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The angular distribution of

mass by Bergman functions

Donald E. Marshall and Wayne Smith

Abstract. Let D = {z : |z| < 1} be the unit disk in the complex plane
and denote by dA two-dimensional Lebesgue measure on D. For € > 0
we define ¥, = {z : |argz| < €}. We prove that for every € > 0 there
exists a 0 > 0 such that if f is analytic, univalent and area-integrable
on D, and f(0) = 0, then

/ |f|dA>6/|f|dA.
F~1(x3:) D

This problem arose in connection with a characterization by Hamilton,
Reich and Strebel of extremal dilatations for quasiconformal homeo-
morphisms of D.

1. Introduction.

Let D = {z : |2| < 1} be the unit disk in the complex plane and
denote by dA two-dimensional Lebesgue measure on . The Bergman
space Ll consists of functions that are analytic on D and integrable
with respect to dA. It is a Banach space with norm

||f||1=/D|f|dA-

Each f € L} induces a Borel measure 7 on the plane defined by
nE) = [ Iraa.
fUE
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The problem considered in this paper concerns the angular distribution
of mass by such a measure. For ¢ > 0 we define

Y. ={z: |argz| <e}.

Theorem 1.1. For everye > 0 there exists a § > 0 such that if f € L}
is univalent and f(0) = 0, then

(1.1) | v, 124> 171

Since (1.1) will then hold for all rotations of ¥, Theorem 1.1 says
that the measure py cannot be too asymmetric. This theorem can not
be extended to L? for any p > 1; Example 4.3 at the end of the paper
shows that (1.1) fails when p > 1, |f] is replaced by |f|P, and ||f|]1 is
replaced by || f|[P.

As is explained below, it is known that there exist positive con-
stants C' and 7 such that

(1.2) c/ FldA> flli,  forall f € L with f(0) =0,
fﬁl(zwm—n)

and it is an open problem to prove (1.1) without the restriction that
f be univalent. This is equivalent to a conjecture regarding quasicon-
formal mappings made by M. Ortel and the second author in [OS]. We
now briefly review the relevant parts of this theory, and indicate the
consequences that a solution to the open problem would have.

A bounded area-measurable function x on D with ||s|| < 1 is said
to be a dilatation. It is a theorem in Ahlfors [A1] that to any dilatation
k there is associated a unique quasiconformal homeomorphism f* of D
that fixes the points 1, i, and -1, and satisfies 0 f* = k 0f*. We say that
Kk is an extremal dilation if k is a dilatation and ||k||so < ||£1]|cc Whenever
fre?) = fr(e?), —m < § < m. The following characterization of
extremal dilatations is due to R. Hamilton, S. L. Krushkal, E. Reich
and K. Strebel.

Theorem 1.2 ([Hal, [K], [RS]). Suppose k is a dilatation. Then k is an
extremal dilatation if and only if one of the following statements holds:

1) There exist f € L. and k € [0,1) such that k(z) =k f(2)/|f(2)]
almost everywhere dA(z).
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2) There is a sequence {f,} C LL, converging to 0 uniformly on

compact subsets of D, such that ||f,|1 =1 and
lim /fnﬁdA: .
L —> 00 D

Checking whether condition 2) holds for a particular dilatation
can be difficult, and for this reason a more explicit characterization of
extremal dilatations would be valuable. In this regard, we note it is not
difficult to construct extremal dilatations that assume only countably
many values and satisfy condition 2). Such a construction, based on
an example in [OS], appears below. M. Ortel and the second author
investigated the arguments of an extremal dilatation, and proved the
following theorem.

Theorem 1.3 ([OS]). Suppose & is a bounded measurable function on
D, /2 < 0 < w/2 + arctan (1/2 Cy), and k(z) € Xg U {0} for almost
all z € D. Then k is an extremal dilatation if and only if there exist

k € [0,1) and f € L} such that k(2) = k f(2)/|f(2)| for almost all
z e D.

Here Cj is the infimum of those constants C' such that

‘/D|f|d¢4§0‘/D|Ref|dA,

for all f € L} satisfying Im f(0) = 0. Subsequently, X. Huang [Hu]
showed that this theorem remains valid when the number 7/2 +
arctan (1/2 Cy) is replaced by the larger number 7/2+arcsin (1/(2 Cy—
1)). It was conjectured in [OS] that in the theorem, the number 7/2 +
arctan (1/2 Cp) can in fact be replaced by w. In other words, if x is
an extremal dilatation not of the form k f/|f|, with f € L}, then the
arguments of x were conjectured to be dense in the unit circle.

