

j and ��j denote the eigenvalues and eigenvectors of H��
Let us suppose that �x� �� belongs to an elliptic trajectory of period
T� � action S� � Maslov index �� and Poincar�e mapping of angles 	 �
�		� � � � � 	m�	�� We will use throughout the notations

k � �k	� � � � � km�	� � N
m�	 �

k 	 
�
m�	X
j�	

kj	j and
�
k �

�



�
	 
�

m�	X
j�	

�
kj �

�



�
	j �� �
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Theorem ���� Assume that 		����� � � � � 	m�	���� are rational�
Then� for every � � ��� ��� as �� � along the sequence

��� � �
S�

�l� �� ��
� l � N �

one has

���
X

jEj�Ej�c�

j ���x���� �j� j�� �
�m�	��L��c� � o���m�	��� �

for all c such that

��� c �� � �

T�

�
�j �

�
k �

�



�
	 � �

�
� for all j � Z � k � N

m�	 �

Moreover� as a function of c the limit L��c� is a step function constant
on the intervals de�ned by ����

Next we consider the irrational case


Theorem ���� Assume that �� 		����� � � � � 	m�	���� are linearly in�
dependent over the rationals� Then there exists a set M� of values of
c� of full Lebesgue measure� such that for all c � M�

����
X

jEj�Ej�c�

j ���x���� �j� j�� �
m�	��L��c� � o��m�	��� �

for � as in ���� Moreover� as a function of c� L��c� is locally Lipschitz
on M� in the sense that for all c � M� there exists �c � � such that�

���� j L��c��� L��c� j� �c j c� � c j � for all c� � M� �

Finally there exists a rapidly decreasing family fgkgk�Nm�� �related to
the microlocalization of the symbol a of ��x���� such that

��� fc 
 for all k � N
m�	 j �� ei�cT���k�	���	��� j� � gkg 	 M� �

for all � � �� �For a precise de�nition of the set M� see Lemma ������
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Remark� In the rational case the discontinuities of the function L� are
located exactly at the values of the Ek�l

QM de�ned before by ���� for the
values of � given by ���� In the irrational case in order to prove that
L��c� exists we need that c be at some distance from the quasi�energies

Ek�l
QM �unless the symbol a of the quasi�mode is chosen very judiciously�

in which case we can work with c in the complement of the set of all
quasi�energies�� In all cases this suggests that the weighted spectral
measure� ���� in the semi�classical limit� is particularly singular exactly

at the values of the Ek�l
QM de�ned before� We hope to provide a rigorous

proof of a precise statement of this elsewhere�

The paper is organized as follows
 In Section � we prove the exis�
tence of the functions L� which are studied in Section �� In Section �
we �nish the proof of the main Theorems� using a Tauberian argument
that we recall in Section � Finally� in the appendix we review and ex�
tend slightly a result on H�older continuity of function such as L� using
wavelets�

�� A Tauberian lemma�

In this section we re�ne the Tauberian lemma of �� and ����
Consider an expression of the following form

���� !w
E����� �

X
j

wj����
�Ej���� E

�

�
�

de�ned for all � � R where R will henceforth denote the set of all
Schwartz functions on the line with compactly supported Fourier trans�
form�

Let M� a subset of R� of full Lebesgue measure in a bounded
interval�

We introduce the following notations� Fix a positive function f �
R satisfying f��� � � and �f��� � �� For every a � �� de�ne

���� fa�r� 
� a�	f
� r
a

�

and for every a � � and c � �

���� �a�c 
� fa 
 �
�c�c� �
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where �

�c�c�

is the characteristic function of the interval ��c� c��
The Tauberian lemma in question is


Theorem ��� �See �� and ����� LetM� a subset of R� of full Lebesgue
measure in a bounded interval� Suppose wj���� Ej���� E and !w

�
itself

satisfy all of the following 


�� There exists a positive function ����� de�ned on an interval
��� ���� and a functional F� on R� such that for all � � R

