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Some Dirichlet spaces

obtained by subordinate

re�ected di�usions

Niels Jacob and Ren�e L� Schilling

In this paper we want to show how well�known results from the
theory of �regular� elliptic boundary value problems� function spaces

and interpolation� subordination in the sense of Bochner� and Dirichlet

forms can be combined and how one can thus get some new aspects in
each of these �elds�

Let A � L�x�D� be a second�order elliptic di�erential operator
with smooth coe	cients on a bounded domainG with smooth boundary
�G and with Dirichlet or Neumann boundary conditions� Assume that
the operator is symmetric� Under Neumann boundary conditions
 it
generates a re�ected di�usion process fXtgt�� which is associated with
a Dirichlet form E with domain H��G�� It is clear that A de�ned on

D�A� � H�
f����g�G� ��

n
u � H��G� �

�

��
u
���
�G

� 

o

is also the generator of a sub�Markovian semigroup fTtgt�� on L��G��
Denote by f�
 
 � � � �
 the Bernstein function f��x� � x�� By sub�
ordination in the sense of Bochner it is possible to construct for each

� � �
� �� four new objects
 A��� �� ���A��
 fT
���
t gt��
 the semigroup

generated by A���
 E������ ��
 the Dirichlet form associated with A���

�and also with fT
���
t gt���
 and the subordinate �with respect to the

Bernstein function x�� stochastic process fX
���
t gt��� These construc�

tions are of a somewhat abstract nature and some work has to be done

��
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if one wants to determine D�A���� and D�E���� explicitly in terms of
function spaces� In fact
 this work has already been done by R� Seeley
���� for D�A����
 and for D�E���� the results are even longer known
 cf�
J� L� Lions and E� Magenes ����
 and
 as reference for both cases
 the
monograph ���� by H� Triebel�

In our �rst section we collect some fundamental results on the
Dirichlet and Neumann problems for second�order elliptic di�erential
operators �with smooth coe	cients in a domain with smooth boundary�
and the associated di�usion processes� Subordination in the sense of
Bochner will be discussed in Section �
 both from the analytic and
probabilistic point of view� In the third section we study D�A���� and
D�E���� under Dirichlet and Neumann conditions� In both cases the
domains are certain fractional order Sobolev spaces� Under Neumann
boundary conditions we have

D�E���� � H��G� � if � � �
� ��

and

D�A���� � H��
f����g�G� � if � �

��
�
� �
�
�

D�A���� � H���G� � if � �
�

�

�

�

�
�

under Dirichlet boundary conditions we have

D�E���� � H��G� � if � �
�

�

�

�

�
�

D�E���� � H�
� �G� � if � �

��
�
� �
�
�

and

D�A���� � H���G� � if � �
�

�

�

�

�
�

D�A���� � H��
D �G� � if � �

��
�
� �
�
�

Here

Hs
D�G� �� fu � Hs�G� � � u � 
g
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with the trace operator �� One should note that these are well�known
results in the theory of elliptic boundary value problems
 but they seem
to be rather ignored in the theory of Dirichlet forms�

Section � deals with the decomposition of the �Neumann� Dirichlet

space �E
���
� � H��G��� We show that H��G� can be written as an or�

thogonal sum H�
� �G��H�

��G� where the functions u � H�
��G� are the

harmonic functions with respect to the form E
���
� � i�e� E

���
� �u�w� � 


for all w � H�
� �G�� Moreover
 we show that there is an isomorphism

�
���
� fromH�������G� toH�

��G�� This map establishes a unitary equiv�

alence between �E
���
� �H��G�� and �C

���
� � H�������G��
 where C

���
� is �

at least for 	 � 
 � the analogue of the classical Douglas integral� This
correspondence is further investigated in Section �� In particular
 we

show that �C
���
� � H�������G�� is a regular Dirichlet space and that C

���
�

is equivalent to the canonical scalar product on H�������G� which it�

self is a Dirichlet form� The precise knowledge of D�C
���
� � allows us


for example
 to derive certain Lp�estimates for C
���
� and thus L��L��

estimates for the associated semigroup�

In Section � we construct the associated boundary processes and

show that the process generated by �C
���
� � H�������G�� can indeed be

obtaind by an appropriate time�change of the process generated by
�C�� H

�����G���

The �nal section takes up the Skorokhod representation of the re�
�ected di�usion which was already discussed in the �rst section� We
use now Bochner�s subordination �with respect to fractional powers� in
order to derive a representation for the subordinate re�ected process�
Note
 that subordination is one possibility to construct a re�ected sym�
metric stable process in a unique and natural way� However
 in ���� S�
Watanabe pointed out that there are several methods of getting pro�
cesses which one could call re�ected symmetric stable processes�

�� Dirichlet forms generated by elliptic di�erential operators
with boundary conditions�

In this section we summarize some results on Dirichlet forms that
are generated by second�order elliptic di�erential operators satisfying
Neumann or Dirichlet boundary conditions� In particular
 we recall
some conditions that allow to associate stochastic processes to these
Dirichlet forms
 re�ected di�usions under Neumann boundary condi�
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tions and absorbing di�usions under Dirichlet boundary conditions�
Since we want to present our ideas as clearly as possible �and do not
want to get entangled in technical details� we will restrict our consid�
erations to rather smooth objects � thus getting at best sub�optimal
conditions from the point of view of Dirichlet forms
 but keeping full

compatibility with existing �analytic� literature� Our exposition will

later on
 rely heavily on results from the theory of function spaces and
interpolation theory�

The main reference for this section is the monograph ��� by M�
Fukushima
 Y� Oshima
 and M� Takeda� For the Neumann problem we
refer especially to the paper ��� by M� Fukushima and M� Tomisaki� We
should
 however
 mention that the crux of that paper was to consider a
situation with rather weak regularity assumptions � which is somehow
an opposite point of view� Nevertheless we think it might be convenient
for the reader to have a state�of�the�art and easily accessible reference�

Let G � Rn be a bounded domain with smooth boundary �G
 i�e�

�G is assumed to be a C��manifold� We consider the second order
di�erential operator

����� L�x�D� �
nX

k����

�

�xk

�
ak��x�

�

�x�

�
�

with coe	cients ak� � a�k � C��G�� Moreover
 we assume that

����� 	��� j
j� �
nX

k����

ak��x� 
k 
� � 	� j
j
� �

for some 	� � 
 and all x � G
 
 � Rn � It is well known that the
quadratic form

����� E�u� v� ��

Z
G

nX
k����

ak��x�
�u

�xk
�x�

�v

�x�
�x� dx �

with domain H��G� � L��G� is a regular Dirichlet form
 see ��
 Ex�
ample ������
 where the regularity problem is carefully discussed if
ak��x� � �k�� Therefore
 cf� ���
 there exists a conservative di�usion
process X � �fXtgt���Px� fFtgt��� on G which is associated with the
Dirichlet form ������ For each t � 
 and x � G the transition func�
tion pt�x� �� of X is known to be absolutely continuous with respect to
Lebesgue measure
 and X is a strong Feller process�



Some Dirichlet spaces obtained by subordinate reflected diffusions ��

Due to our regularity assumptions
 the domain D�A� of the gener�
ator A of the Dirichlet form E is given by

D�A� �
n
u � H��G� �

�

��
u � 


o
�

where �
�� denotes the derivative in direction of the outer normal
� � ���� � � � � �n� to the boundary �G� Sometimes we will also write

H�
f����g�G� � D�A� �

On D�A� we have A � L�x�D� which can be interpreted to hold in
strong L��sense
 but
 of course
 also in the sense of distributions� Let
us observe for later applications that �L�x�D�� �
��� forms a regular

elliptic boundary value problem in the sense of S� Agmon
 A� Douglis

and L� Nirenberg ���
 see also ���� which will be our standard reference�

The general theory of Dirichlet forms shows that we can always as�
sociate a sub�Markovian semigroup fTtgt�� on L��G� with �E � H��G���
In our case
 this semigroup enjoys the strong Feller property
 it is con�
servative
 i�e� Tt� � �
 and its transition kernels have densities with
respect to Lebesgue measure on G
 i�e�
 we have

Ttu�x� � Ex�u�Xt�� �

Z
G

pt�x� y�u�y� dy �

We call fTtgt�� the Neumann semigroup associated with the Dirichlet
form �E � H��G���

One of the major aims in ��� was to obtain a Skorokhod representa�

tion of the process X under minimal smoothness conditions� Of course

this result remains valid in the situation considered here and reads as
follows� Let Xk

t denote the k�th coordinate of Xt
 � � k � n� For t � 

and x � G one has almost surely �Px�

�����

Xk
t �Xk

� � Mk
t �

nX
���

Z t

�

�ak�
�x�

�Xs� ds

�
nX
���

Z t

�

ak��Xs� ���Xs� dLs �

Here
 Mk
t 
 � � k � n
 are continuous additive functionals in the strict

sense
 see ��
 p� ���
 p� ���� for the de�nition
 satisfying

����� Ex�Mk
t � � 
 and Ex�Mk

t M
�
t � � � Ex

�Z t

�

ak��Xs� ds
�
�
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for t � 
 and x � G� The processes Mk
t are continuous martingales

�under Px� with co�variation

�����
�
Mk�M �

�
t
� �

Z t

�

ak��Xs� ds � almost surely �Px� �

for all x � G� Moreover
 Lt is a unique positive continuous additive
functional in the strict sense with Revuz measure � and supported by
�G and one has

Lt �

Z t

�

��G�Xs� dLs �

Let G � Rn and L�x�D� be as above� We consider now the quadratic
form ED �� E on the domain H�

� �G�


H�
� �G� �� C�

� �G�
k�k�

� where k � k� � k � kL� � kr � kL� �

Clearly
 �ED� H
�
��G�� is a regular Dirichlet form and its generator AD

has the domain

D�AD� � fu � H��G� � � u � 
g �

where � � H��G� 	 H�����G� is the trace operator� As usual
 � is the
continuous extension of the map u 
�	 u

��
�G

when u � C��G�� Thus


� u � 
 means that u attains 
 as boundary value� The space H�
� �G�

can now be characterized by

H�
� �G� � fu � H��G� � � u � 
g �

�In Section � below
 we will have a closer look at the trace operator��
The Markov process associated with the Dirichlet form �ED� H

�
��G��

is known to be an absorbing �elliptic� di�usion process� Since G is
bounded
 the following Poincar�e inequality holds

Z
G

ju�x�j� dx � c�

Z
G

jru�x�j� dx � u � H�
� �G� �

By �����
 ����� we get

	���

Z
G

jru�x�j� dx � E�u� u� �
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and therefore

����� �c� 	��
��

Z
G

ju�x�j� dx � E�u� u� �

This
 however
 means that on H�
� �G� the form E��� �� is a scalar product

which is equivalent to the canonical one ��� ����
Let us return to the Dirichlet form �E � H��G��� We introduce the

space

H��G� ��
�
u � H��G� � E�u� �� � 
 for all � � C�

� �G�
�
�

or
 equivalently


����� H��G� �
�
u � H��G� � E�u� v� � 
 for all v � H�

� �G�
�
�

Since H��G� is a closed subspace of H��G� there is an orthogonal de�
composition

����� H��G� � H��G��E H
�
� �G� �

and it is clear that H��G� consists of all solutions of the equation
L�x�D�u � 
 in G such that u and its �rst order partial derivatives
belong to L��G�� In particular
 the elements of H��G� are arbitrarily
often di�erentiable on G�

If ak��x� � �k�
 ����� is exactly the Weyl decomposition� Let us
mention a special case when n � � and G � B��
� is the open unit disk
with boundary �G � S�� It is well known that one can construct a
Dirichlet space �C� D�C�� on the boundary such that there is a one�to�
one correspondence between �C� D�C�� and the classical Dirichlet space
�E
��H��G��� Here

E�u� v� �

Z
B����

ru�x� � rv�x� dx �

and the form C is explicitly given by the Douglas integral

C��� ��

�
�

���

Z �	

�

Z �	

�

	
����� �����


 	
����� �����



sin��

�� � ��

�

�
d� d�� �

compare ��
 pp� ������� In Section � we will give a generalization of this
result�
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�� Subordination in the sense of Bochner�

De�nition ���� An arbitrarily often di�erentiable function f � �
���
�	 R is called Bernstein function if f � 
 and ����nf �n� � 
 hold for

all n � N�

Bernstein functions can be fully characterized by a L�evy�Khinchin
formula


����� f�x� � a� b x�

Z �

�

��� e�sx���ds� �

with a� b � 
 and a non�negative measure � on �
��� such that

Z �

�

s �s� ���� ��ds� �� �

The representation ����� shows that f has an analytic continuation onto
the complex half�plane Re z � 
 and is continuous up to the boundary�
These and many other properties can be found in the monograph ���
by C� Berg and G� Forst� We will need one more fact about Bernstein
functions �e�g� ��
 Theorem ������

Theorem ���� Every convolution semigroup f�tgt�� of sub�probability

measures on �
��� is uniquely characterized by some Bernstein func�

tion f � and vice versa� This correspondence is given by

Z �

�

e�sx �t�ds� � e�tf�x� �

Some of the most prominent Bernstein functions are the fractional
powers


x� �
�

���� ��

Z �

�

��� e�sx� s���� ds � x � 
 � 
 � � � � �

The corresponding convolution semigroup is the one�sided stable semi�

group of order ��

De�nition ���� Let fTtgt�� be a sub�Markovian semigroup on

L��X�m� where X is a locally compact Hausdor� space andm is a Borel
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measure such that suppm � X� Denote by f�tgt�� the convolution

semigroup with Bernstein function f � The semigroup fT ft gt�� de�ned

on L��X�m� by the Bochner integral

T ft u �

Z �

�

Tsu �t�ds�

is called the subordinate semigroup of fTtgt�� with respect to f�tgt��
or with respect to f �

It is known that the subordinate semigroup is sub�Markovian and�
or Fellerian if the original semigroup is� A lot of results concerning
the domain of the �subordinate� generator Af of fT ft gt�� and related
functional calculi are known
 see e�g� ����
 ���
 ����
 ����� In the next
section we will use a characterization of D�A�

�

� as interpolation spaces�
Assume that fTtgt�� is a sub�Markovian semigroup with genera�

tor �A�D�A�� and corresponding Dirichlet form �E � D�E��� By subor�
dination � as above f is a Bernstein function � we get the subordi�
nate objects
 fT ft gt��
 its generator �Af � D�Af��
 and Dirichlet form
�Ef � D�Ef��� Let us assume that f is a complete Bernstein function

which means that the representing measure � in ����� is of the form

��ds� �

Z �

�

e�sr ��dr� ds �

where � is a measure on �
��� such thatZ �

�

��dr�

r �� � r�
�� �

Note that fractional powers are complete Bernstein functions� �Some�
times complete Bernstein functions are also called operator monotone

functions
 see E� Heinz ��
��� From ���
 Theorem ���� it follows that

����� kuk�L� � c E�u� u� implies kuk�L� �
c

f���
Ef �u� u� �

for all u � D�E�� The latter holds also on D�Ef �
 since we have the
dense inclusions D�A� � D�E� and D�A� � D�Ef ��

Let us now discuss some probabilistic aspects of subordination�
Denote again by f a Bernstein function
 by f�tgt�� the associated con�
volution semigroup on �
���
 and assume that f�
� � 

 thus �� � ���
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We may interpret f�tgt�� as transition probabilities of a stochastic pro�
cess fYtgt�� with stationary and independent increments and c adl ag
trajectories� Since �� � �� and since the measures �t are supported
on �
���
 we have almost surely Y� � 
 and almost surely increasing
paths t 
�	 Yt� The converse assertion is also true� every such process
de�nes �uniquely� a convolution semigroup of probability measures on
�
���� We will call fYtgt�� subordinator�

Let fXt�Ftgt�� be a Markov process with Polish state space �E�B�
and fYtgt�� be a subordinator which is stochastically independent of
fXtgt��� Then

����� Xf
t ��� �� XYt��� �� XYt�
���� � t � 
 �

de�nes a new process fXf
t gt�� with �ltration

�
FYt

�
t��

� We say that

fXf
t gt�� is obtained from fXtgt�� by subordination with respect to

fYtgt�� and call it subordinate process to fXtgt���

Theorem ��	� Let fXtgt�� be a Markov process� fTtgt�� the as�

sociated operator semigroup� fYtgt�� a subordinator �independent of

fXtgt���� and f the corresponding Bernstein function� For all Borel

sets B � B� x � E� and t � 
 we have

Px�XYt � B� � T ft �B�x� � Px�Xf
t � B� �

where fXf
t gt�� stands for the Markov process corresponding to the sub�

ordinate semigroup fT ft gt���

This result can be found in ����

�� Subordinate Neumann and Dirichlet semigroups�

Let us return to the situation of Section � and consider the Dirichlet
form E on H��G� � L��G� and generator A � L�x�D� with domain

D�A� �
n
u � H��G� �

�

��
u � 


o
�

The semigroup associated with it
 the Neumann semigroup
 is denoted
by fTtgt���
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For any Bernstein function f the subordinate semigroup fT ft gt��
is again sub�Markovian� Thus
 by the general theory of Dirichlet forms

there exists a corresponding Dirichlet form Ef with domain D�Ef � and
generator �Af � D�Af ��� As usual


D�Ef � � D���Af ����� �

and
 if f is written in terms of its representation �����
 the subordinate
generator Af is given by

Afu � �a u� bAu�

Z �

�

�Tsu� u���ds� � u � D�A� �

This formula is due to R� Phillips ���� and re�nements thereof are

e�g�
 given in ����
 ���
 ����� These results are
 however
 of an abstract
nature� We want to determine D�Af � and D�Ef � in terms of function
spaces� To do so
 we will restrict ourselves to the case where f�x� � x�



 � � � �
 and write fT
���
t gt��
 E

���
 A��� instead of the clumsier
fT �

�

t gt�� etc� In fact
 we have to deal with fractional powers of the
operator �A� Using complex interpolation
 R� Seeley determined in
���� the domains of fractional powers of elliptic di�erential operators
under regular boundary conditions�

For G � Rn 
 �G smooth
 and s � 
 we de�ne the space

Hs�G� �
�
u
��
G
� u � Hs�Rn�

�
normed by

kukHs�G� � inf
�
kwks � w

��
G
� u in D�� w � Hs�Rn�

�
�

where Hs�Rn �
 s � 

 is the space

Hs�Rn� �
n
u � L��Rn� � kuk�s �

Z n

R

�� � j
j��s jbu�
�j� d
 ��
o
�

For any s � 

 Hs�G� is a Hilbert space and C��G� is a dense subspace�
Let us �nally de�ne for s � �
�

����� Hs
f����g�G� ��

n
u � Hs�G� �

�

��
u � 


o
�
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Observe that H�
f����g�G� coincides with D�A�� Denote by �� ! ��� com�

plex interpolation between the spaces inside the brackets
 see e�g� ����

����� It is well known that

����� D�A���� � �L��G�!D�A��� � 
 � � � � �

holds� The following precise characterization is due to R� Seeley ���

Theorem �����

Theorem ���� Let fT
���
t gt��� A

���� and E��� be as above�

A� For 
 � � � � we have D�E���� � H��G��

B� For �
� � � � � we have D�A���� � H��
f����g � �G��

C� For 
 � � � �
� we have D�A���� � H���G��

There is a similar result for the Dirichlet form �ED� H
�
� �G��� Denote

by fStgt�� the sub�Markovian semigroup given by this Dirichlet form�

As above
 let fS
���
t gt�� be the subordinate semigroup with respect to

fractional powers x�
 
 � � � �� We will need some facts on Sobolev
spaces
 see ����
 ��
�
 ���� as standard references� For any s � 
 let