This conjecture is equivalent to the extension of Theorem 1.1 from
univalent functions to all functions in LL. To see this, first suppose that
(1.1) holds for all f € L! and that r is a dilatation satisfying

k(z) € C\ Xac ,
for almost all z € D. Let f be such that ||f||; = 1 and f(0) = 0. If
f(z) € X¢, then f(z) k(z) € C\ X¢. Thus

Re/ frdA < cos(e) ||Ii||oo/ |fldA,
f=H(2e) f=H(2e)
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and so

Re [ FRaA <l +eos(@ =Dl [ 17l

< [I#lloo + (cos (¢) = 1) [|K]loc 0

< [lslloo 5

where 6 > 0 comes from (1.1). Thus, condition (2) of Theorem 1.2 can
not hold and  is not extremal unless it is of the form k f/|f|, where
f € LL. Hence if the arguments of x are not dense in the circle, then
condition 2) of Theorem 1.2 fails. For the converse, suppose there is a
sequence {f,} C LL with ||f,||1 = 1, f.(0) = 0, and such that

lim |fnldA=0.

n— 00 f'rjl(zs)

It is easy to check that if f is a normal limit of {f,}, then

/ f|dA=0.
i)

Since also f(0) = 0, it follows that f is identically 0, and so {f,}
converges to zero uniformly on compact subsets of 0. Then, by ap-
proximating f,/|f.| on an appropriate sequence of annuli in I while
omitting values in Y., it is possible to construct a dilatation s that
satisfies condition 2) of Theorem 1.2 and which assumes no values in
Ye.

Thus we have shown that the conjecture from [OS] of the density
in the unit circle of the arguments of an extremal dilatation s not of
the form k f/|f|, with f € L!, is equivalent to the conjecture that the
conclusion of Theorem 1.1 is valid for all f € Ll with f(0) = 0. We
also note that the argument sketched above, together with the theorem
quoted from [OS], shows that there exist positive constants C' and 7
such that (1.2) holds.

In the next section we collect facts and background material on
the hyperbolic metric and harmonic measure that will be used to prove
Theorem 1.1 in Section 3. Finally, some examples have been included in
the last section. These examples illustrate how some of the difficulties
encountered were addressed in the proof, and that Theorem 1.1 can not
be extended to L? for any p > 1.



THE ANGULAR DISTRIBUTION OF MASS BY BERGMAN FUNCTIONS 97
2. Background.
The main tools we will use in the proof of Theorem 1.1 are the

hyperbolic distance and harmonic measure. The hyperbolic distance on
D is defined by (see [A2, p. 2])

21d
pD(thg) = inf {/ | Z|2 : v is an arc in D from z; to Z2} .
41— 2]

For example, the shortest distance from 0 to any other point is along a
radius, and

1+|z|>

po 0, |21) = log (1=

This distance is invariant under conformal self-maps of D and thus
the hyperbolic geodesics are diameters of the disk together with circles
orthogonal to the unit circle. This distance also transfers to a natural
conformally invariant distance on any simply connected proper subset
G CC. If p: D — G is any conformal map, the hyperbolic distance
on G is given by p (w1, wa) = py (21, 22), where w; = ¢(z;) for i = 1,2.
The shortest arc in D from z; to zo is the arc of the unique circle
orthogonal to 0D passing through z; and zs. The shortest arc in G
from w; to wsy is the image of this arc in D by the map ¢. If £ C G,
then the hyperbolic distance from 21 to E will be denoted by p (21, E).

The harmonic measure of a set E contained in the closure of a
region () evaluated at z € Q is denoted by w(z, E,2). It is (roughly)
the function which is harmonic on ©Q \ F, equal to 1 on E and equal 0
on 00\ E. See [GM] for a precise definition.

2.1. Area Estimates.

We can use both the hyperbolic distance and harmonic measure to
estimate the Euclidean area A(F) of a measurable set £ C D

(2.1) A(E) < Ce= OB y(0, E, D),

for some universal constant C' < oo. To see this, let E* = {z/|z]| : z €
E} denote the radial projection of E onto 0ID. Then F is contained in
the set

{z €eD: py(0,2) > py (0, E) and ﬁ € E*},
z
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which has area at most 2e~75(*F) |E*| where |E*| denotes the length
of the projection E*. Equation (2.1) now follows from Hall’s Lemma
[GM].

If E is a hyperbolic ball, then a similar lower estimate is available
for the area: If E is a hyperbolic ball with hyperbolic radius at least
po, then

(2.2) AE)>C(1—e)2e 0B 40, E,D),

for some universal constant C' > 0. Each quantity in the right-hand side
of (2.2) can be computed explicitly using conformal invariance. Another
way to make the lower estimate in (2.2) is to set d = inf {|z| : z € E},
so that

1—d

1+d-

Inequality (2.2) is easy to prove if 0 € E, so assume that 0 ¢ F, and let
I' denote the circle orthogonal to the unit circle separating E from 0
with p (0,I') = p,, (0, £), and let I denote the subarc of D subtended
by I' and separated from 0 by I'. Then

6_pD (07E) —

w(z,I,D) =

Y

NN

for all z € I', and hence
1
(0, E,D) < w(0,T,D) = 20(0,1,D) = Ll < c(1—a).
7r
A short computation shows that
diam(E) > C(1—d)(1—e" "),
for some universal constant C. Since A(F) is comparable to diam (E)?,
inequality (2.2) follows.
To use the inequalities (2.1) and (2.2) we shall need some estimates
of hyperbolic distance and harmonic measure.

