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Abstract� This paper concerns pure subnormal operators with �nite
rank self�commutator� which we call subnormal operators of �nite type�
We analyze Xia�s theory of these operators ��	
����
 and give its alterna�
tive exposition� Our exposition is based on the explicit use of a certain
algebraic curve in C � � which we call the discriminant curve of a subnor�
mal operator� and the approach of dual analytic similarity models of
���
� We give a complete structure result for subnormal operators of ��
nite type� which corrects and strenghtens the formulation that Xia gave
in ���
� Xia claimed that each subnormal operator of �nite type is uni�
tarily equivalent to the operator of multiplication by z on a weighted
vector H��space over a quadrature Riemann surface� �with a �nite
rank perturbation of the norm�� We explain how this formulation can
be corrected and show that� conversely� every quadrature Riemann
surface� gives rise to a family of subnormal operators� We prove that
this family is parametrized by the so�called characters� As a departing
point of our study� we formulate a kind of scattering scheme for normal
operators� which includes Xia�s model as a particular case�

�� Introduction�

This paper is devoted to an alternative exposition of some aspects
of Xia�s theory of subnormal operators from a di�erent viewpoint� We
make use of the results of ���
 and the approach of ���
 and give new

���
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results and new connections� The ideas of Xia are exploited much
throughout the paper� but our exposition is independent�

We develop a scattering scheme for normal operators� whose par�
ticular case is Xia�s model� explain the role of the discriminant curve
and the involution on it� and prove a complete structure result� which
gives a two�sided connection between subnormal operators of �nite type
and real algebraic curves of a certain class�

The structure theorem we obtain in this paper allows one to prove
an interesting relationship between subnormal operators of �nite type
and a certain class of vector analytic Toeplitz operators� This relation�
ship gives rise to a new characterization of quadrature domains� These
results will be presented elsewhere�

Let H be a Hilbert space and L�H� the space of bounded linear
operators on H� An operator S � L�H� is called subnormal if there is
a Hilbert space K� K � H and a normal operator N � L�K� such that
NH � H and S � N jH� S is called pure if it has no nonzero reducing
subspace on which it is normal� We will say that S is of �nite type if it
is pure and rank �S�� S
 �� �here �S�� S
 � S�S � SS���

Let S be pure subnormal� and put

���	�

M � closRange �S�� S
 �

C � �S�� S
jM �

� � �S�jM�� �

Xia has shown in ��	
 that M is invariant for S� and that the pair
of operators C� � on M completely determines S up to the unitary
equivalence� Operators C� � play an essential role in Xia�s model�
For the case of a subnormal operator of �nite type� the set of matrix
parameters �C��� has been described completely in ���
� The answer
was formulated in terms of the algebraic curve

����� � �
�
�z� w� � det

�
C � �w � ��� �z � ��

�
� �

�
�

If C� � correspond to a subnormal operator S� then � is called the

discriminant curve of S�
Here we de�ne a certain class of algebraic curves in C � � which we

call admissible separated curves� An algebraic curve � is in this class
if it has a prescribed behavior at in�nity and the real linear manifold
w � �z divides each of its irreducible components into two connected
parts� For such curve �� there is a canonical way to de�ne its halves�
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��� ��� Let b� be the blow�up of �� Each connected component of b�
is a compact Riemann surface� obtained from an irreducible component
of � by deleting its singular points and then adding a �nite number of
ideal� points �		
�

For any admissible separated algebraic curve b� and a matrix�
valued function � on � b�� with integrable log k�k� log k���k� we intro�

duce the weighted Hardy class H��b������ We show that the operator

of multiplication by the variable z on H��b����� is subnormal of �nite
type and that its discriminant curve is �� �We call such subnormal op�
erators simple�� We deduce from this fact that an algebraic curve is the
nondegenerate part of the discriminant curve of a subnormal operator
of �nite type if and only if this curve is admissible and separated�

The main structure result we get shows that any subnormal op�
erator of �nite type is obtained from a simple subnormal operator by
glueing� �nitely many points of b�� and then performing a �nite rank
perturbation of the Hilbert space structure� Conversely� any such pro�
cedure gives a subnormal operator of �nite type�

A criterion for unitary equivalence of subnormal operators of �nite
type is given� Roughly speaking� it consists in equality of certain char�
acters �homeomorphisms of fundamental groups of the components ofb�� into suitable groups of unitary matrices�� This criterion general�
izes a result by McCarthy and Yang �	�
� who considered the rationally
cyclic case�

In order to understand better Xia�s model� in sections 	�� we in�
troduce its generalization� It has an operator theory face and a complex
analysis face� and we study them separately�

The operator theory part of the construction has the form of a
scattering type scheme for normal operators� We say that a tuple
�N�K�H �� H�M� is a scattering tuple if K is a Hilbert space� H �� H� M
are its subspaces� the operator N � K �� K is similar to a normal op�
erator� a direct sum decomposition K � H � uH holds� and NH � H�
NH � � H � � M � M � H� dimM � �� With each such tuple we
associate the operator S � N jH�

To formalize the complex analysis context� we introduce what we
call mosaic tuples� A mosaic tuple consists of three matrix�valued func�
tions and a scalar measure� interrelated in a certain way� Each mosaic
tuple gives rise to a projection�valued mosaic � and serves as a pre�
requisite for de�ning functional model spaces� which consist of analytic
and antianalytic M �valued functions on C n ��N�� The conclusion of
sections 	�� is that the two settings are equivalent� to each mosaic tu�
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ple corresponds a unique scattering tuple� and vice versa� In a sense�
the mosaic tuple plays the role of the characteristic function in these
constructions� The consideration of a generalized Xia�s model has the
advantage that one can understand well the freedom in choosing pa�
rameters of the mosaic tuple �see Section ��� The class of operators
S which one gets in this way is much more general than the class of
subnormal operators of �nite type� For instance� the essential spectrum
of a subnormal operator of �nite type always lies on an algebraic curve�
whereas the essential spectrum of an operator of the type considered in
sections 	�� can be any reasonable �nite union of piecewise C��smooth
curves�

In sections 	��� the ideas and approach of dual bundle shift models
���
 are used� The connection with dual bundle shift models is explained
in Section �� These models have been used in ���
 for studying Toeplitz
operators and in ���
 to study hyponormal operators� The results of
Section � are not used in the sequel�

Then we use the scattering scheme of sections 	�� to study Xia�s
original model� We show how the properties H � � H�� M � �S�� S
H�
which distinguish it� are connected with the existence of the antianalytic
involution on b�� One of the outcomes of our exposition is a concrete
explicit construction of a subnormal S of �nite type from matrices C
and �� if it exists�

The proof of the structure results we give consists in two reduc�
tions �whose idea is due to Xia�� First we replace the mosaic model
space E���� of functions on C n ��N� by a space of cross�sections of

a certain analytic bundle over b��� Then� after trivializing this bun�
dle and characterizing the space of its cross�sections �Section 	��� we
obtain our main structure results in Section 	�� Necessary facts about
weighted vector Hardy spaces over Riemann surfaces� characters and
related topics are given in Section ��

The relationship between subnormal operators and separated alge�
braic curves is most clear from Lemma 		�� and its proof� The reader
who just wishes to get an idea of the subject can �rst look at this
lemma�

It is worth noticing that subnormal operators of �nite type turn
out to be unexpectedly close to Toeplitz operators with rational and
similar symbols� which were studied in �	�
� ���
� In particular� the
results about spectral multiplicity �	�
 and invariant and hyperinvariant
subspaces ���
 extend to subnormal operators of �nite type�

Algebraic curves and Hardy classes over these curves also have been
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used intensively in works of Alpay� Fedorov� Liv sic� Vinnikov and others
�see ��
� ��
� ��
� �	�
�� It would be interesting to know a connection
between subnormal operators and the subject of those works�

At the end of the paper� an index of mathematical notation is
given�

�� Mosaic tuples and mosaic model spaces�

Suppose we are given a compactly supported positive Borel mea�
sure � on the complex plane� a �nite�dimensional Hilbert space M and
L�M��valued measurable functions F � E � G on C such that E � E� � �
��almost everywhere� Put 	 � supp ��

de��� � E��� d���� �

and

�	�	� p�u� � F �u� E�u�G�u� �

Consider the space

L��e� �
n
f � kfk� �

Z
hE�u� f�u�� f�u�i d��u���

o
�

After factoring by the set of functions f with kfk� � �� L��e� becomes
a Hilbert space� Each element of L��e� has a unique representative f
such that f��� � Range E��� ��almost everywhere� Two functions f � g
are equal in L��e� if and only if Ef � Eg�

In the setting of sections 	��� there will be no loss of generality if
we assume that E is a projection�valued function and F � FE � G � EG�
Then L��e� is the direct integral of the spaces E���M � We choose the
formally more general setting in order to include the original Xia�s
mosaic�

We make the following assumptions�

M	� The function

�	��� ��z� �

Z
�

p�u�

u� z
d��u� � z � C n 	 �

is projection�valued�
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M�� F ����m � L��e� and G���m � L��e� for any m �M � The op�
erators F �u�jE�u�M � G��u�jE�u�M are one�to�one for ��almost every
u�

M�� The family of functions �� � 
���G���m� m � M � 
 � C n 	
and the family of functions ��� � �
���F ����m� m � M � 
 � C n 	 are
complete in L��e��

The function � is piecewise analytic�� that is� it is analytic on
C n 	� We call it a generalized Xia�s mosaic� Since ���� � �� it follows
that � 	 � in the unbounded component of C n 	�

De�ne the Cauchy integral

Kf�z� �

Z
�

f�t�

t� z
d��t� � z � C n 	 �

By �M�� and �M��� the map f 
�� KFEf � f � L��e� is one�to�one� Let
KFEL��e� � fKFEf � f � L��e�g be the image of this map� with the
norm inherited from L��e�� We need also the following assumption�

M�� The operator

�	���
�
P�u

�
�z� � ��z�u�z� � z � C n 	

acts on KFEL��e� and is bounded�

De�nition� We say that �M�F� E � G� �� �� is a mosaic tuple if M	��
M�� hold�

Example� Let M � C
� � � � jdzj on � D � where D � fjzj � 	g�

p�z� � z���� so that ��z� � 	 for jzj � 	 and ��z� � � for jzj  	� Put
E 	 	���� Then F � G have to satisfy F �z�G�z� 	 z on � D � Let P� be
the Riesz projection� that is� the orthogonal projection of L��� D � onto
H�� Then� obviously� P�K � KP�� Therefore M�� holds in this case if
and only if P� extends to a bounded operator on jF jL��d��� that is� if
and only if jF j satis�es the Muckenhoupt condition �A���

So M�� has the sense of a vector Muckenhoupt condition� It implies
that P� is a bounded projection on KFEL��e�� In a recent work ���

by Treil and Volberg� a very explicit form of this condition on � D has
been found�

To construct more general mosaic tuples� one has to start from a
piecewise analytic projection�valued function � and then �nd F � E � G�
� �see Section � below��
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We introduce the following Smirnov type �closed� subspaces of
KFEL��e�� which will be called mosaic model spaces

E���� � P�KFEL
��e� �

�
u � KFEL��e� � u � �u on C n 	

�
�

E�
��	� �� � �I � P��KFEL

��e�

�
�
u � KFEL��e� � u � �	� ��u on C n 	

�
�we use the notation j � j� 	 for the norm and the identity operator on a
�nite�dimensional space��

Functions in E���� and E�
��	� �� are analytic on C n 	 and take

value � at in�nity! moreover� the functions in E���� are identically

zero in the unbounded component of "C n 	� In general� spaces E�����
E�
��	� �� depend on the whole mosaic tuple rather than only on ��

Associated to �	�	� is the factorization

p��u� � G��u� E��u�F ��u� �

Put

Kg�z� �

Z
g�t�

t� z
d��t� � g � G�EL��e�

and KG�EL��e� � fKG�Eg � g � L��e�g� Then

KG�EL��e� �
�
KFEL��e�

��
if we use the pairing

�	��� hKFEf�KG�Egid
def
� hf� gi � f� g � L��e� �

The following fact will be proved later�

Proposition ���� The projection P �� � KG�EL��e� �� KG�EL��e� is
given by �

P ��v
�
�z� � �	� ���z�� v�z� � z � C n 	 �

The subspaces

E
�

��	� ��� � P ��KG
�EL��e�

�
�
u � KG�EL��e� � u � �	� ���u on C n 	

�
�

E
�
���� � �I � P �� �KG

�EL��e�

�
�
u � KG�EL��e� � u � ��u on C n 	

�
�



��	 D� V� Yakubovich

are completely analogous to the model spaces E����� E�
��	� ��� Func�

tions in E
�
����� E

�

��	� ��� are antianalytic on C n 	� Since the maps
f 
�� KFEf � f 
�� KG�Ef � f � L��e� are one�to�one� we will regard
the four mosaic model spaces as embedded into L��e��

The most simple case is the above example� where one puts F �z� 	

z� G�z� 	 	� Then E���� � H�� E�
��	 � �� � H�

� �
"C n clos D �

def
�

fz��f�z��� � f � H�g� E
�
���� � �H�� E

�

��	� ��� � �H�
� �"C n clos D ��

De�nition� Subspaces K��E����� K��E�
��	 � �� of FEL��e� and

K
��
E
�
����� K

��
E
�

��	 � ��� of G�EL��e� will be called the spaces of

boundary values of functions in corresponding model classes E�����

E�
��	� ��� E

�
����� E

�

��	� ����

Put

�	��� L�z� � �	� ��z��M � L��z� � ��z�M �

then
L�z�� � ���z�M � L��z�� � �	� ���z��M �

and for each z � C n 	� we have direct sum decompositions

�	��� M � L�z�u L��z� � L�z�� u L��z�� �

Xia uses the notation M�z�� M ��z� instead of L�z�� L��z��
The functions

�	��� �t�m�z� �
��z�� ��t�

z � t
m � ���t�n�z� �

���z�� ���t�

z � t
n �

t � C n 	� m�n �M � will be called the Cauchy reproducing kernels�

Basic facts we need about the model spaces are collected in the
following theorem�

Theorem ���� Let �M�F� E � G� �� �� be a mosaic tuple� Then

a� Direct sum decompositions

KFEL��e� � E�
��	� ��u E���� ��	���

KG�EL��e� � E
�
����u E

�

��	� ��� ��	���
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hold� P� is the parallel projection onto E���� with respect to the decom�

position �	��� and P �� is the parallel projection onto E
�

��	 � ��� with

respect to the decomposition �	����

b� The following equalities with respect to duality �	��� hold for

annihilator spaces

E����� � E
�
���� � E�

��	� ��� � E
�

��	� ��� �

c� The duality �	��� gives rise to the following representations of

duals �
E����

��
� E

�

��	� ��� �
�
E�
��	� ��

��
� E

�
���� �

d� The Cauchy kernels �t�m� t � C n 	� m � M are in KFEL��e�
and generate it� The Cauchy kernels ���t�n generate KG�EL��e�� The

reproducing formulas

�	�	�� hu� ���t�nid � hu�t�� ni � h�t�m� vid � hm� v�t�i �

hold for all t � C n 	� m�n �M � u � KFEL��e�� v � KG�EL��e��

e� Moreover�

�	�		�

span
�
�t�m � t � C n 	� m � L��t�

�
� E�

��	� �� �

span
�
�t�m � t � C n 	� m � L�t�

�
� E���� �

span
�
���t�m � t � C n 	� m � L�t��

�
� E

�

��	� ��� �

span
�
���t�m � t � C n 	� m � L��t��

�
� E

�
���� �

f� The operators Mzu�z� � z u�z� on E���� and Mzu�z� � z u�z�

on E
�
���� are subnormal� Their adjoints are given by

�	�	�� M�
z v�z� � z v�z�� �	� ���z��

�
z v�z�

��
z��

�
�

where v � E
�

��	� ����

�	�	�� M�
z v�z� � z v�z�� �	� ��z��

�
z v�z�

��
z��

�
�

where v � E�
��	� ���



��� D� V� Yakubovich

Proofs of Proposition ��� and Theorem ���� It follows from
�	��� and �	��� that

�	�	��
�t�m�z� �

Z
p�s�m

�s� z� �s� t�
d��s�

� K
�
F ��� E��� �� � t���G���m

�
�z� �

Since G���m � L��e� by M��� it follows that �t�m � KFEL��e�� Sim�
ilarly� ���t�m � KG�EL��e�� Take any v � K � G�EL��e�� then
v � KG�Eg for some g � L��e�� and by �	�	�� we have

h�t�m� vid �
�
�� � t���Gm� g

�
L��e�

�

Z �
E�s� �s� t���G�s�m� g

�
d��s�

� hm� v�t�i �

which gives the second identity in �	�	��� Now suppose that v is orthog�
onal to all reproducing kernels �t�m� Then v�z� 	 � on C n 	� so that
G�Eg 	 �� which implies g 	 � by M��� This shows the completeness
of the �t�m� The �rst equality in �	�	�� and the completeness of the
���t�m are proved in the same way� Thus� d� holds true�

Next� one gets from �	��� that

P��t�m � �t������t��m �

For every v � KG�EL��e� and m �M � t � C n 	�

hm� �P ��v��t�i � h�t�m� P
�
�vi

� h�t������t��m� vi

� hm� �	� ���t�� vi �

which proves Proposition 	�	�
Now assertion a� of Theorem 	�� is a direct consequence of the

de�nitions of the model spaces� Next� it is obvious that

�t�m�z� �
��z�� ��t�

z � t
m � �

�	� ��z��� �	� ��t��

z � t
m

is in E���� if m � L�t� and in E�
��	� �� if m � L��t� �see �	����� Since

f�t�mg generate KFEL
��e�� fP��t�mg generate E

���� and so on! in this
way we obtain �	�		��
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Next� v � E����� if and only if hv�t��mi � hv� �t�mi � �� t � C n 	
�m � L�t�� if and only if v�t� � L�t�� � ��t��M � t � C n 	� if and only

if v � E
�
����� Similarly� E�

��	��� � E
�

��	������ so that b� has been
checked� The �rst equality in c� is a direct consequence of b� and the
identity

E����� �
�
KFEL��e�

���
E����� �

We obtain that E�
��	� ��� � E

�
���� in the same way�

To prove f�� we observe that

Mz �Mz

��
E����

� P�MzP� �

where
MzKf

def
� K�zf� � f � FEL��e� �

One sees that M�
z �Mz� where

MzKg
def
� K�z g� � g � G�EL��e� �

Since Mz and Mz are normal� Mz and Mz are subnormal� Let v �

Kg � E
�

��	� ���� Then

M�
z v�z� � P ��M�zP

�
�v�z�

�
�
P ��K�z g�

�
�z�

� P ��
�
z v � �	� ���z�� �z v�

��
z�	D�

�
�

which proves �	�	��� One proves �	�	�� in the same way�

�� A scattering type scheme�

Suppose that K is a Hilbert space and N � K �� K is a linear

operator� We will apply our scheme only to situations when ��N�
def
� 	

has empty interior� Suppose that

Sc	� K � H � uH� where NH � H�

Sc�� There exists a �nite�dimensional subspace M of H such that

���	� NH � � H � uM �

We put S � N jH�
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In this section� we discuss tuples �N�K�H �� H�M� subject to Sc	��
Sc��� Two more requirements will be added in Section �� Our aim is
to establish a relationship between tuples �N�K�H �� H�M� and mosaic
tuples from Section 	�

The original Xia�s model corresponds to the case when S � L�H� is
pure subnormal� N � L�K� is its minimal normal extension� H � � H�

and M � �S�� S
H �see Section �����

If R is a linear space and W an open subset in bC � then we denote
by Hol�W� R� the space of all holomorphic functions f �W �� R and
by Hol�W� R� the corresponding space of antiholomorphic functions� If
� � W� then we put Hol��W� R� � ff � Hol��W� R� � f��� � �g and
de�ne Hol��W� R� similarly�

Any linear operator B � K �� R gives rise to an operator WB �
K �� Hol��C n 	�R�� de�ned by

�WBx��z� � B�N � z���x � x � K� z � C n 	 �

The operator WB almost diagonalizes� N in the sense that

����� �WBNx��z� � z �WBx��z��
�
z �WBx��z�

��
z��

�
�

In what follows� we will see how to obtain almost diagonalization�
operators WB with good additional properties with respect to the de�
composition K � H � uH�

We put

L�z� � fm �M � �N � z���m � Hg �

L��z� � fm �M � �N � z���m � H �g �z � C n 	� �

Lemma ���� For each z � C n 	�

M � L�z�u L��z� �

Proof� By the de�nition� L�z��L��z� � �� Take any m �M � and let
�N � z���m � g� � g�� where g� � H� g� � H �� Put lj � �N � z� gj�
then l�� l� � m� and l� � H� l� � H ��M � It follows that l� � m� l� �
�H � �M� �H � M � l� �M � and we are done�
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���� Transform eU �
Let PH � K �� H� PH� � K �� H � be the coordinate projections

with respect to the decomposition given in Sc	�� then PH � PH� � I�
Put

����� A � PHNPH� � K ��M

and de�ne ��z� � K ��M by

����� ��z� � A�N � z��� � z � C n 	 �

We de�ne a transform eU � K �� Hol�C n 	�M� by

����� �eUx��z� � ��z�x � x � K� z � C n 	

�note that eU � WN�A��

Lemma ���� For all z � C n 	� ��z�� � ��z�PH �

Proof� This is a straightforward calculation� Using that

PH��N � z�PH� � PH��N � z� �

we get

��z�� � PHNPH��N � z����I � PH�� �N � z�PH��N � z���

� PHNPH��N � z���

� PHNPH��N � z���PH��N � z�PH��N � z���

� PHNPH��N � z��� � PHNPH��N � z���PH�

� ��z�PH �

Now we de�ne the mosaic �� associated to the tuple �N�K�H ��
H�M�� by

����� ��z� � ��z�jM � M ��M � z � C n 	 �
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It follows from the above lemma that ��z�� � ��z�� that is� ��z� is a
projection� It also follows that

�����

�eUPHx��z� � ��z�
�eUx��z� ��eUPH�x

�
�z� � �	� ��z��

�eUx��z� � x � K �

Set

Hol
�
fLg

�
�
�
u � Hol�C n 	�M� � u�z� � L�z�� z � C n 	

�
�

and de�ne similarly spaces Hol
�
fL�g

�
� Hol

�
fL�g

�
� etc�

Lemma ����

	� If x � H� then eUx � Hol
�
fL�g

�
�

�� If x � H �� then eUx � Hol
�
fLg

�
�

�� The operator eU almost diagonalizes� N � that is� it satis�es

������

�� It diagonalizes S � N jH

�����
�eUSx��z� � z

�eUx��z� � x � H �

Proof� Assertions 	�� �� follow from ������ Equality eU � WN�A implies
��� Since � 	 � in the unbounded connected component of C n 	� it
follows that

�eUNx
�
�z� � z eUx�z�� �z eUx�z����

z��
� z eUx�z� � x � H �

Lemma ���� One has

Ker��z� � L�z� � Range��z� � L��z� �

Proof� Obviously� ��z�m � � for m � L�z�� If m � L��z�� then

��z�m � PHN�N � z���m � PH�N � z��N � z���m � m�
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It follows from Lemma ��	 that ��z� is the parallel projection onto L��z�
that corresponds to the decomposition ������

So the transform eU almost diagonalizes� N and has good prop�
erties with respect to the decomposition K � H � uH �see ������� Now
we shall construct a good almost diagonalization� operator for N��

���� Transform eV �
The decomposition K � H �uH gives rise to a dual decomposition

