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Topological sectors for

Ginzburg-Landau energies

Luis Almeida

1. Introduction.
1.1. Ginzburg-Landau functionals.

Let © be the annulus {z € R? : 1/4 < |z| < 1} C R%. For
maps u € H' (2, R?) = W12(Q,R?) we consider the Ginzburg-Landau
functional

1 1
1.1 E.(u) = = 24— [ (1—ul®?
(11) ) =5 [ 1VeP+ 55 [ =2,

where ¢ is a small parameter. For A € Rt we define the energy level
set EA as

(1.2) EY = {uec H (Q,R*): E.(u) <A}.

One of the main purposes of this paper is to show that given A > 0, for e
small enough, E* may be multiply connected. Moreover, the connected
components of EX may be classified by the degree of u (since u is not
Sl.valued, we have to be careful in order to define its degree — this is
the main technical problem of our work).

Functionals like E. play an important role in many low temper-
ature physics phenomena like superfluidity. We can also find closely
related functionals in the theory of superconductivity and in two-di-
mensional Higgs models. In our work we will consider one of these su-
perconductivity models: the gauge-covariant Ginzburg-Landau model,
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where the energy functional may be written as

1 1 1
F.(u,A) = = dA|? + = 2+ — [ (1-|u?)?
) =5 [ AP+ [ v+ o [ 0,
where v € H(Q,R?), as before, and A € H'(R? ,R?) is the gauge
potential one-form,

A=Ay da' + Ay da® <A1> = (A1, As).
A
Here, as we will often do in this paper, we used the natural identification
(given by the R? scalar product) between the one-form A and the vector
with the same components which we also denote by A. In equation
(1.3) the expression V4 u denotes the covariant derivative of wu, i.e.
Vi u = Vu — tAu.

This model was introduced by Ginzburg and Landau in the 50’s
for the study of phase transitions in superconducting materials (see the
remarks on physics below).

The main feature of the functional F; is its invariance under gauge
transformations. For a function ¢ € W?22(R?,R), the gauge transfor-
mation associated to ¢ is the map (u, A) — (ug, Ag) given by

{u¢:exp(z¢)u, in Q,

1.4
(14) Ay=A+dp, inR2.

In this case we say that (u, A) is gauge-equivalent to (ug, Ay) and we
denote this by (u, A) ~ (ug,Ay). Saying that F. is gauge-invariant
means that

(1.5) F.(ug, Ag) = F(u, A),  forall $ € W2?(R%,R) .
This gauge-invariance follows easily from the facts that

(up Ag) € H QU R) x HYELEY),  [ug| = Jul,
(1.6) dAy = dA+ddp = dA,
(1.7) Va, up = exp (1¢) Vau, and thus Vs, ug| = |Vaul.

The only quantities which are significant from the physics point of view
are those, like |u|, V4 v and the magnetic field h = xdA, which are in-
variant under gauge transformations. Other important gauge-invariant
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quantities are the current J = (vu, V4 u) and, the one which we are
more concerned about in this paper, the degree of u along a smooth
closed curve v, diffeomorphic to S*, such that |u| # 0 on v. In integral
form, this degree is given by

1 U U
1. -
(1.8) deg (u,7) 27T»[y ] X 87( u|> dr,

where 7 denotes the unit tangent to v.

It is easy to see that gauge-equivalence defines an equivalence re-
lation in H'(2,R?) x H'(R*,R?). A physical state of our system
is associated not with an individual configuration (u, A), but with a
whole equivalence class [u, A] := {(v, B) € H}(Q,R?) x H(R?,R?) :
(v, B) ~ (u, A)}. We denote the physical space by Hy; = [H*(Q2, R?) x
H'(R?,R?)]/ ~, and also consider F; as a functional defined on Hy;.

As in the case of E., we define the energy level sets of F. by

FA» .= {[v,B) € Hy; : F.([v,B]) < A}.

Since the functional E. does not involve the connection, it is a little
easier to deal with than the functional F,.. Nevertheless, as we will see in
our work, most of the mathematical difficulties are already encountered
in the study of E.. In fact, after some additional technical arguments,
we deduce the classification result for the components of the level sets
of F., from the corresponding result for E.. Therefore, we start by
considering the functional E. given by (1.1).