2.2. Distortion theorems.

A fundamental result about univalent functions is the Koebe Dis-
tortion Theorem. The following estimates, which we have stated in a
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form convenient for our purposes, are easy consequences of this theo-
rem; see [P, pp. 9, 10]. We warn the reader that the hyperbolic metric
defined in [P] differs from p by a factor of 2. For w € G, let dg(w)
denote the Euclidean distance from w to 0G.

Theorem 2.1 (Koebe). Let f: D — G be a Riemann map and let
a,be G. Then

1) 0 (£(0)) e < (1+[2])* |f'(2)] < 406(f(0)) ("7,
and

2) |b— a| < 4dg(a) e2Pa(®0),

The hyperbolic distance is not explicitly computable in terms of the
geometry of G alone. A useful substitute is the quasi-hyperbolic distance

on G, introduced by Gehring and Palka [GP]. The quasi-hyperbolic
distance from wj to ws in G is defined to be

d
kg (wy,ws) = inf{[y 5|Gz:l) : v is an arc in G from w; to wz} .

It is an easy consequence (see [P, p. 92]) of the Koebe Distortion The-
orem that

1
(2.3) 5 Pa <k, <2pg,.

2.3. Estimates of Harmonic Measure.

One estimate of harmonic measure which will be used in the proof
of Theorem 1.1 is the following Theorem. Let C,. = {z : |z| = r} be the
circle of radius r centered at 0. If C, N 0Q # @, define O(r) to be the
angular measure of the longest component of C, N 2. In other words,
r0(r) is the length of the longest arc in C, N Q. If C,. N 9N = &, set
O(r) = oc.

Theorem 2.2 (Carleman-Tsuji). Fore >0 andr > (1+¢)?|z|,

r/(1+e) g
w(#Cr, Q) < C() exp (_”/<1+ )
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where C(€) is a constant depending only on ¢.

The above result is based on [C]. Tsuji [T, p. 116] gave the explicit
polar coordinate version above, but using the total length of C). N €2,
and 2 |z| for the lower limit in the integral, with C'(¢) comparable to
e~1/2. The same proof, using (1 + ) |z| as the lower limit, gives the
result above with C'(g) comparable to ((1 + ¢)/e)3/2. Several authors
have observed that the proof depends only on the length of the longest
arc in C, N Q. See, for instance [HW, p. 123] or [GM], which contains
improvements of this theorem.

Another related estimate is based on extremal distance, and is due
to Beurling. Let I' be the collection of curves in a region {2 which
connect sets £ C Q and F C Q. The extremal distance in Q from E to

F' is defined to be
2
(inf//\|dz|>
’YE]‘—‘ o
dQ(EaF) — Sup

YA

where the supremum is taken over all non-negative Borel functions A
with 0 < fQ A2 dA < oo. Extremal distance is a conformally invariant
method of measuring the distance between two sets.

Theorem 2.3 (Beurling). Suppose Q is simply connected and E C Q.
Let o be an arc in §) connecting zo to 0S). Then

8
w(z0, E,Q) < = e~ "da(:E)
m

See, for example [GM]. We will apply this result with o replaced by
a disk containing zy which intersects 0€). Since the extremal distance
decreases as o is increased, the inequality remains true.

These two preceding theorems are closely related, though there
are circumstances where one gives better estimates than the other. For
example, the extremal distance between two circles centered at the
origin is not changed if radial slits are removed from the region, though
this may greatly reduce 6(r). In this case the Carleman-Tsuji Theorem
gives a better estimate. On the other hand, if a curve increasing in
modulus and connecting the two bounding circles of the annulus, is
removed from the annulus,then the Carleman-Tsuji estimate has 0(r) =
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27. However, if this curve is not a radial slit, then the Beurling extremal
distance estimate gives a better estimate (see the proof below).

The proof of Theorem 1.1 also requires the following elementary
estimate. Suppose I'; is a circle orthogonal to 0D separating 0 from
aset E C D, and with e=#o(OT) < 1/4. If R = [0,¢%] is the radius
orthogonal to I'y, let I'y be the circle orthogonal to 9D and orthogonal

to R with
e_PD(O,FO) — 26_pD(0’F1) .

