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Abstract� Let fTtgt�� be the semigroup of linear operators generated
by a Schr�odinger operator �A � � � V � where V is a nonnegative
potential that belongs to a certain reverse H�older class� We de�ne a
Hardy space H�

A be means of a maximal function associated with the
semigroup fTtgt��� Atomic and Riesz transforms characterizations of
H�
A are shown�

�� Introduction and main results�

Let A � �� � V be a Schr�odinger operator on Rd � d � 	� where
V �� 
 is a nonnegative potential� We will assume that V belongs to
reverse H�older class Hq for some q � d��� that is� V is locally integrable
and

�
�
�
� 


jBj

Z
B

V q dx
���q

� C
� 


jBj

Z
B

V dx
�
� for every ball B �

Trivially� Hq � Hp provided 
 � p � q ��� It is well known� cf� �Ge��
that if V 	 Hq� then there is � � 
 such that V 	 Hq��� Moreover� the

���
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measure V �x� dx satis�es the doubling conditionZ
B�y��r�

V �x� dx � C

Z
B�y�r�

V �x� dx �

We note that if V is a polynomial then V 	 Hq for every 
 � q ���
Let fTtgt�� be the semigroup of linear operators generated by �A

and Tt�x� y� be their kernels� Since V is nonnegative the Feynman�Kac
formula implies that

�
�
� 
 � Tt�x� y� � �Tt�x� y� � ��� t��d�� exp
�
�
jx� yj�

� t

�
�

Obviously� by �
�
� the maximal operator

�
��� Mf�x� � sup
t��

jTtf�x�j

is of weak�type �
�
��
We say that a function f is in the Hardy space H�

A if

kfkH�
A
� kMfkL� �� �

The aim of this article is to present an atomic characterization of H�
A�

For n 	 Z we de�ne the sets Bn by

�
�	� Bn � fx � �n�� � m�x� V � � ��n�����g �

where

�
��� m�x� V � �
�
sup

n
r � 
 �




rd��

Z
B�x�r�

V �y� dy � 

o���

�

For more details concerning the function m�x� V � and its applications
in studying the Schr�odinger operator A we refer the reader to �Fe� and
�Sh��

Since 
 � m�x� V � ��� we have Rd �
S
Bn�

A function a is an atom for the Hardy space H�
A associated to a

ball B�x�� r� if

supp a � B�x�� r���i�

kakL� �



jB�x�� r�j
��ii�

if x� 	 Bn then r � ���n�� ��iii�

if x� 	 Bn� and r � ����n�� then

Z
a�x� dx � 
 ��iv�
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The atomic norm in H�
A is de�ned by

kfkA�atom � inf
nX

jcjj
o
�

where the in�mum is taken over all decompositions f �
P

cj aj� where
aj are H

�
A atoms�

The main result of this article is the following

Theorem ���� Assume that V �� 
 is a nonnegative potential such that

V 	 Hd��� then the norms kfkH�
A

and kfkA�atom are equivalent� that

is� there exists a constant C � 
 such that

C�� kfkH�
A
� kfkA�atom � C kfkH�

A
�

For j � 
� �� � � � � d� let us de�ne the Riesz transforms Rj setting

�
��� Rjf �
	

	xj
A���� �

It was proved in �Sh� that if V 	 Hd�� then the operators Rj are are
bounded on Lp for 
 � p � d� It turns out that these operators char�
acterize our Hardy space H�

A� that is the following theorem holds�

Theorem ���� If V 	 Hd�� is a nonnegative potential� V �� 
� then
there is a constant C � 
 such that

�
��� C�� kfkH�
A
� kfkL� �

dX
j��

kRjfkL� � C kfkH�
A
�

�� Auxiliary lemmas�

Lemma ���� There is a constant C such that for every R � � and

every n if x 	 Bn� then

fk � B�x� ��n��R� 
 Bk �� �g � �n� C log�R� n� C log�R� �
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Proof� �Sh� Lemma 
��� asserts that there exist constants C � 
�
c � 
� and k� � 
 such that for every x� y 	 Rd we have