����� K � H �
� uH� �

where we have put H �
�
def
� H�� H�

def
� H ��� We will consider H �

�� H� as
realizations of the duals to H �� H� respectively� and assume S� to be
de�ned on H�� Then P

�
H� � P �H are parallel projections onto H �

�� H� with
respect to the decomposition ������ Since A� � P �H�N�P �H � we have

���	�� M�
def
� RangeA� � H �

� �

It is easy to see that

N�H �
� � H �

� � N�H� � H� �M� �

Therefore there is a certain symmetry� the tuple �N�K�H �� H�M�
can be replaced by �N�� K�H �

�� H��M��� which has the same proper�
ties Sc	�� Sc��� We break �a little� this symmetry and associate with
�N�� K�H �

�� H��M�� an operator

���		�
�eV y��z� � PM �N� � z���y � y � K � z � C n 	 �

here PM is the orthogonal projection onto M �

Lemma ��	�

i� y � H �
� implies ��V y � V y�

ii� y � H� implies �	� ���V y � V y�

iii� The following intertwining formula holds

�eV N�y�z�
�
�z� � z

�eV y�z���z� � y � H �
� � z � C n 	 �
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Proof� If y � H� and m �M � then �N � z�����z�m � H � by Lemma

���� which gives hm���z��
�eV y��z�i � h�N � z�����z�m� yi � �� so that

ii� holds� Similarly� one checks that
�
	 � ��z��

�eV y�z� 	 � if y � H �
��

which gives i�� Assertion iii� follows from i� in the same way as in
Lemma ����

The following formulas are immediate

���	��
eU�N � 
���m � ���m �

eV �N� � 
���P �H�A�m � �����m � 
 � C n 	� m �M �

�� A model theorem�

In addition to Sc	�� Sc��� let us assume the following conditions�

Sc�� Spaces �N�z���M� z � C n	� as well as spaces �N��z���M��
z � C n 	� are complete in K�

Sc�� N is similar to a normal operator� there exists a scalar mea�
sure d�� a L�M��valued Borel function E��� � E���� and a linear iso�
morphism W � K �� L��e�� where de � E d�� that transforms N into
Mz

���	� WN � MzW �

A condition similar to Sc�� appears in ���
 as a hypothesis� which is
necessary for constructing dual analytic models�

Observe that W ��� � K �� L��e� is an isomorphism that satis�es

����� W ���N� � MzW
��� �

De�nition� We say that �N�K�H �� H�M� is a scattering tuple if Sc	��
Sc�� hold�

Choose �any� L�M��valued matrices F ���� G��� such that

�����
�
Wm

�
��� � G���m�

�
W ���A�m

�
��� � F ����m� m �M �

Next theorem gives a relationship between scattering tuples� mosaic
tuples and corresponding mosaic model spaces�
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Theorem ���� Let �N�K�H �� H�M� be a scattering tuple� Let W �
K �� L��e� be the operator from Sc��� and let F ���� G��� satisfy ������
Then the mosaic �� given by ������ ����� coincides with the function

�	���� and �M�F� E � G� �� �� is a mosaic tuple� The operators ������
���		� admit representations

����� eU � KFEW � eV � KG�EW ��� �

Moreover�

P� � eUPH eU�� ������

heUx� eV yid � hx� yi � x� y � K ������

eUH � � E�
��	� �� � eUH � E���� ������

eV H � � E
�
���� � eV H � E

�

��	� ��� ������

In particular� S � N jH is similar to the model operator

eUS eU�� � �
Mz on E����

�
�

The meaning of this theorem is re#ected in the following commu�
tative diagram�

�����

K

�
KFEL��e�

H �

�
E�

�
��� ��

H

�
E����L��e� ��

�

eU eU eU
W

KG�EL��e� E
�

���� E
�

�
�� � ���L��e� ��

K H �

�
H�

�
eV

�

�

�
�

�

�
�

�

�
�

�

�
�

eV
�
eV

Y

W
���

��

��

��

��

Here
�

�� links spaces that are dual to each other�
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Using the construction of Section �� one can give many examples of
subnormal operators S with dim �S�� S
H ��� for which this theorem
produces a model with �nite�dimensional base� space M �

Proof of Theorem ���� By ���	��������

���	��
W �N � 
���m � �� � 
���G���m�

W ����N� � 
���A�m � �� � 
���F ����m� m �M �

Hence for any m�n �M �

h��
�m�ni � h�N � 
���m�A�ni

� hW �N � 
���m�W ���A�ni

�

Z
hE�z�G�z� �z � 
���m�F ��z�ni d��z�

�
D	Z

p�z� �z � 
��� d��z�


m�n

E
�

This implies that �	��� holds and gives M	��
Let us show that F ���

��Range E��� is one�to�one ��almost every�
where� Suppose it is not so� Then there exists f � L��e�� f � � such
that FEf � �� By ���	��� this implies

hEf�W ����N� � 
���A�miL��e� � � �

for all 
 � C n 	�m � M � Then Sc�� gives that f � RangeW ���� a
contradiction�

The second part of M�� is proved in the same way�
Condition M�� follows from Sc�� and ���	��� Also� ���	�� and ���	��

show that

���		� �eUx��z� � �
KFEWx

�
�z� � z � C n 	 �

whenever x � �N � 
���m� m � M � 
 � C n 	� Therefore ���		� holds
for all x � K� We obtain the second equality in ����� in the same way�
In particular�

eU � K �� KFEL��e� � eV � K �� KG�EL��e�

are isomorphisms�
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Formula ����� follows from ������ Hence M�� holds� Formula �����

is immediate from ����� and �	���� It follows that eV � eU���� and

therefore P �� � eV P �H eV ��� Now ������ ����� follow from the results of
Section 	�

Remark� Any mosaic tuple �M�F� E � G� �� �� can appear as a result
of an application of the above theorem� If su$ces to put K � L��e��
H � E����� H � � E�

��	� �� and to embed M into E���� according to

the rule m 
�� ����m� m �M � Then eU and eV are identity maps�

�� Connection with dual bundle shift models�

Let us recall brie#y the construction of ���
� Let S � H �� H be
a linear operator� and choose an auxiliary operator J � H �� R� where
dimR ��� Assume that

A	� Ker�S � z� � � for all z in C n �ess�S��

A�� J jKer�S� � z� is one�to�one for all z in C n �ess�S��

Then the ultraspectrum F of S is de�ned as the antianalytic family
of spaces F �

�
H�z� � z �� �ess�S�

�
� where H�z� � J Ker�S� � z��

In the setting of ���
� the ultraspectrum is an analytic family be�
cause we used there bilinear products� See ���
 for a reformulation for
sesquilinear products�

Next� let H� be a realization of the dual space to H� Diagonalizing
transforms

U � H �� Hol
�
fH�z��g

�
� V � H� �� Hol�

�
f�H�z����g

�
were de�ned via the formulas

h�Ux��z��mi � hx� hz�mi � h�V x��z�� li � hx� gz�li �

x � H� z � C n �ess�S�� m � H�z�� l � H�z�� �

where fhz�mg� fgz�lg are families of vectors in H�� H� respectively� that
are uniquely determined by the conditions

���	�
hz�m � Ker�S� � z� � Jhz�m � m � H�z� �

�z � S� gz�l � J�l � l � H�z�� �
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The vectors gz�l were called almost�eigenvectors of S� If the families
fhz�mg and fgz�lg are complete� then U and V are one�to�one� It has
been shown in ���
 that U transforms S into the operator of multi�
plication by the independent variable on the model space UH and V
transforms S� into the operator v 
�� z v � �z v���� on the model
space V H�� There is a natural duality between UH and V H�� which is
de�ned in an intrinsic way�

Now let us set up the relationship between the dual analytic models
and the construction of sections 	��� Assume that �N�K�H �� H�M� is
a scattering tuple� and let S � N jH� Put

H� � H �� � R � M � J � PM �

Proposition ���� For this choice of R� J � A	�� A�� are satis�ed� The
ultraspectrum of S is given by

����� H�z� � L�z�� � ���z�M �

It follows that the direct sum decompositions �	��� give rise to
isomorphisms

H�z�� �
�
L�z��

��
� M�L�z� �� L��z� ��

H�z��
��

� L�z�� � M�L�z�� �� L��z�� �

We denote them as iz �
�
L�z��

��
�� L��z�� i��z � L�z�� �� L��z���

Then instead of U � V we can consider the transforms

eU � H �� Hol
�
fL��z�g

�
� eV � H� �� Hol�

�
fL��z��g

�
�

acting by

����� eUx�z� � iz�Ux��z� � eV y�z� � i��z�V y��z� �

Proposition ���� Operators ����� coincide with the transforms eU � eV
from Section ��

To prove Propositions ��	 and ���� we need the following fact�
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Lemma ���� Let z � C n �ess�S�� and put

hz�m � ��z��m� m � L�z�� �

Then Ker�S� � z� �
�
hz�m � m � L�z��

�
and Jhz�m � m� so that

fhz�mg is exactly the family de�ned in ���	��

Proof� For any h � Ker�S� � z�� �N� � z�h � H �
�� which gives

�N� � z�h � PH�

�

N�h � A�h � A�PMh �

Therefore h � ��z��PMh � ��z����z��PMh � hz�m� where m
def
�

��z��PMh � L�z��� Next� by ���	���

�S� � z�hz�m � PH�
�N� � z�hz�m � PH�

A�m � � �

for all m � L�z��� At last� Jhz�m � PM��z��m � ��z��m � m for
m � L�z���

Proof of Propositions ��� and ���� Since S � N jH� A	� holds�
Lemma ��� implies A�� and ������ Therefore

hUx�z��mi � h��z�x�mi � heUx�z��mi �
hV y�z�� li � hy� �z �N���li � heV y�z�� li �

for m � H�z� � L�z��� l � H�z�� � L�z�� This proves Proposition
����

We also obtain the following fact�

Proposition ���� Eigenvectors hz�m of S� �z � C n �ess�S�� are com�

plete� Almost�eigenvectors gz�l of S �z � C n�ess�S�� are also complete�

Proof� eU � H �� E���� and eV � H� �� E
�

��	��
�� are isomorphisms�

Therefore U and V are one�to�one�
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	� How to construct mosaic tuples


The method we give here is not the most general� but it shows how
much freedom we have�

Let 	 be a �nite union of arbitrary C��smooth arcs� intersecting
only in their endpoints� such that C n 	 has at least two connected
components� Denote the components of C n	 by ��� � � � ��t� We assume
for simplicity that for any of the arcs � that compose 	� one has � �
��j � ��k for some j � k� Let � � C n 	 �� L�M� be a projection�
valued analytic function such that � 	 � in the unbounded component
and for each �k� � extends to a continuous function on clos�k� Fix an
orientation of each of the arcs of 	� For a function f in Hol�C n 	�� we
denote by fi� fe its interior and exterior limit values on 	�

Put d� � jdzj
��
�
and p� � �i � �e� Then �	��� holds for

p �
	

��i
p�

dz

jdzj

���
�
�

Assume additionally that rank p is constant on each of the arcs ��j �
��k and that

���	� kp�z�
���Ker p�z���k  �  � �

for z in the interior of these arcs� where � does not depend on z� To
assure that p satis�es this property one can take for �� for instance� a
small perturbation of a locally constant mosaic �� in general position��

Next let us �x a factorization �	�	� of p� By ���	�� we may assume
that F � F��� G� G�� are in L��	!M� and that E is projection�valued�
We will use the Smirnov classes E���j�! we refer to ��
� �	�
 for their
de�nition� The corresponding classes E���j !M� of M �valued functions
are de�ned componentwise�

It is easy to see that

KFEL��e� �
�
u � �jE

���j !M� �

u��� � � and ui���� ue��� � p���M

almost everywhere on 	
�
�

Let u � KFEL��e�� then ui � ue � p�f for some f � L��d�!M��
Therefore �u � �jE���j!M�� and we have