Thus Iy separates 0 from I'y and E. Let (o = T'oN R, so that py (0, (o) =
Pp (07 FO)

Proposition 2.4. There is a universal constant C' < oo so that

(2.4) sup w(¢, F,D) < Cw((o, F,D).
¢elp

PROOF. By conformal invariance, we may suppose that e Pp(0I'1) —
1/4 and (p > 0, which determines I'y and I';. Note that the Euclidean
distance from I'y N D to I'y N D is positive. (This is easiest to see using
orthogonality and a self-map of the disk which sends (o = I'o N R to
0). Let U denote the region in D bounded by 0D and I'y, containing
['yp. Let ¢ be a conformal map of U onto D with ¢((p) = 0 and set
I = ¢(I'yND) C OD. Note that the Euclidean distance from ¢(I'g N D)
to I is positive. Since w(p~!(z), F,D) is a positive harmonic function
on D, vanishing on 9D \ I, we have

1— |22

oo™ (2).B.D) = |

for some positive measure du. Since the distance from ¢(I'o N D) to I
is positive, if z € p(I'o N D) and ¥ € I, then

1— |2
e — 2|2 =,

for some positive constant C. Integrating over I proves (2.4), since
Co =~ (0).
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3. Proof of Theorem 1.1.

Let Q@ = f(D) and, for z € Q, define du(z) to be the Euclidean
distance from z to 02, the boundary of 2. Multiplying f by a constant,
we may assume that dg(0) = 1. For n > 1, we define

An={z: I+e)" 7 <[zl < (1+e)"}

and Ay = D, the unit disk. The size of the annuli was chosen so that the
intersection A,, N Y. is roughly a rectangle with Euclidean dimensions

comparable to ¢ (1 + ¢)"~1. Choose, if possible, a Euclidean square
Q. C A, NYE.NQ with

(3.1) diam (Q,) > Z (14 )t
and
1 dist (Qn, 0(Ap N X NQ))
(32) g = diamm (Qn) <2

Note that there are constants C(¢), depending only on ¢ so that

dist (Qn, 09) _ Cole).

Cile) < diam (Qn) —

Squares satisfying the inequalities in the display above are called Whit-
ney squares. We call the {Q,} dominant Whitney squares, as it turns
out that the integral of |f| over their inverse images dominates ||f||1;
see Lemma 3.1 below. We remark that many annuli may not contain
one of these dominant Whitney squares. Let z, denote the center of
Qn.

Define a covering {€,}, n > 0, of Q as follows. For z € Q, let
v, denote the curve from z to 0, lying on a hyperbolic geodesic. Let
N(Q,,) denote the hyperbolic neighborhood of @,, given by

N Q) ={z: palzz) < 2}

€

Put z in Q,, if N(Q5,) is the first such neighborhood encountered while
tracing the path v, starting at z. More precisely, z € (,, provided

1) pa(zn,v.) < 100/ and
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2) if 77 denotes the component of v, \ N(Q,) containing z, then
either po(zy,,v2) > 100/¢ for all m # n or else 7 is empty.

If there is no @), in A, set §,, = &.
A few remarks are in order at this point.

i) N(Qn) C . In particular, the regions §2,, are not necessarily
pairwise disjoint.

i) U,Q, = Q. Since dn(0) = 1, it is easy to check that there is
a dominant Whitney square Qp C Ay = D, with diam (Qy) > ¢/5. If
z € Qo, then do(z) > /10, from (3.2). Thus dg(w) > /10 for w on the
radial line segment from 0 to z. Integrating the quasi-hyperbolic metric
|dw|/dq(w) along this segment we have that sup,cq, pa(0,2) < 20/,
and so N(Qp) contains a neighborhood of 0. Hence each v, eventually
passes through N(Qo), which means that {Q,} covers Q.

iii) The need for the large hyperbolic radius of 100/e will become
apparent in the proof, and in Example 4.1 in the last section. It is
comparable to the quasi-hyperbolic length in A, of a central circle
separating the two bounding circles of A,,.

Perhaps it is easier to picture the corresponding sets on . The sets
{f7H(N(Q,))} are disks in D. Let U = U, f~H(N(Qy)). If z € D\ U
then z € §,, if the radial line segment from z to 0 first meets QU at a
point of f ~H(N(Q,.)).

Since U, @y, C ¥e and D = U, f~1(Q,), Theorem 1.1 is as imme-
diate consequence of the following lemma.

Lemma 3.1. There exists a constant C(g) such that if f € L is
univalent with f(0) =0, then

3.3 dA < C dA.
(33) J g 1Az 0@ [

Proor. Fix ¢ > 0, with ¢ < 1/10. Throughout the proof we will
use C' to denote various constants that may change from one use to
the next, but are independent of any parameters. Similarly, C(¢) will
denote various constants depending only on €. We emphasize that C'
and C'(e) will always be positive.