�� � !w
E����� � F�������� � o������ � � �� � �

� for all c � M� the limit

L��c� � lim
a��

F���a�c�

exists�

�� L� is a continuous function on M��

�� There exists a k � Z such that �k � O������� �� ��

�� There exists an � � � such that for every � there is a constant
C� such that for all E� � �E � �� E � ��

���� j!w
E������j � C� ����

�rough uniformity in E��

 � The wj��� are non�negative and bounded 
 there exists a constant
C � � such that for all j and all �� � � � � ��

���� � � wj��� � C �

�� The eigenvalues Ej��� satisfy the following rough estimate 
 for
each C	 there exist constants C�� N� such that for all k

���� "fj 
 Ej��� � C	 � k� g � C���
�	k�N� �

De�ne the weighted counting function by

��� Nw
E�c��� �

X
j � jxj���j�c

wj��� �
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where

��� xj��� 
�
Ej����E

�
�

Then the conclusion is 
 for all c � M��

�� Nw
E�c��� � L��c����� � o������ � � �� � �

Proof� Except for the fact that the set M� of allowed c�s is not R� �
this theorem is precisely �� Theorem  ���� Proceeding exactly as in the
proof of the �� inequalities ������� one shows that for all R � �� for all
N � N exists C � �� CN � � such that for all a � ��� R� and for all ��
� � � � c�

���

�

����

�
�� C

a

�

�
NE�c�
��� � �

����
!E����a�c�

� �

����
NE�c�
��� � CN

�a
�

�N
�

Let c � M� be given� We begin by observing that by the �rst of the
inequalities ���

���
�

����
NE�c��� � �

����
!E����a�c�
� � C	

a

�
�

where we have also used the fact thatNE�c�������� is bounded �a trivial
consequence of �� ��� For every � such that � � � � c one can take the
limit in ��� as � �� � to obtain that

��� lim sup
���

�

����
NE�c��� � F���a�c�
� � C	

a

�
�

If we now assume that � � c � M� we can take the limit as a �� � to
obtain

� � lim sup
���

�

����
NE�c��� � L��c� �� �

By the assumption that M� has full measure� we can �nd a sequence
f�jg such that for all j� c� �j � M� and �j �� �� Taking the limit in
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� � of L��c� �j� as j ��� and using the fact that L� is continuous
at c we obtain

��� lim sup
���

�

����
NE�c��� � L��c� �

A similar argument starting with the second inequality ��� shows that

��� lim inf
���

�

����
NE�c��� � L��c� �

which �nishes the proof�

�� The existence of L��c��

In this section we prove the existence of the coe�cients L��c� in
the limits ��� and ���� �see �� � below��

Lemma ���� There exists a rapidly decreasing family of non�negative
numbers� fckgk�Nm�� � such that for all � � R the �rst coe�cient
c�k �x� �� in �� can be written as

��� c�� �x� �� �
��X

n���

X
k�Nm��

���nT�� ck e
in��k�	���	��� �

Proof� In ��� we proved that the �rst coe�cient c�� �x� �� in �� can be
written as

�n ���n�	��� c�� �x� ��

�
��X

n���

���nT�� e
inS������

Z ��

��

�a� Z��s #x� s #���Una� ds �����

where � #x� #�� is the tangent vector to the classical �ow at �x� ��� Z is the
Weyl$Heisenberg operator de�ned by

���� Z�e� f��a���� � e�ief�� eie
 a�� � f�

and U is the metaplectic representation of the linearized �ow at time T� �
�We should point out that in the manifold case a de�nes intrinsically a
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smooth vector in the metaplectic representation of T�x����T
�M�� and U

and Z are operators in that representation space�� Denoting by S the
linearized �ow at time T� � we also showed that one can �nd a symplectic
mapping R such that R�	SR is block�diagonal of the form

��� R�	SR �

�
� � � �

� � �
� � A	

�
A �

where � � R and A	 is the direct sum of rotations of angles 		� � � � � 	m�	�
Furthermore� the transformation R maps the vector �s #x� s #�� to the
vector �s� ���

Let us denote a� 
� Mp�R��	a and V 
� Mp�R�	SR�� where
Mp�R� denotes the metaplectic representation of the mapping R� Then�
letting Z�s� 
� Z��s #x� s #��� and

W �s� 
� Mp�R��	 Z�s�Mp�R� � Z�s� �� �� �� �

one has �
a� Z�s�Una

�
�
�
a��W �s�V na�

�
�

Denote the variables of a� by ��	� ��� where �	 � R and �� � R
m�	 �

and let ei	�D
�
��

�
�
���� denote the direct sum of the propagators of one�

dimensional Harmonic oscillators at times 		� � � � 	m�	� acting on a� by

acting on the �� variables� If ein�
�
��
�� denotes the metaplectic quanti�

zation of

����

�
� n�
� �

	
�

we get that ���� becomes

�n ���n�	��� c�� �x� ��

�
��X

n���

���nT�� e
in�

�
Z

a���� �ein�
�
��
�� ein	�D

�
��

�
�
���� �a��� ��	 � s� ��� d� ds �

The integral over ds is a convolution and the integral over d�	 is the
integral of that convolution� Therefore� using the Fourier inversion
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formula plus the fact that on the Fourier transform side the operator

ein�
�
��
�� is multiplication by e�in��

��� �� being the dual variable�� one
gets

�n ���n�	��� c�� �x� ��

�
��X

n���

���nT�� e
in�

Z
a����� ��� e

in	�D�
��

�
�
����a����� ��� d�� �

����

where a�� is the Fourier transform of a� with respect to �	� Let b�x� 
�
a����� x� and let us decompose b on the Hermite basis� hk� of eigenfunc�
tions of the harmonic oscillator

���� b �
X

k�Nm��

bk hk �

Then� letting ck 
� jbkj� we get ��� and the family fckg is non�negative�
It is also rapidly decreasing since the function b is Schwartz�

Remark� For a given quantum Hamiltonian H� the coe�cients fckg
depend only on the symbol a of the coherent state� Observe that the
proof shows that given any rapidly decreasing family fckg one can �nd
an a giving rise to it�

We next prove the existence of the limit

�� � L��c� 
� lim
a��

c
�fa��
�c�c�

�

� �x� �� �

for f as in the Tauberian lemma and c�� �x� �� as in ���� Let �a�c� 
�

c
�fa��
�c�c�

�

� �x� ��� that is

���� �a�c� 
� c �
X
n	���k

�f�a n�
sin �n c T��

nT�
ck e

in��k�	���	��� �

We must then prove that the limit L��c� � lima�� �a�c� exists�
To lighten up the notation a bit� let us de�ne

���� dk 
�
�
k �

�



�
	 � � � k � N

m�	 �
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keeping in mind the notation � �� Let � � a � �� then

�	�c�� �a�c� �
�

T�

X
�n�k��Z
Nm��

sin �c n T�� ck e
indk

Z 	

a

�f ��t n� dt

�
�

T�

X
�n� k�

�eincT� � e�incT�

 i

�
ck e

indk

Z 	

a

�f ��t n� dt �����

Applying the Poisson summation formula to the series over n� we get
�after a calculation�

�	�c�� �a�c� �
��
T�

X
�j� k��Z
Nm��

ck

Z 	

a

�
g
��
t
��j � c T� � dk�

�

� g
��
t
��j�c T��dk�

��dt
t
�����

where g�x� 
� x f�x��

Lemma ���� De�ne

M�
� �

n
c � R 
 for all �j� k� � Z N

m�	 � c �� � �

T�
��j � dk�

o
�

If 		����� � � � � 	m�	���� are rational and c � M�
� � then each of the

limits

���� lim
a��

X
�j�k��Z
Nm��

ck

Z 	

a

g
��
t
��j � c T� � dk�

�dt
t
�

exists �and is �nite�� Moreover� the convergence is locally uniform in c�

Proof� By the rationality assumption the complement of M�
� is dis�

crete� Therefore� if c � M�
� there exists � such that

� � � � j�j � c T� � dkj � for all �j� k� � Z N
m�	 �

The function g is rapidly decreasing
 for all N � N �CN � � such that
for all x � R� jg�x�j � CN �� � jxj��N � Therefore

