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Inverse problems in the theory

of analytic planar vector fields

Natalia Sadovskaia and Rafael O. Ramirez

Abstract. In this communication we state and analyze the new inverse
problems in the theory of differential equations related to the construc-
tion of an analytic planar vector field from a given, finite number of
solutions, trajectories or partial integrals.

Likewise we study the problem of determining a stationary complex
analytic vector field I' from a given, finite subset of terms in the formal
power series

V(va) =A (22 + w2) + ZHk(va) ’ Hk(a Zaaw) = aka(va) ’
k=3

and from the subsidiary condition

L(V) =) Ga (22 +w?)kt,
k=1

where G is the Liapunov constant. The particular case when

V(va) = fO(va) - fO(Ov 0)

and (fo, D C C?) is a canonic element in the neigbourhood of the origin
of the complex analytic first integral F' is analyzed. The results are ap-
plied to the quadratic planar vector fields. In particular we constructed
the all quadratic vector field tangent to the curve

(y — q())* — p(z) =0,
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where ¢ and p are polynomials of degree k£ and m < 2k respectively.
We showed that the quadratic differential systems admits a limit cycle
of this tipe only when the algebraic curve is of the fourth degree. For
the case when £ > 5 it proved that there exist an unique quadratic
vector field tangent to the given curve and it is Darboux’s integrable.

1. Introduction.

We consider analytic planar vector fields or equivalent systems of
differential equations

d

= =Pyt
(1.1) :

y_

We shall mainly be concerned here with real systems (1.1). In order to
understand such systems it is however advisable to sometimes consider
the natural extension of (1.1) to the complex system

d

d—zo =Z(z,w,2"),
(1.2) dz

d—:é = W(z,w,2z°%).

The following representation is often used instead of (1.1) and (1.2)

w=Pdy—Qdx =0,
In the theory of differential equations (1.1) (or (1.2)) two main problems
can be studied:
I) Direct problem or problem of integration (1.1) (or (1.2)).

IT) Inverse problem or problem of construction (1.1) (or (1.2)) from
given properties.

Before solving the direct problem, the question as to what the
integration of (1.1) means must be answered. If the given equations
describe the behaviour of physical phenomena, then these can be seen
to change over time.
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By using the theorem of existence and unicity we can determine
the evolution of the phenomena in the past and future by integration.
Integrating the equations without complementary information about
the real situation may lead to useless results. So if integration enables
us to understand the process of finding the analytical expressions for the
solutions, the following question immediately arises: What character
and properties must the required expression have?. It is well known that
the solutions to (1.1) can be expressed though elementary functions or
integrals of such functions only in some exceptional cases.

The analytical expression of linear systems is well known. How-
ever, there are few physical systems which can be described by such
models. If solutions can be found for non-linear systems, the formu-
lae for expressing them are so complicated that they are practically
impossible to study. The problem of integrating (1.1) can be stated
with infinite formal series. The difficulties which arise have to do with
the convergence of the series which is so slow as to be useless in most
cases. Finally, the problems related to the approximate calculation of
the solutions to the given equations are well known. These difficulties
lead the specialist to state and solve another type of problem which is
that of constructing differential equations from given properties. This
sort of problems are called inverse problems in the theory of differen-
tial equations. Generally speaking, by an inverse problem one usually
means the problem of constructing a mathematical object from given
properties. In recent years this branch of mathematics has been de-
veloping in different directions, in particular in the field of differential
equations.

One of the difficulties encountered when studying such questions
is that of the high degree of arbitrariness but this can be remedied by
introducing subsidiary conditions inspired by the physical nature of the
phenomenon.

The first inverse problem of the differential equations was stated
by Newton.

Book One of Newton’s Philosophiae Naturalis Mathematica is to-
tally dominated by the idea of determining the forces capable of gener-
ating planetary orbits of the solar system.

The problem of finding the forces which generate a given motion
has played a dominant role in the history of dynamics from Newton’s
time to the present. In fact, this problem has been studied by Bertran,
Suslov, Joukovski, Darboux, Danielli, Whittaker and recently by Gali-
ullin [1], Szebehely [2], and their followers.
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Of course, this problem is essentially a problem of construction
differential equations of the second order with given properties.

Another fundamental inverse problem in this theory is that of to
Eruguin, who stated the problem of constructing a system of differ-
ential equations from given integral curves [3]. This idea were futher
developed in [1].

The aim of this communication is to developed the Eruguin’s ideas
and construct the planar analytical vector field from given solutions,
trajectories, partial integrals, etc. The problem posed are illustrated
in a specific case. In particular, we determine all the quadratic au-
tonomous vector fields from the given algebraic curves of the genus 2.

2. Constructing an analytic planar vector field from a given
finite number of solutions.

PROBLEM 2.1. Let us specify smooth functions

Zj:l'j+iyj:ICR—>C

tl—>Zj(t):.Tj(t)+7:yj(t), jzl,M,
We want to construct a differential equation
d d
(2.1) F(z,z,t,d_j) Ea(z,?,t)d—j—kf(z,z,t) —0,
where z =z +1y, Z =2 — ¢y, in such a way that
(2.2) z = z(t), j=12....M

be its solutions.
Evidently, the sought after equation can be represented as follows:
Let us denote by D the matrix

1 1 1
z z1(t) zn (t)
z Z1(t) Zm(t)
22 At 22.(t)
03 o | 1 mOF el |
z2 Z() zZ3 ()
z" Z(t) Zhy (t)
dz  dz(t) dzp (1)
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where (n+1) (n+2)/2 = M.

Proposition 2.1. The differential equation admitting (2.2) as its so-
lutions can be represented as follows

_dz o
(2.4) F(z,z,t, £> =detD — ®(z,z,t) =0,

where ® (which we will call Eruguin’s function) is an arbitrary function
such that

@(Z727t)|222j(t)7222j(t) =0, j=12,....M.