First we will prove the lemma when n = 0. We saw in ii) above
that po(0,z) < 20/e, for z € Qp. Thus

inf 1—1z]) >C(e) > 0.
Lt (1) = )
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By Theorem 2.1.1),
[f'(2)] < C(e)

on f71(Qo). Also by (3.1) and (3.2) we have that |f| > C(e) on Qo.
Combining these observations,

/ I dA > C(s)/ dA
F71(Qo) F71(Qo)

> C f'I?dA
(8) /fl(Qo) | |
= C(g) A(Qo)
and hence

(3.4) /f_l(QO) F]dA> C(e).

To estimate the left side of (3.3) when n = 0, note that by (2.1) and
the definition of A;,

/ FlAA < CS (1) e @A) (0, 45010, 9).
F1(60) =

Thus it suffices to show that
(3.5) e~Pa(0.4iNR20) 4,0 A, N Q, Q) < Cle) (1 +¢)7 70+

Let f(z) € Aj. Then, using Theorem 2.1.2) with a = 0 and the nor-
malization 6o (0) = 1,

(L+e)/ ™ < |f(2)] < 4P IR
Thus
(3.6) e P 0A) < 0 (14¢)79/2,

To prove the estimate (3.5) we consider several cases. In the first case
we will use the extremal length estimate of harmonic measure in The-
orem 2.3, in the second case we will estimate harmonic measure using
the Carleman-Tsuji Theorem 2.2, and in the remaining case hyperbolic
distance alone will increase rapidly enough to obtain (3.5).
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For 1 <k < j—1, put k£ in K if there exists a component Ej of
0N Ay and 0y € [0, 2] such that

(3.7)  Epxn{re?: 0<r<oo}#a, when |0 — 9’“|<ﬁ

Case 1. Cardinality () > (5 — 1)/3.
For k € IC, let Si, denote a small polar coordinate square centered
in the annulus along the ray argz = 0. More precisely, set

Y O AV £ " ‘ i}
S = {re”: 16— 6i] < 7 and | log Tl < 1)

For k ¢ K, set Sy, = @. We claim that if oy is any curve in Ay \ Eg

connecting the two boundary circles of Ay, then

(3.8) / |dz| > log (1 +¢).
ok \Sk |Z|

Inequality (3.8) is clearly true if o, N Sy, = @. If o, N S, # &, then by
(3.7), for at least one component o;. of o \ S, we have

5 £
sup |argz —argw| > — — — .
sl 100 10°

Thus

2e\2 € e \2
dz| > loe (1 £ > log (1
/ak\sk |Z|| g \/( og(1+e) = 105> * <100 105) > log (1+e),

which establishes (3.8). The above inequality is perhaps easiest to see
by using the change of variable w = logz so that |dz|/|z] = |dw].
Now define a metric A on QN U;_ 1Ak by

2) = %(;m(z) ~ Y xe )

ke

where x .. denotes the characteristic function of a set F. If o C (2 is a
curve connecting 0D to A; then by (3.8)

/ A(2) dz] > (G — 1) log (1 4+ ).
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Because

/ Lo > ce,
S

o 1212

and Cardinality () > (j — 1)/3, we have that
/ N2(2) dA(2) < (j — 1) (2nlog (1 + €) — C'e2).
QN(1+¢€)i 1D

Thus

inf [ A(z) |dz] :
(o/g ) >I (14 Ce)log(1+¢).

/ A2)2dA 2m
Q

By Theorem 2.3
(3.9)  w(0,4;NQ,Q) < Ce™@PA) < O (1 4 )~ 0/20+0e)

and from this and (3.6) we conclude that (3.5) holds in this case.

Recall that 6(r) is the angular measure of the longest component
of {z:|z|=r}NQ For 1 <m < j—1,set

Fm:{'r: (1+e)™ bt <r<(1+¢)™ and 9(7")§27r—1€m}.

and

e(1+e)mt }

= :1<m<j—1and|F,|>
M {m <m<j and |F,,| > 100

Case 2. Cardinality (M) > (7 —1)/3.
By the definition of M, if m € M then

(1+e)™  q 1+e)™ 1 1 1
/ er/ —dr+/ (7——>@
(14eym—1 7 0(7) (14e)m—1 277 F, \2m—¢/100 27/ r

1
> —log (1 Ce?.
2 o og(l+¢e)+Ce

Since Cardinality (M) > (j — 1)/3, we have that

(14e)’ 2 1 1 )
dr > — (7 —2)log(1 ] .
| s g - Dleei e +0e
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Thus by the Carleman-Tsuji Theorem 2.2,

(1+€)j_2 1
w(0,A4; N, ) < C(e) exp(—w/ dr)
1

(3.10) ro(r)

<Ce)(1+ 6)—(1’/2)(1+Ce) )
By (3.6) and (3.10) we conclude that (3.5) holds in this case.