�i ui � �e ue � p�
�
ui � �	� �i�f

�
�
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Hence M�� holds� It follows that all conditions M	��M�� hold�
In this example� E���� does not depend on the choice of factoriza�

tion �	�	� of p� and

E���� �
�
fizu�z�g � u � Mod��F�

�
�

E
�

��	� ��� �
�
fi��zv�z�g � v � Mod���F��

�
�

where Mod��F�� Mod���F�� are� essentially� the Smirnov type model
spaces from ���� Section �
 �one has to de�ne Mod���F�� as a space of
antianalytic functions� see ���
��

We can make the following r%esum%e� If only the family fH�z�g �
f��z��Mg is given� then only the dual model spaces UH� V H� appear
that correspond to the operators S on H and S� on H�� If the whole

mosaic � is given� then all four model spaces E�
��	���� E����� E

�
�����

E
�

��	� ��� appear� They serve to model spaces H �� H� H �
�� H��

�� Xia�s model�

Here we show how to specialize the constructions of sections � and
� in order to obtain Xia�s results�

���� The discriminant surface�

For the reader�s convenience� we remind the de�nitions and results
from ���
 we will need� Some of the notions discussed are re#ected on
the Figure�

Let S � H �� H be a subnormal operator of �nite type and
N � K �� K its minimal normal extension� De�ne M � C� � by ���	�

�		
� Let � be the discriminant curve ������ b� its blow�up �		
 andb� � b���� � �� b�T the decomposition of b� into irreducible components�
In order to re#ect the multiplicities of b�j � sometimes we will writeb� � b�k�

� � � � � � b�kT
T ���
� Each of b�j is a compact Riemann surface�

and we consider them as branched coverings of the z�plane�
Let �� be the set of regular points of �� Then �n�� is �nite� andb� is obtained from �� by adding a �nite number of points� There is a

natural projection of b� onto �� which is identical on ��� The point inbC � that corresponds to a point � � b� will be denoted as
�
z���� w���

�
�

and we write � �
�
z���� w���

�
�
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Let

�C��� �
�
z � C � det

�
C � �w � ��� �z � ��

�
� � � for all w � C

�
�

Figure�

It is immediate that �C��� � ����� For any z� � �C���� b� has
irreducible components z 	 z� and w 	 z�� These irreducible compo�
nents of b� were called degenerate and all other irreducible components
were called nondegenerate� Let b�deg be the union of degenerate com�

ponents of b� and b�ndeg the union of nondegenerate components�
Let

b�� � f� � b�ndeg � j�j � 	g � b�� � f� � b�ndeg � j�j  	g �

where � is a meromorphic function on b�ndeg� de�ned by � � �dz�dw�
The map � � �z� w� 
�� �� � �w� z� is an antianalytic involution on ���

and it naturally extends to b�� It interchanges b�� and b��� because

����� � ������� � � b�ndeg�

The curve b� was called separated if the set b� � f�z� z� � z � C g

divides each nondegenerate component b�k into two connected com�
ponents! then these two connected components are b�k � b�� and b�k �
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b��� In this case� � b�� � f� � b�� � � ��g �we refer to ���
 for more
details��

Let b�� � b�ndeg �
�

���C�
�

�
�z� w� � w 	 �


�

be the algebraic curve obtained from b� by excluding from it the ver�
tical� components z 	 
� A projection�valued meromorphic function
� 
�� Q��� on b�� is de�ned by

Q
�
�z� w�

�
� �

	

��i

Z
�Dw

�
C �z � ���� � �� � u

���
du � z �� ���� �

where Dw is a small disc centered in w such that Dw ��
�
C�z������

��
�
� fwg� We have

���	�

Q����Q���� � � � �� � ��� z���� � z���� �X
z�����

Q��� � I � for all � � C n ���� �

Put
	c � z�� b��� � C � 	 � fz � C � �z� z� � �g �

Then 	c is a union of analytic arcs and 	 n 	c is �nite� It follows from
��	
����
 that

	c � ��N� � 	 �

Orient the curve 	c according to the positive orientation of the boundary
� b�� of b��� One can de�ne a function � on 	c �except for a �nite
number of points� so that dz � i ��z� jdzj and j�j 	 	 almost everywhere
on 	c� Then �

�
�z� z�

�
	 ��z�� almost everywhere on 	c�

Denote by �� the delta�measure at a point � of C � The following
theorem collects some of the results of ���
� ���
�

Theorem A� Let �C��� correspond to a subnormal operator S of �nite

type� Then b� is separated and all Jordan blocks of C �z�������� that

correspond to eigenvalues w such that �z� w� � b�ndeg are trivial for all

but a �nite number of values of z� The involution � 
�� �� maps each

of the nondegenerate components of b� onto itself� The mosaic �����
has a representation

����� ��z� �
X

�z�w��b��

Q
�
�z� w�

�
�
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Moreover� rankQ��� � kj� � � b�j ����

There is a �nite subset R of C and matrices As� s � R such that

de��� � E��� d����� where d� � jdzj
��
�c

�
P

��R �� and

����� E�s� �

�
�

	

��
��s� �s� ����Q

�
�s� �s�

�
� s � 	c nR �

As � s � R �

���� Xia�s model as a particular case of mosaic model spaces�

Let S� N be as in Section ��	� and put H � � H�� M � �S�� S
H�
It is known that S� � N�jH � also is a subnormal operator of �nite
type� Let E��� be the spectral measure of N � and de�ne e by e��� �
PME���jM � In ��	
� Xia considers a unitary operator

W � K �� L��e� �

given by

����� Wf�N�m � f���m� m �M �

where f is any bounded Borel function on ��N�� In our terminology� we
get the situation of sections � and �� where nowH � � H andW ��� � W
satis�es both ���	�� ������

Lemma ���� �K�N�H �� H�M� is a scattering tuple�

Proof� Properties Sc	� and Sc�� are obvious� It is easy to see that
�S�� S
 � A�A� where A is de�ned by ������ Therefore PHNH � �
�S�� S
H� which gives �Sc��� It follows� for instance� from �	�� Chap�
ter �� Theorem 	��
 that spanfSnM � n � �g � H� This implies the
�rst part of Sc��� The second part of Sc�� is proved in ���� Lemma 	
�

Since

WA�m � W �N� � S��m � �� � ���m� m �M �

we see that ����� holds if we put

����� F �z� � z � � � G�z� 	 I �
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So now the model spaces are K�� � ��EL��e� and KEL��e�� We arrive
at the following result� which� besides the representation ����� of �� is
essentially contained in Xia�s works ��	
 and ���
�

Theorem ���� Let S be any subnormal operator of �nite type� De�ne

F � G by ������ �� E� � from Theorem A and W by ������ Then W is

unitary� and all conclusions of Theorem ��	 hold� In particular� � is

alternatively given by

����� ��z� �

Z
�t� �� de�t�

t� z
�

Now we have H �
� � H �� H� � H� so that diagram ����� acquires

the form

�����

K�� ���EL��e�

�

K

E�

�
��� ��

�

H �

E����

�

HL��e��

�
eU eU eU

�

KEL��e� E
�

���� E
�

�
�� � ���

� � �s

� eV eV

W

eV

��

��

��

Xia calls the function eUx�z� the analytic representation of a vector

x � K and the function eV x�z� the dual analytic representation of x�
Theorem ��� gives an explicit construction of a �nite type subnor�

mal operator from matrices C��� The set of possible pairs �C��� has
been completely described in ���
� If a pair �C��� satis�es the criterium
that was given there� de�ne E � de and � from Theorem A and F � G
from ������ Then S will be unitarily equivalent to the operator Mz on
E�����

Looking at diagram ������ one notices an interesting phenomenon�
The operator j � K�� � ��EL��e� �� KEL��e�� given by

����� jK�� � ��h
def
� Kh � h � EL��e� �

is obviously an isometric isomorphism� One sees from diagram �����
that

j � eV eU�� �
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Therefore the multiplication operator

h 
�� �� � ��h

maps isomorphically �K��E
�
���� onto K��E�

��	��� and �K��E
�

��	��
��

onto K��E����� So the multiplication by a linear analytic matrix bino�
mial maps certain spaces of boundary values of antianalytic functions
onto spaces of boundary values of analytic functions�

The subsequent exposition is organized as follows� In Section �� we
replace the model operator Mz on E���� �see Theorem ��	� with the
operator of multiplication by z��� on a function space H�

��X��� which

consists of analytic cross�sections of a bundle X� over b��� In Section
�� we relate the above�described phenomenon with the involution on
�� In Section �� we will give a necessary background on weighted
Hardy classes over Riemann surfaces� These facts will permit us to give
a complete characterization of H�

��X�� and to prove main structure
results�

� External Riemann surface models�

Put

X��� � RangeQ��� � Y ��� � RangeQ���� � � � b�� �

For any component b�j of b��� Xjb�j �Y jb�j� can be considered as an
analytic �antianalytic� vector subbundle of dimension kj of the trivial

bundle b�j�M � where kj is the multiplicity of b�j � This can be deduced
from the following simple fact�

Proposition ��� Let � be a domain in C � 
� � �� k � N� and

r�� � � � � rk � � � M be analytic functions such that r��
�� � � � � rk�
�
are linearly independent for some 
 � �� Then there exist analytic

functions q�� � � � � qk� de�ned in some disk D� with 
� � D � �� such
that spanfr��
�� � � � � rk�
�g � spanfq��
�� � � � � qk�
�g for 
 � D n f
�g
and q��
�� � � � � qk�
� are linearly independent for all 
 � D�

Proof� The family frjg can be transformed into the family fqjg by
taking linear combinations with constant coe$cients and dividing sev�
eral times by 
� 
�� We omit the details�
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We put b��
� � b�� �

S
���C�
�

f� � w��� � �
g� then b�� decomposes
into a disjoint union

b�� � b�� � b��
� � � b�� �

Let

X� � Xjb�� � Y� � Y jb�� � X� � Xjb��
� � Y� � Y jb��

� �

Set

a u��� � Q���u�z���� � u � K�� � ��EL��e� �

b v��� � Q���� v�z���� � v � KEL��e� �

�� � b���� and

H�
��X�� � aE���� � H�

��X�� � aE�
��	� �� �

H
�

���Y�� � bE
�
���� � H

�

���Y�� � bE
�

��	� ��� �

It follows from ����� that functions in H�
��X��� H

�

���Y�� vanish on b��
�

and functions in H�
��X��� H

�

���Y�� vanish on b��� We have

aK�� � ��EL��e� � H�
��X�� �H�

��X�� �

bKEL��e� � H
�

���Y�� �H
�

���Y�� �

We will need notation for several exceptional sets� Let PolQ be the set

of all poles of Q on b�� and &� the maximum of orders of these poles� Let

B � z �PolQ� � z �b�� n��� �R �

where R is the set from ������ and put B� � z���B� � b��� The sets
PolQ� B and B� are �nite�

Lemma ��� Each function in aK�����EL��e� �bKEL��e�� is analytic

�antianalytic� on b�n�� b���PolQ� and has poles in points of PolQ n� b��

at most of order &� �
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A priori� functions in aK�� � ��EL��e� and bKEL��e� may have
jumps on the whole preimage curve z���	c�� This lemma shows that

they have jumps only on � b��� Hence the model spaces H�
��X���

H�
��X�� consist of meromorphic cross�sections of X�� X�� respectively�

andH
�

���Y���H
�

���Y�� consist of conjugate meromorphic cross�sections
of Y�� Y�� Lemma ��� will be proved at the end of this section�

Operations a and b are invertible� By ���	�� the inverses are given
by�
a��f

�
��� �

X
z�����

f��� �
�
b��g

�
��� �

X
z�����

g��� � � � C n 	 �

De�ne Hilbert norms on aK�� � ��EL��e� and bKEL��e� so that a� b
become unitary operators� We arrive at the following fact�

Proposition ��� S is unitarily equivalent to the operator of multipli�

cation by z��� on H�
��X��� and S

� is unitarily equivalent to the operator

of multiplication by z��� on H
�

���Y���

We call these representations the external Riemann surface rep�

resentations of S� S�� By ���	�� projections P� and I � P �� in these
representations are expressed as

aP�a
�� �

�
M	

�
on aK�� � ��EL��e�

�
�

b �I � P�� b
�� �

�
M	

�
on bKEL��e�

�
�

where �� � 	 on b�� and �� � � on b��
��

Proof of Lemma ���� For any domain W in C � bounded by a piece�
wise smooth Jordan curve� the Smirnov class E��W� has the following
properties ��
� �	�
�

��

f��� �
	

��i

Z
g�z� ����� z��� dz

is in E��W� for every g � L���W� jdzj��

�� Each f � E��W� has boundary values almost everywhere on
�W� and

	

��i

Z
f�z� �z � w��� dz
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gives f�w� for w � W and � for w � C n closW�

�� For any smooth arc 	 � W� the map f 
�� f j	 from E��W�
into L��	� jdzj� is bounded�

Let f � L��e� and g � K�� � �� Ef � u � a g� By ����� and the
Privalov�Plemelj jump� formula �	�
�

ui���� ue��� � Q���Q
�
�z� �z�

�
f�z� � � � �z� w� � z���	c� �

Bearing in mind ���	�� we see that ui � ue almost everywhere on

z���	c� n � b��� Note that E�
�f j	c n B is in L��jdzj
��	c�M� and �� �

�� E�
� is bounded on 	c n U for any neighbourhood U of B� It follows

that any �� � z���	c� n
�
� b�� � B�

�
� �� � �z�� w��� has a small neigh�

bourhoodW in b� that projects homeomorphically onto a disc centered
in z� such that u��z

��W ���� � E�
�
z�W ��

�
for any connected component

W � of W n z���	c�� The above fact �� easily implies that u is a restric�
tion of a function� analytic in a neighbourhood of ��� So u is analytic
on �� n

�
� b�� �B�

�
�

Now let �� � B�n� b��� �� � �z�� w��� Take a small neighbourhood
W of �� with analytic boundary such that closW�B � f��g� The above
proof and �� show that the map u 
�� uj�W is bounded from aK�� �
��EL��e� into L���W� jdzj�M�� Pick any function s� holomorphic on
closW� such that sQ is also holomorphic on closW� We assert that
functions su are analytic at �� for all u � aK�� � ��EL��e�� Indeed� it
su$ces to check that this is true for u in a complete set� By �	�		�� the
functions

�t�m�z� �
��z�

z � t
m �

where t � C n 	 and m � M are complete in K�� � ��EL��e�� There�

fore the functions u��� � Q���
�
z��� � t

���
m are complete in aK�� �

��EL��e�� For every such u� s u is analytic at ���
It follows that the statement of Lemma is true for aK�����EL��e��

The proof for bKEL��e� is similar�

�� The role of the symmetry on b��
Lemma ��� The identity

���	� �z � ����Q��� � ������Q����� �w � ����� � � � �z� w�
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holds on b�ndeg�

Proof� We use arguments similar to those of Xia ���� p� ���
� Let

�� � �z�� w�� � b�ndeg��� and V be a small neighbourhood of �� in C � �
We assume that V�� is given by equations w � ��z�� z � ��w�� where
�� � are analytic functions� Then the equation of f�� � � � V � �g is
w � ��z�� Since all Jordan blocks of C�z�������� that correspond to
eigenvalue ��z� are trivial by Theorem A� analytic perturbation theory
��
 gives

�
w���z�

��
C��w���� �z���

�����
�z�w��V��

� ��z�����Q
�
�z� ��z��

�
�

the matrix on the left hand side being in fact analytic in V� Let us
apply this equality to a neighbourhood of ��� � pass to the adjoints and
then substitute w 
�� z� z 
�� w� We obtain that

�
z � ��w�

��
C � �w � ��� �z � ��

�����
�z�w��V��

� �Q�
�
�w� ��w��

�
�w � ����� �

It remains only to remark that ��z�� � w�� ��w�� � z�� and

lim
�z�w��C�n�

�z�w����

w � ��z�

z � ��w�
� �

dw

dz

����
��

� �����
�� �

Let v � H
�

���Y�� and u � H�
��X��� We de�ne symmetries ��� ��

by

���v���� � �������z���� �� v���� ������

���u���� � �������w���� ��u���� ������

for � � b�� �notice that then �� � b�� � b���� By ���	� and Lemma
���� ��v is a meromorphic cross�section of X� and ��u is a conjugate
meromorphic cross�section of Y��

Theorem ���� Let S be a subnormal operator of �nite type� De�ne F �
G by ������ Let �� E� �� e be as in Theorem ��� and j be de�ned by
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������ Then the diagram

H�
��X��

H
�

���Y��

E����

H
�

���Y��

�

�

�
�

a

b

�� j

E�
���� ��

E
�
����

H�
��X�

�

E
�

��� � �
��

�

�
� �

a

b

j ��L��e�
j

�

�

Y

is commutative �the embeddings of the mosaic model spaces into L��e�
are de�ned by diagram ������� In partucular� j maps isometrically

E���� onto E
�

��	 � ��� and E�
��	 � �� onto E

�
����� Spaces E����

and E
�

��	 � ��� coincide as subspaces of L��e�� Spaces E�
��	� �� and

E
�
���� also coincide as subspaces of L��e��

The symmetries ��� �� also explain the existence of the formulas

for action of S and S� in both model spaces E����� E
�

��	���� �see ����
Theorems � and �
��

Proof� Let � � b��� � � �z� w�� m �M � and 
 � C � �z� 
� �� �� Sinceb�� � b�ndeg� the assertion about Jordan blocks in Theorem A implies
that �

C�z � ���� � �� � 

�
Q��� � Q��� �w � 
� �

and together with ���	� and the formula ����� � ������ this gives

�����

Q����
�
C � �z � ��� �
� ��

���
m

� �w � 
���Q���� �z � �����m

� �w � 
�������� �w � ����Q����m�

By the results of Section 	� the elements ���m span K�� � ��EL��e��
Since ���m � K�� � �� �� � 
���m�

����� j ���m�z� �

Z
de�t�

�t� 
� �t� z�
m�

We will make use of Xia�s formula

�����

Z
de�t�

�t� 
� �t� z�
� ��z���C � �z � ��� �
� ��

���
� �C � �z � ��� �
� ��

���
�	� ��
�� �



��� D� V� Yakubovich

which is valid whenever 
� z �� ��N� and �
� z� �� � �see ���
�� Consider
two subfamilies of the family of functions f���mg�

	� Let 
 �� ��N� and m � �	 � ��
��M � Then ���m � �z �

�����z�m by �	���� and by ������ ������

j ���m�z� � ��	� ��z���
�
C � �z � ��� �
� ��

���
m�

Since j ���m � KEL��e�� it follows that j ���m � E
�

��	����� Moreover�

by ������ Q����
�
	� ��z�����

�
� Q���� for � � �z� w� � b��� By ������

�
b j ���m

�
��� � Q����

�
C � �z���� ��� �
� ��

���
m

� �w � 
�������� �w � ����Q����m�

so that

�
��b j ���m

�
��� � �z � 
���Q���m �

�
a���m

�
��� � � � b�� �

Since the family of functions ���m we are considering is complete in

E����� we conclude that jE���� � E
�

��	��
�� and that the left rectangle

in the diagram is commutative�

�� Let 
 �� ��N� and m � ��
�M � ���m � ��z�
���
�
	���z�

�
m�

Then
j ���m�z� � ��z��

�
C � �z � ��� �
� ��

���
m�

so that j ���m � E
�
����� Now we obtain from ����� that for � � b���

� � �z� w��

�
b j ���m���

�
� Q����

�
C � �z � ��� �
� ��

���
m

� �w � 
�������� �w � ����Q����m

� �� a���m��� �

This proves that jE�
��	� �� � E

�
���� and that the right rectangle in

the diagram is commutative�
At last� note that K�� � ��EL��e� � E���� � E�

��	 � �� implies

KEL��e� � jE���� � jE�
��	 � ��� Since jE���� � E

�

��	 � ��� and

jE�
��	� �� � E

�
����� we have jE���� � E

�

��	� ��� and jE�
��	� �� �

E
�
�����
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Remarks� Suppose we start from a pair �C��� that satis�es the cri�
terium of ���� Theorem �
 and our aim is to construct the correspond�
ing S� Then ������ ����� de�ne the same function �� and model spaces

E����� E
�
����� etc� arise� The proof of ����� in ��	
 uses only ����� and

the formula �
C � �z � ��� �z � ��

�
de�z� 	 � �

which follows from the hypotheses on C� �� So the fact that E���� and

E
�

��	� ��� de�ne the same subspace of L��e� can be deduced directly
from the hypotheses of ���� Theorem �
� Therefore we can put S to be
equal to Mz on E����� and we will get all its necessary properties�

It is easier to understand the sense of Theorem ��� when b� has
no degenerate components� Then formulas ������ ����� permit us to
de�ne ���� � ���� as well� But ��� �� are isomorphisms even if there
are degenerate components� In this case� we conclude from ������ �����

that the value of every function in H
�

���Y�� or H
�
��X�� on degenerate

components w 	 const is determined by its values on other components�

�� Analytic functional classes over Riemann surfaces�

This section has an auxiliary character� Our exposition uses the
approaches of �	
� �	�
�

Let R be a �connected� branched Riemann surface over C � whose
boundary �R is a �nite union of analytic arcs� We assume that R �
R � �R is compactly imbedded into a larger Riemann surface eR and
that �R � �R� Let � 
�� z��� be the projection of R onto C � We
assume that z�R� is a compact set in C �

From now on� let us �x a base point �� � R� and let � be the
harmonic measure for �R at ��� It is easy to see that � and the arc
length measure jdz���j are mutually absolute continuous�

The Nevanlinna class of R is de�ned as

N �R� �
�
f � Hol�R� � log jf j has a harmonic majorant

�
�

The hypotheses on R imply that the unit disc D is its universal covering
space� Let

T � D �� R

be a covering map� normalized so that T��� � ��� The boundary of
R has a �nite number of connected components� and the fundamental
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group ���R� of R is �nitely generated� It follows that there exists a
relatively open and dense subset A of � D such that T extends con�
tinuously to a map from A onto �R� �see ��
�� This map will be also
denoted by T� Moreover� ��E� � ������m��T

���E�� for each Borel
subset E of �R! here m� is the arc length measure on � D �

It is easy to see �using the techniques of �	�� Section ���
� that
f � N �R� if and only if f � T � N �D �� Since f � N �R� implies
f jD � N �D� for every connected subdomain D of R� it follows that each
function f inN �R� has non�tangential limit values ��almost everywhere
on �R� and that T lifts these boundary values to boundary values of
f �T on � D � Let

N��D � �
�
gh�� � g� h � H�� g is outer in D

�
be the Smirnov subclass of the Nevanlinna class on D � and de�ne the
Smirnov class of R by

N��R� �
�
f � N �R� � f �T � N��D �

�
�

For each natural number k� we denote by N��R� C k � the set of C k �
valued functions on R� whose components are in N��R��

Let � be a Borel measurable selfadjoint nonnegative k � k matrix
function on �R� which is log�integrable� that is�

���	�

Z
log�max

�
k�k� k���k

�
d� ��

�here log���� � max
�
log���� �

�
�� Consider the weighted space

L���R� ����

with the norm given by kfk� �
R
h�f� fi d� and the corresponding

weighted H��space

H��R! �� �
�
f � N��R� C k � � f j�R � L���R� ����

�
�

Let e� � ��T be the matrix weight on � D that corresponds to �! then
���	� gives Z

log�max
�
ke�k� ke���k� jdzj �� �
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Hence there exists a matrix function O on D such that O�O�� �
N��D � C k	k � and

����� e� � O�O on � D

�see �	�� Chapter �� Section �
�� The matrix function O is determined
uniquely� up to a constant left unitary factor�

Let M'ob �D � be the group of all linear fractional transformations
of D � and let G be the group of deck transformations� that is�

G �
�
� � M'ob �D � � T � � � T

�
�

It is known that G is a discrete group and is isomorphic to ���R��
Denote by U�C k � the group of unitary linear transformations of C k �

Since e� � � � e� for all � � G� one deduces from ����� that for every
� � G there exists a constant matrix ���� � U�C k � such that

O � � � ����O �

It follows that � � G �� U�C k � is a group homomorphism�

De�nition� � is called the character that corresponds to the matrix

weight ��

Denote by Chark�R� the set of all group homomorphisms � � G ��
U�C k ��

Let � be an arbitrary element of Chark�R�� If an analytic C k �
or C k	k � valued function f satis�es f � � � ����f � � � G� then f is
called ��automorphic� Put

H�
��R� �

�
f � H��D � C k � � f is ��automorphic

�
�

it is a closed subspace ofH��D � C k �� Informally� we interpret an element
of H�

��R� as a multivalued analytic function f on R such that jf j is
single�valued�

Lemma ���� Let �� e�� O be as above� and let � be the character that

corresponds to �� Then the map

f 
�� O � �f �T�

de�nes an isometric isomorphism of H��R��� onto H�
��R��
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Proof� Let f � Hol�R� C k �� Then f � N��R� C k � if and only if
O � �f �T� � N��D � C k �� Since for f � N��R� C k ��

Z
�R

h�f� fi d� �

Z
� D

he��f �T�� �f �T�i
jdzj

��
�

Z
� D

kO � �f �T�k�
jdzj

��
�

the above map is an isomorphic isomorphism ofH��R��� onto its image
in H��D � C k �� A function g � N��D � C k � is ��automorphic if and only
if g � O � �f � T� for some f � N��R� C k � �here we use that the
least harmonic majorant of a G�invariant subharmonic function is also
G�invariant�� Therefore the image of our map is exactly H�

��R��

Lemma ���� The operator Mz�
� of multiplication by z��� on

L���R� ����

is the minimal normal extension of the operator of multiplication by

z��� on H��R����

It su$ces to prove that

����� span
�
�z��R�

��
z���� 


���
f
���R � f � H��R���

�
� L���R� ���� �

Let � � L���R� ���� be orthogonal to all functions in the left hand
part� Then� by the Hartogs�Rosenthal theorem �	�
�

X
���R

z�����

�
��������� f���

�
� � �

for almost every � � z��R� and all f � H��R���� Take any g �
H��R��� and put here f � � g� � � H��R�� Since for each � � z��R�
we can choose � which is analytic on a neighbourhood of R and has
arbitrarily prescribed values in points of z�������R� we conclude that
� � � almost everywhere on �R�

De�ne an operator SR�� on H�
��R� by

SR��f � �z �T� � f �
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It is obviously subnormal� In our interpretation of H�
��R� as a space of

multivalued functions on R� SR�� acts as multiplication by z���� Some�
times we will write SR����� to show the dependence on the base point
���

Functions in H�
��R�� considered as multivalued functions on R�

have boundary limit values on �R� which are also multivalued� Let us
�x a Borel subset E of � D such that TjE is an isomorphism of E onto
�R� and put T��� � �TjE���� We associate with each f � H�

��R� the
single�valued function f �T��� on �R�

One has

kfk�H�
��R�

�

Z
�R

jf �T���j� d� �

�we use here the norm in H�� given by kxk� � ������
R
jxj� jdzj�� So

the map f 
�� f � T��� allows us to consider H�
��R� as embedded

isometrically into L���R� �� C k ��

With this agreement� the map f 
�� O � T��� � f extends the
map of Lemma ��	 to an isometric isomorphism of L���R� ���� onto
L���R� �� C k �� Therefore� by Lemma ���� the operator Mz�
� of multi�

plication by z��� on L���R� �� C k � is the minimal normal extension of
the operator SR���

From now on� we assume that the Riemann surface eR� which con�
tains �R� is such that the imbedding R � eR induces an isomorphism
between the fundamental groups ���R� and ��� eR��
Lemma ���� For any � � Chark�R�� there exists an ��automorphic

function A � D �� C
k such that kAk� kA��k are bounded in D �

The proof of Lemma ��� will be given a little bit later�

Let Ibe the unit element of Chark�R�� that is� I��� � I for all � �
G� Then H�

I
�R� is the set of G�invariant functions in H��D �! this space

is naturally isometrically isomorphic to the unweighted Hardy space
H��R� � H��R� I�� In the situation of Lemma ���� the map f 
�� A �f �
f � H�

I
�R�� de�nes a �not necessarily isometric� isomorphism of H�

I
�R�

onto H�
��R�� Since this isomorphism commutes with Mz�
�� we obtain

the following fact�

Corollary� All the operators SR��� � � Chark�R�� are mutually simi�

lar�
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Putting O � A in the construction preceding Lemma ��	� we also
see that each operator SR�� is unitarily equivalent to an operator Mz�
�

on H��R��� for a matrix weight � such that k�k� k���k are uniformly
bounded on R�

De�nition� Characters �� � in Chark�R� are called equivalent �� � ��
if there is a constant u in U�C k � such that ���� � u����u� for all

� � G�

The following statement is in a sense analogous to �	� Theorem �
�

Lemma ���� Suppose that there is a point in C whose preimage on R
consists of exactly one point� Let �� � � Chark�R�� The operators SR��
and SR�� are unitarily equivalent if and only if � � ��

Proof of Lemma ���� Let P � A �� eR be a universal covering
map for eR! we assume A to be a simply connected domain in C � PuteD � P���R�� then eD is connected and simply connected and P j eD is

the universal covering map for R� If � � D �� eD is a conformal map
such that P

�
����

�
� ��� then we can set T � P � �� Let eG be the

group of deck transformations of eR� It is easy to see that the map
g 
�� ��� � �gj eD � � � is an isomorphism of eG onto G! it gives rise to a

canonical isomorphism between Chark�R� and Chark� eR��
Let 	 be the element of Chark� eR� that corresponds to �� There

exists a C k	k �valued 	�automorphic function ( onA such that det ( � �
in A! this assertion in fact is a restatement of the fact that every two
analytic bundles over eR are isomorphic� This fact follows from the

Grauert theorem �	�
� The function A
def
� ( � � is ��automorphic on

D � Since the functions k( � P��k� k(�� � P��k are single�valued and
continuous on R� it follows that A� A�� are in H��D � C k	k ��

Proof of Lemma ���� Let A� B be the matrix functions that corre�
spond to characters �� � as in the above proof of Lemma ���� so that
H�
��R� � AH�

I
�R�� H�

��R� � BH�
I
�R�� Let ) � H�

��R� �� H�
��R� be

the isometric isomorphism such that )SR�� � SR��)� De�ne a func�
tion � in H��D � C k	k � by )�Ac� � � � Ac� c � C n � The hypothesis
implies that there exists a subdomain W in D such that each point in
�z �T��W� has only one preimage on R� For any � � W� if g � H�

��R�
and g��� � �� then g �

�
z �T� �z �T����

�
h for a certain h � H�

��R��
which implies �)g���� � �� It follows that )�f�jW � � � f jW for all
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f � H�
��R�� One easily deduces that

)�f� � � � f � f � H�
��R� �

Since � �A is ��automorphic� it follows that

����� � � � � ���� ������� � � � G �

The map ) extends to a unitary equivalence of minimal normal exten�
sions ��
� We see from Lemma ��	 that there exists a unitary operator *
on L���R� �� C k � such that *jH�

��R� � ) and *Mz�
� � Mz�
�*� Look�

ing at the action of * on functions
�
z���� 


���
�f �T����� f � H�

��R�

and bearing in mind ������ we conclude that *f � �� �T����f for all
f � L���R� �� C k �� Therefore � � T��� is unitary almost everywhere
on �R� that is� � is unitary almost everywhere on E� Since

S
�G ��E�

has a full measure in � D � it follows that � is unitary almost everywhere
on � D �

We can repeat the whole argument for the operator )��f � ��� �
f � f � H�

��R�� Hence �� ��� � H��D � C k	k �� and ��� 	 I on � D �

Consider &��z ��� � �����z�� z � D � We conclude that ��z� 	 u� z � D

for a unitary constant u � U�C k �� Then ����� gives ���� � u����u��
� � G�

The converse if� part of the statement is obvious�

Lemma ��	� Suppose � satis�es ���	� and
R
k�k d� � �� Then the

set of functions on eR that are holomorphic on R is dense in H��R! ���

Proof� Let f � H��R! �� and �  �! then f � T � H��R! e��� wheree� � � �T� We can assume that eR is contained in the double bR of R
��
� We make use of the conditional expectation operator E ��
� It is

easy to see that E maps H��D � e�� onto H��R��� u N � where N is a
�nite�dimensional defect space ��
� If g � H��R! ��� then E�g �T� � g�

Let &r be a rational function on bC � analytic on bC n D � with k&r� f �
TkH��R�e�� � �� Then E&r � H��R���uN � Put r to be the component

of &r in H��R���� Then E&r is meromorphic on R and r is analytic on
R� We have kE&r�fkH��R��� � � and kr�E&rk � dist

�
E&r�H��R! ��

�
�

kE&r � fk � �� Hence kr � fkH��R��� � C�� where C is an absolute
constant�
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��� Characterization of H�
��X���

We assume here that the spectral measure of N has no point
masses� Then d� � jdzj

��	c� We will use the following notation� If

f is a function on 	c and g its lifting to � b��� that is� g
�
�z� z�

�
	 f�z��

then we will write g � f�� f � g� �note that z�projections of di�erent

subarcs of � b�� cannot coincide�� If g is a function on b� or b��� we put

g� � �gj� b���
�! in the latter case gj� b�� denotes the boundary limit

values of g� By ������ de��� � E��� jdzj� and

�	��	�

E���� �
	

��
�
�
z���

��
z���� �

���
Q���

�
	

��
�����
�

�
z���� �

���
Q��� �

for � � � b��� Since j�j 	 	 on � b��� the last expression allows us to con�
sider E� as a function� de�ned and meromorphic on a neighbourhood
of � b�� in b�� We use the sets B� B�� PolQ and the natural number &�
that were introduced in Section ��

Proposition �����

	� For each f � L��e�� the equality f � Q�f holds in L��e��

�� If � � � b�� n PolQ and m � M � m � Q���m� then E���m � �
implies m � ��

Proof� By �	��	�� Ef � EQ�f � which gives 	�� Statement �� also is
obvious from �	��	��

Proposition ����� The embedding H�
��X�� �� L��e�� which is the

composition of the isomorphism a�� � H�
��X�� �� E���� with the

canonical embedding of E���� into L��e�� de�ned by ������ is given by

f � H�
��X�� 
�� f ��

Proof� Let f � a g� g � E����� and h be the image of g in L��e��
that is� g � K �� � �� E h� By �	��	� and the Plemelj jump� formula�

gi � ge � Q�h� Therefore the boundary values of f on � b�� are given
by

�	���� f � � Q�gi � Q��gi � ge� � Q�h �
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By Proposition 	��	� h � Q�h � f � in L��e��

From now on� let us �x points pj on nondegenerate componentsb��
j � and let �j be the harmonic measure for b��

j at pj � We de�ne the

harmonic measure � for � b�� by �j� b��
j � �j �

Lemma ����� For each �� � � b��� there exists c � 	 such that

kQ���k � jz���� z����j�c in a neighbourhood of ���

Proof� By �	��	�� kE����k � jz���� z����j
�c for some rational c� ButR

E�z� jdzj � I� which implies that c � 	� Now we remark that

Q��� � ������
�
�
z���� �

�
E���� �

which gives the statement of the Lemma�

De�nition� Any branching point � of b�� has a neighbourhoodW such

that W nf�g projects j�to�one onto the z�plane for some j � �� We put

the order of the branching point � to be equal to j � 	�

Let Br be the set of branching points of b��� Choose � � N such
that the orders of these points do not exceed � � and � � &� � Put