As can be seen the arbitrariness of the equations obtained is high
in relation to the function ®, but this drawback can be removed with
the help of some complementary conditions. In the paper [4] we studied
the problem of constructing a stationary polynomial planar vector field

dz . ,
— =z = E akajzk, akjE(C,
dt ,

Jj+k=n

from given solutions (2.2) and with evidently subsidiary conditions
which enable us to solve (2.4) with respect to z.

We have proposed a method for determining the Eruguin function
in [4]. In order to illustrate Proposition 2.1 and this method we shall
analyze the case when the sought after vector field is quadratic. We
solve the simplest problem when the given solutions are the following
z =0 and z = zp = const # 0.

We determine the Eruguin function as linear combinations of ele-
ments of the matrix H; which we define as follows

Ho(Z,E, t) = Z Bjk 2 Zk,
(2.5) j+k=n
Hj(zvgv t) = [Hj—l(zvzv t)vﬂj—l(zj(t)vzj(t)vt)]a

where j = 1,2,..., M, By; is an arbitrary matrix of order s and [A, B] =
AB — BA is the Lie bracket of the matrices A and B. By introducing
the vector

L(z,%2) = (1,2,%,2%,2%,7%),
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we easily obtain, for our particular case, that the sought after quadratic
vector field is such that
dz
dt
where by K we denote the antisymmetrical matrix
0 O 0 0 0 0

0 Br B Bz B
—p1 0 Bs Bs  Pr
—f2 —0B5 0 Bs Do ’
—Bs —Ps —Ps 0  Pro
—Ps —Pr —Po —Po O
where §; € C. The equation (2.6) determines the required quadratic
vector field with two critical points. The following particular case is of

interest
0, if j #4,
a+1ib, ifj=4.

(2.6) (L(20,%0), KL (2,2)) ,

o O o oo

B =

and zp = ¢ € R. The above equation in this case take the form
dz
dt
or, what amounts to the same,
i =—e(boyH +a(ex+y?—a?)),
{ g=c(-b0,H—aley+2xy)),

= — B4 (e?2z —e7?),

where .
H:%(z2+y2)+xy2— gx?’.

3. Constructing a planar vector field from a given complex
analytic first integral.

In this section we shall study two problems related with the con-
structing of a vector field I such that

dz
7,0 =—-Aw+ Z(z,w),
dw =Az+W(z,w),

dt
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where z and 2° are complex variables, A € C, Z, W are polynomial
functions in the variables z and w. The first problem is the following;:

PROBLEM 3.1. Let

(3.2) V(z,w) = % (2% + w?) + ZHJ-(,Z, w),

be a formal power series, where A is a nonzero complex parameter and
Hj is a homogenous function of degree j.

The analytic vector field I" need to be constructed in such a way
that

Y (500) = 3G (2 + 02

where G, € C are the Liapunov (complex) constants.
The second problem is a consequence of the Problem 3.1. Firstly
we introduce the following concepts and notations [5].

e : . —2
Definition 3.1 By a canonical element centered at the point a € C
will be called a pair (U, fo), where f, is the sum of a power series with
its centre at a and U, is the domain of convergence of the power series.

Definition 3.2. Two canonic elements (Ug, fo) and (Vy,g,) are said
to be equivalent if f, = g4 in the neighbourhood of a.

Definition 3.3. The complex analytic function F with domain D C C?
will be called the set of canonic elements which can be generated from
the canonic element (Uy, fo) after analytic continuation along the whole
path starting from the given point a € U,.

Definition 3.4. [5] The system (3.1) will be called integrable in the Li-
apunov sense (or Liapunov integrable) if and only if there is an analytic
first integral F' which contains the canonic element (Uy, fo) with fy

fo(z,w) = fo(0,0) + % (w? + 2%) + ZHj(z,w) ,
j=3

where the Hj, j = 3,4,..., are homogenous functions of degree j, and
A is a nonzero complex parameter [5].
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PrROBLEM 3.2. To construct a Liapunov integrable polynomial vector
field I' of degree n such that

% =—-Aw+ Z,(z,w),
(3.4) J
d_’ctv =Az+W,(z,w),

where by Z,, and W,, we denote a polynomial function of degree n > 1
in of the variables z and w.

We find the solutions to these problem for n = 2 and n = 3, while
for n > 3 solutions are found by in an analogous manner.

Proposition 3.1. Let us suppose that the function Hs is such that
{Hz, Hg} = asz 8wH3 — asz 8ZH3 7_é 0.

Then the sought after quadratic stationary vector field I' can be repre-
sented as follows

(3.5) Ly ={H, } +g:{ ,Ha},
iof this condition holds

Ty (Har, + Hopy1) = Gax (2% + w?)F,
or, what amounts to the same,

{Hy, Hopy1 } + {H3, Hop} + g1{Hox, Hy} =0,
(3.6) {Hz, Hop12} + {H3z, Hopy1} + 91{Hok+1, H2}

= Gakso (2% + w?)M
where Hy, H are functions such that

Hy(z,w) = 5 (22 +w?),

H(z,w) = Hy(z,w) + H3(z,w).
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CONSEQUENCE 3.1. The Liapunov constants Ggi for the quadratic
vector field thus constructed can be calculated by the formulas:

z=cost
w=sint

1 27
Gokt2 = %/ (— 91(z,w) {Ha, Hog 41} + {Hs, Hap11})| dt,
0

where £ € N. From the above results we can deduce the following
consequence

CONSEQUENCE 3.2. Let us give the functions Hy, Hs, Hy and the
Liapunov constant Gy.
Then we can construct:

i) the quadratic vector field Iy,
ii) all members of the formal power series Y, o Hi(z,w), and
iii) the Liapunov constants Gogy2, k = 2,3,4, ...