Case 3. Cardinality (K) < (j — 1)/3 and Cardinality (M) < (j — 1)/3.
Set
IT={i: 1<i<j—1,i¢Kandi¢g M}.

Then Cardinality (Z) > (j — 1)/3. Let ¢ € Z. Choose a continuum
L; C 092N A; such that L; connects the two bounding circles of A;.
Since ¢ ¢ K, there is a 6; such that

0
Li C €z 26/100 .

Then 0€2 does not intersect most of the middle of A;. Indeed, let V
denote the annular region given by

V:{z: (1+€)¢—1(1+1‘%> <|z| < (1+5)i_1(1+%>}

and suppose _
a € 002N (V \ ezgize/zo) .

Then there is a component o; of 902 N A; connecting a to one of the
bounding circles of A;. Since i € K,

i6
o, C e Xe/100

for some 6. Note that since i ¢ K the angular distance from o; to L; is
at least

LY SN
20 \50 100/ 50 °
Since the length of o; is at least (14¢)*~1 /100, this contradicts i & M.

Thus .
OQNA; C e S, U (4 \ V).

Since i ¢ M, QN A; ¢ e Y.e /20, and hence there exists a Q; € A; NEL.
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By (3.6)

100
pa(zo0, Ai) > pa(0, A;) — pa(z0,0) > <

for ¢ sufficiently large. This implies that 4; N N(Qy) = @ for i > 1y,
where 7o depends only on ¢.

Suppose z € A; N}y and suppose 7, is the curve from z to 0 lying
on a hyperbolic geodesic. We claim that if w € v, N A;, with ¢ > 4y and
54, (w) > (¢/10) (1 +¢)*~1, then

<=
10

By (3.1) and (3.2), dist (Q;,0Q) > (1 + €)*~1/8 and hence Q; C
V\ ewiEe/zo. Suppose such a w does not satisfy (3.11). Let o be the
curve in V\ewizs/% connecting w to z; (the center of );), consisting of
a radial line segment from w to the circle of radius (1+¢)*~1 (1+¢/2),
then an arc on this circle, followed by a radial line segment to z;. Note
that on o, the distance to d(A; N Q) is at least (¢/20) (1 + ¢)*~1, and
along most of the circle this distance is (¢/2) (1 +¢)*~1. Hence by the
comparison of the hyperbolic and quasi-hyperbolic distance (2.3)

(3.11) da(w) < —(1+¢)"”

|d(]| 100
1 Zi) < PA, 1 2i) <2 < -
palw.2) < pana(inz) <2 [ I8 o< 3
Thus w € N(Q;) N 4;. Now A; N N(Qo) = &, since i > ip, and thus
N(Qp) cannot be the first such neighborhood encountered along +,.

This contradicts z € Qy and completes the proof of (3.11).
Now when i > iy, by (3.11),

/ e >/(1+€)Z_ (1+9€/10)¢ -
Y2NA; da(C) (14€)i—1(14€/10) % (1+¢)i-1 -

Using the lower estimate in (2.3), this implies that for z € A; N Qy,

(3.12) > Z/ |dC| 4<j;1 —i0>.

NA; 59

1,>10

Hence

e~ Pa(0:4;080) (0, A;jNQp, Q) < e U=30=1/3 < O(g) (14 ¢)~I(1+C=) |
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since ip depends only on ¢, and (3.5) holds. This completes the proof
of the case n = 0.

The proof of Lemma 3.1 for n > 0 is very similar. To begin with,
we see from (3.1) that @, contains a disk of Euclidean radius at least
e (14+€)"~1/8+/2. Thus the quasi-hyperbolic length of any curve v from
the center of this disk to its boundary is at least

/'dz|> C _>ce
JOa(z) = Ao T

Hence @, contains a hyperbolic ball of radius at least C'e, by (2.3),
and so we get from (2.2) that

/ FlAA = (14" A Q)
(3.13) £ (@)

> C(14e)"e?e 208 w(0,Qn, Q).