1.2. Degree of a map and definition of topological sectors.

We consider a fixed number A > 0, and focus our attention on the
level set EX defined by (1.2). First, we remark that since the notion of
degree we define is continuous in W2(Q) N EA and that smooth maps
are dense in WhH2(Q) = H(Q), it suffices to consider the case where
u € WH2(Q) N C*. Hence, without loss of generality, we will always
assume that u is smooth in this paper.

Based on the work of B. White [28] (see also the work of F. Bethuel
[6]), for maps u € WH2(£2, S1), i.e. for the case when |u| = 1, we can
define the degree of u in €, deg (u,(2), as the degree of the restriction
of u to a one-dimensional skeleton of €2 — for instance, in case u is
continuous, this can be any circle S, = {z : |z| =7}, for 1/4 <r < 1



490 L. ALMEIDA

(if w is not continuous we might need to move the circle slightly in
order to have a “nice” restriction). The degree can then be written, in
integral form, as

1 U U
19)  deg(u,Q) =deg(u,S,) = o [ x () dr.
(L9 deg (0, = dog (u,57) = 5 | o xon (o) i
This definition of the degree will always give us an integer, and it clas-
sifies the homotopy classes of W12(Q, S1). Our purpose is to extend
this notion to all u € Eé‘ for e sufficiently small. In this context, our
first result is given by the following Theorem.

Theorem 1. Given A € Rt there exists eg > 0, depending only on A,
such that for e < eg, we can define a continuous map
X : Eé\ — 7,

(1.10)
u — deg (u, Q) ,

such that this map coincides with the classical notion of degree men-
tioned above when u has values in S* (i.e. when u € W12(Q, SHNED).

Usually we call the map x the global degree in 2 and, as above,
we denote x(u) = deg (u,Q). For eachn € Z, x"*(n) = {u € E* :
deg (u, Q) = n}, is an open and closed subset of EX which we call the
n'® topological sector of E®, and we also denote it by top, (E>).

REMARK. In fact, what we prove in Theorem 1 is that the degree of u is
constant inside each connected component of EA — we do not show that
different connected components correspond to different values of the
degree, which would give us a complete classification of the components
by the degree of its members. We will come back to this question later
on.

The asymptotic behavior, when ¢ — 0 of critical points of the
functionals F. and F. was extensively studied by many authors. Among
them we would like to single out the work of F. Bethuel, H. Brezis and
F. Hélein [8] regarding the functional E,, and those of F. Bethuel and
T. Riviere [9] and [10] which concern the functional F.

We will give a rough description of the proof of Theorem 1 at the
end of the Introduction. This proof is rather technical and will be done
in sections 2 to 8. The Euler-Lagrange equations for the functional FE.
are called the Ginzburg-Landau equations. They can be written as

1 .
(1.11) —Au = 6—2u(1— ul?), in Q.
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In the context of the gauge invariant model, we can also extend the
definition of degree to any configuration [v, B] € F provided ¢ is small
enough. In fact, we prove

Theorem 2. Given A € RT, there exists eg > 0, depending only on A,
such that for e < eg, we can define a continuous map

x:F» -7,

(1.12)

[u, A] — deg ([u, A],©),
such that this map coincides with the classical notion of degree men-
tioned above when u has values in S* (i.e. when u € WH2(Q, SY)NFA).
Usually we call the map x the global degree in () and, as above, we de-

note X(u, A) = deg ([u, A], ).

Minimizing FE. inside each component of EQ (or F. inside each
component of F), we will obtain solutions of (1.11) which are locally
minimizing, i.e. critical points of E. (respectively, F.) which are lo-
cal minima. These are the solutions that should be associated with
permanent currents.

Moreover, we will show in the next subsection, that as a corollary
of Theorems 1 and 2, we can also prove the existence of mountain-
pass points for E. (which correspond to mountain-pass type solutions
of (1.11)). An analogous reasoning gives the existence of mountain-
pass points for F.. This result is stated in Theorem 4. Unlike the
solutions obtained minimizing the energy inside each topological sector,
the solutions of (1.11) we obtain in Theorem 4 will not necessarily be
local minimizers of E., and are probably unstable.

