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Abstract� In this paper we prove global existence and uniqueness
for solutions of the ��dimensional Navier�Stokes equations with small
initial data in spaces which are H�i in the i�th direction� �� � �� � �� �
���� ���� � �i � ��� and in a space which is L� in the 	rst two

directions and B
���
��� in the third direction� where H and B denote the

usual homogeneous Sobolev and Besov spaces


R�esum�e� Dans cet article on montre l�existence et l�unicit�e globale
des solutions des �equations de Navier�Stokes tridimensionnelles pour
des donn�ees initiales petites dans des espaces qui sont H�i dans la i�eme

direction� �� � �� � �� � ���� ���� � �i � ��� ou dans un espace

qui est L� dans les deux premieres directions et B
���
��� dans la troisieme

direction� ou H et B sont les espaces de Sobolev et de Besov homogenes
habituels


�� Introduction�

In this paper we study the problem of global existence and unique�
ness for solutions of the ��dimensional Navier�Stokes equations
 These

�
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equations are the following

�N�S�

�����
�tU � U � rU � � �U � �rP �

divU�t� �� � � � for all t � � �

U jt�� � U� �

Here� U�t� x� is a time�dependent three�dimensional vector�	eld

The goal of this work is to solve these equations in the spaces

H�������� � �� � �� � �� �
�

�
� �

�

�
� �i �

�

�
�

and in the space
HB������� �

where the 	rst space is H�i in the i�th direction and the second space is

L� in the 	rst two directions and B
���
��� in the third direction� where Hs�

respectively Bs
p�q� denote the usual homogeneous Sobolev� respectively

Besov� spaces
 We are using homogeneous spaces because they are
more easy to handle in the case of the Navier�Stokes equations and�
in addition� they are larger than the classical ones� so we obtain more
general results


By solving �N�S� in the space X we mean proving the global ex�
istence and uniqueness of solutions for small initial data in X and the
local existence and uniqueness of solutions for arbitrary initial data in
X


The 	rst paragraph is devoted to the study of the spaces Hs��s��s� �
essentially the proof of a product theorem in these spaces
 A some�
what similar theorem was proved by M
 Sabl�e�Tougeron in ��� for the
H�ormander spaces


The second paragraph contains the resolution of �N�S� in

H�������� � �� � �� � �� �
�

�
� �

�

�
� �i �

�

�
�

The methods used here are inspired from a paper of J
�Y
 Chemin and
N
 Lerner �see ����
 The case when one of the �i equals ��� is important
but it cannot be studied through our results because H����R� is not an
algebra
 This di�culty is partially avoided by replacing H����R� with

B
���
��� �R� which has the property to cancel this critical case
 And this

is how we come to solve �N�S� in the space HB������� during the third
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paragraph
 The same method of replacing Hs with Bs
��� may be used in

the resolution of general hyperbolic symmetric systems
 These systems
can be solved in the space Hs�Rd �� s 	 d���� but the case s � d����

cannot be proved unless we replace Hd���� with B
d����
��� �a short proof

is given in the Appendix�

Finally� the last paragraph makes a comparison between this article

and the results which are known
 We shall see there that the space
HB������� is not imbedded in any of the spaces introduced by H
 Kozono

and M
 Yamazaki in ���� N
�����p
p�q�� � provided that � � q � p � � q���

p 	 �
 We are not able to prove an imbedding or a nonimbedding
if p � � q��
 The space H�������� is also interesting if we remark� for
instance� that we allow negative values for �i


The results of this article can be easily extended to an arbitrary
dimension� here we consider R� only for sake of simplicity
 In fact� if
we work in R

d � we can solve �N�S� in the spaces

H�����������d � �� � �� � � � �� �d �
d

�
� � � �

�

�
� �i �

�

�
�

and in the space

HB����������� �

where the 	rst space is H�i in the i�th direction and the second space

is L� in the 	rst n�� directions and B
���
��� in the last one
 For instance�

we can solve the �D Navier�Stokes equations with small initial data
in H����� � � � � ���� that is in a space of functions which are not
square�integrable


�� Study of the anisotropic spaces and preliminary results�

We work in R
� and we denote by x � �x�� x�� x�� the variable in

R� 
 If q � �q�� q�� q�� � Z� and s � �s�� s�� s�� � R� then we de	ne
q � s � q�s� � q�s� � q�s�
 Also� if 
 � �
�� 
�� 
�� then we note



s

� j
�js� j
�js� j
�js� 

Let

Lp � Lp��p��p�

� fu such that kukLp
def
� k k ku�x�� x�� x��kLp�

x�
kLp�

x�
kLp�

x�
��g
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and �p be the analogous space for sequences
 Also� when p � q � r we
shall note �p�p�p � �p and Lp�p�p � Lp
 If u is a function u � ��� T � �
R
n �� C then we note

kukLp
T �L

q	
def
� k ku�t� x�kLq�Rn	kLp���T 	 �

The order of integrations is important� as the following remark shows
it�

Remark ���� Let �X�� ���� �X�� ��� be two measure spaces� � � p � q
and f � X � Y �� R
 Then

k kf��� x��kLp�X����	kLq�X����	 � kkf�x�� ��kLq�X����	kLp�X����	 �

Indeed

k kf��� x��kLp�X����	kLq�X����	 �
����Z

X�

fp��� x�� d��

���
Lq�p�X����	

���p
�
�Z

X�

kfp�x�� ��kLq�p�X����	 d��
���p

� k kf�x�� ��kLq�X����	kLp�X����	 �

The H�older and Young inequalities for the Lq spaces take the form

kf gkLp � kfkLq kgkLr �

where
�

pi
�

�

qi
�

�

ri
�

for all i � f�� �� �g� and

kf 	 gkLa � kfk
Lb
kgkLc �

where

� �
�

ai
�

�

bi
�

�

ci
�

for all i � f�� �� �g

We can prove a variant of the Littlewood�Paley lemma for the Lq

spaces�
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Lemma ���� If

supp �u 
 B��� r 
�� r 
�� r 
��

def
� f � R

� such that j�j � r 
�� j�j � r 
�� j�j � r 
�g

and a� � b�� a� � b�� a� � b�� � � ���� ��� ��� is a multi�index� then

k��uk
Lb
� C 


�����a����b�
� 


�����a����b�
� 


�����a����b�
� kukLa �

Proof� Let � � C�� �R�� � equal to � near the ball of center � and
radius r� g � F�����
 Then