Next we consider the integral over f~1(€, N A;), where allowance must
be made for both 7 < n and 5 > n. We have

/ FlaA< (1+e) AR N Ay))
f7H(QnNAj )
(3.14) < C (1 + E)j e_PQ(O,QnﬂAj) w((), Qn N Aj, Q) ,

by (2.1). Using the triangle inequality and the definition of 2,,, we see
that

pQ(O, Qn) + pQ(va Qn N A]) < PQ(O, Qn N A]) + C(E) )
and hence

(3.15) e~ (0.2:N4;) < C(e) o= P2(0,Qn) p—pa(zn,QnNA;)

To estimate w(0,$2, N A;, ), first suppose that po(0,2,) < C(e). We
observed above that (), contains a hyperbolic ball of radius at least
C'e, and so w(0,Qy, ) > C(e). Hence

(3.16) w(0,92, NA;,Q) <Cle)w(0,Qn, Q) w(zyn, 2, NA;,Q),

by Harnack’s inequality. We now show that (3.16) holds for all n.
We may assume that exp (—po(0, N(Qy))) < 1/4, since (3.16) has
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been established when pq(0,z,) < C(e). Let I',, denote the hyper-
bolic geodesic in D that separates 0 from f~1(N(Q,)), is orthogonal
to the radius of D through f~'(z,) and satisfies exp (—p,(0,I'n)) =

2exp (—p, (0, N(Qr)))- Then

w(0,Q, NA;, Q) =w(0, f~HQ2, N A;),D)

<w(0,T,,D) sup w(¢, 1R, N A;),D),
¢ely,

by the maximum principle. For the first factor, observe that
w(0,T,,, D) < Ce)w(0, f1(Qn),D) = C(e) w(0,Qn, Q) ,

since the harmonic measures of these sets in D are comparable to the
diameters of the sets. Next, we use first Proposition 2.4 and then
Harnack’s inequality to get that

sup w(¢, f7H Q2 N 45),D) < Cw(Cn, FH2, N Aj),D)
¢er,

< Ce)w(fHzn), f7H2 N Aj), D),
where (, € 'y, is determined by p (0,¢n) = p(0,T). The last three

displayed inequalities now combine to complete the proof of (3.16).
Putting together (3.13), (3.14), (3.15) and (3.16), we get that

/ FldA < C(e) (L + ) e 090 (0, Qn, Q)
f=HQnnA4;)
e Pz N4;) w(2n, 2n N A;,Q)
(3.17) <C@E +E)H/ | dA
fF=H@Qn)
e Pa(zn,nN4;) w(zn, 2y N A;,Q).
We claim that, for all positive integers j and n, we have the inequality

(318) e~PalEn @A) (0 Q0 A5, Q) < Cle) (14 )~li—mI0+09)

This has been proved when n = 0 and z, is replaced by 0, and the proof
for n > 0 is similar.
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For n > 0 the estimate of hyperbolic distance, as for n = 0, is
based on the Distortion Theorem. Let z € A;, and assume first that
j>mn+1. Then

w <(1+e)yt—(1+e)
< |z = zy|
< 460(z,) e2P2(Fn?)
<Ce(l+e)" e2r(2n,2)

where the upper bound for |z — z,,| came from applying Theorem 2.1.2)
with a = 2z, and b = z. For j < n we estimate

e(1+¢)" < C diam (Q,) < Clz — zn| < C (1 +¢) e2P2(zn:2)

where now Theorem 2.1.2) was used with a = z, noting that dq(2z) <
1+ (1+¢)?, to get the last inequality. Hence

(3.19) e <) (L+e)7 2 0 << oo,

after an increase in the constant C'(e) to handle the cases j = n and
Jj=n+1.

The harmonic measure estimates we need for the general case are
also very similar to those made in the case n = 0. As before, we
consider cases 1, 2 and 3 separately. The Case 1 estimate involving
extremal distance is made in exactly the same way, yielding

(3.20) W (2, Uy N Aj, Q) < C (14 ¢)~l—nl0+Ce)/2

in place of (3.9). As above, the absolute values are required in the
exponent to allow for the possibility that j < n.

When we use the Carleman-Tsuji estimate for harmonic measure
in Case 2 with j > n, the integral in (3.10) is replaced by

(1+€)j_2 1
/ dr.
(14e)nt1 r 9(7‘)
When j < n, we first invert € using the map z — 1/z (which preserves

harmonic measure) to put €2 in the proper form to apply Theorem 2.2.
This results in the estimate

(3.21) W(2n, Qn N A;,Q) < C(e) (1 4 )~ F—nI0+C2)/2



112 D. E. MARSHALL AND W. SMITH

in place of (3.10).

The estimates (3.19), (3.20), and (3.21) now combine to prove claim
(3.18) in cases 1 and 2. Finally, the hyperbolic distance estimate in Case
3 is made just as before to get

4 .
pa(zn, Aj N Q) > 3 (l7—n]—3ip—1)
instead of (3.12). Hence
e~ P (zn,A;N0y) < e—4(li—n|=3i0—1)/3 < Cle) (1+ 5)—|j—n|(1+C€) :

and (3.18) has been established in this last case as well.
Combining (3.17) and (3.18), we now get

fldA= / fldA
/fl(ﬂn) ; FHRN4,)

< C(e) / f]dAY (1 + )i limnl+0e)
F=1(@Qu)

j=1
< c<s>/ fldA,
F~1(Qn)

and the proof is complete.