1.3. Mountain-pass solutions and threshold energies.

We start by the crucial, although elementary, remark that when
A = oo, we have that F*° = H!(Q), i.e. the whole affine space
H'(Q,R?). This space has obviously an unique component and fur-
thermore, given any two elements ug, u; € H(Q, R?) there is a natural
path between them: the straight line segment v : [0,1] — H(Q,R?),
defined by

(1.13) v(s):=(1—s)up+suy, for s € [0,1].
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Likewise, F2° = Hg;, which is the projection (continuous image) of
H' x H', and thus is connected. Given two states [ug), [u1] € Hy;
we may consider the straight line between two of their representatives,
up,u; € H(,R?) x H(R?,R?) and consider the projection in Hy; of
the straight line in H' x H! between uo and u;.

An important example of a map of degree n € Z, in H(, S!) C
H' (2, R?) (and for which we can thus use the classical definition of the
degree), is the map

Zn

(1.14) wy,(r,0) :=exp (1n ) =

= W .
Using (1.9) it is easy to check that deg(wy,,{2) = n and moreover, we

can see that the energy, E.(w,,), of the maps w,,, n € Z, is independent
of € and is given by

1 I T
(1.15) E.(w,) = —/ Vw,|? = —/ r/ —df dr = ©n® log4.
2 /g 2Jia Jo T

Hence, given A € R, let

o A
o= mwlog4d |’

be the largest integer less than or equal to \/A/(6mlog4). From equa-
tion (1.15) it follows that, at least for n € [—ny, ..., ng|, the topological
sector top, (E?) will be non-empty, and this independently of the value
of ¢ > 0.

Likewise, for F. we could take w,(r,0) := [(exp (¢ 6),0)]. All the
rest of the discussion also easily extends to the case of Fr.

Let A € Rt be given, and let € < gy (where g¢ is as in Theorem
1). Suppose that for some n € Z both top, (E*) and top,,1(E*) are
non-empty, and consider two maps

uy € topn (EL), uy € toppt1(EL).

Let v : [0,1] — H'(Q) be a path between uy and u; (i-e. v(0) = ug
and (1) = uy). Recall that, as we mentioned above, such a path always
exists because H'(£2,R?) is an affine space. Then, v cannot be entirely
contained in Eé\ — if this were so, up and u; would be in the same
path component of Eé‘, and hence also in the same component of Eé‘
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which contradicts our assumption (since, by Theorem 1, the topological
sectors top, (EX) and top,41(E?) are disjoint open and closed subsets
of the energy level set E2). Hence, there exists some s € (0,1) such
that v(s) ¢ E2, which is equivalent to saying that E.(y(s)) > A. A

standard Min-Max argument will then yield the existence of generalized
critical values of E. of the form

1.16 = inf E. .
(1.16) ¢ = Inf, max (v(s))

where V := {y € C°([0,1], HY(Q,R?)) : v(0) = ug, and v(1) = uy}, is
the space of continuous paths in H'(£2) between 1o and u;. The value
¢, will be a generalized critical value of E.. To make sure it is actually
a critical value we use the following

Theorem 3. The functionals E. and F satisfy the Palais-Smale con-
dition (in H*(Q,R?) and Hy;, respectively).

This implies that ¢, is a critical value of F. and hence, there exists
a map u € H'(€) such that u is a critical point of F. and E.(u) = c,.
This w is probably not a local minimum of E.. All this discussion
extends to the case of F.. Thus, we have proved

Theorem 4. Suppose that for some A € RT, we have that for some
e < g9 (where gg is given Theorem 1) there exists n € Z such that
the topological sectors top,(E2) and top,,1(E®) are both non-empty.
Then, there are mountain-pass type critical points of E. or, equiva-
lently, there exist mountain-pass type solutions of the Ginzburg-Landau
equations (1.11).

More precisely, consider two maps

ug € topy, (EY) and uy € toppi1(ED),

and let ¢, be defined as in (1.16). Then, there exists a map u €
HY(Q,R?) such that u is a critical point of E. and E.(u) = c,.