P � Br� �PolQ � b��� �

Fix an analytic function q on a neighbourhood of clos b��� which has

simple zeros in points of P and no other zeros on clos b���

Let b�j be a nondegenerate component of b� of multiplicity kj � Fix a

function eXj � Hol
�b��

j �L �C kj �M�
�
such that eXj��� C

kj � X��� for all

� � b��
j � Since analytic vector bundles Xj

b��
j are trivial by the Grauert

theorem �	�
� such an eXj exists� Moreover� we will assume eXj to be

analytic on a neighbourhood of clos b��
j in b�j � The map f 
�� eXjf

is an isomorphism between analytic cross�sections of the trivial vector
bundle b��

j � C kj and analytic cross�sections of the bundle X�jb��
j �

De�ne the weight �j by

�j � eX�
j E

� eXj j� b��
j �

We put

H�
� �b��

j ��j��
�
f �q��N��b��

j ! C
kj � � �f j� b��

j �
��L��z�� b��

j �� ���j�
�
�
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It follows from �	��	� that �j j� b��
j is real analytic� except for a �nite

number of power�type singularities� The well�known formula

d� � �������
�g

�n
ds �

which expresses the harmonic measure in terms of the Green function
��
� �	�
 implies that the same is true for the function d���d�� By

Proposition 	��	���� �j is invertible in points of � b��
j nB

�� Put

e�j � jqj�
d��

d�
�j �

Then there is a scalar function s� analytic in a neighbourhood of
clos b��

j � such that s e�j and s e���j are bounded on � b��� This

implies that e�j meets the log�integrability condition ���	�� Therefore
we can rewrite the above de�nition as

�	���� H�
� �b��

j ��j� � q��H�
	b��

j � jqj
� d�

�

d�
�j


�

Functions in this class may have at most poles of order � in points of
P�

Let f�jg be all nondegenerate components of �� We de�ne eX� �
by eXjb��

j � eXj � �j� b��
j � �j �

and put

Hol�b����
M
j

Hol�b��
j � C

kj � � eXH�
� �b������

M
j

eXjH
�
� �b��

j ��j� �

We give eXH�
� �b����� the Hilbert direct sum norm� de�ned by norms

of H��spaces that �gure in �	�����

Theorem ����� Suppose that the spectral measure of N has no point

masses� Let K be a compact subset of b�� such that P � intK� z��K��
z�P� � �� Then

H�
��X�� �

�
f � eXH�

� �b����� �

�f�K�z�
def
�

X
z����z

��K

f��� is bounded near z�P�
�
��	����
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and the norms in these two spaces coincide�

Some of the points of z��
�
z�P�

�
may lie on � b��� but the values

of f in neighbourhoods of such points are not taken into account in the
above expression for �f�K� Therefore for each f � eXH�

� �b������ �f�K
is meromorphic on z�P� and has on it at most poles of order � � So the
above condition on f reduces to a �nite number of linear conditions�

Spaces H�
��X�� and H

�

���Y�� can be characterized in the same
way�

Denote the right hand part of �	���� by eH�
��X���

Proposition ���	� The map f 
�� f � de�nes isometries of H�
��X���eH�

��X�� into L
��e� �the norm in eH�

��X�� is inherited from H�
� �b�������

Proof� The �rst map is an isometry by Proposition 	���� The second
map is isometric because for f � eXv � eXH�

� �b������

kfk�
eH�
��X��

�

Z
h��v� vi d� �

Z
hEf� fi d� � kfk�L��e� �

Proof of Theorem �	��� By the above proposition� to prove that
H�
��X�� � eH�

��X��� it su$ce to check that a complete subset of

H�
��X�� is contained in eH�

��X��� and vice versa�

�� By �	�		�� the functions

�t�m�z� �
��z�

z � t
m �

with t � C n 	 and ��t�m � � are complete in E����� Therefore the
corresponding functions

f��� � �a�t�m���� � Q���
�
z���� t

���
m

are complete in H�
��X��� Take any such f � Fix a point z� � z�P�� and

let us prove that �f�K does not have pole in z� �the most di$cult case
is when z� � 	c�� We have

�	���� �t�m�z� � a��f�z� � �f�K�z� � �f�
b��nK

�z� � z � C n 	 �

By Lemma 	���� j�f�
b��nK

�z�j � jz � z�j�c in a neighbourhood of z�
for some c � 	� On the other hand� from ����� and the fact that
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�z � ��E � L��jdzj� one can conclude that j�t�m�z�j � o
�
dist�z� 	c�

�
�

z �� z�� By �	����� �f�K�z� cannot have a pole in z��

Let f � eXg� then g is meromorphic on a domain containing
clos b��� Therefore f � q�N �N��b��

j � C
kj �� Since

kgkL��� b���d����
�
����� � t

���
m
��
L��e�

�� �

we get that f � eH�
��X���

�� To prove the converse inclusion� take any f � eH�
��X��� which

has the form f � eXg for a function g � q�N � Hol�e��
j � C

kj �� wheree��
j are neighbourhoods of clos b��

j � Then� obviously�Z
h��g�� g�i d� �

Z
hE eX�g�� eX�g�i d� �� �

By Lemma ���� such functions f � eXg are dense in eH�
��X���

The function a��f is bounded and analytic on C n	c and takes value
� at�� Writing down its Cauchy representations in the components of
C n 	c and summing them up� we arrive at the formula

a��f �
	

��i
K�i � f �� �

because f � is the jump of a��f on 	c� Since f
� � L��e� and �a��f���� �

���� �a��f���� on C n 	c �see ���	��� we conclude that a��f � E�����
Thus f � aE���� � H�

��X���

��� Simple subnormal operators�

De�nitions� A polynomial P �z� w� will be called admissible if it has a

form

P �z� w� �
nX
i��

nX
j��

aij z
iwj �

where n  � is an integer� ann � 	� and aji � aij� � � i� j � n� and P
has no irreducible factors of the type z�z�� w�w�� An algebraic curve

� in C P � is called admissible if it is given by an equation P �z� w� � �
for some admissible P � We put rank� � n�
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If � � �k�
� � � � � � �kT

T is the decomposition of � into the union
of irreducible curves� then rank� �

P
kj rank�j �

One sees from ���	� that each discriminant curve of the type studied
above without degenerate components is admissible� Also� the product
of two admissible polynomials is admissible�

Lemma ����� For each admissible algebraic curve �� the sets z�b���

and w�b��� are bounded�

Proof� Let w � wk�z� be all �possibly multivalued� analytic functions
that are de�ned in a neighbourhood of z �� by the implicit equation
P �z� w� � �� Put K �

P
i�j jaij j� Then �z� w� � � and jzj  K imply

jwj � K �by the triangle inequality�� It follows that

wk�z� � 
k � �k �k�z
���ck �

where 
k� �k � C � ck  � are rational and �k are analytic in �� with
�k��� � � and ��k��� � 	� An easy calculus now shows that

��
�
�z� w�

���
�

dw

dz
�� �

if w � wk�z� and z �� �� This shows that z�b��� is bounded� The

set w�b��� is also bounded� because w�b��� � z�����

Now let b� be the discriminant surface of a subnormal S of �nite
type such that the spectral measure of N has no point masses �but

we allow b� to have degenerate components�� As before� let b�j be the

nondegenerate components of b�� pick points pj � b��
j and denote by �j

the harmonic measures of b��
j with respect to pj � Put � �

P
j �j � The

corresponding measure �� on 	c is absolutely continuous with respect
to the arc length measure�

We can de�ne an H��b����calculus for N � we put

�		�	� f�N� � �f jb���
��N� � f � H��b��� �

De�nition� Let N have no point masses� Then S is called simple

if it admits the H��b����calculus� that is� f�N�H � H for all f �

H��b����
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Choose a function r� which is holomorphic on a neighbourhood of
clos b�� and has zeros exactly in branching points of b�� of orders that

are equal to orders of these points� Let K be the subset of b�� from
Theorem 	����

Proposition �����

i� For any f � Hol�b���� �r
��f�K is bounded near z�P��

ii� If f is meromorphic on b�� and ��f�K is bounded near z�P�

for all � � H��b���� then rf � Hol�b����

The proof of i� is elementary� When proving ii�� one can use the

fact that if ��� � � � � �l are points of b�� that project into the same point
z� and W�� � � � �Wl are their small neighbourhoods and � is analytic in
W�� then for any s � N there is � in H��b��� such that ���jW� and
�jWj � j � 	 have zeros of orders � s in �j � We omit the details�

Note that Proposition 		�� is true for vector�valued functions f �
Hol�b���M� as well�

Proposition ����� The following are equivalent�

	� S is simple�

�� rQ is analytic on b���

�� H�
��X�� � r�� eXH��b����

��� where

�� � jrj
d��

d�
� �

Proof� �� implies 	�� If �� holds� then for every f � H�
��X��� rf

is analytic on b�� �because functions Q���
�
z��� � t

���
m with m � M �

t � C n 	� ��t�m � � are complete in H�
��X���� By Proposition 		���i�

and �	����� H��b��� acts by multiplication on H�
��X��� Therefore S

is simple�

	� implies ��� By Proposition 		���i� and �	�����

r�� eXH��b����
�� � H�

��X�� �
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If f � H�
��X��� then ��f�K has to be bounded near z�P� for all � �

H��b���� By Proposition 		���ii�� f is in r��Hol�b���� and so by

Theorem 	���� f � r�� eXH��b����
���

�� implies ��� Trivially� because Q���m � H�
��X�� for all m �M �

These arguments imply that for a simple subnormal S� the order
of pole of Q at each branching point of b�� equals to the order of this
branching point�

We remark that if 	���� hold� then the range norm on

r�� eXH�
	b��� jrj

d��

d�
�



coincides with the norm on H�
��X���

The following lemma extends a result by McCarthy and Yang �	��
Theorem 	�	�
�

Lemma ����� Let � be any irreducible admissible separated algebraic

curve� and � a matrix C
k	k �valued log�integrable weight� De�ne an

operator S on H��b����� by Sf��� � z��� f��� �to de�ne the harmonic

measure� we choose any base point�� Then S is a simple subnormal

operator of �nite type and rank �S�� S
 � k rank��

Proof� Lemma 		�	 implies that S is bounded� By Lemmas ��	
and ���� it is subnormal� and its minimal normal extension is given by
Nf��� � z��� f���� f � L��� b��� ����� The operator S� acts by

S�f � PH��b�����
�z f� � f � H��b����� �

which gives

�		���

Ker�S�� S
 �
�
f � kSfk � kS�fk

�
�
�
f � H��b����� � z f � H��b�����

�
�
�
f � H��b����� � w��� f��� � Hol�b��� C

k �
�
�

The sum of orders of all poles of w��� on b� equals rank�� By Lemma

		�	� w��� has no poles on b��� Hence the last expression in �		��� gives
CodimKer�S�� S
 � k rank�� By the remark in ���� Section �
� the
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nondegenerate part of the discriminant surface of S coincides with ��
As S trivially admits H��b����calculus� it is simple�

Xia�s exposition in ���
 uses the notion of a quadrature domain
on a Riemann surface�� He de�nes it as a domain D with a boundary�
consisting of recti�able Jordan curves on a branched Riemann surface
equipped with a projection z��� onto C such that w��� � z��� for some
function w���� meromorphic on closD� It is easy to see that

�
D� z���

�
is

a quadrature domain on a Riemann surface if and only if D � b�� for

some irreducible admissible separated algebraic curve b� in C
� �

Theorem ���	� A Hilbert space operator is simple subnormal of �nite

type if and only if there exist an admissible separated algebraic curve

� � ��
kj
j � points pj � b��

j and homomorphisms �j � Charkj �b��
j �

such that S is unitarily equivalent to

�		���
M
j

S��

j ��j �pj

�see the notation in Section ��� In this case� rank �S�� S
 � rank��

Proof� If S is simple subnormal� then by Proposition 		��� S is uni�
tarily equivalent to the operator of multiplication by z��� on the space