�u�� � �
� �

�

�
�
� �

�

�
�
� �

�

�
�u�� �

and thus

u�x� � 
� 
� 
�

Z
R�

g�
� y�� g�
� y�� g�
� y��u�x� y� dy �

Di�erentiating and using Young�s inequality ends the proof


Before introducing our functional spaces let us recall that the ho�
mogeneous Besov spaces are de	ned to be the closure of compactly
supported smooth functions under the norm

kukBs
p�q

def
� k�isk�iukLpk�q �

The need of taking the closure of compactly supported smooth func�
tions comes from the fact that the quantity above is only a semi�norm
since the �norm� of a polynomial vanishes
 Another way of de	ning
these homogeneous spaces is to take equivalence classes of distributions
modulo polynomials and to remark that we obtain in that way a real
norm
 For further details on Besov spaces �homogeneous or not� see
����


De�nition ���� We denote by Hs��s��s� � Hs the closure of compactly

supported smooth functions under the norm

jujs��s��s�
def
� jujs

def
� k

s
�u��kL� �
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The space Hs��s��s� is a Banach space of distributions if s� � ����
s� � ��� and s� � ���


We denote by � a dyadical partition of unity in R� that is a smooth
function supported in the ring of center �� small radius ���� large radius
��� and such that

P
q�Z����q � � � for all  �� � �see ���� ����
 De	ne

�i
q � ����qDi� �

Siq �
X

p�q��

�i
p �

Sq � Sq��q��q� � S�
q�
S�
q�
S�
q�
�

�q � �q��q��q� � ��
q�

��
q�

��
q�
�

Sq � Sq�q�q �

�q � Sq�� � Sq �

The following lemmas are easy to prove�

Lemma ���� If u � Hs then

jujs � k�q�s k�q ukL�k�� �

Lemma ��	� If up is a sequence of functions such that

supp �up



n �

�
�p� � j�j � � �p� �

�

�
�p� � j�j � � �p� �

�

�
�p� � j�j � � �p�

o
and

k�p�s kupkL�k�� �� �

then

u �
X
p

up � H
s��s��s�

and

jujs��s��s� � C k�p�s kupkL�k�� �
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If s� 	 � it is enough to assume that

supp �up 

n
j�j � � �p� �

�

�
�p� � j�j � � �p� �

�

�
�p� � j�j � � �p�

o
�

If s� 	 � and s� 	 � it is enough to assume that

supp �up 

n
j�j � � �p� � j�j � � �p� �

�

�
�p� � j�j � � �p�

o
�

If s� 	 �� s� 	 � and s� 	 � it is enough to assume that

supp �up 
 fj�j � � �p� � j�j � � �p� � j�j � � �p�g �

The next theorem studies the problem of products in the Hs��s��s�

spaces


Theorem ���� Let u � Hs� v � Ht such that si � ���� ti � ����
si � ti 	 �� i � f�� �� �g� Then

u v � Hs�t�������������	

and

ju vjs�t�������������	 � C jujs jvjt �

Proof� We shall give a proof which imitates the argument for the clas�
sical Sobolev spaces
 This will be done by introducing ��dimensional
paraproduct operators
 We recall the de	nition of Bony�s decomposi�
tion

u v � T �u� v� � R�u� v� � eT �u� v� �

where

T �u� v� �
X
q

Sq��u�qv �

R�u� v� �
X

jp�qj��

�pu�qv �

eT �u� v� � T �v� u�
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�see ���� ����
 It is well�known that T � Hs�R��Ht�R� �� Hs�t�����R�
is well�de	ned and continous if s � ���
 The same is true for R if
s � t 	 �
 Here we use the analogous of this decomposition

u v � �T � � R� � eT �� �T � � R� � eT �� �T � � R� � eT ���u� v�

understood as the sum of �� terms
 The de	nition of each term is a
straightforward extension of the classical paraproduct and remainder

The reader may give the de	nition of each term we give� for instance�
the one of the term T �R� eT ��u� v�

T �R� eT ��u� v� �
�X

i���

X
p

S�
p��� ��

p�
��
p�
u��

p�
��
p��i S

�
p���v �

We shall prove that each of the �� operators we 	nd is continuous

Hs �Ht �� Hs�t�������������	 �

under weaker hypothesis than those given in the theorem
 More pre�
cisely� the conditions to assume are given by the composition of the
term in the following manner� if the term contains T i then we have
to assumme si � ��� if the term contains Ri then we have to assume

si � ti 	 � if the term contains eT i then we have to assume ti � ���


For instance if we want the term T �R� eT � to be continous then we have
to assume that s� � ���� s� � t� 	 �� t� � ���
 This term is the most
di�cult to handle so we prove the assertion only on it
 We have

T �R� eT ��u� v� �
�X

i���

X
p

wi
p �

where

wi
p � S�

p��� ��
p�

��
p�
u��

p�
��
p��i S

�
p���v �

Using several times the anisotropic form of H�older�s inequality� the de	�
nition of the operators S� and S� as well as the anisotropic Littlewood�
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Paley Lemma �
� one can show that

k�q w
i
pkL�

� �q��� kwi
pkL�����

� �q��� kS�
p��� ��

p�
��
p�
ukL�����k��

p�
��
p��i S

�
p���vkL�����

� �q���
X

r��p���
r��p���

k��
r�

��
p�

��
p�
ukL�����k��

p�
��
p��i ��

r�
vkL�����

��
��

� �q���
X

r��p���

r��p���

�r����r���k��
r� ��

p� ��
p�ukL�k��

p� ��
p��i ��

r�vkL� �

Let us introduce
a q � �q�s k�q ukL�

and
b q � �q�t k�q vkL� �

Since s� � ��� and t� � ���� inequality ��
�� implies

��
��
k�q w

i
pkL� � C �q��� �p������s��t�	 ��p��s��t�	 �p������s��t�	

� ka pk��p� kbp��p��i�p�k�
�

p�
�

whence

��
��

�q��s�t�������������		 k�q w
i
pkL�

� C ��q��p�	�s��t�����	 ��q��p�	�s��t�����	

� ��q��p�	�s��t�	 ka pk��p�
kbp��p��i�p�k��p�

�

Since jp� � q�j � �� q� � p�� jp� � q�j � � we obtain

�q��s�t�������������		 k�qT
�R� eT ��u� v�kL�

� C
�X

i���

X
jp��q�j��

jp��q�j��

X
p��q�

��q��p�	�s��t�	ka pk��p�
kbp��p��i�p�k��p�

�
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Taking the ��q��q� norm gives