Likewise, if we consider two states ®g € top,(F*) and ®; €
topnt1(F2), and let ¢, be defined by

1.17 n i= inf F. ;
(1.17) ¢ = Inf, max (7(s))

where now V := {y € C°([0,1], Hy;) : 7(0) = @y, and (1) = P4}, is
the space of continuous paths in Hgy; between ®¢ and ®1. Then, there
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exists a state ® = [(u, A)] € Hy; such that ® is a critical point of Fy
and F.(®) = ¢,.

REMARK 1. The number ¢, defined by (1.16) is called the threshold
energy for the transition from the state ug to the state uy. It will be
the infimum of the energies for which such a transition is possible. This
concept will play a crucial role in the physical behavior of our system.
We will come back to this point in the remarks on physics (see below).

REMARK 2. In Theorem 4, for simplicity, we just considered transitions
from a state ug € top, (E2) to a state u; belonging to the adjacent state
topns1(E2). However, both the concept of threshold energy and the
result stated in Theorem 4 are immediately generalizable to the case
where uy € top,(E2) and u; € topy(E2), for any two distinct integers
n,k € Z. As usual, this remark and the previous one extend to the

setting of the gauge-covariant functional Fi.

REMARK 3. All these results extend to the setting of more general
domains considered in Theorem 6, stated below.

1.4. Remarks on physics.
1.4.1. Ginzburg-Landau theory.

In the Ginzburg-Landau theory of superconductivity, the conduct-
ing electrons are described as a fluid existing in two phases, the super-
conducting one and the normal one. In the superconducting state the
material has an infinite electrical conductivity and magnetic fields are
repelled from the interior of the sample (this is the so called Meissner
effect).

On a microscopic scale, the superconducting state is described by
the theory of Bardeen, Cooper and Schrieffer (BCS). In this theory,
the existence of superconductivity is due to a pairing of the conducting
electrons forming the so called Cooper pairs. For small applied forces,
these pairs behave as a single particle (a boson) of twice the charge of
the electron. At a macroscopic scale the behavior of the Cooper pairs is
described by a complex-valued function u, called the condensate wave
function (or order parameter). The density |u(x)|? is proportional to
the density of pairs of superconducting electrons.
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The Ginzburg-Landau model is a phenomenological model which
extends Landau’s theory of second order phase transitions. It was pro-
posed well before the microscopic theory (BCS) existed, but it can be
obtained as an approximation to the macroscopic consequences of this
theory. This model gives us a system of equations which describe the
interaction between the condensate wave function, u, and the electro-
magnetic vector potential, A. In this model the parameter k = 7!
(which depends on the material we consider and on the temperature)
plays a crucial role in determining the behavior of our system.

Ifw <1/ V2, the material is called a type I superconductor. If
one applies an exterior magnetic field to the sample, then there is a
critical value, H., such that when the applied magnetic field H increases
beyond H., the sample passes suddenly from the superconducting phase
to the normal phase. On the other hand, if K > 1/ V2, the behavior
is quite different and the transition between the superconducting and
the normal phase is done gradually. These materials are called type 11
superconductors and they are characterized by two critical values of the
applied magnetic field: the first, H.;, corresponds to the critical field
above which the two phases coexist, and the second, H.o, corresponds to
the critical field above which all the sample will be in the normal phase.
Between these two critical values the normal and superconducting phase
will coexist: the normal state will be confined in vortices or filaments
whose number will increase as the applied field increases. The flux lines
of the magnetic field inside the material will be concentrated inside
these vortices (since they are repelled by the part of the sample that is
in the superconducting phase). For a detailed description of the physics
involved in the phenomena of superconductivity and superfluidity see,
for instance, the works of D. Saint-James, G. Sarma and E. J. Thomas
[26], and of D. Tilley and T. Tilley [27]. For a more mathematical
approach see the work of A. Jaffe and C. Taubes [20].

1.4.2. Permanent currents.

A very interesting phenomenon in superconductivity, that moti-
vates our work, is the existence of permanent currents in a supercon-
ducting ring. The experiment is the following: a ring of supercon-
ducting material in the normal state is submitted to a fixed external
magnetic field (subcritical), and then the temperature of the system
is decreased until temperatures below the critical temperature corre-
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sponding to the applied field are attained. The applied field is then
turned off and there is a current that persists inside the superconduct-
ing ring. Furthermore it was observed that such a current does not dis-
sipate with time — there were experiments where the current persisted
for several years without any dissipation, thus the name permanent
current.