H��b����
�� �

M
j

H��b��
j ��

�
j� �

where � is the discriminant curve of S and �j are its nondegenerate

components� Then ��
kj
j is an admissible separated algebraic curve� By

Lemma ��	� S is unitarily equivalent to an operator of the form �		����
The converse follows from Lemma 		���

Remark� The discriminant curve of a simple subnormal operator has
no degenerate components�

Indeed� let S be simple� and let � �
S
�
kj
j �

S
��
l
cl be the the

discriminant curve of S� where the �l are nondegenerate components
of � and ��

l are degenerate� Put n � rank�� By Lemma 		���

X
j

kj rank�j �
X
l

cl � n � rank �S�� S
 �
X
j

kj rank�j �
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The following statement answers the questions of simiarity and unitary
equivalence of simple subnormal operators�

Proposition �����

	� Two simple subnormal operators are similar if and only if their

discriminant surfaces coincide and the multiplicities of their irreducible

components also agree�

�� Let S � �jSb��

j ��j �pj
and S� � �jSb��

j ��
�

j �pj
be two simple sub�

normal operators with the same discriminant curve � � ��
kj
j and the

same choice of base points pj � b��
j � Then S and S� are unitarily

equivalent if and only if �j � ��j for all j�

Proof� 	�� The if� part follows from Theorem 		�� and Corollary to
Lemma ���� The converse follows from the Remark in ���� Section �
�

Let S� S� be as in ��� and let S� � L��SL� where L is a unitary

isomorphism� Then f�S�� � L��f�S�L for all f � H��b���� which
implies that L splits� L � �Lj � where for each j� Lj is a unitary iso�

morphism between H�
�j
�b��

j � and H
�
��

j
�b��

j �� Now the statement follows

from Lemma ����

Let S be rationally cyclic and irreducible� It is easy to see that
then b� has only one nondegenerate component b��� b��

� projects home�
omorphically into C and k� � 	� For this case� the above fact has been
proved by McCarthy and Yang ��	�� Theorem ���
��

��� Internal Riemann surface models and general structure
theorems�

����� Elimination of point masses�

Since N is unitarily equivalent to the operator of multiplication
by z on L��e�� S has no point masses if and only if e��� is absolutely
continuous with respect to the arc length measure� In general� as follows
from Theorem A� e��� � ea���� es���� where ea is absolutely continuous
and es is a �nite sum of matrix point masses� Since N is unitarily
equivalent to Mz on L��e�� we have the corresponding orthogonal sum
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decompositions

K � Ka �Ks � N � Na �Ns �

Put H� � PKa
H and consider an operator L � H � H�� given by

Lx � PKa
x � x � H �

The following simple fact will be used in the sequel� if T is a subnor�
mal operator and T� its restriction to an invariant subspace of �nite
codimension� then rank �T �� T 
 �� if and only if rank �T �� � T�
 ���

Lemma ����� The space H� is closed and L is invertible� The opera�

tor S�
def
� LSL�� on H� is pure subnormal without point masses� and

rank �S�� � S�
 ���

Proof� We have

hLx� Lxi �
�
�I � PHPKs

PH�x� x
�
� x � H �

Let t be the maximal eigenvalue of the �nite rank self�adjoint operator
PHPKs

PH � Since H � Ks � �� it follows that L is one�to�one� and
therefore t � 	� Hence L is an isomorphism onto its range� Obviously�
LSx � LNx � NLx for x � H� which implies that N jKa is a normal
extension of S� with absolutely continuous spectrum� So S� has no
point masses�

At last� put H� � H�Ka and S� � SjH�� Since rankH�H� ���
we have rankH��H� ��� and thus rank �S�� � S�
 ��� rank �S�� � S�
 �
��

So for any operator S we have de�ned in a canonical way a sub�
normal operator S� without point masses� which is similar to S�

����� Passage to a simple subnormal operator� a �nite�dimen�
sional extension�

Here we assume S to be a subnormal operator of �nite type without
point masses� De�ne a linear manifold

�	��	� eH � span
�
f�N�H � f � H��b���

�
�
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clearly� eH � H�

Proposition �����

	� eH is a closed invariant subspace of N � and dim eH �H is �nite�

�� eS def
� N j eH is a simple subnormal operator�

Proof� Let f � H��b���� and let eU � W be the operators from Section
���� By Theorem 	���� the multiplication by f sends H�

��X�� intoeXH�
� �b������ This action agrees with the action of f�N�� that is� if

x � H and u � aUx � H�
��X��� then

�	���� f �u� � Wf�N�x

�see Proposition 	����� Let

H�X�� � span
�
f u � f � H��b���� u � H�

��X��
�
�

it follows from �	��	�� �	���� that

eH �
�
W��u� � u � H�X��

�
�

Since H�
��X�� � H�X�� � eXH�

� �b������ H�X�� is closed and

dimH�
��X���H�X�� �� �

By Proposition 	���� the map u 
��W��u� is an isometry from

eXH�
� �b�����

into L��e�� This implies both assertions of 	�� Since N is a normal

extension of eS and f �H�X�� � H�X�� for all f � H��b���� we obtain
���

It is clear that eH is the minimal closed subspace of K such thateH � H and N j eH is simple subnormal�



��� D� V� Yakubovich

����� Main structure result�

Let S be a subnormal operator of �nite type� Following the above
procedures� we can construct from it an operator S� without point
masses and then a simple operator eS�� The operator eS� may be called
the canonical simple operator that corresponds to S�

Theorem ����� Let S be a subnormal operator of �nite type� Let S�
be the operator obtained from S by eliminating point masses� and eS� be
the canonical simple operator corresponding to S�� suppose that eS� acts
on a space eH�� Then

	� There exist eigenvalues 
k� 	 � k � r of eS�� and corresponding

Jordan chains f�j�kg
mk

j�� of generalized eigenvectors�
�eS�� �
k

�
���k � ���eS�� � 
k

�
�j�k � �j���k

� j � 	� � � � �mk� such that S� � eS�jH�� where

H� �
�
x � eH� � hx� �

j
�k
i � � � 	 � k � r� � � j � mk

�
�the 
k�s are not necessarily distinct��

�� There is a �nite set f�jg and operators lj � H� �� C
tj � tj � N�

	 � j � m� with
�
S�� � ��j

�
l�j � � such that the operator S coincides

with S�� acting on the renormed space �H�� k � k��� where

�	���� kxk��
def
� kxk� �

mX
j��

kljxk
� �

Conversely� let eS� be any simple subnormal operator of �nite type and

let S be obtained from eS� by applying the above procedure� where f�j�jg

and fljg are arbitrary �nite families with the above properties� Then S
is a pure subnormal of �nite type�

The �rst part of this theorem is a corrected version of Xia�s The�
orem � in ���
� Xia�s formulation is not accurate� because it would
follow from it that every subnormal operator of �nite type is simple
�see example 	� below��

If one combines this theorem with Theorem 		��� he will obtain a
functional model representation of an arbitrary subnormal operator of
�nite type� One can call it the internal Riemann surface representation�
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Remark� If S is obtained from eS� in the way described in the theorem
and S� is the canonical simple subnormal that corresponds to S� then
S� may be di�erent from eS�� For instance� if eS� is the standard shift
operator eS�f�z� � zf�z� on H�� then each its restriction S � S� to an
invariant subspace of �nite codimension is simple itself� so that S� � S
and S� � eS��
Examples� 	� Let S � Mz �Mz on H � H��D � �H��D � 	���� then
S is a simple subnormal operator with rank �S�� S
 � �� Put

h�f� g�� �i � f
	�
�



� g

	�
�



� �f� g� � H �

It is immediate that �S� � ����� � �� so that

H� � ���� �
n
�f� g� � f

	�
�



� g

	�
�


o

is an invariant subspace of S� and S� � SjH� is a subnormal of �nite
type� The discriminant curve of S is

� � fz w � 	g
�n	

z �
	

�



w � 	

o
which implies that ��� as a Riemann surface over the z�plane� consists
of two sheaves that cover in a bijective way� respectively� D and D �	���

Since H� is not H��b����invariant� S� is not simple� The canonical
simple subnormal operator that corresponds to S� coincides with S�
One can say that S� is obtained from S by glueing� the points of ��

over ����

�� Suppose S is a simple subnormal operator� b� has only one non�

degenerate component of multiplicity one� and b�� is simply connected�
By Theorem 		��� S is unitarily equivalent to the multiplication oper�
ator Mz on H��b��� �for any base point in b���� and let us identify S

with this model� Suppose b�� has a branching point �� of order 	� For
instance� one can take

Sf��� �
	
� �

	

�


�
f���

on H�� Then b�� can be identi�ed with the unit disc� with the z�
projection given by z��� � �� � 	����� � � D � Fix a branch of the



��� D� V� Yakubovich

function ���� �
�
z����z����

��
�
� then � is an analytic homeomorphism

of a neighbourhood of �� onto a neighbourhood of �� Put

l u �
�
u � ���

��
��� � u � H��b��� �

Then l
�
S� z����

�
� lM�� � �� so that we can put kuk�� � kuk�� jluj��

u � H��b��� �see �	������ This example shows that the expression for
kljxk� in �	���� may fail to have the form

X
z��s��z��t���

hest u��s�� u��t�i �

which was given in ����Theorem �
�

Proof of Theorem ����� �� We use the notation of Section 	��	�
Put kxk� � kL��xk� x � H�� By the spectral theorem� there exist
tj � N � Gj � K �� C tj and �j � C such that GjNy � �j y and
kPKs

yk� �
Pr

� kGjyk� for all y in K� Put lj � GjL
��� Then

lj�S� � �j� � Gj�S � �j�L
�� � Gj�N � �j�L

�� � � �

kxk�� � kxk� � kPKs
L��xk� � kxk� �

rX
j��

kljxk
� � x � H� �

This proves the statement�

	� By Section 	���� S� is a restriction of eS� to its invariant subspace
H� such that dim eH� �H� is �nite� Put R � eH� �H�� then eS��R � R�
So the statement follows from the linear algebra theorem on the Jordan
structure� applied to the operator eS�� jR�

Let S�� S� be two subnormals of �nite type� Let S�� � S
�
� be the

corresponding subnormals without point masses and eS�� � eS�� the corre�
sponding simple subnormals� Then S�� S� are unitarily equivalent if
and only if eS�� � eS�� are unitarily equivalent� S�� � S

�
� are obtained fromeS�� � eS�� by passing to the same invariant subspace �in the sense of the

latter unitary equivalence�� and S�� S� are obtained from S�� � S
�
� by

the same �nite rank perturbation of the norm� We remind the reader
that the question of unitary equivalence of simple subnormals has been
completely answered in Proposition 		���
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Notation �some of the entries appear several times��

M � C� �� � Section �

F � e� E � G� E����� E�
��	� ��� E

�
����� E

�

��	� ���� L��e��
L�z�� L��z�� K� K� KFEL��e�� KG�EL��e�� P�� �t�m� ���t�m�
��z�� h�� �id Section 	

A� H� H �� H�� H
�
�� K� M � M�� L�z�� L

��z�� N � PH � PH� �eU � eV � 	� ��z�� ��z� Section �

W Section �

J � H�z�� U � V Section �

Q� T � z���� w���� 	� 	c� b�j � b��� b��� b��� ��� b�deg� b�ndeg�
�C���� ��z�� ��z�� ��z� Section ��	

e� K�� � ��EL��e�� KEL��e�� j� S�� W Section ���

a� b� B� H�
��X��� H

�
��X��� H

�

���Y��� H
�

���Y��� PolQ�
X� X�� Y � Y�� &� Section �

��� �� Section �

Chark�R�� H�
��R�� H��R���� L���R� ����� M'ob �D ��

N �R�� N��R�� SR��� SR���p� T� U�C k � Section �

Br� E�� q� Q�� P� H�
� �b��

j ��j�� H
�
� �b������ eXj � eX�

� � �j � �� �j � � Section 	�

rank�� r� �� Section 		

H�� H�� Ka� Ks� L Section 	�
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