k�q��s�t�������������		k�qT
�R� eT ��u� v�kL�k��q��q�

� C
�X

i���

X
p��q�

��q��p�	�s��t�	ka pk��p��p�
kbp��p��i�p�k��p��p�

�

Taking the ��q� norm� applying Young�s inequality and using that s� �
t� 	 � yields

k�q��s�t�������������		k�qT
�R� eT ��u� v�kL�k��

� C
�X

i���

k ka pk��p��p�
kbp��p��i�p�k��p��p�

k��p�
�

Finally� H�older�s inequality implies

k�q��s�t�������������		k�qT
�R� eT ��u� v�kL�k�� � C kapk�� kbpk�� �

that is
jT �R� eT ��u� v�js�t�������������	 � C jujs jvjt �

This completes the proof


We shall now adjust this study to the case of the spaces HBs��s��s�

� HBs de	ned as the closure of compactly supported smooth functions
under the norm

jujHBs
def
� k�q�sk�q ukL�k������ �

Remark ���� In this de	nition� when we apply the ������ norm� we
	rst take the �� norm and afterwards the others� but all the work we
do is valid for the spaces HB obtained by appling the ������ norm in an
arbitrary manner
 We choosed this order because� according to Remark
�
�� this space is the largest


Remark ���� For all real numbers s�� s�� s� the space HBs is strictly
included into the space Hs
 Moreover� HBs is a Banach space of dis�
tributions for s� � ���� s� � ��� and s� � ���
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The lemmas �
� and �
� will modify in an obvious way� only the
product theorem is relevant for the �N�S� equations


Theorem ���� Let u � HBs� v � HBt such that si � ���� ti � ����
si � ti 	 �� i � f�� �g and s� � ���� t� � ���� s� � t� 	 �� Then

u v � HBs�t�������������	

and

ju vjHBs�t�������������� � C jujHBs jvjHBt �

Proof� The proof is almost identical to the preceding one� the mod�
i	cation� which allows us to take into account the case s� � ��� or
t� � ��� is that the classical paraproduct T � Bs

����R� � Bt
����R� ��

B
s�t����
��� �R� is well�de	ned and continous if s � ���
 Hence� we shall

prove that each of the �� operators is continous under the same as�
sumptions as above� with the modi	cation that if a paraproduct in the
third direction is involved� then we can allow s� or t�� depending on
the paraproduct� to be equal to ���
 The only problem in the proof is
that at the end we have to commute some norms which give raise to
the wrong inequality
 We have to restart from inequality ��
��

��
��

k�q w
i
pkL� � �q���

X
r��p���
r��p���

�r����r���k��
r�

��
p�

��
p�
ukL�

� k��
p� ��

p��i ��
r�vkL� �

Recall that
a q � �q�s k�q ukL�

and
b q � �q�t k�q vkL� �

We use that jp�� q�j � �� jp�� q�j � � to rewrite the last inequality as

��
��

�q��s�t�������������		 k�q w
i
pkL�

� C ��s��t�	�q��p�	
X

r��p���
r��p���

��r��p�	�����s�	��r��p�	�����t�	

� ar��p��p� bp��p��i�r� �
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Now we sum on i� p and q� to obtainX
q�

�q��s�t�������������		k�qT
�R� eT ��u� v�kL�

� C
�X

i���

X
jp��q�j��
p��q�

��s��t�	�q��p�	

�
X

r��p���

��r��p�	�����s�	

�
X
p�

X
r��p���

��r��p�	�����t�	

� ar��p��p� bp��p��i�r�

� C
�X

i���

X
jp��q�j��
p��q�

��s��t�	�q��p�	
X

r��p���

��r��p�	�����s�	

� kar��p��p�k��p�
kbp��p��i�r�k��r�

� C
�X

i���

X
jp��q�j��
p��q�

��s��t�	�q��p�	 k kar��p��p�k��p�
k��r�

kbp��p��i�r�k��r�
�

Since jp� � q�j � �� applying Hold�er�s inequality gives

k k�q��s�t�������������		 k�qT
�R� eT ��u� v�kL�k��q�

k��q�

� C
�X

i���

X
p��q�

��s��t�	�q��p�	 k kap��p��p�k��p�
k��p�

k kbp��p��i�p�k��p�
k��p�

�

��
!�

Using that q� � p� and applying Young�s inequality yields

k�q��s�t�������������		 k�qT
�R� eT ��u� v�kL�k������

� C
�X

i���

k k kap��p��p�k��p�
k��p�

k kbp��p��i�p�k��p�
k��p�

k��p�
�
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Finally� we apply H�older�s inequality to obtain

k�q��s�t�������������		 k�qT
�R� eT ��u� v�kL�k������

� C kap��p��p�k������kbp��p��p�k������ �

which implies

jT �R� eT ��u� v�jHBs�t�������������� � C jujHBs jvjHBt �

This completes the proof for T �R� eT �

Since the third variable plays a special role in the de	nition of the

HB spaces� we show how the same estimates can be modi	ed for other
terms
 We consider 	rst the term T �R�R�
 We have

T �R�R��u� v� �
�X

i�j���

X
p

zi�jp �

where
zi�jp � S�

p��� ��
p�

��
p�
u��

p�
��
p��i ��

p��j v �

As above� we deduce the following inequalities

k�q z
i�j
p kL�

� �q����q��� kzi�jp kL�����

� �q����q��� kS�
p��� ��

p�
��
p�
ukL�����k��

p�
��
p��i ��

p��jvkL�����

� �q����q���
X

r��p���

k��
r�

��
p�

��
p�
ukL�����k��

p�
��
p��i ��

p��jvkL�����

��
��

� �q����q���
X

r��p���

�r��� k��
r�

��
p�

��
p�
ukL�k��

p�
��
p��i ��

p��jvkL� �

Since jp� � q�j � �� it follows that

�q��s�t�������������		 k�q z
i�j
p kL�

� C ��s��t�	�q��p�	��s��t�	�q��p�	

�
X

r��p���

��r��p�	�����s�	 ar��p��p� bp��p��i�p��j �
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Now we sum on i� j� p and q� to obtain