This behavior of the system indicates that we should be in presence
of an energy functional having multiple wells (local minima) separated
by very high barriers. The main purpose of our work is to show that
even in the simple models considered in this paper, the energy func-
tionals E. and F. have this type of structure.

The big height of the barriers would be associated to the “perma-
nent” character of these currents. In fact, considering the possibility of
the system tunneling through the barrier, thus moving from one energy
well into another (and eventually to the ground state), the associated
probability should be proportional to exp (—h), where h is the height
of the barrier relative to the initial state of the system. Thus, having
very high barriers will yield transition probabilities close to zero and
therefore justify the “permanent” character of our currents.

1.4.3. Transitions between states and threshold energies.

The natural question is then to describe the transitions between
two different sectors — thus, the notion of threshold energy for such
transitions (defined in equation (1.16)) is a crucial one for the physical
behavior of our system. We remark that in the setting of the gauge-
invariant model, as we mentioned before, physical states of the system
are represented by gauge-equivalence classes (defined by (1.4)) of con-
figurations of our system — thus the configuration (u, A) is just a partic-
ular representative of the state [u, A]. Therefore, we shouldn’t consider
paths between configurations in the space H!(Q, R?) x H'(R?,R?), but
paths between states in the quotient space of H(Q, R?) x H!(R?, R?)
by the gauge-equivalence relation, which we denote by Hg; (this is the
physical space).

The threshold energy c¢,, for a transition between a state [ug, Ag] €
top, (F2) and a state [u1, A;] € topn41(F2L) will be of the order of
|loge|. It is easy to see that it is at most of this order. Indeed, we can
prove the following upper bound for the transition energy.
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Theorem 5. Let ¢, be the threshold energy for the transition between
the state [ug, Ag] € top,(F2) and the state [uy, A1] € topnii(F2),
defined as in (1.16). Then,

(1.18) cn < My|loge|+ Ly, ,

where M,, and L,, are constants that depend only on n and our domain
Q.

We will give an intuitive proof of Theorem 5. Let A > mlog (4) (n+
1)2 and suppose that we want to describe a path from the config-
uration (un, A,) = (exp(2n0),0) € top,(F?) to the configuration
(i1, Any1) = (exp (2 (n +1)0),0) € top,p1(F2). We remark that
once we construct a path in the space H!(Q2,R?) x H!(R?,R?) be-
tween (up, Ap) and (up41, Apy1), we can obtain a path between the
corresponding physical states [uy,, A,] and [tn41, Apy1] in the quotient
space Hy; by projecting the original path. The general case of a tran-
sition between (v, Bo) € top, (F2) and (vi, B1) € top,41(F*) can be
proved in a similar way.

Physically, the path we construct corresponds to bringing a positive
unit charge of size ¢ from a point P arbitrarily close to infinity, to the
origin. By a positive unit charge of size € at a point z;, € C, we mean
the map

Z— Zs

(1.19) fz.(2) pe(z = 2s),

- |z — 2]
where @ (-) = ¢(-/¢), and ¢ € C§°(R?) is such that

p@) =0,  ifle]<1,
p(r)=1 if |z| > 2,
0<¢(x)<1, forallz,

Vo(z)] <2, forall z.

Y

(1.20)

Hence f,, is a unit vortex at z, which is “smoothened out” in a ball of
radius 2 ¢ around z;. Then,

(1.21) Fs(fzs, 0) S Cl |log€| + Cz s

where C; and Cs are constants.
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Let M € RT be an arbitrarily big number, and let z; = (1 —
s)(—M) € C, for s € [0,1]. This will be a path from the point (—M)
in the negative real axis, to the origin. Using z; we construct the path
in H'(Q,R?) x H'(R?,R?) defined by

(vs, Bs) := (f2,un,0), for s € [0,1].

We can check that (vo, Bp) is arbitrarily close in H!(€2) norm to (u,,, Ay,)
— in fact, we would obtain the configuration (u,,, A,,) if we chose M =
+00. Hence, in particular, for big values of M, we certainly have
(vo, Bo) € topn(FA). Furthermore, (vi, By) = (Uni1, Any1) and we
can obtain estimate (1.18) as a consequence of the bound (1.21).