���
� m�y� V � � C �
 � jx� yjm�x� V ��k� m�x� V �

and

����� m�y� V � �
cm�x� V �

�
 � jx� yjm�x� V ��k���k����
�

If x 	 Bn and y 	 B�x� ��n��R� then jx�yjm�x� V � � �R and by ���
�

m�y� V � � C �
 � �R�k� �n�� � C ��n�C log� R��� �

On the other hand applying ������ we obtain

m�y� V � �
c �n��

�
 � �R�k���k����
� c ��n�C log�R��� �

This completes the proof of the lemma�

Lemma ��	� There is a constant C and a collection of balls B�n�k� �

B�x�n�k�� �
��n���� n 	 Z� k � 
� �� � � � � such that x�n�k� 	 Bn� Bn �S

k B�x�n�k�� �
�n���� and

�f�n�� k�� � B�x�n�k�� R ��n��� 
 B�x�n��k��� R ��n
���� �� �g � RC �

for every �n� k� and R � ��

From Lemma ��	� we deduce

Corollary ��
� There exist constants C � 
 and l� � 
 such that for

l � l� and every x�n��k�� we have

X
�n�k�

�
��n��jx�n��k���x�n�k�j�
�l�

X
�n�k�

�
��n
���jx�n��k���x�n�k�j�

�l � C �

Another consequence of Lemma ��	 is
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Lemma ���� There are nonnegative functions 
�n�k� such that


�n�k� 	 C�
c �B�x�n�k�� �

��n���� ������ X
�n�k�


�n�k��x� � 
 ������

kr
�n�k�kL� � C �n�� ������

	� Local maximal functions�

Lemma 	��� For ever l � 
 there is a constant Cl such that

�	�
� Tt�x� y� � Cl �
�m�x� V � jx�yj��l jx�yj�d � for x� y 	 Rd �

Moreover� there is an � � 
 such that for every C � � 
 there exists C
such that

�	��� jTt�x� y�� �Tt�x� y�j � C
�jx� yjm�x� V ���

jx� yjd
�

for jx� yj � C �m�x� V ����

Proof� Let ��x� y� ��� ���x� y� �� be the kernels of the operators �A �
i ���� and ��� � i ����� � 	 R� It is proved in �Sh� �see �Sh� Theo�
rem ����� that for every l � 
 there is a constant Cl such that

�	�	�

j��x� y� ��j �
Cl

�
 � j� j��� jx� yj�l �
 �m�x� V � jx� yj�l

�



jx� yjd��
�

By the functional calculus� Tt�x� y� � c
R
R
eit� ��x� y� �� d� � Thus �	�
�

is easily deduced from �	�	��
It follows from �Sh�� see �Sh� Lemma ��� and its proof�� that for

every l� C � � 
 there exists a constant C � 
 such that

�	��� j��x� y� ������x� y� ��j �
Cl

�
 � j� j��� jx� yj�l
�jx� yjm�x� V ���

jx� yjd��
�
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for jx� yj � C �m�x� V ���� Now the estimate �	��� is a consequence of
�	��� and the formula Tt � �Tt � c

R
R
eit� ��� ��� d� �

Since Tt�x� y� is a symmetric function� we also have

�	��� Tt�x� y� � Cl �
�m�y� V � jx�yj��l jx�yj�d � for x� y 	 Rd �

We de�ne the local maximal operators Mn
fMn� and Mn putting

Mnf�x� � sup
��t���n

j �Ttf�x�� Ttf�x�j ��	���

fMnf�x� � sup
��t���n

j �Ttf�x�j ��	���

Mnf�x� � sup
��t���n

jTtf�x�j ��	���

Lemma 	��� There exists a constant C � 
 such that for every �n� k�

kMn�
�n�k�f�kL� � C kf 
�n�k�kL� �

Proof� Set B�
�n�k� � B�x�n�k�� �

���n����� Then by �	���

kMn�
�n�k� f�kL��B�
�n�k�

� � C�n�k� k
�n�k� fkL� �

where

C�n�k� � sup
y�B�n�k�

Z
B�
�n�k�

�jx� yjm�x� V ���

jx� yjd
dx �

It is easy to check that C�n�k� � C�
The task is now to estimate kMn�
�n�k�f�kL���B�

�n�k�
�c�� According

to �
�
�� we obtain

kMn�
�n�k� f�kL���B�
�n�k�

�c� � C �
�n�k� kf 
�n�k�kL� �

where

C �
�n�k� � � sup

y�B�n�k�

Z
�B�

�n�k�
�c

�
sup

��t���n

�Tt�x� y�
�
dx � C � �
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This �nishes the proof of the lemma�

Let

�	�

� M�n�k�f�x� � sup
��t���n

jTt�
�n�k� f��x�� 
�n�k��x�Ttf�x�j �

Lemma 	���� There is a constant C such that

�	�
��
X
�n�k�

kM�n�k�fkL� � C kfkL� �

Proof�

�
�n�k�� Tt�f�x� �
X

�n��k��

Tt��n�k���n��k��f�x� �

where

Tt��n�k���n��k��f�x� �

Z
f�y�Tt�x� y��
�n�k��x��
�n�k��y��
�n��k���y� dy �

Let
M�n�k���n��k��f�x� � sup

��t���n
jTt��n�k���n��k��f�x�j �

Set J�n�k� � f�n�� k�� � jx�n��k�� � x�n�k�j � C � ��n��g� and I�n�k� �

f�n�� k�� � jx�n��k�� � x�n�k�j � C � ��n��g� Note that the number of
elements in J�n�k� is bounded by a constant independent of �n� k��
Moreover� taking C � is su�ciently large we see that if �n�� k�� 	 I�n�k�
then B��

�n�k� 
 B��
�n��k�� � �� where B��

�n�k� � B�x�n�k�� �
��n���� Further�

more� jx� yj � jx�n�k� � x�n��k��j for x 	 B�n�k�� y 	 B�n��k��� provided
�n�� k�� 	 I�n�k��

Obviously�

kM�n�k���n��k��fkL� � C�n�k���n��k�� kfkL��B�n��k���
�

where

C�n�k���n��k��

� sup
y�B�n��k��

Z �
sup

��t���n
jTt�x� y� �
�n�k��x�

� 
�n�k��y��
�n��k���y�j
�
dx �
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If �n�� k�� 	 J�n�k� then� by �
�
� and ������ we have

C�n�k���n��k�� � C sup
y�B�n��k��

Z �
sup

��t���n
�n�� jx� yj �Tt�x� y�

�
dx � C �

If �n�� k�� 	 I�n�k� then using �	�
�� we get

C�n�k���n��k��

� sup
y�B�n��k��

Z
C�l 
�n�k��x�
�n��k���y� dx

jx� yjd �
 �m�x� V � jx� yj��l

� sup
y�B�n��k��

Z
C�l 
�n�k��x�
�n��k���y� dx

jx� yjd �
 � �n�� jx� yj�l �
 � �n�� jx�n�k� � x�n��k��j�l

�
C

�
 � �n�� jx�n�k� � x�n�k��j�l
�

Applying the above estimates� we obtain

X
�n�k�

kM�n�k�fkL�

�
X
�n�k�

X
�n��k��

kM�n�k���n��k��fkL�

� C
X
�n�k�

X
�n��k���J�n�k�

kfkL��B�x�n�k��C��n����

� C
X
�n�k�

X
�n��k���I�n�k�

�
 � �n�� jx�n�k� � x�n��k��j�
�l kfkL��B�n��k���

�

Finally� by Corollary ���� we get �	�
���


� Proof of Theorem ����

In this section we prove our main theorem� First we recall some
results from the theory of local Hardy spaces� cf� �Go��

We say that a function f is in the local Hardy space h�n if

���
� kfkh�n � kfMnfkL� �� �
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A function �a is an atom for the local Hardy space h�n if there is a ball
B�x�� r�� r � ���n�� such that

supp �a � B�x�� r�����
�

k�akL� � jB�x�� r�j
�� ������

if r � ����n��� then

Z
�a�x� dx � 
 ����	�

The atomic norm in h�n is de�ned by

����� kfkh��a�n � inf
�X

j

jcj j
�
�

where the in�mum is taken over all decompositions f �
P

cj �aj� where
�aj are h

�
n atoms�

Theorem 
�� ��Go��� The norms k � kh�n and k � kh��a�n are equivalent

with constants independent of n 	 Z�
Moreover� if f 	 h�n� supp f � B�x� ���n���� then there are h�n