X
q�

�q��s�t�������������		 k�qT
�R�R��u� v�kL�

� C
�X

i�j���

X
jp��q�j��
p��q�

��s��t�	�q��p�	

�
X

r��p���

��r��p�	�����s�	

�
X
q�

X
p��q�

��s��t�	�q��p�	

� ar��p��p� bp��p��i�p��j �

Applying Young�s inequality gives

X
q�

X
p��q�

��s��t�	�q��p�	 ar��p��p� bp��p��i�p��j

� C kar��p��p� bp��p��i�p�k��p�

� C kar��p��p�k��p�
kbp��p��i�p�k��p�

�

It follows that

X
q�

�q��s�t�������������		 k�qT
�R�R��u� v�kL�

� C
�X

i���

X
jp��q�j��
p��q�

��s��t�	�q��p�	

�
X

r��p���

��r��p�	�����s�	 kar��p��p�k��p�
kbp��p��i�p�k��p�

� C
�X

i���

X
jp��q�j��
p��q�

��s��t�	�q��p�	 k kar��p��p�k��p�
k��r�

kbp��p��i�p�k��p�
�
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Since jp� � q�j � �� applying Hold�er�s inequality gives

k k�q��s�t�������������		k�qT
�R�R��u� v�kL�k��q�

k��q�

� C
�X

i���

X
p��q�

��s��t�	�q��p�	

� k kap��p��p�k��p�
k��p�

k kbp��p��i�p�k��p�
k��p�

�

This inequality is similar to ��
!�� so we can continue likewise to obtain
the result on T �R�R�


Finally� we give the proof for the term T � eT �R�
 As above we have

T � eT �R��u� v� �
�X

i���

X
p

�ip �

where
�ip � S�

p��� ��
p�

��
p�
u��

p�
S�
p��� ��

p��iv �

As above� we deduce the following inequalities

k�q �
i
pkL�

� �q��� k�ipkL�����

� �q��� kS�
p��� ��

p�
��
p�
ukL�����k��

p�
S�
p��� ��

p��ivkL�����

� �q���
X

r��p���
r��p���

k��
r�

��
p�

��
p�
ukL�����k��

p�
��
r�

��
p��ivkL�����

��
��

� �q���
X

r��p���

r��p���

�r����r��� k��
r�

��
p�

��
p�
ukL�k��

p�
��
r�

��
p��ivkL� �

Since jp� � q�j � � and jp� � q�j � � it follows that

�q��s�t�������������		 k�q �
i
pkL�

� C ��s��t�	�q��p�	
X

r��p���
r��p���

��r��p�	�����s�	��r��p�	�����t�	

� ar��p��p� bp��r��p��i �
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Now we sum on i� p and q� to obtainX
q�

�q��s�t�������������		 k�qT
� eT �R��u� v�kL�

� C
�X

i���

X
jp��q�j��

jp��q�j��

X
r��p���
r��p���

��r��p�	�����s�	��r��p�	�����t�	

�
X
q�

X
p��q�

��s��t�	�q��p�	 ar��p��p� bp��r��p��i �

Applying Young�s inequality givesX
q�

X
p��q�

��s��t�	�q��p�	 ar��p��p� bp��r��p��i

� C kar��p��p� bp��r��p��ik��p�

� C kar��p��p�k��p�
kbp��r��p�k��p�

�

It follows thatX
q�

�q��s�t�������������		 k�qT
� eT �R��u� v�kL�

� C
X

jp��q�j��

jp��q�j��

X
r��p���
r��p���

��r��p�	�����s�	��r��p�	�����t�	

� kar��p��p�k��p�
kbp��r��p�k��p�

� C
X

jp��q�j��

jp��q�j��

k kar��p��p�k��p�
k��r�

k kbp��r��p�k��p�
k��r�

�

Using again that jp� � q�j � �� jp�� q�j � � and taking the ��q��q� norm
yields

k�q��s�t�������������		 k�qT
� eT �R��u� v�kL�k������

� C ka pk������kb pk������ �

that is

jT � eT �R��u� v�jHBs�t�������������� � C jujHBs jvjHBt �
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This completes the proof


�� Resolution of 
N�S� in the Hs��s��s� spaces�

Let ���� � �i � ���� i � f�� �� �g� �� � �� � �� � ���
 Then there
exist nonnegative numbers a�� a�� a� such that

��
�� � � �i � ai �
�

�
� for all i � f�� �� �g and a� � a� � a� �

�

�

�one can choose ai � �����i���
 We shall prove the following theorems�

Theorem ��� 
global existence and uniqueness�� There exists

C 	 � such that if divu� � �� u� � H� and juj� � C � then the �N�S�
equations have a unique solution in

L
������  H��a�  L�������  H�� �

Moreover� the solution satis�es u � C������  H���

Theorem ��� 
local existence and uniqueness�� If divu� � � and

u� � H� then a time T 	� and a unique solution of �N�S� on ��� T �
exist so that

u � L
���� T �  H��a�  C���� T �  H�� �

The uniqueness is proved at the end
 The global existence is proved
in the same time with the local existence
 In fact� we shall prove a
better result valid for the space HT de	ned as the closure of compactly
supported smooth functions under the norm

kukHT

def
� k k�q����a	�q ukL�

T �L
�	k�� �

Theorem ��	� Let divu� � � and u� � H�� Then there exist T 	 �
and a solution of �N�S� on ��� T � which veri�es u � HT �

Remark ���� We have HT �� L
���� T �  H��a�
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Indeed� from Remark �
� we infer

kuk
L�����T �H��a	

� k k�q����a	k�q ukL�k��kL�

� kk�q����a	�q ukL�
T �L

�	k��

� kukHT
�

Proof of Theorem ���� We approach u� with the sequence un� �
Snu�� where Sn is the classical Sn in R� 
 Let un be the local regular
solution of �N�S� with initial data un� �for the existence of un see �!��
�����
 For each n we apply �q at �N�S� and we multiply by �q un to
obtain

d

dt
k�q unk

�
L� � � kr�q unk

�
L� � C jh�q �unrun�j�q unij

� C jh�q �div �un � un��j�q unij ���
��

The localization of the Fourier transform of �q un enables us to say
that

kr�q unk
�
L� � k���q unk

�
L� � k���q unk

�
L� � k���q unk

�
L�

� C �q� k�q unk
�
L� � C �q� k�q unk

�
L� � C �q� k�q unk

�
L�

� C ��q� � �q� � �q�� k�q unk
�
L� �

Moreover� we have from Theorem �
� that if un � H
��a� then un�un �

H����a�������������	
 Thus we can write

div �un � un� �
�X

j��

wj �

where

jw�j����a�������������	 � C jun � unj����a�������������	 � C junj
�
��a

�

jw�j����a�������������	 � C jun � unj����a�������������	 � C junj
�
��a

�

jw�j����a�������������	 � C jun � unj����a�������������	 � C junj
�
��a

�
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It follows that

jh�q �unrun�j�q unij

� C ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		� aq k�q unkL� junj
�
��a

�

where

aq �
�q������a�������������		 k�q w�kL�

jw�j����a�������������	

�
�q������a�������������		 k�q w�kL�

jw�j����a�������������	

�
��q������a�������������		 k�q w�kL�

jw�j����a�������������	

so kaq���k�� � � for all � 
 Using this in ��
�� leads to

d

dt
k�q unk

�
L� � C � ��q� � �q� � �q�� k�q unk

�
L�

� C ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		�

� aq junj
�
��a

k�q unkL� �

By Gronwall�s lemma we have

k�q un�t�kL�

� k�q u
n
�kL� exp ��C � ��q� � �q� � �q�� t�

� C ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		�

��
��

�

Z t

�

exp ��C � ��q� � �q� � �q�� �t� ��� aq��� jun���j�
��a

d� �
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Taking the L
��� T � norm and using Young�s inequality gives

k�q un�t�kL�
T �L

�	

� C ����
 ��q� � �q� � �q�����
 k�q u
n
� kL�

� ��� exp ��C � T ��q� � �q� � �q������


� C ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		�

� k exp ��C � ��q� � �q� � �q������kL������T 	 kaq junj
�
��a

kL����T 	

� C ����
 ��q� � �q� � �q�����
 k�q u
n
� kL�

� ��� exp ��C � T ��q� � �q� � �q������


� C ����
 ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		�

� ��q� � �q� � �q�����
 kaq junj
�
��a

kL����T 	 �

Young�s inequality along with relation ��
�� imply

�q�a � �q�a� �q�a� �q�a�

� � a� ��q� � � a� ��q� � � a� ��q�

� ��q� � �q� � �q�� �

�q������a����	��	 �q��������a����	��	 �q��������a����	��	

�
�

��
�

�
�a� � ���

�
�q� �

��

�
�

�

�
�a� � ���

�
�q�

�
��

�
�

�

�
�a� � ���

�
�q�

� �q� � �q� � �q� �

and two similar inequalities
 Therefore

��q� � �q� � �q�����
 � ��q�a �
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��q������a�������������		 ��q� � �q� � �q������

� ��q������a�������������		 ����q������������	���a��	��		��

� ��q��a��	 �

��q������a�������������		 ��q� � �q� � �q������

� ��q������a�������������		 ����q������������	���a��	��		��

� ��q��a��	 �

��q������a�������������		 ��q� � �q� � �q������

� ��q������a�������������		 ����q������������	���a��	��		��

� ��q��a��	 �

It follows that

�q��a��	 k�q unkL�
T �L

�	 � C ����
 �q�� k�q u
n
�kL�

� ��� exp ��C � T ��q� � �q� � �q������
��
��

� C ����
 kaq junj
�
��a

kL����T 	 �

Taking the �� norm gives

kunkHT

� C ����
 k�q�� k�q u
n
�kL���� exp ��C � T ��q� � �q� � �q������
k��

� C ����
 kun���k�
L�����T �H��a	

��
��

� ����
fn�T � � C ����
 kunk
�
HT

�

where

fn�T � � C k�q�� k�q u
n
�kL� ��� exp ��C � T ��q� � �q� � �q������
k�� �

We shall need to have fn�T � small
 In order to obtain that� we use
Lebesgue�s dominated convergence theorem
 The particular form of un�
implies

k�q u
n
�kL� � k�q Sn u�kL� � kSn �q u�kL� � k�q u�kL�
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and the estimate

�q�� k�q u
n
�kL� ��� exp ��C � T ��q� � �q� � �q������
 � �q�� k�q u�kL�

ful	lls the domination requirement since the right side is an �� sequence
that is independent of T and n
 As for the pointwise convergence� for
	xed q one has

�q�� k�q u
n
�k

�
L� ��� exp ��C � T ��q� � �q� � �q������


� ju�j� ��� exp ��C � T ��q� � �q� � �q������

T��
�� � �

So� by Lebesgue� limT�� fn�T � � � uniformly with respect to n
 We
choose T small enough such that fn�T � � ����C�� where C is the
constant from inequality ��
��
 It follows that

kunkHT
�

���


�C
� C ����
 kunk

�
HT

�

We deduce that kunkHT
� ���
���C� if we take into account that

kunkHT
is continuous in T � kunkH�

� � and

���


�C
�

���


�C
� C ����


����

�C

��
�

This allows us to take the limit and to 	nd the existence of the solution
on ��� T �


Proof of the global existence� We start again from inequality
��
�� and we estimate fn�t� � Cju�j�
 We 	nd in the same way the

existence of a solution in L
������  H��a�
 Next we prove that such a

solution belongs to L�������  H��

We start again from inequality ��
��� we apply the L� norm and

making similar computations we 	nd

��
!�
�q�� k�q ukL�T �L�	

� C �q�� k�q u�kL� � C ����� kaq juj
�
��a

kL����T 	 �

Taking the �� norm yields

��
�� kuk
L�������H�	

� ju�j� � C ����� �kuk
L�������H��a	

�� �
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Finally� the continuity in time follows from Lebesgue�s dominated con�
vergence theorem since the map t �� k�q unkL� is continous and the
domination requirement is given in relations ��
!� and ��
��


Let us now prove the uniqueness


Theorem �� 
uniqueness�� Let u� and u� be two solutions of �N�S�

which belong to the space L
���� T �  H��a�C���� T �  H�� with the same

initial data in H�� Then u� � u��

Proof� We subtract the equations veri	ed by u� and u� to obtain

�t�u��u���� ��u��u���u� �r�u��u����u��u��ru� � r�p��p�� �

The same computations as in Theorem �
� yield

ku� � u�kL�����t�H��a	

� C ku� � u�kL�����t�H��a	
�ku�kL�����t�H��a	

� ku�kL�����t�H��a	
� �

Thus� if t is small enough� we have

ku� � u�kL�����t�H��a	
�

�

�
ku� � u�kL�����t�H��a	

�

so we get local uniqueness that is global uniqueness� since the map
t �� ku� � u�kL�����t�H��a	

is continuous


	� Resolution of 
N�S� in the HBs��s��s� spaces�

Let us introduce the spaces HBT�p�s��s��s� � HBT�p�s de	ned as
the closure of compactly supported smooth functions under the norm

kukHBT�p�s

def
� k k�q�s�q ukLp

T �L
�	k������ �

As for the Hs spaces we shall prove a theorem of global existence and
uniqueness and a local existence and uniqueness one
 Let a and b be
two positive real numbers such that a � b � ���


Theorem 	�� 
global existence and uniqueness�� There exists

C 	 � such that if divu� � �� u� � HB������� and jujHB������� � C �
then the �N�S� equations have a unique global solution which belongs to

HB��
�a�b����  L�������  HB��������  C������  HB�������� �
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Theorem 	�� 
local existence and uniqueness�� If divu� � � and

u� � HB������� then there exist T 	 � and a unique solution of �N�S�
on ��� T � which belongs to HBT�
�a�b����  C���� T �  HB���������

Remark� We have HBT�
�a�b���� �� L
������  HBa�b�����


Indeed� Remark �
� implies

kukL�������HBa�b����	 � k k�q�a�q�b�q��� k�q ukL�k������kL�

� kk�q�a�q�b�q���k�q ukL�kL�k������

� kukHBT���a�b��
�

We 	rst prove

Lemma 	��� Let si � ���� ti � ���� si � ti 	 �� for all i � f�� �g�
s� � ���� t� � ���� s� � t� 	 � and p� q � �� r � p q��p� q� � �� Then

ku vkHBT�r�s�t��������������
� kukHBT�p�s

kvkHBT�q�t
�

Proof� We shall copy the proof of Theorem �
� and prove this lemma
for each of the �� terms of the Littlewood�Paley decomposition
 Let us
take� for instance� the T �R� eT � term
 We start again from inequality
��
��

k�q w
i
p �t�kL� � �q���

X
r��p���
r��p���

�r����r��� k��
r�

��
p�

��
p�
u�t�kL�

� k��
p�

��
p��i ��

r�
v�t�kL� �

Taking the Lr��� T � norm and applying H�older�s inequality gives

k�q w
i
p �t�kLr

T �L
�	 � �q���

X
r��p���
r��p���

�r����r��� k��
r� ��

p� ��
p�u�t�kLp

T �L
�	

� k��
p� ��

p��i ��
r�v�t�kLq

T �L
�	 �

If we de	ne
Aq � �q�s k�q ukLp

T �L
�	
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and
Bq � �q�t k�q ukLq

T �L
�	 �

it follows that

�q��s�t�������������		 k�q w
i
p �t�kLr

T �L
�	

� C �q��s�����	��s��t�	�q��p�	�q��t�����	

�
X

r��p���

r��p���

�r������s�	�r������t�	Ar��p��p� Bp��p��i�r� �

This inequality is entirely similar to ��
�� so the proof continues in
exactly the same way we did after that inequality


Proof of the local existence� It is obvious that if � � ��� �� ����
and a� � a� a� � b� a� � � then hypothesis ��
�� is veri	ed excepted
for the condition �� � a� � ���
 This is precisely where we use that

B
���
��� �R� is an algebra
 Hence� we can follow the same line of proof as

in Theorem �
�� replacing the �� norms by the ������ norms and the
Hs spaces with the HBs spaces
 There is one fact which doesn�t allow
us to give an identical proof� the deduction of inequality ��
�� from
inequality ��
�� which is not possible because the switch of the L� and
������ norms yields an inequality in the opposite sens of the wanted one

To avoid that we have to give up the estimate

k�q �uru�kL� � C ���q������a�������������		 � ��q������a�������������		

� ��q������a�������������		� aq juj
�
����������� �

and to use� for the deduction of inequality ��
��� Lemma �
�
 As in
Theorem �
� we 	nd the following inequality

d

dt
k�q unk

�
L� � C � ��q� � �q� � �q�� k�q unk

�
L�

� k�q �unrun�kL� k�q unkL� �

Gronwall�s lemma implies

k�q un�t�kL�

� k�q u
n
�kL� exp ��C � ��q� � �q� � �q�� t�

� C �exp ��C � ��q� � �q� � �q������ �k�q �un���run����kL����t� �
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Taking the L
��� T � norm and using Young�s inequality gives

k�q un�t�kL�
T �L

�	

� C ����
 ��q� � �q� � �q�����
 k�q u
n
�kL�

� ��� exp ��C � T ��q� � �q� � �q������


� C k exp ��C � ��q� � �q� � �q������kL������T 	 k�q �unrun�kL�
T �L

�	

� C ����
 ��q� � �q� � �q�����
 k�q u
n
�kL�

� ��� exp ��C � T ��q� � �q� � �q������


� C ����
 ��q� � �q� � �q�����
 k�q �unrun�kL�
T �L

�	 �

Again by Young�s inequality we have

��q� � �q� � �q�����
 � �q��� ��q��a�b����	 �

It follows that

��
��

�q��a�b����	k�q un�t�kL�
T �L

�	

� C ����
 �q��� k�q u
n
�kL�

� ��� exp ��C � T ��q� � �q� � �q������


� C ����
 ��q� � �q� � �q�����
 �q��a�b����	

� k�q �unrun�kL�
T �L

�	 �

Now we use the Lemma �
� to deduce that

k�q �unrun�kL�
T �L

�	

� k�q div �un � un�kL�
T �L

�	

� C c q ���q���a������b��������	 � ��q���a������b��������	

� ��q���a������b���������	� kunk
�
HBT���a�b����

�

where kc qk������ � �
 Young�s inequality implies

��q� � �q� � �q�����
 �q��a�b����	 ��q���a������b��������	 � � �

��q� � �q� � �q�����
 �q��a�b����	 ��q���a������b��������	 � � �

��q� � �q� � �q�����
 �q��a�b����	 ��q���a������b���������	 � � �
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Hence inequality ��
�� may be written as