Hence we see that the path corresponding to passing a positive unit
charge “of size €” from the outside of our annulus, to the hole inside the
annulus, corresponds to increasing by one the degree of our map and
requires that we go to an energy level of order |loge|. To prove that
any transition between top, (F*) and top,;1(F) also requires passing
through energy levels of order |logel, thus proving that ¢, is of order
|loge|, is a very delicate problem. We will show a way to solve this
problem and obtain very precise estimates for the threshold energies in
a forthcoming work ([1]).

1.5. The case of more general domains.

In Theorem 1 we considered a very particular domain — the annulus
Q={reR: 1/4 < |z| < 1}. However, once we have the result for
the annulus, it is not hard to extend it to the case of a general open
subset D C R2, or even the case of a domain in a Riemannian manifold
M. We define the energy functional just as in (1.1) but replacing 2 by
our new domain D,

1 1
1.22 E.(u,D) = = 24— [ (1—|u?)?
(122) WD) =5 [ 1Vl + 155 [ 0=y,

and we define the corresponding level sets
EMD) :={uec HY(D,R*): E.(u,D) < A}.

We start by fixing a set of representatives of generators of 71(D) (the
first homotopy group of D), {v;,j € J}, such that each v; : S* — D,
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is an injective closed smooth curve inside our open set D. Hence, v;
will have a tubular neighborhood I'; C Q. We may suppose that for
each j there is a positive number, d; > 0, such that for each j

i)'y ={zeD: dist(z,v;) < ;}.

ii) There is a diffeomorphism
(I)j er —>Sl X (0,1),

such that v;(0) = @;1(9,1/2), and the Jacobian of ®; is uniformly
bounded from above and away from zero, i.e. there is a constant C; > 0
such that

1
(1.24) & < Vo, ()] < Cy, forallz e[ .
j

Let 2 := S x (1/4,3/4). This set is topologically an annulus just
like our standard set €2 considered before. Let Y; := <I>J-_1(Q). Given
a map u € EA(D) we consider the map w; = u o ij_l . ) — R,

A

The map wj; belongs to E2(€2), where p is a constant that depends only
on A and the constant C; in (1.24). Thus, we can apply Theorem 1

replacing €2 and A by Q and o, respectively. Hence for e sufficiently

A

small deg (w;,(2) is well defined. We set, for each j € J,
(1.25) deg (u, Y;) := deg (w;, Q).

Suppose that the index set J is finite (J = {1,...,m}), i.e. suppose
that we fix a finite number of (representatives of) generators of 71 (D).
We define the topological type of u € EX(D) as the m-tuple of integers

(1.26) x(u) == (deg (u, Y1),...,deg (u,Y,,)) .

By the previous argument, this x(u) € Z™ is well defined for sufficiently
small . The continuity of x in WbH2(D,R?) topology inside EX(D)
(which is an immediate consequence of the continuity of deg (u,$2)
proved in section 7) will then allow us to assert that, since Z™ is dis-
crete, for each P € Z™, its inverse image by x, i.e. x }(P) = {u €
EA(D) : x(u) = P}, will be an open and closed subset of EA(D). For
each P € Z™, we call x~!(P) the P-topological sector of EA(D). We
have thus proved the following Theorem which extends the classification
given by Theorem 1 to this more general setting.
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Theorem 6. Let D be an open subset of R? or a domain in a Riemann
manifold M. Let vy1,...,vn be simple, closed and smooth curves which
are a set of representatives of generators of w1 (D). Given A > 0 there
exists eg > 0, depending on A, such that for e < gy we can define a
continuous map

x : EX(D) — 7™,

€

(1.27)
u+—> (deg (u, Y71),...,deg (u,Yy,)),

such that for the special case where u € EX(D) N Wh2(D,S'), we

recover the classical notion of degree of a S' valued map. Therefore,

given P = (Py,...,Py) € Z™, the subset x~*(P) C EA(D) will be an

open and closed subset of EX(D).

The same argument in the context of the superconductivity model
will give a similar extension of Theorem 2.