Hs
��G� �� C�

� �G�
k�ks

� Then

����� Hs�G� � Hs
��G� � if 
 � s �

�

�
�

If s � �
�
 we de�ne

����� Hs
D�G� ��

�
u � Hs�G� � � u � 


�
and one has
 cf� ���
 p� ��
�


Hs
D�G� � Hs

��G� � if
�

�
� s � � �

Here � � Hs�G� �	 Hs������G� is again the trace operator
 cf� Section
�� We can now state the analogue of Theorem ��� which is also due to
R� Seeley ���
 Theorem �����

Theorem ���� Let E
���
D and A

���
D be the Dirichlet form and the gener�

ator associated with the sub�Markovian semigroup fS
���
t gt���
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A� For �
� � � � � we have D�E
���
D � � H�

D�G��

B� For 
 � � � �
�� we have D�E
���
D � � H��G��

C� For �
� � � � � we have D�A
���
D � � H��

D �G��

D� For 
 � � � �
� we have D�A
���
D � � H���G��

In view of ����������� we may restate the above assertions in the

form D�E
���
D � � H�

� �G� for 
 � � � � but � �� �
�
 and D�A
���
D � �

H��
� �G� for 
 � � � � but � �� �
�� The values � � �
�� �
� � and also

the case � � �
� of Theorem ��� � must be treated separately� We will
not do this here�

Recall that on H�
� �G� the form E satis�es Poincar�e�s inequality

������ By ����� we see that

����� kuk�L� � c� 	� E
����u� u�

holds for all u � H�
� �G�� Thus
 E��� de�nes a scalar product that is

equivalent to the canonical one ��� ��� of H�
� �G��

Suppose �just for the next few lines� that the coe	cients of L�x�D�
are de�ned on the whole space Rn and that the fractional powers of this
operator � i�e� acting on functions de�ned on Rn � are considered� One
should note that
 in this case
 the Dirichlet problem for the fractional
powers of L�x�D� is di�erent from the subordinated Dirichlet problem

discussed above
 see �����

	� A Weyl decomposition of �E���� H��G���

Let E be the Dirichlet form ����� with domainH��G� and generator
A under Neumann boundary conditions
 i�e�
 with domain H�

f����g�G��

For 
 � � � � denote by E��� the Dirichlet form obtained by subordina�
tion with respect to the fractional powers f��x� � x�! by Theorem ���
its form domain is the space H��G�� The aim of this section is to show
how one can get a Weyl�type decomposition of H��G� with respect to
the Dirichlet form�

We put

E
���
� �u� v� ��

	
�	� A����u� �	� A����v



L� � 	 � 
 �
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and identify E
���
� and E���� Clearly
 �E

���
� � H��G�� is again a Dirichlet

form
 and for 	 � 
 the form E
���
� ��� �� is a scalar product
 cf� �����


that is equivalent to the one on H��G�� Moreover
 the quadratic forms

E
���
� ��� �� and

	
A����� A��� �



L� � 	

	
�� �


L� are equivalent� On the space

H�
� �G� this remains true even for E

���
� ��� ��
 cf� ������

For 
 � � � � and 	 � 
 we call the functions in

����� H�
��G� ��

�
u � H��G� � E

���
� �u� v� � 
 for all v � H�

� �G�
�

E
���
� �harmonic functions� Since C�

� �G�
k�k�

� H�
� �G�
 one has also

H�
��G� �

�
u � H��G� � E

���
� �u� �� � 
 for all � � C�

� �G�
�
�

We can now state the main result of this section�

Theorem 	��� Let �E
���
� � H��G�� be as above� For all 
 � � � � and

	 � 
 one has the orthogonal decomposition

����� H��G� � H�
��G��

E
���
�

H�
� �G� �

If � � �
�� this decomposition is non�trivial in the sense that H�
��G� �

f
g and there is a canonical isomorphism

����� �
���
� � H�������G� �	 H�

��G� �

Proof� We will
 �rst of all
 consider the case 
 � � � �
�� Then
H��G� � H�

� �G�
 and the condition in �����

E
���
� �u� v� � 
 � for all v � H�

� �G�

implies that u 
 
� This means that we cannot expect any non�trivial
decomposition of type ����� if � � �
��

Assume now that �
� � � � � � as already mentioned
 the limiting
case � � �
� will not be considered here� Note
 however
 that � �
� does not play any special r"ole and will always be included in the
following considerations� Now H�

� �G� and H�
��G� are closed subspaces

of H��G�
 and since for all u � H��G� the condition

E
���
� �u� v� � 
 � for all v � H�

� �G�



Some Dirichlet spaces obtained by subordinate reflected diffusions 	�

implies that u 
 

 the decomposition ����� is orthogonal� �These
considerations are still valid for � � �
���

In order to show that �
���
� is an isomorphism we have to recall some

properties of the trace operator �� Again
 ���
 in particular Section ����
will be our standard reference� For �
� � s � �
� we de�ne � as above

cf� Section �� Then � � Hs�G� �	 Hs������G� is continuous and onto

and there exists a bounded linear operator #� � Hs������G� �	 Hs�G�
such that � � #� � id on Hs������G�� The kernel of �
 i�e�
 its null�
space is just Hs

��G�� Thus
 for any u � Hs�G�
 �
� � s � �
�
 the
trace � u � Hs������G� exists and � u � 
 implies that u � Hs

��G��
Conversely
 for � � Hs������G� there is a u� �� #� � � Hs�G� such that
� u� � �� However
 the mappings are not canonical
 in the sense that
� u � � w does not imply u � w�

Our aim is to construct a continuous
 bijective linear map from
H�
��G� to H�������G�
 � � �
�� By the results of the preceding para�

graph we �nd for every � � H�������G� some f � H��G� such that
�f � �� De�ne a linear functional $���f on H��G� by

$���f �v� �� E
���
� �f� v� � v � H��G� �

By our assumptions
 E
���
� ��� �� is for all 	 � 
 a scalar product which

is equivalent to ��� ��� on H�
� �G�� An application of the Lax�Milgram

theorem shows that there exists a unique element ���f � H�
� �G� such

that
E
���
� ����f � v� � $���f �v� � v � H�

� �G� �

holds� We de�ne
u��f �� ���f � f �

Claim �� u��f is contained in H�
��G�� Indeed
 for any v � C�

� �G� we
get

E
���
� �u��f � v� � E

���
� ����f � v�� E

���
� �f� v�

� $���f �v�� E
���
� �f� v�

� E
���
� �f� v�� E

���
� �f� v�

� 
 �



	� N� Jacob and R� L� Schilling

Claim �� u��f depends only on � � �f and the map � 
�	 u��� �� u��f
is linear� Let f�� f� � H��G� such that f� �� f� but �f� � �f� � ��
Thus
 f� � f� � H�

� �G� and each fj has an orthogonal decomposition

����� fj � u��fj � ���fj � j � �� ��

where u��fj � H
�
��G� and ���fj � H�

� �G�� For every v � H�
� �G� we get

E
���
� �f� � f�� v� � E

���
� �u��f� � u��f� � v� � E

���
� ����f� � ���f� � v�

� E
���
� ����f� � ���f� � v� �

Since f� � f� � H�
� �G� and ���f� � ���f� � H�

� �G�
 we �nd f� � f� �
���f�����f� 
 hence u��f� � u��f� � The linearity of � �	 u��� is obvious�

We have seen so far
 that

�
���
� � H�������G� �	 H�

��G� � � 
�	 u��� �

is a well�de�ned linear operator�

Claim �� The mapping �
���
� is bijective� Suppose that �

���
� ��� � 
 for

some � � H�������G�� But 
 � �
���
� ��� � H�

� �G�
 thus � � 

 i�e�

�
���
� is injective�

In order to see surjectivity
 choose any u � H�
��G� � H��G� and

observe that there is a � � H�������G� such that � u � �� We can

thus de�ne u��� �� �
���
� ���� Since � u��� � �
 we �nd u��� � u �

H�
� �G� � H�

��G�
 therefore u��� � u� This is but to say that �
���
� is

onto�

Claim �� The mapping �
���
� � H�������G� �	 H�

��G� is continuous

�the Hilbert spaces are equipped with their canonical
 respectively
 in�
duced canonical scalar products�� Since the Hilbert space H��G� is the
orthogonal sum of two closed subspaces
 the projections

�� � H
��G� �	 H�

� �G� and �� � H
��G� �	 H�

��G�

are orthogonal projections
 hence continuous� By de�nition
 #� is also

continuous
 and so is the composition �
���
� � �� � #��
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� An analogue of the Douglas integral�

As in the preceding sections
 G denotes a bounded domain with
boundary �G which shall be a C��manifold� Let us have a closer
look at the spaces H�������G�
 �
� � � � �� Following J� Wloka
���
 Chapter ���� we can de�ne on H�������G� an equivalent norm in
the following way� Choose a �nite cover fUjg

M
j��
 Uj � �G
 of �G by

coordinate patches
 and denote by f�jg
M
j�� a partition of unity relative

to this covering� For any � � H�������G� we put �j �� �j�� Then
k � kH�������G� is equivalent to the norm jjj � jjjH�������G� which is given
by

����� jjj�jjj�H�������G� ��
MX
j��

jjj�jjjj
�
H�������G� �

Here


�����

jjj�jjjj
�
H�������G� ��

Z
�G

j�j�x�j
� ��dx�

�

Z
�G

Z
�G

j�j�x�� �j�y�j
�

jx� yjn�����
��dx���dy� �

where � is the surface measure on �G� Let us denote by
	
S���� D�S���



� H�������G� the quadratic form

S������ ��

��

MX
j��

Z
�G

�j�x��j�x���dx�

�
MX
j��

Z
�G

Z
�G

��j�x�� �j�y�� ��j�x�� �j�y��

jx� yjn�����
��dx���dy� �

�����

It is obvious from ����� that �S���� D�S����� is a regular Dirichlet form
on L���G�� In particular
 the unit contraction operator N�G��� ��
�
 � �� � � � leaves the form domain D�S���� � H�������G� invariant
and operates continuously thereon
 i�e�


S����N�G���� N�G���� � S������ �� � � � D�S���� �
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Denote by NG
 NG�u� �� �
 � u� � �
 the unit contraction de�ned for
functions u � G �	 R� Since H��G� is a Dirichlet space with respect
to its canonical scalar product
 we �nd as above that NG � H��G� �	
H��G� is continuous and operates on any Dirichlet form with domain
H��G��

Lemma 
��� Let � be the trace operator and N�G� NG unit contractions

on �G and G� For u � H��G� we have

����� ��NG�u�� � N�G�� u� �

Proof� For h � C�G� �H��G� the assertion ����� is straightforward�
Since �
 N�G
 and NG are continuous operators
 so are their compo�
sitions � � NG � H��G� �	 H�������G� and N�G � � � H��G� �	
H�������G�
 and ����� follows from the density of C�G� � H��G� in
H��G��

Let E
���
� ��� ��
 �

���
� 
 andH�

��G� be as in the preceding section� Then

C
���
� ��� �� �� E

���
�

	
�
���
� �����

���
� ���



� �� � � H�������G� �

de�nes on H�������G� a bilinear form� We know already that �
���
� �

H�������G� �	 H�
��G� is a linear
 continuous
 and bijective operator�

Since
	
H�
��G�� ��� ���



is a closed subspace of H��G�
 it is itself a Hilbert

space and there exist constants c�� c� � 
 such that

����� c� k�kH�������G� � k�
���
� ���kH��G� � c� k�kH�������G�

holds� Hence
 C
���
� is a closed form on H�������G��

Theorem 
��� The bilinear form �C
���
� � H�������G�� is a Dirichlet

form�

Proof� C
���
� being a closed form
 it remains to prove the contraction

property for the unit contraction N�G


C
���
� �N�G���� N�G���� � C

���
� ��� �� � � � H�������G� �

In order to see this
 we show �rst that

����� NG��
���
� ���� � �

���
� �N�G���� � g� � � � H�������G� �
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where �
���
� �N�G���� � H

�
��G� and g� � H�

� �G�� Since the decomposi�
tion ����� is necessarily unique
 it is su	cient to prove that the traces
satisfy

��NG��
���
� ����� � ���

���
� �N�G����� �

that is
 since � ��
���
� � id on H�������G�


��NG��
���
� ����� � N�G��� �

This
 however
 is just the assertion of Lemma ���� Using ����� we �nd

C
���
�

	
�� �



� E

���
�

	
�
���
� �����

���
� ���



� E

���
�

	
NG��

���
� ����� NG��

���
� ����



� E

���
�

	
�
���
� �N�G������

���
� �N�G����



� � E

���
�

	
�
���
� �N�G����� g�



� E

���
�

	
g�� g�



� C

���
�

	
N�G���� N�G���



�

and we are done�

Let us return to the Dirichlet form �S���� H�������G��� Since S���

is a closed form on H�������G�
 S
���
� ��� �� �� S������ �� � ���� ��L� is

for any � � 
 a scalar product which is equivalent to ��� ��H�������G��

Similarly
 C
���
������ �� �� C

���
� ��� ��� ���� ��L� is also a scalar product which

is equivalent to ��� ��H�������G�
 thus S
���
� and C

���
��� are equivalent to

each other� Since both are Dirichlet forms
 we can associate with each
of them a Hunt process with state space �G� One may expect that the
comparability of the forms carries over to the processes� Let us brie�y
explain this point for L��L��estimates of the semigroups

n
T
S���
�

t

o
t��

and
n
T
C
���
���

t

o
t��

�

It is known that on the spaces H�������G� a Sobolev inequality holds

that is

����� kukLp��G� � c kukH�������G� � p �
� �n� ��

n� ��
�

�

�
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Note that p � � if �
� � � � �� By ����� we get for � � 


kuk�Lp��G� � cS���� �u� u� and kuk�Lp��G� � c� C
���
����u� u� �

This implies
 cf� Varopoulos et al� ����
 that both semigroups satisfy
the estimates