In order to illustrate these assertions, we shall study the following
particular case. Let Hy, Hs, Hy and G4 be such that

\

A
'HFE(ZHM),
1 3 3 2 2
ngg((a6+a4)w —(az +as) 2°) + as zw* —az 2° w,
1 4 3
H4:Z(a4(a3+a4+a6)—a5(2a2+a5)z )—a2a4zw )
1
G4=§a5(a3—a6),

where as, a3, a4, a5, ag are some complex parameters.
The sought after quadratic vector field can be represented as fol-

lows

d
d—i:—ﬁwH*—aggzw,
d
d—lfzazH*—azlzw,
where
« AN, 2 a2 3 2 2 46 3
H _§(z +w)+§z tagziw —apzwt - w
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By using computer techniques it is easy to obtain the expression for
all the terms of the power series and the Liapunov constants from the
above formulas.

CONSEQUENCE 3.3. Let us suppose that the functions Hoy and Hogy1
are such that

{Ha, Ha} #0, {Hz, Hop 1} £ 0,
so we have the following relations

{Hs, Hop1 } + {Hs, Hox}

zZ,w) =
(3.7) e e, ]
. _ {Hj, Hojyo} + {H3, Hop 11} — Gagyo (22 + w?)*+?
{H2, Hop41} ’

where £ € N. Likewise we can deduce the following result for cubic
vector fields.

Proposition 3.2. Let Hy be a function such that

(3.8) {Hy, Hy} #0.

Then the cubic vector field I' admits the representation below
(3.9) I's =v(z,w){H, }+9g2{,Ha},
iof the following relation holds
{Ha, H3} =0,
v(z,w) {Hakt1, Ha} + g(2,w) {Ha, Hap+3} = 0,
v(z,w){Hak, Ha} + g(z,w) {Ha, Ho,} + {H2, Hop 12}
= —Gapya (2° + w1,

where H = Hy + Hy.

As an immediate consequence we find that all functions Hog41 are
equal to zero. Formulas analogous to (3.7) can be deduced.
From (3.10) we easily deduce that the function v is such that

v(z,w) {Hy, Hy} + {Hy, Hy} = —Gy (22 + w?)?.
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Proposition 3.3. Let us suppose that the formal power series is such

that
ag

Vizw) =3 % (@ ) = o).

So the sougth after analytic vector field can be rewritten as follows

d

d_j = Az, w)w+ R(r?) z,
(3.11) .

d_qf = —A(z,w) z+ R(r*)w,
where A is an arbitrary analytic function and R is a function

72 Z Gy 2F
R 2 _ k=0 )
(T ) 87,2[)(7'2)

Likewise we can study the problem of constructing a polynomial vector
field of degree n. In order to illustrate these ideas we shall analyze the
following specific case.

Let us give the functions Hy, k = 2,3,...,n+ 1, such that

1
H2(va) = 5 (22 +w2)7
Hj(z,w) =0, j=3,...,n,
1
H,1(z,w) = 5 (c(dw™™ +az"*1)), ¢ ba€C,

and let us suppose that G, = Gay42 = 0.

We wish to construct the polynomial vector field of degree n.

We obtain the solutions to this problem in the same way as in the
above problem. Firstly it is easy to find that

v(z,w)=1,
2n(c—1)

n+1
H(va) = HZ(va) +Hn+1 .

gn—1(z,w) = (a 2y bw"_l) ,

So the sought after vector field is
dz

pr =—w—Aw"+ Bwz""1,

d
d—l;:z—kAz"—Bzw"_l,
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where
b(c(n+1)%2+4n) 2an(c—1)

2n+ 2 n+1
For n = 2m + 1 we observe that the system obtained has the sym-
metry (z,w,t) — (—z,w,—t) and (z,w,t) — (z, —w, —t), i.e., it is
reversible. As a consequence there is an analytic first integral.
It is interesting to observe that the complex analytic function

A: B:

Y

V(z,w) =221+ az""1)+w? (1+bw" )¢
has the canonic element (fo,Up) such that
folz,w) = 22 +w? +c(a 2" +bw™ ™) +c(c—1) (a® 22" +b* w?™) +- -

The solution to this Problem 3.2 can easily be obtained from the solu-
tion to Problem 3.1, by considering the complementary condition that
the Liapunov constants are zero in this case.

Lunkevich and Sibirski determine the first integral for a quadratic
planar vector field with its center at the origin (see [7]). It is easy to
show that these quadratic systems are Liapunov integrable (see [5]).

In order to illustrate the solution to the Problem 3.2 we shall an-
alyze the problem of constructing a quadratic vector field from a given
Lunkevich-Sibirski first integral.

We shall only study the case below. The others case can be done
analogously.

Firstly, we shall suppose that we have a complex analytic integral

V(z,w) =exp(—2w) (222 +2(b—1)w+2bw?+b—1), beC.
The canonic element in the neighbourhood of the origin is the following
Uy =C?,
fo(z,w) :b—1-|-2(,22-|—w2)—§(2+b)w3—4wz2
+422w? +2(1+b)w* + -
For this case it is easy to deduce that

H.

_ { 47H2} _ 211),
{H2, H3}
1

1
H(z,w):5(22+w2)—§(2+b)w3—w22.

gl(Z7 w)
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As a consequence, we obtain the following representation for the require
quadratic vector field

d

d—l;):(?zH(z,w)+2zw:z,

dz 2 2 2
az—awH(z,w)—Zw =—w+ 2z +bw*.

We shall now analyze the specific case when the complex analytic first
integral V is given by the formula

V(z,w)=14+2aw)* " (b+3a—1+2(a—1)(2a—1) (bw’—(3a—1) 2?)