1.6. Idea of the proof of Theorem 1.

The maps u € EA may take values close to zero, which creates big
technical problems for defining their degree. However, this can only
happen in a set of small measure. We will start by studying, in sections
2, 3 and 4 the set G(¢) where |u/ is smaller than an appropriately chosen
¢ € (1/2,3/4). For technical reasons (to avoid problems that may
appear near the boundary 9€2) we will concentrate on the components
of G(¢) that intersect an interior annulus

1 3
Y::{ R?: — —}.
x € 2<|x|<4

Using Sard’s Lemma we will see that for sufficiently small €, these com-
ponents of G may be included in a finite number of simply-connected
sets, which we denote by Wy, k =1,..., N. Their boundaries will be
closed smooth curves, Vi, = OWy, and |u| = ¢ on each of the Vj’s.

In Section 2 we see, using the coarea formula, that the sum of
the lengths of the Vi’s will tend to zero when ¢ — 0. Furthermore,
the coarea formula also gives us a bound on the L' norm of Vu on
V = JVk. Since |u| = ¢ > 1/2 on Vj, it makes sense to talk about
deg (u, Vi).
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In Section 3 we the obtain an uniform bound on ) |deg (u, V)]
using the estimate for ||[Vu||p1vy (and consequently we will also have
uniform bounds on |deg (u, Vi )| for each k). Thus, we see that for all
u € E® the number of Vs such that deg (u, Vi) # 0 (which we call the
“charged” Vj’s) is uniformly bounded by a constant depending only on
A. Suppose that the charged Vj’s are Vi,..., Vn,.

In Section 4 we will focus our attention on the “uncharged” Vj’s
(i.e. those for which deg (u,V;) = 0). We will see, again using the
estimate for ||Vu||z1(y) obtained in Section 2, that the number of “un-
charged” Vi’s such that the oscillation of w is bigger than or equal

to m/3, is also uniformly bounded. Suppose they are Vy,i1,...,VN.
Moreover, for the remaining Vi’s, i.e. the “uncharged” ones such that
the oscillation of w is smaller than 7/3 (which will be Vxy1,...,Vx),

we are able to prove that the energy minimizing extension to Wy, of uy,
will have absolute value which is uniformly bounded away from zero —
hence we will show that these sets are rather “harmless”.

In Section 5, thanks to the uniform bound on N (the number of
“charged” Vj’s plus that of “uncharged” Vj’s such that the oscillation
of w is bigger than or equal to 7/3), we can cover Vi,..., Vy by a finite
(uniformly bounded) number of balls, By,..., B,,, of radius of order
at most ¢® for some o > 1/2, and which are far away from each other
(in the sense that suitable dilations of the B;’s are pairwise disjoint).
Furthermore, we will see that deg (u,0B;) = 0, for all . This means
that though we may have individual singularities that are charged, at
a scale of order €!/2 they cluster to form neutral structures.

In Section 6 we will finally give the good definition of the global
degree of u in Q, deg (u, ). Let

- {r c (% %) such that S, N G(C) # @} :

and let | 3
A= (—, —) \T.
2°4
We show that |T'| — 0, when ¢ — 0, and hence |A| — 1/4, when
e — 0. For r € A we define

u

(1.28) f(r) :=deg(u,S,) = deg( Sr) €Z.

Jul’

This function is well defined since for r € A, |u(r,0)] > (. As we
mentioned before, for v € W12(Q, S) this function is constant. In
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our case this might not be true, but by the results of Section 5, it
cannot change too much: as a matter of fact, for ¢ sufficiently small,
the value of f can only change when S, intersects one of the balls B;,
and even when this occurs, the absolute value of f remains bounded
by a constant that depends only on A. Outside these balls (i.e. when
Sy N B = @, where B := |JB;) f(r) will always have the same value
(since deg (u,dB;) = 0). This is the value we use to define deg (u, (),
which will thus automatically be an integer. To recover this integer we
can also integrate f(r) over A and divide by the measure of A, thus
defining

(1.29) adog (u, Q) == |117|/Af(r) dr.

This quantity, ﬁéé (u,$2), is called the approximate degree of u in .
In general, it is not an integer, but it will tend to the integer deg (u, €2)
as € — 0. In fact, let Q = AN B = J(AN B;). The measure of @
tends to zero when e — 0 (it is bounded by |B| which, in turn, is at
most, of order ¢ < ¢!/ 2). Furthermore, f remains uniformly bounded
even inside ), and hence, we can see that

—— 1
(1.30) ladeg (u, ) — deg (u, Q)| < 1

for sufficiently small e. Thus we can recover the integer deg (u,(2) as

the closest integer to g&éé (u,2) for € small.