���

���g��j � c T � dk
t

���� � CN
tN

tN � ��j � c T � dk�N

� CN
tN

��j � c T � dk�N
�
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and so for all �j� k� � Z N
m�	 and for all a � ��� ��

����

Z 	

a

���g��
t
��j � c T� � dk�

����dt
t
� CN

N

�� aN�	

j�j � c T� � dkjN �

This shows that each of the integrals in the series ���� extends to a
continuous function of a � ��� ��� Moreover� since the family

Mk�j 
�
ck

j�j � c T� � dkjN � �j� k� � Z N
m�	

is absolutely convergent �for N su�ciently large� and it dominates the
absolute values of the terms of ����� we are done�

We now turn to the irrational case�

Lemma ���� Assume that �� 		����� � � � � 	m�	���� are linearly inde�
pendent over the rationals� Let

���� M�
� 
�

n
c � M�

� 

X

k�Nm��

ck

�
�
�
dk �

c T

�

����
��

o
�

where fxg denotes the fractional part of x� and let

���� M� 
�M�
� �M�

� �

Then� if c � M�� each of the limits

lim
a��

X
j�k

ck

Z b

a

g
��
t
��j � c T� � dk�

�dt
t

exists and is �nite� Moreover� the convergence is locally uniform in c�

Proof� It is enough to consider one of the series above� say the one
with the plus sign� Let c � M� and de�ne

O� 
� f�j� k� � Z N
m�	 
 �j � c T� � dk � �g �

and
O� 
� f�j� k� � Z N

m�	 
 �j � c T� � dk � �g �
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Since c � M�
� � Z N

m�	 � O� � O�� Recalling that g�x� � x f�x�
and that f as well as the ck are non�negative� we see that the terms
with �j� k� � O� have the sign � and therefore each of

X
�j�k��O�

ck

Z 	

a

g
��
t
��j � c T� � dk�

�dt
t

is a decreasing function of a� It therefore su�ces to show that

lim
a��

X
�j�k��O�

ck

Z 	

a

g
��
t
��j � c T� � dk�

�dt
t
��

and similarly for the series over O��
Specializing ���� to N � � we see that exists C � � such that for

all a � ��� �� and for all �j� k� � O�

�� �

Z 	

a

g
��j � c T � dk

t

�dt
t
� C

��j � c T � dk��
�

�The last denominator is not zero if �j� k� � O��� Therefore� the Lemma
will be proved provided we show the convergence of the double series
of scalars

����
X

�j�k��O�

Mk�j �

where

Mk�j � ck

�
j �

c T � dk
�

���
�

that is

���� Mk�j �
ck

�j � k � � ���
�

where

���� � �
� 		
�

� � � � �
	m�	
�

�
and � �

�

�

�
c T � ��

m�	X
j�	

	j


�
�

Since the terms in ���� are positive� we can prove its convergence by
�rst summing over j with k �xed� and then summing over k � N

m�	 �
Observe that

���� �j� k� � O� if and only if j � ��k � � �� � � �
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where �x� denotes the greatest integer less than or equal to x� For every
k consider the series

����
��X

j��
k����

Mk�j �

�If x �� Z� then ��x� � ��x� � �� and since c � M�
� � for all k � N

m�	 �
k � � � �� Z�� Comparing this series with the integral

���

Z ��

�
k����

dx

�x� k � � ���
�

we �nd that

����
��X

j��
k����

Mk�j �Mk�
�k���� �
ck

��k� � �� � k � � �
�

or with the notation fxg � fractional part of x � x� �x��

����
��X

j��
k �����	

Mk�j � ck
fk � � �g� �

ck
fk � � �g �

Therefore convergence of ���� follows from the convergence of

X
k�Nm��

ck
fk � � �g� �

But since by assumption c � M�
�� this series converges�

In conclusion we have shown that L��c� exists for c as de�ned by
the Lemmas�

Remarks� In the irrational case


�� To �nd examples of numbers c inM�
�� it su�ces to �nd a family

fgkgk�Nm�� of positive numbers such that
P

g��k ck ��� Then if

����
����j� c T� �

�
k�

�



�
	��

��� � gk � for all �j� k� � ZN
m�	 �
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then c � M�� De�ning �gk � �gk� � � �� one see that still
P