—2(a—1)(b+3a—1)w)*,

where a,b € C.
The canonic element of the given analytic function is such that

fO(va)
:T((b-l—?)a—1)2—2(b+3a—1)(z2+w2)+§(b+2)w3

—4(a—1)wz*+2(6a* - 170>+ 14a* —9a —4ab+2 - bv*) w?
+2(a—1)%*Q2a—-1)2?Ba—1)2*
+4(a—1)(6a®>—11a®>+9a+b—2) 2% w?) + -,

where
T=0b+3a-1)""ta(a—1)(2a—1)Ba—1)#0.

By using the proposed method we can deduce the well known quadratic
vector field

dw
¥ =z+2awz,

(3.12) y
d—'z:—w-l-bwz-i-(l—a)zz.

The integrability of the case when a(a —1)(2a—1) (3a—1) = 0 was
deduced in [7]. The integrability of the case when b+ 3a —1 = 0 is
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easy to obtain (see [5]). The analytic first integral V' and its canonic
element are such that

V(z,w) = (14 2aw)@ /2 (22 + w?),

folz,w) = 2% +w® + 2 (a = 1) (w° + 22w —w* = 22 w?) + - -

4. Constructing a vector field with given trajectories.
In [4] we stated and solved the following problem
Problem 4.1 Let

’LUj:DCC—>C

z— wj(z), j=1,...,M,

be a holomorphic function on D such that

1 1 1
w1 (2) wa(2) war(z)
(41)  K=det| wi’(z)  wi(2) wir (2)
W) W) L el

15 tdentically nonvanishing on D.

We need to construct an analytic vector field on D* C C?

% = P(z,w),
(4.2) dt
w

E = Q(Za U)) )

in such a way that

(4.3) w = w;(z), j=1,....,M,
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are its trajectories. We deduced the solution to this problem from the
equality

1 1 1 1
w w1 (z wa(z war(z)
W Wl wie w3y (2)
det : :
wM=t WM ) w2 L Wi T(2)
dw dwq(2) dws(2) dwps (2)
dz dz dz o dz
(4.4)
=g(z,w)det S,

where by S we denote the following matrix

1 1 1 1
w wi(z wa(2) war(2)
w?  wi(z w3 (2) wiy (2)
S = :
wM=t ML) w2 L Wi (2)
wM wM (2) wi(z) ... wi(z)

g is an arbitrary analytic function on D*. From (4.4) we obtain the
following expression for the most general vector field admitting the
given curves as trajectories.

d
d_j =det A= P,
(4.5) p
w
— =det B =
dt € Q7
where
1 1 1 1
w w1 (2) wa(2) war(z)
w? w? w3 wiy
A= . ,
w]V.[_l w{v.[_l wé‘/:'_l wjl\\/‘/.,[_l

Ki(z,w) Ki(z,w) Ks(z,w) ... Kpy(z,w)
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1 1 1 1
w w1 (2) wa(2) wpr(2)
w? w? w3 wiy
B = .
wM—1 wM-1 M- wM-1
go(z,w)wM™  hi(z,w) ha(z,w) ... hy(z,w)
and
dw, M :
hj:_y(’Z?w)E-i_gZ(sz)wj y ]:]—727"'7M7

Ki(z,w) =v(z,w) + g1(z, w) wM |

Kj(z,w):gl(z,w)wéw, j=2,3,...,M.

In particular for M = 2 and

{ wi(z) = q(z) ++/p(2) ,
wa(z) = q(2) — /p(2) ,

we easily deduce the differential equations

(22— 2000) 17 (5, 0) + ale,0) ((w = g(2))? — p(2)),
00 e 82 0y 50
L ) (0= a(2)? — ple),

where v = /p(2) v*, a and § are arbitrary analytic functions on D*.
By changing w — ¢(z) — w in (4.6) we deduce the following for-
mulas

dz

(4.7) o = y(z, w) 8wf(z, w) + )\1(Za w) f(zv w) )
dw
o = —v(z,w) 0, f(z,w) + Aa(z,w) f(z,w),

where f(z,w) = w? — p(z) and A;, j = 1,2, are arbitrary holomorphic
functions.
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The specific case when the given trajectories are conic

ay z+ as
a(z) = =2

p(z) = by 2% +2by 2 + b3, ai,asz, by, b2, b3 € R,

was analyzed in [4] and [8].

For the subcase when a; =0, 7 =1,2 and by =1, by =0, b3 =1,
we obtain the quadratic vector field

d

Z o 2@+ -2 1),

dt

dw 9 9
%:—22w+a(w -2z =1), a, 3 eR.

The bifurcations of the vector field on the plane («, () are given in [8].
Likewise, for the particulary case when a; =0, j = 1,2 and b; =
—1, b = 0, b3 = 1 we deduce the quadratic vector field

d

d—j:2(z2—1)+ﬁ(w2+z2—1),

dw 9 9

—dt:2wz+a(w + 24 -1), a, 3 e R.

The bifurcations of the vector field on the plane («, 3) can be found in

[8]-
Finally, for the subcase when a1 = 2, a3 = 0 and b; = 0, by = 1,
b3 = 0 we construct the quadratic vector field

dz
o= drEre)+B((w=2)"-22),
%:—2(z+w)2+a((w—z)2—22), a, B €R.

The critical points of this system are

000 33 ). (12, M=,

where K3 = 2 ((a — 8)? — 2 ).
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The bifurcation curves are given by the formulas

Lhi(a=p)?-2a=0,
lo:B*(4a+1)+4aB(1—-2a)+4a®*(a—1)=0,
ls:B+2a=0,
ly:B+a=0,

Is: =0,

lGZOZZO.