atoms �aj such that supp �aj 	 B�x� ���n��� and

����� f �
X
j

cj �aj �
X
j

jcj j � C kfkh�n

with a constant C independent of n�

Proof of Theorem ���� We �rst assume that f 	 H�
A� Lemma 	��

implies

kfMn�
�n�k�f�kL�

� C �kMn�
�n�k�f�kL� � k
�n�k�fkL��

� C �k
�n�k��Mnf�kL� � kM�n�k�fkL� � k
�n�k�fkL�� �

From Lemma 	�

 we conclude that

�����
X
�n�k�

kfMn�
�n�k�f�kL� � C �kMfkL� � kfkL�� �



��� J� Dziuba�nski and J� Zienkiewicz

Application of Theorem ��� gives

����� 
�n�k�f �
X
j

c
�n�k�
j a

�n�k�
j � where a

�n�k�
j are H�

A atoms �

and

�����
X
j

jc
�n�k�
j j � C kfMn�
�n�k�f�kL� �

Finally� using ����� and ������ we obtain the required H�
A atomic de�

composition

���

� f �
X
�n�k�

X
j

c
�n�k�
j a

�n�k�
j and

X
�n�k�

X
j

jc
�n�k�
j j � C kMfkL� �

and the inequality kfkA�atom � C kfkH�
A
is proved�

In order to prove the converse inequality we need only to show that
that there exists a constant C � 
 such that for every H�

A atom a

���

� kMakL� � C �

Let a be an H�
A atom associated to a ball B�x�� r�� Assume that x� 	

Bn� Then� by de�nition� r � ���n��� Theorem ��� combined with
Lemma 	�� implies that kMnakL� � C� Therefore what is left is to
show that �� sup

t���n
jTta�x�j

��
L��dx�

� C �

If x 	 B�x�� �
���n���� then

sup
t���n

jTta�x�j � sup
t���n

Z
�Tt�x� y� ja�y�j dy � C �nd�� �

and� consequently��� sup
t���n

jTta�x�j
��
L��B�x������n�����

� C �

If x �	 B�x�� �
���n���� and y 	 B�x�� �

��n��� then jx � yj � ����n����
Moreover� m�y� V � � �n��� Applying �	��� we getZ

B�x������n����c
sup
t���n

jTta�x�j dx

�

Z
B�x������n����c

Z
ja�y�jCl �
 �m�y� V � jx� yj��l




jx� yjd
dy dx

� Cl

Z
�dn���
 � �n�� jxj��l dx � C �
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�� Characterization of H�
A by the Riesz transforms�

In this section we prove Theorem 
��� Our proof of it is very much
in the spirit of the proof of Theorem 
���

First we recall the characterization of the local Hardy spaces h�n
by means of local Riesz transforms� Let � be a C� function on Rd such
that ��x� � 
 for jxj � 
 and ��x� � 
 for jxj � 
��� We de�ne the

local Riesz transforms R
	n

j by

���
� R
	n

j f � f 
 R

	n

j �

where
R

	n

j �x� � cd ���

n�� x�
xj

jxjd��
�

We have

Theorem ��� There is a constant C � 
 such that for every integer n

����� C�� kfkh�n � kfkL� �
dX

j��

kf 
 R
	n

j kL� � C kfkh�n �

Throughout this section we shall assume that V 	 Hd�� is a non�
negative potential� V �� 
�

Let us denote by Rj�x� y� the integral kernel of the operator

	

	xj
A���� �

Lemma ��	 There exists a constant C � 
 such that for every �n� k�

C�n�k� � sup
y�B�n�k�

Z
B�x�n�k�����n���c

jRj�x� y�j dx � C �

Proof� By �Sh� p� �	�� we have that for every l � 
 there is a constant
Cl such that

jRj�x� y�j �
Cl

�
 �m�y� V � jx� yj�l

�
� 


jx� yjd��

Z
B�x�jx�yj���

V �z�

jz � xjd��
dz �




jx� yjd

�
������
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Let us note that if y 	 B�n�k� and x �	 B��
�n�k� � B�x�n�k�� �

��n���� then

jx� yj � jx� x�n�k�j� Thus

C�n�k� � Cl sup
y�B�n�k�

Z
�B��

�n�k�
�c




�
 � �n�� jx� x�n�k�j�l jx� x�n�k�jd��

�

Z
B�x�jx�yj���

V �z�

jz � xjd��
dz dx

� Cl

Z
�B��

�n�k�
�c




�
 � �n�� jx� x�n�k�j�l jx� x�n�k�jd
dx

� C �
�n�k� � C ��

�n�k� �

Obviously C ��
�n�k� � C� We now turn to estimate C �

�n�k��

C �
�n�k� � Cl

Z
�B�

�n�k�
�c

� V �z�

�
 � �n�� jz � x�n�k�j�l jz � x�n�k�jd��

�

Z
B�z�jx�n�k��zj���




jz � xjd��
dx
�
dz

� Cl

Z
�B�

�n�k�
�c

V �z�

�
 � �n�� jz � x�n�k�j�l jz � x�n�k�jd��
dz �

�Sh� Lemma 
��� asserts that if 
m�x� V � � 
 then

�����




d��

Z
B�x���

V �z� dz � C �
m�x� V ��k� �

for some k� � 
� Therefore

C �
�n�k� � Cl

�X
i��

Z
B�x�n�k���i���n���

V �z�

�
 � �i�l ��i�n���d��
dz

� Cl

�X
i��




�
 � �i�l
��i���n�� �n���k�

� C �
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Corollary ���� There is a constant C � 
 such that for every �n� k�
we have

����� kRj�
�n�k�f�kL���B��
�n�k�

�c� � C k
�n�k�fkL� �

Lemma ��
� There exists a constant C such that

�����
X
�n�k�

kRj�
�n�k�f�� 
�n�k�RjfkL� � C kf�x�kL��dx� �

Proof� For �xed �n� k� we have

���

� k�
�n�k�� Rj�fkL� �
X

�n��k��

C�n��k�� kfkL��B�n��k���
�

where

���

�
C�n��k�� � sup

y�B�n��k��

Z
jRj�x� y��
�n�k��x�

� 
�n�k��y��
�n��k���y�j dx �

Let J�n�k� and I�n�k� be as in the proof of Lemma 	�

�

If �n�� k�� 	 J�n�k� then� by Lemma ����

C�n��k�� � sup
y�B�n�k�

Z
�B��

�n�k�
�c
jRj�x� y�j dx

� sup
y�B�n��k��

Z
B��
�n�k�

C jRj�x� y�j �
n�� jx� yj dx

� S� � S� �

Lemma ��	 clearly forces S� � C�
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Applying ����� and the theorem on fractional integrals we obtain

S� � sup
y�B�n��k��

Z
B��
�n�k�

Cl

�
 �m�y� V � jx� yj�l
�n�� jx� yj

jx� yjd��

�

Z
B�x�jx�yj���

V �z�

jz � xjd��
dz dx

� sup
y�B�n��k��

Z
B��
�n�k�

Cl

�
 �m�y� V � jx� yj�l
�n�� jx� yj

jx� yjd
dx

� sup
y�B�n��k��

C

Z
B��
�n�k�

� 


jx� yjd��

Z
B�x�jx�yj���

V �z�

jz � xjd��
dz

�
�n��

jx� yjd��

�
dx

� sup
y�B�n��k��

C

Z
B�x�n�k��C��n���

V �z�

jz � yjd��
dz

� sup
y�B�n��k��

C

Z
B��
�n�k�

�n��

jx� yjd��
dx �

Let us note that the H�older inequality and the fact that V 	 Hd����

for some � � 
 imply that

���
��

Z
B�x���

V �z�

jz � xjd��
dz �

C


d��

Z
B�x���

V �z� dz �

Therefore S� � C�
If �n�� k�� 	 I�n�k�� then

C�n��k�� � sup
y�B�n��k��

Z
B�n�k�

jRj�x� y�j dx �

Using ����� we get

C�n��k�� � sup
y�B�n��k��

Z
B�n�k�

Cl

�
 �m�y� V � jx� yj�l jx� yjd��

�

Z
B�x�jx�yj���

V �z�

jz � xjd��
dz dx

� sup
y�B�n��k��

Z
B�n�k�

Cl

�
 �m�y� V � jx� yj�l jx� yjd
dx �
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Since jx� yj � jx�n�k� � x�n��k��j for x 	 B�n�k�� y 	 B�n��k��� we have