�g��k ck �
� and therefore associated to �gk �by ����� is a subset of M� whose
intersection with any interval I has a co�measure in I arbitrary small
as � �� �% therefore M� has full measure�

� The set M� is related to the rate of decay of the ck �that is
to the properties of the symbol� a� of the coherent states�� as well as
to irrationality properties of 	����� At one extreme� we can choose
a such that only �nitely�many of the coe�cients ck are non�zero �see
the remark following Lemma ����� In that case M� � M�

� is just the
complement of the set of quasi�energies of the quasi�modes associated
with the trajectory�

�� Properties of the function L��

Having established the existence of the function L��c�� we now
derive some of its properties�

Rational case� Let us go back to the identity L��c� � lima�� �a�c�
where �a is de�ned in ����� Applying in ���� the Poisson summation
formula to the series over n with k �xed one obtains

�� � L��c� � lim
a��

�

a

�
Fc 
 f

� �
a

��
��� �

where

���� Fc�y� �

Z c

�c

X
j�k

ck �T��x� y�� �j � dk� dx �

For each c � � the function Fc is a step function% indeed

���� Fc �
X
j�k

ck �
�c����j�dk��T � c����j�dk��T �
�

Since f���a��a �� � we obtain

���� L��c� �
X

fj�k �cT���j�dk�cTg

ck � for all c � M�
� �

which is clearly a step function �i�e� a locally constant function� of
c � M�

� �
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Irrational case� To study the function L��c� onM� as de�ned by �� ��
we will use a wavelet decomposition�

Let g � L� be a function satisfying
R
g�x� dx � � and

R
x g�x� dx �

�� If it exists� the wavelet coe�cient of L��c�� c is

� �� T �a� b� �
�

a

Z
g
�x� b

a

�
�L��x�� x� dx �

Plugging in � �� the expression

� �� L��x�� x �
X
n	��
k

sin �nxT��

nT�
eindk ck �

one �nds� supposing �g even

� � T �a� b� �
�

 i

X
n	��
k

�

nT�
�g�a n� sin �n b T�� ck e

in�dk� �

The following result shows that such a decomposition is indeed valid�

Proposition ���� Let g as before� �g being compactly supported and
even� and let us suppose that � is a compactly supported function sat�
isfying

� ��

Z
���a� �g�a�

da

a
�

Z
�g��a� ����a� da

a
� � �

Then� for all c � M��

� �� L��c�� c � lim
���

Z ��

�

da

a

Z ��

��

�
�c� b

a

�
T �a� b� db �

where

� �� T �a� b� �
�

 i

X
n	��
k

�

nT�
�g�a n� sin �n b T�� ck e

indk �
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Proof�Z ��

�

da

a

Z ��

��

db �
�c� b

a

�
T �a� b�

�

Z ��

�

da

a

X
n	��
k

�

nT�
� ���a n� eincT� � ����a n� e�incT� �

� eindk�g�a n� ck

�

Z ��

�

da

a

X
n	��
k

���a n� �g�a n� sin �n c T�� e
in��k�	���	��� ck�  �

�
X
n	��
k

��� n� sin �n c T�� e
indk ck �

where

���� 
�

Z ��

�

da

a
���a� �g�a� �

Noting that ���a� � ���a� �g�a��a is compactly supported and ���� � �
by hypothesis one get the result� thanks to Lemma ����

The next result� thanks to the result of the Appendix will enable
us to prove the Lipschitz continuity on M��

Proposition ����

� �� T �a� b� � O�a� � near � almost everywhere and uniformly in b �

Proof� Since
R
x g�x� dx �

R
g�x� dx � �� g���� � �� So one can �nd

a C� function f such that �g��� � � f��� and f��� � �� Then

� �� T �a� b� � a
X
n	��
k

f�a n� sin �b n T�� e
indk ck �

and it is easy to check� by the same argument as in Lemma ���� that if
b � M�� X

n	��
k

f�a n� sin �b n T�� e
in��k�	���	��� ck
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is bounded�

�� End of proofs�

The convergence statements in both theorems are immediate con�
sequences of the Tauberian lemma of Section � applied to the following
objects

� �� !��a� c� �
X
j

wj����
�Ej����E

�

�
�

where

���� wj��� � j���x���� �j�j� �

The weighted counting function is therefore

����
X
j

jEj����Ej�c�

j���x���� �j�j� �

The functional of the Tauberian lemma is

��� F���� 
� c�� �x� ��

as de�ned by ���� We must check that the above objects satisfy the
assumptions of the Tauberian lemma�

a� Theorem ���� It is easy to see that the functional F� de�ned
where c�� �x� �� is de�ned by ��� satis�es the hypothesis  of the Taube�
rian Lemma of Section  if we take for M� the set de�ned by ����
Moreover the other hypotheses are satis�ed as in ���� Then just apply
the Tauberian Lemma�

b� Theorem ��� The Lipschitz continuity of F� is an immedi�
ate consequence of Proposition �� together with Theorem A�� below�
The fact that M� is of full Lebesgue measure� is a classical result of
Diophantine analysis �recall that the sequence fgkg in the remark ��
Section � is rapidly decreasing��
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Appendix� Wavelets and H�older continuity�

Int his appendix we will prove an easy extension of results of � ��
��� and ����

Let M� a bounded subset of R of full Lebesgue measure�

Theorem A��� Let g be a be a continuously di�erentiable compactly
supported function� Let f de�ned and bounded on M�� Let us suppose
that f admits a �scale�space coe�cient T	a�b
� decomposition with re�
spect to g� namely

���� f�x� �

Z �

�

Z ��

��

g
�x� b

a

�
T �a� b�

da

a
db � for all x � M� �

Let us suppose moreover that

���� T �a� b� � o�a�� �

near � almost everywhere and uniformly in b� Then F is ��H�older
continuous on M� by this we mean

���� jf�x	�� f�x��j � Ox��jx� � x	j�� � for all x	� x� � M� �

Proof� The proof is absolutely equivalent to the one in ���� so we will
only sketch it� Let us write �rst


�� �
f�x� �

� Z 	

�

da

a
�

Z �

	

da

a

�Z
db g

�x� b

a

�
T �a� b�

� fs�x� � fl�x� �

fl is obviously C
�� We concentrate on fs�

Let x	� x� � M�� x	 � x�� we cut fs in three pieces�

fs�x	�� fs�x�� �

Z x��x�

�

da

a

Z
db g

�x� � b

a

�
T �a� b�

�
Z x��x�

�

da

a

Z
db g

�x� � b

a

�
T �a� b�����

�

Z 	

x��x�

da

Z
db
��
a
g
�x� � b

a

�
� �

a
g
�x	 � b

a

��

� T �a� b�
�
 T	 � T� � T� �����
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We now analyze each term


� T	 and T�� Since T �a� b� � O�a�� almost everywhere� we have

����

jTij �
Z x��x�

�

da

a

Z
db
����
a
g
�xi � b

a

����C a�

� O�jx� � x	j�� kgkL�
C

�
�

� T�� If g is continuously di�erentiable let us write

���� g
�x� � b

a

�
� g

�x	 � b

a

�
�

x� � x	
a

g�
�x� � b

a

�

with x	 � x� � x�� So

����

jT�j �
Z 	

x��x�

da

a

Z
db
��� �
a�

g�
�x� � b

a

���� jT �a� b�j jx�� x	j

� O�jx� � x	j� kg�kL�
Z 	

x��x�

da

a
a��	

� O�jx� � x	j�� �
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