�q��a�b����	 k�q unkL�
T �L

�	

� C ����
 �q��� k�q u
n
�kL� ��� exp ��C � T ��q� � �q� � �q������


� C ����
 c q kunk
�
HBT���a�b����

�

Taking the ������ norm gives

kunkHBT���a�b����

� C k�q��� k�q u�kL� ��� exp ��C � T ��q� � �q� � �q������
k������

� C kun���k�HBT���a�b����

� gn�T � � C kunk
�
HBT���a�b����

�

where

gn�t��C k�q��� k�q u�kL� ���exp ��C � T ��q� � �q� � �q������
k������ �

We conclude as in Theorem �
�
 The fact that u � C���� T �  HB��������
is proved as in the case of Hs spaces


Proof of the global existence� Same proof as above by estimat�
ing

gn�t� � C ju�jHB������� �

The uniqueness theorem is also similar to the one of the case Hs


Theorem 	�	 
uniqueness�� Let u� and u� be two solutions of �N�S�
which belong to HBT�
�a�b����C���� T �  HB�������� with the same initial

data in HB�������� Then u� � u��

Proof� Making the same computations as in Theorem �
�� replacing
the �� norms with the ������ norms and using Lemma �
� as shown above
we 	nd

ku� � u�kHBt���a�b����

� C ku� � u�kHBt���a�b����
�ku�kHBt���a�b����

� ku�kHBt���a�b����
� �

We conclude as in Theorem �
�
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� Some imbeddings and nonimbeddings�

In this section we prove some imbeddings and some nonimbeddings
which are used to compare the results from the previous sections with
the results already known
 We recall that one can solve �N�S� in the

spaces H���� B
�����p
p�� � � � p �� �see ���� ���� ���� ���� and it seems very

di�cult to do it in C�� �kukBs
p�q

def
� k�is k�iukLpk�q and C�� � B������


It is also proved by H
 Kozono and M
 Yamazaki in ��� that one can

solve �N�S� in the homogeneous spaces N ��p��
p�q�� � � � q � p ��� p 	 ��

where N s
p�q�r is de	ned to be the closure of the compactly supported

smooth functions under the norm

kukN s
p�q�r

� k�sj sup
x��R�

sup
R��

R��p���q k�jukLq�B�x��R		k�r �

where B�x�� R� denotes the closed ball in R
� with center x� and radius

R
 Let us remark that Bs
p�r � N s

p�p�r
 We can prove the following
proposition�

Proposition ��� i� If �� � �� � �� � ���� ���� � �i � ��� for all

i � f�� �� �g and p 	 max��i�������� � �i�� then

H� �� B�����p
p�� �� C�� �

ii� L� H������� �
 C���

iii� If � � q � p � � q��� p 	 �� then HB������� �
 N
��p��
p�q�� hence

HB������� �
 B
�����p
p�� for all � � p ���

iv� HB������� �� C���

Property i� shows that solutions of �N�S� were already constructed
by M
 Cannone ���� F
 Planchon ��� and H
 Kozono� M
 Yamazaki ���

Property ii� suggests that the space H������� is very interesting as space
of initial data unfortunately we cannot include it in our results
 Fi�
nally� property iii� shows that HB������� is not included in the space
considered by H
 Kozono and M
 Yamazaki at least for some p and q it
implies that it is not included in any of the spaces used by M
 Cannone
and F
 Planchon
 The author doesn�t know if the non�imbedding of iii�
still holds for the other values of p and q




The resolution of the Navier�Stokes equations �	

Proof of Proposition ���� i� First we remark that if s � �� then we
can replace �i with Si in the de	nition of the Bs

p�� space
 By Lemma
�
� we have

�q������p	 kSq ukLp

� C �q������p	
X
q��q
q��q
q��q

k�q ukLp

� C �q������p	
X
q��q
q��q
q��q

�q��������p	�q��������p	�q��������p	 k�q ukL�

� C �q������p	
X
q��q
q��q
q��q

�q��������p���	�q��������p���	�q��������p���	

� �q�� k�q ukL�

� C �q������p	
X
q��q
q��q
q��q

�q��������p���	�q��������p���	�q��������p���	 juj� �

As ���� ��p� �i 	 � for any i � f�� �� �g� one deducesX
q��q
q��q
q��q

�q��������p���	�q��������p���	�q��������p���	

� C �q�������p���������	

� C �q�����p	 �

Hence kuk
B
�����p
p��

� C juj� and the 	rst imbedding is proved
 In or�

der to obtain the second imbedding it is enough to apply the classical
Littlewood�Paley inequality

k�qukL� � ��q�p k�qukLp �

to multiply by ��q and to take the upper bound on q


ii� As L�  H������� and C�� are distribution spaces� the closed
graph theorem shows that it is enough to prove L�  H������� ��� C��

Assume by absurd that L�  H������� �� C��
 Then

��q kSqukL� � C kukL��H������� � for all q �
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We choose u � f � g where f � R� �� C � g � R �� C 
 It is obvious
that Squ � Sqf � Sqg and kukL��H������� � kfkL�kgkH���� where in
Sqf � Sq is the �D Sq and in Sqg� Sq is the �D Sq
 Hence

��
�� ��q kSqfkL�kSqgkL� � C kfkL� kgkH��� � for all q �

For each 	xed q we use the function fq�x� � f���
q x�� where f� is

chosen with supp bf� su�ciently small to get Sqfq � fq� that gives
kSqfqkL� � kfqkL� � kf�kL� and kfqkL� � ��q kf�kL� since we
work in two dimensions
 Therefore� it comes from relation ��
��

kSqgkL� � C kgkH��� �

that is H����R� 
 L� which is false


iii� As above we assume by absurd that HB������� �� N
��p��
p�q�� and

we remark that if s � �� then we can replace �j with Sj in the de	nition
of the norm of the space N s

p�q��

Again� we choose u � f � g where f � R� �� C � g � R �� C 
 It is

not di�cult to see that the norm

sup
x��R�

sup
R��

R��p���qkf � gkLq�B�x��R		

is equivalent to the norm

sup
x��R�

sup
R��

R��p���qkfkLq�B��x���R		 kgkLq�B��x���R		 �

where B� and B� denote the one�dimensional� respectively two�dimen�
sional balls
 This is done by including a cube of size R into the ball
B�x�� R�� applying Fubini�s theorem� then including balls of radius R��
into the one�dimensional and the two�dimensional cubes of size R and
	nally taking the upper bound on R