C�n��k�� �
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l

� sup
y�B�n��k��

Z
B�x�n�k��jx�n�k��yj���

V �z�

jy � zjd��
dz

�
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l
�

It is not di�cult to check that B�x�n�k�� jx�n�k��yj��� � B�y� Cjx�n�k��
x�n��k��j� for y 	 B�n��k��� with C independent of �n� k� and �n�� k��� Thus

C�n��k�� �
Cl

�
 � �n���jx�n�k� � x�n��k��j�l

�
�

 � sup

y�B�n��k��

Z
B�y�Cjx�n�k��x�n��k��j�

V �z�

jy � zjd��
dz
�
�

Now using ���
�� we obtain

C�n��k��

�
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l

�
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l

� sup
y�B�n��k��




jx�n�k� � x�n��k��jd��

Z
B�y�Cjx�n�k��x�n��k��j�

V �z� dz �

By virtue of ����� we get

C�n��k�� �
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l

� �
 � C ��n
��� jx�n��k�� � x�n�k�j�

k��

�
Cl

�
 � �n��� jx�n�k� � x�n��k��j�l�k�
�

Now ����� follows easily from ���

�� Corollary ���� and Lemma ��	�
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Let �Rjf � �	�	xj��
����f denote the classical Riesz transforms

and let �Rj�x� y� be their kernels�

Lemma ���	� There exists a constant C � 
 such that

���
�� kRj��B�n�k�
f�� �Rj��B�n�k�

f�kL��B��
�n�k�

� � C k�
B�n�k�

fkL� �

Proof� The left�hand side of ���
�� is estimated by

C�n�k� k�B�n�k�
fkL� �

where

C�n�k� � sup
y�B�n�k�

Z
B��
�n�k�

jRj�x� y�� �Rj�x� y�j dx �

�Sh� Estimate ������ says that for every C � � 
 there is a constant C � 

such that

jRj�x� y�� �Rj�x� y�j �
C

jx� yjd��

�Z
B�x�jx�yj���

V �z�

jz � xjd��
dz

�



jx� yj
�jx� yjm�y� V ���

�
�

for jx�yj � C ��m�y� V � and some � � 
� �In �Sh� this estimate is shown
with C � � 
� Actually the proof works for any C ��� The theorem on
fractional integrals leads to

C�n�k� � C sup
y�B�n�k�

Z
B�y�C��n���

V �z�

jy � zjd��
dz

� C sup
y�B�n�k�

Z
B��
�n�k�

��n�� jx� yj��

jx� yjd
dx �

By virtue of ���
�� we have C�n�k� � C� and the proof is complete�

Proof of Theorem ���� Assume �rst that kfkL��
Pd

j�� kRjfkL� �
�� Lemmas ��� and ��
	 imply that

X
�n�k�

k �Rj�
�n�k�f�kL��B��
�n�k�

� � C �kfkL� � kRjfkL�� �
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Now using Theorem ��
� we obtain the required atomic decomposition

f �
X
�n�k�


�n�k�f �
X
�n�k�

X
i

c
�n�k�
i a

�n�k�
i �

X
�n�k�

X
i

jc
�n�k�
i j � C

� dX
j��

kRjfkL� � kfkL�

�
�

where a
�n�k�
i are H�

A atoms�
To prove the converse inequality we only� by Theorem 
��� need to

show that
kRjakL� � C �

for every H�
A atom a with a constant C independent of a� Assume

that a is an H�
A atom associated to a ball B�x�� r�� If x� 	 Bn

then by de�nition r � ���n�� and there exists k such that B�x�� r� �
B�x�n�k�� �

��n���� By Lemma ��	 we have

kRjakL���B��
�n�k�

�c� � C �

On the other hand� since a is an atom for h�n� Theorem ��
 implies that
k �RjakL��B��

�n�k�
� � C� Applying Lemma ��
	� we get

kRjakL��B��
�n�k�

� � C �

which �nishes the proof of the theorem�
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