These curves divide the plane «, 3 into 17 regions in which we find a
change in the behaviour of the vector field. Of special interest is the
region between the curves [3 and l4 for § < 0, where there is a stable
limit cycle. The bifurcations of the vector field are given in [8].

The problem related to studying the quadratic vector field with
parabola as trajectories was analyzed in particular in [9], [10] and [11].

To conclude this section it is interesting to observe that the func-
tion det S satisfies the relations

P(z,w)0,det S + Q(z,w) Oy, det S = R det S
along the solutions of the equations (4.5), for some function R.
5. Constructing the planar vector field from given algebraic
partial integrals.
Darboux in [12] gives a method of integration (1.2) with P,Q €

Clz, w] using algebraic curves. His first idea is to search for a general
integral of the form

(51) F(Zaw):Hf;'xj(va)a

where a; € C and f; € C[z, w]. This integral is called Darboux ’s first
integral and the system (1.2) is called Darboux integrable.
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Definition 5.1 ([13]). Let f € Clz,w] and let v C C* : f(z,w) =0
be an algebraic particular integral of (1.2) if and only if there exists
A € Clz,w] such that

(5.2) P(z,w)0,f(z,w) + Q(z,w) Ou f(z,w) = Az, w) f(z,w).

The result below is Darboux’s.

Theorem ([12]). Consider the equation of the form (1.2). Let m =
max {deg P,degQ}. If ¢ > m (m+1)/2 and

fj(sz):()v j:1727"'7q

are different algebraic solutions for which (5.2) takes place, then there
are complex numbers o, j =1,2,...,q such that (5.1) is a first integral

of (1.2).

In all of these papers the authors started with a system and asked
what kind of invariant algebraic curves this system could have, but
it seems interesting (by considering the argument given in the intro-
duction) to analyze the inverse problem related to constructing the
planar vector field tangent to the set of algebraic curves f;(z,w) = 0,
j=1,2,...,q.

This problem was first stated by Eruguin [3] and developed by
Galiullin and his followers [1]. The new different approach can be found
in the papers [14] and [4]. The purpose of this section is to analyze the
problem from another point of view.

We will first study the case when g > 2.

Proposition 5.1. Let us give algebraic curves
(5.3) fi(z,w) =0, j=1,2

such that { f1, fo} Z 0 in the neighbouhood of the set (5.3).
So the the vector field tangent to the given curves can be represented
as follows

_ Afils fod + Aol }
{f17 f2} ’

where \j, j = 1,2 are arbitrary holomorphic functions on D* C C2.

(5.4) r
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The proof follows from the equalities
{ 8zf1(sz) P(ZU)) + awfl(sz) Q(Z,U)) = Al(sz) fl(Z,U)) )
asz(zv w) P(Zv w) + 8wf2(z7 w) Q(zv ’LU) = )\2('27 w) fz(zv w) :

Of course if P,Q) € Clz,w], then A; and A2 belong to C[z,w]. The
differential equations which generate (2.5) can be represented as follows

dz _ Mfi{z fo} + Aafo{fr, 2}

. dt {f1, f2} ’
' dw _ Mfi{w, f2} + Ao fo{f1, w}
dt {f1, f2} .

As an immediate consequence we get the following results:

Consequence 5.1. The vector field (5.4) has the following algebraic
curves as complementary integrals

fJ(Z,U)):O, j:3747"'7Q7
of and only if

(5.6) Mfi(z,w) {fj, fa} + Aafolf1, fi} + Xjfilfe, f1} =0,

In fact, from the equalities

we deduce that

Xofolfi, fi} + Mfi{f, fo}
{f1, f2}

and so (5.6) follows trivially.

= Aifj

Consequence 5.2. Let F' be function (5.1). Then

(5.7) I(F) = (iaj N)F.



INVERSE PROBLEMS IN THE THEORY OF ANALYTIC PLANAR VECTOR FIELDS 501

Consequence 5.3. Let us suppose that

q

(5.8) LI {5 fe} #£0

J,k=1
k#j

in the neighbourhood of the set {f; =0, j =1,2,...,q}. so the vector
field tangent to the given curves admits the representations

_ Afitfion A fiad L fid i=1.2....q

59) T
( ) {f]7f]_1} Y 7 ?

iof and only if the following relations hold

(5-10) )\jfj{fnafm} + )\mfm{fjafn} + )\nfn{fmafj} = 07
where j,k,n,m=1,2,...,g >3 andn # k # 5 # m.
Let us denote by A the matrix such that

0 {fnafm} {fjvfn} {fmvfj}
{fmafn} 0 {fkafn} {fmvfk}
{fnafj} {fnvfk} 0 {fyvfk}
{fisfm}t A fm} S, fi} 0

Of course,

det A = ({fna fm} {fjv fk}+ {fkv fm} {fn, fJ}

(5.11) +{F5, F} {Fr Fu})°
=0.

It is easy to prove that theses relations are an identity for all f;, f, fm
and fr. By using these identities we can easily deduce the following
consequences

Consequence 5.4. Let us suppose that the arbitrary functions A;,
J=1,2,...,q are such that

(5.12) R{H, [i} = Aifi s
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where H and R are arbitrary functions. Hence the vector field I' admits
the following representation

(5.13) I'=R{H, }.

From here we can observe that the function R is an integrant factor
of the 1-form Q = I'(z) dw — I'(w) dz. It is clear that (5.10), in view of
(5.11) holds identically.

Consequence 5.5. Let us suppose that the following development holds
(5.14) R{fj> fn} = Z C (z,w)

Then the functions C5, must satisfy the relations
{ Ci +Cn =0,

These equalities are tdentities in the specific case when

(5-15) fl ()\ f] nfn) .