�����

���TS���
�

t

���
L��L�

� c��
e�t

t���n�����������

and

���T C������

t

���
L��L�

� c���
e�t

t���n�����������
�

In this section we have constructed the boundary Dirichlet form asso�

ciated with the subordinate process fX
���
t gt�� and
 likewise
 with the

Dirichlet form �E���� H��G��� In the case of a Brownian motion
 this
was �rst done by M� Fukushima ���
 and in a rather general �but ab�
stract� way for general regular symmetric Dirichlet forms by M� Silver�
stein ����� Here
 as in the whole paper
 we provide explicit constructions
which allow us to determine precisely the domains in terms of function
spaces� This yields additional information for studying the Dirichlet
forms and�or the corresponding �boundary� process�

�� The process associated with C
���
� �

We will now study the stochastic process which is generated by

the Dirichlet form C
���
� on the boundary �G� We will closely follow

the ideas of ���
 in particular Chapter ���� Notice
 however
 that the
process fX��tgt�� generated by L�x�D� � 	 under Neumann bound�
ary conditions is a nice Feller process with smooth densities� We may

therefore
 do without the exceptional sets which frequently occur within
the framework of Dirichlet forms � for a discussion of this point in
the general theory we refer to M� Fukushima�s paper ���� In order to
avoid technical complications we will always assume 	 � 
� We con�
clude from this
 that the extended Dirichlet space and the original one

�E
���
� � H��G�� coincide�

Let us begin with � � �
 i�e�
 the re�ected di�usion process

fX��tgt��
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�with �ltration fF��tgt��� associated with the Dirichlet form

�E�� H
��G�� �

where 	 � 
 and E���� �� �� E��� �� � 	��� ��L� with E as in ������ If �G
is smooth
 the surface measure � is a smooth measure in the sense of
��
 p� �
�
 because by ������ � take � � � � and the �niteness of � the
surface measure � is even a measure of �nite energy integral ��
 p� ���

hence smooth� Thus
 there is a unique positive continuous additive
functional fL��tgt�� such that � is its Revuz measure
 see ��
 pp� ����
����� One can check that fL��tgt�� is the boundary local time
 i�e�


����� L��t �

Z t

�

��G�X��s� dL��s

holds
 and that the support of fL��tgt�� equals �G� Write f���tgt�� for
the generalized right�inverse of fL��tgt��


����� ���t��� �� inf
�
s � 
 � L��s��� � t

�
�

Clearly
 f���tgt�� is a subordinator� We may now apply ��
 Theo�
rem �������

Theorem ���� Let L�x�D� be as before and denote by fX��t�F��tgt��
the Feller process corresponding to the Dirichlet form �E�� H

��G��� The
time�changed process fX��
��t �F��
��tgt�� is given by the Dirichlet form

�C�� H
�����G��� 	 � 
�

This theorem implies
 in particular
 that the boundary process
fX��
��tgt�� is comparable �on the level of Dirichlet forms� with the
process on �G being associated with the form	

��� ��H�����G� � 	��� ��L�� H�����G�


�

The latter
 however
 should be thought of as a perturbation of a Cauchy
process on the boundary�

Let us now discuss the subordinate processes
 i�e�
 the processes

associated with �E
���
� � H��G�� and �C

���
� � H�������G��
 � � �
� and

	 � 
� Denote by fY
���
t gt�� a one�sided ��stable subordinator with

Bernstein function f��x� � x�
 
 � � � �� As for ����� we may choose

a version of fY
���
t gt�� that is independent of fX��tgt��� Then

X
���
��t ��� �� X

��Y
���
t

��� �� X
��Y

���
t �
�

��� � t � 





� N� Jacob and R� L� Schilling

is the subordinate �re�ected di�usion� process �in the sense of Section

�� given by �E
���
� � H��G��� Its �ltration is

�
F
��Y

���
t

�
t��

�

Due to a result of St� Orey
 ���
 p� ����
 �G will be a zero�capacity
set if and only if � � �
�� Therefore
 the assumption � � �
� is
necessary in order to obtain a smooth boundary measure � and
 thus
 a

positive continuous additive functional fL
���
��t gt�� with Revuz measure

�� As above
 the �niteness of � and ����� prove that for � � �
�

the measure � is indeed smooth� Again
 L
���
��t can be identi�ed with

the boundary local time for X
���
��t � i�e�
 ����� holds with some obvious

changes � with support in �G
 and f�
���
��t gt�� will be its generalized

right�inverse�

Theorem ���� Let
�
X

���
��t �F��Y ���

t

�
t��

be the subordinate re�ected

di�usion process corresponding to the Dirichlet form �E
���
� � H��G���

� � �
�� The time�changed process
�
X

���

��

���
��t

�F
��Y

���
�

�

���
��t

�
t��

is given

by the Dirichlet form �C
���
� � H�������G��� 	 � 
�

Starting with �E�� H
��G�� and fX��tgt�� we have
 so far
 con�

structed three new Dirichlet forms and stochastic processes�

� The associated boundary Dirichlet form�process

�C�� H
�����G�� and X��
��t � t � 
 �

where ���t is the generalized inverse of the boundary local time Lt of
the original process�

� The subordinate Dirichlet form�process

�E
���
� � H��G�� and X

���
��t �� X

��Y
���
t

� t � 
 �

where � � �
� and Y
���
t is a one�sided ��stable subordinator�

� The boundary Dirichlet form�process associated with the subordinate
form�process

�C
���
� � H�������G�� and X

���

��

���
��t

�� X
��Y

���
�

�

���
��t

� t � 
 �

where � � �
� and �
���
��t is the generalized inverse of the boundary local

time L
���
��t of X

���
��t �
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It is natural to ask
 whether the boundary process X
���

��

���
��t

of the

subordinate process can be directly obtained as subordinate process to
X��
��t 
 i�e�
 to the boundary process of the original process� A partial
answer to this question is given below�

Theorem ���� Let L��t� ���t� L
���
��t � �

���
��t � and Y

���
t be as above� Denote

by fX��
��tgt�� and
�
X

���

��

���
��t

�
t��

the boundary processes induced by

the Dirichlet forms �C�� H
�����G�� and �C

���
� � H�������G��� � � �
��

Then

����� ���t �� L��� � Y
���
� � �

���
��t � t � 


de�nes a time�change for the process fX��
��tgt��� and we have

����� ���� � ���t � Y
���
� � �

���
��t and X

���

��

���
��t

� X��
�������t �

i�e�� the boundary process of the subordinate process can be represented

as time�changed boundary process of the original process�

Proof� Clearly
 the process ���t is an almost surely positive
 increasing

c adl ag process such that ���� � 
 almost surely� Note that Y
���
� � �

���
��t

is an F��t�stopping time� Once ����� is established
 we see from

f���t � sg � f���� � ���t � ���sg � fY
���
� � �

���
��t � ���sg � F��
��s �

where s � 

 that f���tgt�� is a family of F��
��t�stopping times
 hence
a time�change�

It is therefore enough to prove ������ Since ���t is a right�inverse

we have always L��� � ���t � t
 but ���� �L��t � t holds only at increase

times t of L��t� In order to check that Y
���
� � �

���
��t is almost surely an

increase time of L��t we have to prove that

X
��Y

���
�

�

���
��t

� supp fL��tg �� fx � G � Px����� � 
� � �g �

For any #� � % and t � 


P
X
��Y

���
�

��
���
��t

��
�	
�
���
��� � 
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� P
	
���
Y

���
�

�

���
��t

f�
���
��� � 
g jF

��Y
���
�

�

���
��t �



� P

	
inf fs � 
 � L

���

��s�

���
��t

� L
���

��

���
��t

g � 
� jF
��Y

���
�

�

���
��t �



� P

	
inf fs � 
 � L

���

��s�

���
��t

� tg � 
 jF
��Y

���
�

�

���
��t �



� �

since �
���
��t is by its de�nition the right endpoint of every interval of

constancy of L
���
��t � We have thus seen that up to an exceptional �i�e�

capacity zero� set
 say N�


X
��Y

���
�

�

���
��t

� supp fL
���
��t g �

Since supp fL
���
��t g is a quasi�support of the Revuz measure �
 cf� ��


Theorem ������
 we have supp fL
���
��t g � �G up to another exceptional

set
 N
���
� 
 say� Thus


X
��Y

���
�

�

���
��t

� supp fL��tg �N� �N
���
� �N

���
� �

The set N � N� � N
���
� � N

���
� is again exceptional and
 under our

smoothness assumptions
 even polar with respect to fX
���
��t gt��
 see ��


Theorem ������� Therefore we have for all t � 
 and x � G

Px
	
X

���

��

���
��t

� N


� Ex

	
�N �X

���

��

���
��t

�


� Ex

	
sup
s��

�N �X
���
��s �



� 
 �

Consequently
 X
��Y

���
�

�

���
��t

� supp fL��tg holds almost surely �Px� for

every x
 and ����� follows�

In general
 it seems to be wrong that the boundary process of a

subordinate process is some subordinate to the boundary process of the

original process
 since
 in general
 ���t is neither a L�evy process nor an
independent process�
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�� The subordinate re
ected di�usion process�

Let fXtgt�� be the re�ected di�usion considered in Section � abo�
ve� Recall that the corresponding Dirichlet space is �E � H��G�� where
H��G� � L��G�
 and that one has the Skorokhod representation �����


�����

Xk
t �Xk

� � Mk
t �

nX
���

Z t

�

�ak�
�x�

�Xs� ds

�
nX
���

Z t

�

ak��Xs� ���Xs� dLs �

As in the preceding section
 let fY
���
t gt�� denote an ��stable subordi�

nator and X
���
t � X

���
��t the subordinate re�ected di�usion�

Theorem ���� Let fX
���
t gt�� be the process that is obtained from

the re�ected di�usion fXtgt�� through subordination with respect to a

one�sided stable subordinator fY
���
t gt�� of order � � �
� ��� Then the

following Skorokhod representation holds	
X

���
t


k
�
	
X

���
�


k
� �N

���
t �k �

nX
���

X
r�t

Z �

�

�ak�
�x�

	
X
Y

���
r� �s	Y

���
r



ds�Y

���
r� � s&Y ���

r �

�
nX
���

X
r�t

Z �

�

ak�
	
X
Y

���
r� �s	Y

���
r



��
	
X
Y

���
r� �s	Y

���
r



dsLY ���

r� �s	Y
���
r

�

�����

where N
���
t � M

Y
���
t

is a pure jump martingale �with respect to the

time�changed �ltration�� Mt is the continuous martingale part of the

Skorokhod representation of fXtgt��� and Lt is the boundary local time

of the di�usion fXtgt���

Proof� In order to keep notation to a minimum
 we will sometimes
omit the superscripts ���� A change of time in ����� with respect to the
subordinator fYtgt�� yields	

X
���
t


k
�
	
X

���
�


k
� Mk

Yt
�

nX
���

Z Yt

�

�ak�
�x�

�Xs� ds�
nX
���

Z Yt

�

ak��Xs� ���Xs� dLs �
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where MYt 
 t � 

 is just the subordinate to the continuous martingale
Mt in the Skorokhod representation of fXtgt��
 see �����
 ������ It
is obvious that MYt is again a martingale �with respect to the time�
changed natural �ltration of fXtgt��� and that it is of pure jump type
�since the subordinator is of this type��

In order to study the integral expressions in the above formula

we need a change�of�variable formula for Stieltjes integrals� Recall that
fXtgt�� is a continuous process and that t 
�	 Lt��� is a continuous

almost surely increasing function� The main di	culty is that Yt may
have almost surely countably many jumps in �nite time� By a well�
known approximation technique for L�evy processes � cf� L� Breiman
��
 Theorem ����� and Proposition ����� � we can approximate Yt by
processes Y �

t whose paths are almost surely step functions with �nitely
many jumps in �nite time


lim
�	�

Y �
t ��� � Yt��� � almost surely �P�� �

�Y �
t can be chosen to be the subordinator with

c�

Z �

�

��� e�x��x���� dx �	 
� � � �	 
 �

as characteristic exponent�� Therefore


����� lim
�	�

Z Y �
t

�

�ak�
�x�

�Xs� ds �

Z Yt

�

�ak�
�x�

�Xs� ds �

almost surely �Px� and

����� lim
�	�

Z Y �
t

�

ak��Xs� ���Xs� dLs �

Z Yt

�

ak��Xs� ���Xs� dLs �

almost surely �Px��
Assume that s 
�	 As��� is a function which is for almost all �

continuous and increasing � this includes
 in particular
 the functions
s 
�	 s and s 
�	 Ls��� of �����
 ������ We consider the pathwise
de�ned Stieltjes integral