It follows that

�j������p	 sup
x��R�

sup
R��

R��p���qkSjfkLq�B��x���R		 kSjgkLq�B��x���R		

� C kfkL� kgk
B
���
���

�

for all j� where the constant C does not depend on j
 Choosing x� � �
yields

�j������p	 sup
R��

R��p���qkSjfkLq�B����R		 kSjgkLq�B����R		

� CkfkL� kgk
B
���
���

�
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for all j
 Now we 	x j and we choose fj�x� � f���
j x�� the same example

as above
 We also choose g to be a function whose Fourier transform is
a compactly supported smooth function
 This implies that Sjfj � fj
and Sjg � g for j large enough
 Moreover� we have that

kSjfjkLq�B����R		 � kfjkLq�B����R		 � ���j�qkf�kLq�B�����jR		 �

and
kfjkL� � ��j kf�kL� �

It follows that� for j large enough� we have

�j���p���q	 sup
R��

R��p���qkf�kLq�B�����jR		 kgkLq�B����R		

� C kf�kL� kgk
B
���
���

�

which implies

�j���p���q	 sup
R��

R��p���qkf�kLq�B����R		 kgkLq�B����R		

� C kf�kL� kgk
B
���
���

�

for all j 	 j�
 Taking the limit on j ��� gives a contradiction


iv� We write

��q kSqukL� � ��q
X
q��q
q��q
q��q

k�q ukL�

� ��q
X
q��q
q��q
q��q

�q����q����q��� k�q ukL�

� ��q
X
q��q
q��q

�q����q��� k�q��� k�q ukL�k��q�

� k�q��� k�q ukL�k������

� k�q��� k�q ukL�k������

� kukHB������� �

This completes the proof
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One could ask whether the divergence free condition has an in"u�
ence on the choice of the spaces where we can take the initial data or
not
 The answer is negative because� if we look to the proofs above�
we see that the scalar counterexamples f we deduce have the property
that ��f and ��f are again good counterexamples �di�erentiating f�
only diminishes the support of its Fourier transform�� so we can take
as initial data u� � ���f����f� ��


Appendix�

In this paragraph we show how a general d�dimensional hyperbolic

symmetric system can be solved in B
��d��
��� �Rd�� By general hyperbolic

symmetric system we mean a system of the form

�S�

�
�tU � A�U� � rU � � �

U jt�� � U� �

where
A�U� � �Aj�U����j�d

and� for all j� Aj�U� is a symmetric smooth globally Lipschitz matrix
and U is a time dependent vector 	eld in Rd 


Proposition� Assume that U� � L� B��d��
��� � Then there exist a time

T and a unique solution of �S� on ��� T � in the space L����� T �  B
��d��
��� ��

Moreover� there exists a constant C 	 � such that the maximal time

existence of such a solution may be bounded from below by

T 	
C

kU�kB��d��
���

�

Proof� The proof relies on the fact that B
d��
��� is imbedded in L� and

on the following estimate�

Lemma� For all vector �elds U in B
��d��
��� there exists a sequence

fcqgq�N such that

jh�q�A�U��rU�j�qUij�C ��q�d����	cq k�qUkL� kUk
B
��d��
���

krUkL� �
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where X
q

cq � � �

This lemma is well�known in the case of the Sobolev spaces and
the extension to the Besov spaces is simple
 Decomposing the product
A�U� � rU in the usual sum of two paraproducts and a remainder�
using the classical product theorem for Besov spaces� we see that the
only term where a critical case appears is

h�q�TA�U	rU�j�qUi �

Some easy computations done integrating by parts show that

h�q�TA�U	rU�j�qUi

�
X
p�j

h��q� Sp��Aj�U���j�pU��qUi

�
�

�

X
p

Sp�� divA�U� �q �pU �qU

�
�

�

X
p�p��j

�Sp�� � Sp����Aj�U� �q �pU �j �q �p�U �

The last two terms are very easy to estimate� we need only to apply the
de	nition of the Besov spaces
 The 	rst term is estimated by remarking
that �q is an operator of convolution with the function

�qd h��q�� �

where h � F���
 Therefore

�Sp��Aj�U���q� a�x�

� �qd
Z

�Sp��Aj�U��x�� Sp��Aj�U��y��h��q�x� y�� a�y� dy �

Hence

j�Sp��Aj�U���q� a�x�j � C �q�d��	 krUkL� jy hj ��
q�� jaj �

Young�s inequality now gives

k�Sp��Aj�U���q� a�x�kL� � C ��q krUkL�kakL� �
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This proves the lemma


We return to the proof of the proposition
 We apply �q to �S� and
we take the scalar product with �qU to obtain

d

dt
k�qUk

�
L� � jh�q�A�U� � rU�j�qUij

� C ��q�d����	 cq kUkB��d��
���

krUkL�k�qUkL� �

It follows that

�q�d����	 k�qU�t�kL�

� �q�d����	 k�qU�kL� � C

Z t

�

cq��� kU���k
B
��d��
���

krU���kL� d� �

Summing on q yields

kU�t�k
B
��d��
���

� kU�kB��d��
���

� C

Z t

�

kU���k
B
��d��
���

krU���kL� d� �

Applying Gronwall�s lemma we 	nd

kU�t�k
B
��d��
���

� kU�kB��d��
���

exp
�
C

Z t

�

krU���kL�
�
d� �

Next we use that Bd�� 
 L� to write

krU�t�kL� � kU�t�k
B
��d��
���

� kU�kB��d��
���

exp
�
C

Z t

�

krU���kL� d�
�
�

If we note

f�t� � C

Z t

�

krU���kL� d� �

we obtain
f ��t� � C kU�kB��d��

���

exp �f�t�� �

Again by Gronwall�s lemma it follows

exp ��f�t�� � exp ��f����� C t kU�kB��d��
���

�
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Hence� as long as

C t kU�kB��d��
���

� � �

we have Z t

�

krU���kL� d� �� �

Standard L� estimates and the inequality above imply uniqueness of
solutions
 This completes the proof
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