Consequence 5.6 Let us suppose that

fj(Z,UJ):’LU—’LUj(Z), f]/'z_f(/j_l)z?éo, j=1,2...,q,
then (5.14) holds with

R Aifj = Aj—ifi—a
w_(z) —wi(z)
) _ dw

The differential equations which generate the vector field I' are the
following

dz
a0
dw _ Ajfjwi(z) = Ajmrfj—1w)_(2)

dt fw; 1(2) — wi(2)
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To conclude this section we give the solution for the stated problem
when ¢ = 1.

Proposition 5.2. The planar vector field tangent to the algebraic curve
f(z,w) =0 can be represented as follows

I'=p(z,w){f, } + f(z,0) (Ai(z,w) 0. + Aa(2,w) Ou)
where p, \1 and Ao are arbitrary analytic functions, such that

(5.16) L(f) = Az, w) f(z,w), for all X € Clz, w].

In order to illustrate the above assertions in the section below we
shall give the solution to the stated problem for the subcase when I" is
a quadratic vector field in the variables z and w and the given algebraic
curve is the following

(517)  flzw) =w® —2wq(2) +0(2),  v(z) =q"(2) —p(2),

where ¢ and p are polynomials of degree k£ and m < 2k respectively.

6. Quadratic stationary planar vector fields with given alge-
braic curves (5.17).

It is well known that the domain G of a real analytic planar station-
ary vector field is divided into elementary regions by singular trajecto-
ries. The non singular trajectories (which are topologically equivalent)
are located in these regions.

For structurally stable dynamical systems the singular trajectories
can be stable simple critical points, stable limit cycles, a—w separatrices
which may spread towards a node, a focus, a limit cycle. They may
even leave the domain G.

From these facts we state and analyze the problem of constructing
a planar vector field from a finite number of singular trajectories.

In this section we are going to construct a real quadratic vector
field with a given real invariant algebraic curve (5.17). All the obtained
results can be generalized (with the respective considerations) to the
complex case.
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The problem of constructing a quadratic planar vector field with
a given algebraic curve of the type (5.17) has been studied by many
specialists.

In 1966 A. I. Jablonski, published an article (see [15]) in which the
author constructed a differential equation

,_ P(zw)

Q(z,w) ’
where P and Q) are quadratics, which has an algebraic curve of fourth
degree as a limit cycle. He also investigated the phase portraits of this
equation.

In 1972 V. F. Filipsov, in the paper [16], showed that for the specific
quadratic system studied by Jablonski there is an orbit of the form

w:b0z2+blz+b2+(a0z+a1)\/—z2+l1z+l0.

The author shows that for various values of the parameters there is no
limit cycle and no separatrix going from one saddle point to another. In
1973 this author, in the article [17] is considering the quadratic system
under the condition that

a1+a0z+b0w2+b1zw+cozw2+clz2w+czz3+z4:0,

is a solution. The author shows that in this case a global analysis of
the topology of integral curves is possible.

Later in the paper “Algebraic limit cycles” the author finds condi-
tions under which the quadratic differential systems

{ z = P(z,w),
U'):Q(Z,UJ),

have a limit cycle that is an algebraic curve of the fourth degree.
In 1991 Shen Boian, in the paper [18], proves that a quadratic
system possesses a quartic curve solution

(A) (w+cz?)?+2%(z—a)(z—0) =0, (a—b)abc#0,
if and only if the quadratic system can be written in the form

z=—4abcz—(a+b)z+3(a+b)c?+4zw,
3
w=—(a+blabz—4abcw+ (4dabc® — §(a+b)2—|-4ab),z2

8(a+b)czw+ 8w?.
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For this system a necessary and sufficient condition for the existence of
a type of quartic curve limit cycle (A) and a separatrix cycle are given.
The aim of the present section is to state and solve the following

PROBLEM 6.1. Let us give the algebraic curve (5.17). We require
to construct a real quadratic planar vector field which admits it as a
particular integral.

Firstly we give the following aspects related to the plane curve
(5.17).

Let us suppose that the algebraic curve (5.17) is found on the plane.
The critical points (zg, wg) of this curve are the points such that

P(20) =0,
(6.1) wo — q(z0) =0,
d]zl(;) =0

Proposition 6.1 The following type of critical points can be obtained
for the curve (5.17):

i) Isolated point. The point with coordinates (zo,q(zo)) where zqy is
the maximum of the function p.

ii) Knot (saddle) point. The point (zo,q(z0)) where zy is a mini-
mum of p.

i) If p"(2)|z=2 = 0 then the well known 4 configurations are
possible.

Proposition 6.2. The relation (5.16) holds for the quadratic planar
vector field

(= (a(z) + B(z) w+yw?) 0, + (a(z) + b(2) w + cw?) Oy ,
(2) =2 +a1z+ap,
(6.2) § B(z) =Piz+Po,

a(z) =az2®+ayz+ao,

e

\ b(Z):b12+b0,
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if and only if the following equality holds

—P(z,w) ((2(w - q(2)) ¢'(2) +9'(2) + Q(z,w) (2w — 2¢(2))
(6.3) = (Az+Bw+C) (w—q(2)* - p(2)),

or, what amounts to the same,

2(B - c)q(z) — 26(2) ¢'(2) + 70'(2) = Az +C — 20b(z),
(64) ) 2(A2+C b)) a(2) — 20(2) ¢'() — Bo(2) + B(z) /(=)
= —2a(z),

(L —2a(2)q(z) = (Az+c)v(z) + a(z)v'(2) =0,

where v = ¢*(z) — p(2).