Z Y �
t �
�

�

u��� s� dAs��� �
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for those � where s 
�	 As��� is continuous and increasing! u��� �� is
any continuous function� For �xed � and t we may assume �if necessary

we remove another negligible ��set� that the function s 
�	 Y �

s has only
�nitely many jumps ��� 
 � � �� �� � � � � k����
 on �
� t�� Thus


Z Y �
t �
�

�

u��� s� dAs��� �

k��
�X
���

Z Y �
	�


�
�

Y �
	�


�
�
�

u��� s� dAs��� �

where Y �
��
�

��� � limr
��
 �
�
Y �
r ��� denotes the left limit� In an ap�

pendix we will prove the following technical Lemma�

Lemma ���� Denote by &Y �
r � Y �

r � Y �
r�� Then

�����

Z Y �
	�


�
�

Y �
	�


�
�
�

u��� s� dAs���

�

Z �

�

u��� Y �
��
�

� s&Y �
��

� dsAY �

	�


�
�s	Y �

	�



��� �

An application of Lemma ��� shows

Z Y �
�

�

u��� s� dAs���

� lim
�	�

k��
�X
���

Z �

�

u��� Y �
��
�

� s&Y �
��

� dsAY �

	�


�
�s	Y �

	�



��� �

Since fY �
t gt�� is a pure jump process
 we obtain

k��
�X
���

Z �

�

u��� Y �
��
�

� s&Y �
��

� dsAY �

	�


�
�s	Y �

	�



���

�
X
r�t

Z �

�

u��� Y �
r� � s&Y �

r � dsAY �
r��s	Y

�
r
���

and the proof of Theorem ��� is �nished by the following lemma�
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Lemma ����

�����

lim
�	�

X
r�t

Z �

�

u��� Y �
r� � s&Y �

r � dsAY �
r��s	Y

�
r
���

�
X
r�t

Z �

�

u��� Yr� � s&Yr� dsAYr��s	Yr ��� �

Proof of Lemma ���� We �x r � �
� t� and set

v�s� �� �� u��� Y �
r� � s&Y �

r � �

a�s �� AY �
r��s	Y

�
r
�

v�s� �� u��� Yr� � s&Yr� �

and

as �� AYr��s	Yr �

Then

��� Z �

�

v�s� �� da�s �

Z �

�

v�s� das

���
�
��� Z �

�

v�s� �� da�s �

Z �

�

v�s� �� das

���� ��� Z �

�

v�s� �� das �

Z �

�

v�s� das

���
� sup

��Yt�
�

ju��� 
�j

Z �

�

d�as � a�s� �

Z �

�

jv�s� ��� v�s�j das �

where we have used the fact that &Y �
s ��� � &Ys���
 hence a�s � as�

Since s 
�	 u��� s� is continuous
 the second integral tends to 
 as
� �	 
� The �rst integral tends also to 
 as � �	 

 because a�s
increases to the continuous function as
 hence
 by Dini�s theorem
 this
convergence is uniform� Therefore


lim
�	�

Z �

�

u��� Y �
r� � s&Y �

r � dsAY �
r��s	Y

�
r
���

�

Z �

�

u��� Yr� � s&Yr� dsAYr��s	Yr ��� �
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SinceZ �

�

u��� Y �
r� � s&Y �

r � dsAY �
r��s	Y

�
r
���

� sup
��Yt�
�

ju��� 
�j

Z �

�

dsAYr��s	Yr ��� �

and since

X
r�t

Z �

�

dsAYr��s	Yr ��� �
X
r�t

�AYr �AYr�� �� �

we may invoke Lebesgue�s dominated convergence theorem which en�
ables us to interchange the limit � �	 
 and the summation on r � t
on the left hand side of ������ This �nally shows Lemma ��� and also
Theorem ����

�� Concluding remarks�

Many of our results do extend in an obvious way to subordination
with respect to the larger class of complete Bernstein functions �cf� ����
for a de�nition� containing the fractional powers f��x� � x� which were
considered throughout our paper� This greater generality has to be paid
for by the fact that it is not possible to obtain exact characterizations
of domains etc� in terms of function spaces� If
 however
 a �complete�
Bernstein function f is comparable from above or below or from both
sides with some fractional power f� or f�
 that is
 if for some �� � �
�
� �� and large x

f�x� � Cf��x� �

cf��x� � f�x� �

or
cf��x� � f�x� � Cf��x� �

are satis�ed
 one can use some comparison result from ���� in order to
identify for suitable values of � and � the domains D�Af � or D�Ef �

etc� with subspaces of H��G� �or H�
� �G�� or to prove that they contain

the space H��G� or H�
� �G��
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Furthermore
 this allows us to give some rough characterization of
the Dirichlet form for the corresponding boundary process � provided
it exists
 i�e�
 � � �
��

A� Appendix�

We will give here the proof of Lemma ���� To keep notation to a
minimum we will write Y �t�� A�t�� ��� � � � instead of Y �

t � At� �
�
� � � � �

It is clearly enough to check ����� for �xed � and for �deterministic�
indicator functions u�s� �� � ��a�b
�s�

�A���

Z Y ��
�

Y ��
��

��a�b
�s� dA�s� �

Z �

�

��a�b
�s���Y ��
���Y ��
�
 dA�s�

�
	
A�b � Y ������A�a � Y ������



� 
 �

On the other hand
 we have �with the convention that �a� b � � � if
a � b�Z �

�

��a�b
 �Y ����� � s&Y ����� dsA�Y ����� � s&Y �����

�

Z �

�

���a�Y ��
�����Y ��
��Y ��
�����b�Y ��
�����Y ��
��Y ��
���
�s�

� dsA�Y ����� � s&Y �����

�

Z �

��

���a�Y ��
�����Y ��
��Y ��
�������b�Y ��
�����Y ��
��Y ��
�����
�s�

� dsA�Y ����� � s&Y �����
�A���

� A
�
Y ����� � &Y ����

b� Y �����

Y ����� Y �����
� �

�

�A
�
Y ����� �

	
a� Y �����



� 


�
�

It remains to check �A��� � �A��� for all admissible permutations of
�a� b� Y ������ Y ������ These are

�� a � Y ����� � Y ���� � b � �� a � Y ����� � b � Y ���� �

�� a � b � Y ����� � Y ���� � �� Y ����� � a � b � Y ���� �

�� Y ����� � a � Y ���� � b � �� Y ����� � Y ���� � a � b �
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and this is an elementary � but somewhat tedious � exercise�
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