4. Examples.

Our first example shows that, in general, infinitely many dominant
Whitney squares @,, are required in the proof of Theorem 1.1, and
also that N(Q,,) must be defined so that its hyperbolic radius tends to
infinity as e — 0.

EXAMPLE 4.1. For R > 0, let QF = {2 : |2| < R} \[1, R) and let fr be
the Riemann map from D onto Q% such that fz(0) =0 and f4(0) > 0.
Clearly fr € L!, and limg_, o ||fr]]1 = oo, since as R — oo, fr
converges uniformly on compact subsets of D to f(z) =4z (1+2)72 ¢
Ll. Tt is clear that there is a dominant Whitney square @, in every
annulus A,, with (1+¢)” < R. Since

[ Umlaas e Am)
fr (@)
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and limg_, || fr]|1 = 00, as R — oo we must use @); with j arbitrarily
large in the proof of Theorem 1.1.

Next, we show that it was necessary to have the hyperbolic radius
of N(Qy) tending to infinity as ¢ — 0. We show that if M > 0 is any
fixed constant, then the neighborhoods N (Q,) = {z : pa(z,z,) < M}
will not work in the proof. Let z € Q% be a point with Rez < 0. Then
|z, — 2| > |2zn|, and §(z,,) is comparable to € |z, |, and so

|2n — 2|

69 (Zn)

<C < C e2r2(2n,2) ,

by Theorem 2.1.2). Thus, if ¢ is sufficiently small, independent of R,
then N (@) is contained in the right half plane for all n > 0. This
means that if (Qf),, is defined using V'(Q,,) in place of N(Q,), then
{(22%),,} does not cover 2%, and so the proof of Theorem 1.1 does not
work. We now show that even if ()g is replaced by DN ., so that now
{(Q7),,} covers QF there still is a problem.

Since fr maps (—1,0] to (=R, 0], it follows that a hyperbolic neigh-
borhood in D of (—1, —1/2] must belong to fz'((2%)o), when (Q%#),, is
defined using MV (Q,,) in place of N(Q,,). This hyperbolic neighborhood

contains an angle
1
r= {zeD: 142l < (1+75)(1-|2]) and |1+ 2| < 5},
where n > 0, in D with vertex at —1. Since fr converges uniformly on

compact subsets of D to 4z (1 + z)™2, which has a pole of order 2 at
—1, it follows that

lim |frl|dA > lim /|fR|dA:oo.
R—o0 fgl((QR)O) R—o0 r

Thus, if N(Qy,) is replaced by N (Q,,), then there is no constant C(e)
depending only on ¢ such that

/ frldA < c<s>/ frl dA,
frt((QR)) Fr Qo)

since the integral on the right is bounded by 1 - A(D) = .

EXAMPLE 4.2. It might seem at first thought that the proof of Theorem
1.1 could be simplified by using circular symmetrization. However, this
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does not seem to be the case. One problem is that the symmetrization
of an L} function may not be in Ll. For example, let g(z) = (f(22))/?
be the square root transform of the function f from Example 4.1. Then
g(z) =22/(1 + 2?%), and g maps the disk onto the plane slit along the
real axis from —oo to —1 and from 1 to oo. Clearly g € L1, since its
poles are simple, but its circular symmetrization is f ¢ L!.

Let g, be the Riemann map of D onto

{z: |z < B}\ (=R, -1JU[1, R))

with
9,(0)=0
and

9r(0) > 0.

Then [|g,[l1 < [lgll1, since g is subordinant to g, and so the integrals
of |g,| over the inverse image of ¥. are uniformly bounded by ||g||;.
The symmetrization of g, is fr, and

where Theorem 1.1 was used to get the inequality. Thus even when the
symmetrized function is in L}, its integral over the inverse image of X,
cannot be bounded by the integral of the original function.

EXAMPLE 4.3. This example shows that in Theorem 1.1, L! can not
be replaced by L?, for any p > 1. Let p > 1 be fixed and set

-1 1
(o) o
P n

for all n sufficiently large so that ¢,, < 7. Let
fo:D—C\(1+X%)

be the Riemann map with f,,(0) = 0 and f/,(0) > 0. It is easy to verify
that f,, € LT, since €, > w(p — 1)/p, but

| fullp — o0, as n — 00.
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On the other hand, some elementary trigonometry shows that

Eap—1)/2p N (C\ (1 + Zrp—1)/p))

is contained in the disk of radius 2 centered at the origin. Hence

/fl(z U dA S 2 AD) =2,
n w(p—1)/2p

and this can not be used to dominate || f, ||, as n — oo.
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