In order to solve this system we first introduce the following nota-
tions

S(z)=((Az+C —b(2)) (Az+ C) + Ba(z)) q(2)

— a(z) (Az+0)@+a(z) (Az+C),

dz
D(z)=(Az—Bag) 2 + (ABo+Cp1—a1B) 2+ C By — ap B,
R(z)=((Az+C = b(2)) a(2) + a(2) b(2)) 4(z) — o*(2) % +a(z)a(z).

Then for v and dv/dz from (3.1) we obtain the following relations

D(z) v(z) = R(z)
D(z) Ell_z = S(z).

As a consequence the compatibility conditions gives us the relations

(6.5) P pe) = () s))pee).




INVERSE PROBLEMS IN THE THEORY OF ANALYTIC PLANAR VECTOR FIELDS 507

where ¢ is a polynomial such that

kz+ ko, ifv#0,
k22 +kiz+ko, ify=B=c=p;=0.

By using computer techniques the solutions to (6.4) can be obtained.

The first case in (6.6) enables us to obtain all quadratic vector
fields admitting the conics as trajectories. For the second case, we
deduce that it is important when n = 2,3,4,5. For n > 5 we deduce
that there is only one quadratic vector field tangent to the given curve.

As Poincaré observed (see [19]) in order to recognize when the
stationary planar vector field is algebraically integrable it is sufficient
to find a bound for the degrees of the invariant algebraic curves which
the system could have. In [14] the following problem is stated: find a
bound for the degrees of the invariant algebraic curves which a system
(1.1) could have.

In the development of some aspects of this problem, the results
below about the construction of a quadratic vector field from given
algebraic curves for n > 5 seems to be interesting.

6.1. Quadratic vector field with given conics.
For the case when the given algebraic curve is the following
(6.7) flzyw) = (w—kz—ky)? —pe2® —prz—po=0,
we obtain all the quadratic vector fields tangent to it.
In particular, for the case when p; = pg = 0 and ps # 0 we get the

following result:

Proposition 6.3 The quadratic vector field tangent to the curve (6.7)
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with p1 = po = 0 and ps # 0 is the following

( dz

— = —ko (K
i o (ko + Bo)

+(Q(ﬁo+2kw)+k07(2ﬁ1—3)—07)§7

+Bow Przw + v w?

22

_47’

+(Q*+ Q28— B)—2A7)

d k
(68) d_?:) - _207 (Q (ﬁO + ko ’Y) + ny)

+(Q2 (Bo + 2 ko)
+2Q(Bof1—2Bkoy— BBy +4koyBr)
+2 89 (A—2b1) —4dkovy? (by — A))
z (2B —koy)+C)
42 2~
+(Q2+ Q28— B)—2A7)

\ —

w

2

b zw + cw?,

where €2, B, 31, A, v, by are parameters such that

Q=2vk,
(6.9) B=2c+2vk,

Of course if po > 0 then the quadratic vector field has two invariant
straight lines

w=(k+p2)z+ko,
w=(k—p2)z+ko.

We can deduce the important subcase when

/80 = _k077
:0,
(6.10) ¢
A= _277

B=0.
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Under these restrictions we obtain the well known Darboux integrable
quadratic vector field

dz

o = Powt frzwtyw® -2,
d

d—qu—ﬁ0z+ﬁ1zw.

In this case the relations (6.10) and (6.9) take the form

B +4v (b1 +v) =4+%ps, p2 >0,
Q=2vk,
B =B=-Q.

Likewise we deduce all the quadratic planar vector fields with given
trajectories (6.7).

6.2. Quadratic planar vector fields, with a given curve of
fourth degree.

We now shall analyze the above stated problem when the given
curve is an algebraic curve of fourth degree

fzyw) = (w—koz* —k1z—ko)? —p(z) =0,

where p is a polynomial of degree four. This case was analyzed, in
particular, in the papers refered to in the section above.

Proposition 6.4. Let

(611) (w—koz2—klz—k2)2+z4—4h3z3—4h2z2—4h0:0,

he <0,
9h3 > —8hsy .

Then the curve (6.11) has an oval.

be a curve such that
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Proposition 6.5. The curve (6.11) with hy = 0 is a trajectory of the
following quadratic system

) 3 1
z= —k051<zpl 22 +POZ) +51(Z— Zpl)wv

) 3 1
w = —51<<p0+ gp%ﬂLkgPo)Zz + Zpopl Z) —Prko(2p1z+po)w.

The parameters A, B and C' are determined as follows

A= —3kyl1b1, B=4p, C=-2q0pofr .

The existence of limit cycles can be deduced by analyzing the Liapunov
function V/

V(z,w) =w? +po2® —kowz® —p1 22+ (1 +k3) 2* .

Of course, this function is definitively strictly positive for pg > 0. By
considering that its derivative is such that

V==2qpbV+HALw—-2qpHbz)V,

we deduce that the origin is asymptotically stable if ¢o 51 po > 0 and
unstable if gg £1 po < 0. On the other hand, the curve V(z,w) = 0 has
an oval around the origin, which is evidently a limit cycle of the system.

Likewise we can analyze the problem of the construction of a
quadratic vector field with algebraic with n = 3,4, 5.

It should be pointed out that from the solution of the stated prob-
lem it follows that if the quadratic differential system has an algebraic
limit cycle, this must be an algebraic curve of the fourth degree.

7. Quadratic vector fields with algebraic curves with n > 5.
With no loss of generality we shall suppose that #; = 1 and 3y = 0.
By using computer techniques the following results can be easily

deduced:

Proposition 7.1. Let us suppose that deg(q(z)) = n > 5. Then the
only solutions to (6.4) are the following:
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i)

(w— Ko2" — K12 = Ks)* = (po 2" +p12+p2)* =0,
P(z,w) =z(aez+w+ ay),

Qz,w)=—(aez+w+ar)((nag—b1)z—nw+ayn),

where Ky, K1, Ko, po, p1,p2, are parameters such that

(= =2
2n(n—1)
bo
Ko = —
2 277/7
p0:K07
n(2asn — by — )
P1 = 3
9 dn(n—1)
(n—l)(2a1n—b0)
D2 = ;
2n(n—1)
A:Oé2+b1,
B=2n,
L C =bo,
and
ii)
(w—Koz"—Klz—Kz)z—z"(poz"+plz+p2):0,
4 2b
P(Z,w)=Z<a2Z+w—§a1+3—£),
Qz.w) = ﬁ(n(bﬁr(n—@%) (2b1 — (n+2) a2) 2

+(n—2)((n+2)as—2by) (bp —2n 1))

+b1zw+nw2—%(bo—2n6¥1)7

511
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where Kq, K1, Ko, po, p1,p2 are parameters such that

4 K, — (n+1)a2—2bl 7
3(n—1)
K2: na1—2b0 7
3an
_K2
Po = 0>
2K0((2n—1)ag—b1)
b1 = ’
) 3(n—1)
2K0(bo—2’ﬂ0¢1)
b2 — — 3n 3
2
Azg((n-Fl)O[z-l-bl),
B=2n,
2
C: 3(71041—{—[)0)

The first case is trivial. A qualitative analysis of the second case
gives us the following: denoting

3
V=by—2na; = ;0172
and
3(n—1
T:(2n—1)a2—b15(270)pl,

the critical points are

(Zlvwl) = (070)7

o= 0.5).

(23, w3) = (E, (n—2)az — 2b1)v> |

T 3nT

(24, wq) = ((n—1)V7 ((n+2)a2—2b1)v>.

nT 3nT
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The quantity

d(z,w) = 0, P(z,w) 0,Q (2, w) — 0y P(z,w) 0,Q(2,w),
o(z,w) = 0,P(z,w) + 0,Q(z,w),

calculated at the above points give us the following results

d(z1,wy) = 29Vnz , o(z1,wy) = —% ,
0(z2, w2) = —9V—Z o o(z,we) = (n;% :
d(z3, w3) = % , o(z3,w3) =0,
d(z4,wq) = % , o(z4,wy) = % .

Of course, we obtain the bifurcation curves from the equalities: i) V =
0, ii) 7 = 0. The behaviour of the constructed planar vector field is

easily obtained.
In fact, with no loss of generality we shall suppose that Ky = 1

and under the change

(

o) =p — Ko,
ay =p1 — Ky,

by = gp2—2nK2,

1
b1:(1—2n)K1+%,

z=X,
\w:Y—f—KlX—f—Kz,

we deduce that the constructed differential equations coincide with the
two dimensional logistic system

X:X(p2+p1X+Y),

(n+1)

(7.1)
5 p1X+nY>.

. n
Y=Y (Sm+
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The function (5.17) and the equation (6.3) in the coordinates X, Y take
the form respectively

FX,)Y)=YZ2-2Y X" —py X" —py X7,

(7.2) I (xY) _, ( (n+1)p:

s+
di P2 2

: X+nY>f(X,Y).

The critical points of (7.1) are the following
b2 —p2 —np2 b2
070 ’ (07__>7 (—7())7 ( ’ )
(0,0) 2 D1 (n—1)p1’'n—1

Proposition 7.2. If po # 0 then the equations (7.1) do not admit
the first integral which can be developed in a formal power series with
respect to X and Y .

By making a linear approximation of (7.1) we find for arbitrary set
of my,my € N, my; +my > 0 and for p; # 0 that

Mo n
(m1+—; )pz#l-

Hence, using Liapunov’s results, we can prove 7.2.

To study the case when py = 0 we can apply the results obtained
in [20] and [21], which are related with the arithmetic properties of the
Kovalevski exponents.

For the equations (7.1) it is easy to calculate the Kovalevski expo-
nent p; = —1, p2 =1 —n when p; # 0.

Proposition 7.3. The equations

. 1
Y:Y(MX—FnY),

do not admits polynomials first integral.

The proof follows from the fact that for this case, and for an arbi-
trary set of natural numbers my, my such that m; +me > 1 we deduce
that

mypr+mapzr=mi+(n—1)ma#0.
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By applying the results given in [20] we deduce the veracity of the above
assertion.

It is important to observe that autonomous analytic vector field
on the plane cannot have chaotic behaviour and so in some sense they
are integrable. But under some conditions the first integral is a “bad
integral”. One of these integrals are Darboux’s integrals.

Proposition 7.4. The system (7.1) is Darboux integrable.

In fact, in view of (7.1), (7.2) we easily get that the function
F(X,Y)= f(X,Y)Y™?

is the Darboux’s first integral. It is easy to deduce the following repre-
sentation for the system (7.1)

. oF
. oF
Y__#’(va)a—Xv

where u(X,Y) =2Y 3 X",

When n = 5, as well as the vector field constructed above, there are
two complementary vector fields tangent respectively to the following
curves (we suppose that £, = 1,5y = 0)

( (w—K0x5+K1x+K2)2

1

6718464 pt (P 2 + 24 pop1) (poa® —6p1)* =0,
1
po =b1 —9as,

pP1=Cp,

| K;€eR,  j=0,1,2

and
( (w—K0z5 —Klz—K2)2

- (pg +29pop1)® Bpo2® —58p1)* =0,
2379293284 pt 0

po=b1 —9ay,

pP1=0Cp,

| K, €eR,  j=0,1,2.
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The critical points are easy to find. The quantity 0 and o for these
vector fields are, respectively, the following

and

25

0= ~1go Lo <0,

5
o = _E vVPoP1,

d=—25pop1 <0,

25
o — E\/Popl .

For the polynomial vector field of degree n > 2 we can study the prob-
lem stated above analogously.
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