In Section 7 we will prove, for sufficiently small e, the continuity
of z;igg(u, Q) (and thus also of deg (u,Q)) in W12(Q) norm, inside the
level set EX we fixed. Using this continuity we will then conclude the
proof of Theorem 1 in Section 5.

Finally, in the Appendix (Section 12) we prove a general covering
Lemma of which we used a special case to obtain the balls B; in Section
5.

1.7. Open questions and related results.

As we saw, many questions about this subject remain open, in
particular in the borderline between the mathematics and the physical
behavior of these systems, a considerable amount of work remains to be
done. In this subsection we will discuss some of these problems shortly
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and mention some results of related interest. We start by mentioning a
few problems we are working on at the moment.

In [1] we are able to carry out a more detailed study of the proper-
ties of the threshold energies we introduced above. In particular, using
some techniques introduced by F. Bethuel and the author in [4], we can
prove a more accurate version of the upper bound for the threshold en-
ergy c, stated in Theorem 5. More precisely, we show that there exists
a constant ay,, not depending on €, such that ¢, < 7 |loge| + a,.

This estimate is crucial to succeeding in obtaining (see [1]) a lower
bound for ¢, which is of the same order of the above, i.e. to showing
that ¢, > m|loge| — ay,. Such a bound, as we mentioned, implies
that the energy barriers have a height of at least = |loge| — ay,, and
therefore, since € is supposed to be small, we will have very high barriers
separating the wells. This agrees with what we expected considering
the physical behavior of our system, as we described above.

Regarding the extension of our results to the 3-dimensional case,
there is a substantial part we are able to do, but there are still some
technical difficulties (which stem from the higher degree of liberty of the
equivalent of the Vj’s, which, in this setting, will be two-dimensional
surfaces). Once we succeed in defining the degree, we can obtain
mountain-pass solutions just as for the dimension 2, but proving that
the threshold energy, ¢,,, is of order |loge| should be considerably harder
(for results on the structure of the singularities of the Abelian Higgs
model in R3, see the works of T. Riviere [23] and [24]).

Our work was also motivated by the paper of S. Jimbo and Y.
Morita [16]. In [16] the authors establish the existence of stable non-
trivial solutions for the Ginzburg-Landau equations in the case the do-
main  C R3 is a solid of revolution obtained by rotating a convex
cross-section around the z-axis in R®. Thanks to this special geometry,
they can find solutions using a separation of variables method. They
show that the solutions constructed are stable for variations in a linear
space that is transversal to the gauge-invariance of the problem.

Very recently, while this work was being finished, the author re-
ceived a series of preprints of S. Jimbo, Y. Morita and J. Zhai [17], [18],
[19] where they improve the techniques developed in [16] and introduce
some new ideas to obtain very interesting results about stationary so-
lutions of the Ginzburg-Landau equations in topologically non-trivial
domains. The author also received recently a preprint J. Rubinstein
and P. Sternberg [25], where the ideas of B. White and F. Bethuel con-
cerning the homotopy classes for Sobolev functions are used, together
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with variational techniques, in a very ingenious way, to obtain a homo-
topy classification for the minimizers of the Ginzburg-Landau energy
in the case the domain is topologically a torus in R3. One fundamental
difference between these works and ours is that, since their authors are
looking at critical points, they rely strongly on the Ginzburg-Landau
equation to prove nice properties for these critical points, and then
succeed in defining the degree of the stationary solutions using these
properties. In our case, since we look at the whole level set of the en-
ergy, we cannot rely on the equation to help us define the degree. This,
as we saw, poses many technical problems, but gives us a considerable
amount of new information. Such information should enable us to have
a better understanding about the formation of permanent currents and
the transition processes between physical states.

Another important question is that of the evolution equation for
Ginzburg-Landau. Recently there was some work of F. H. Lin [21], [22],
and of S. Demoulini and D. Stuart [12] on the heat flow for Ginzburg-
Landau. The author, F. Bethuel and Y. Guo have also obtained some
results regarding the dynamical stability of symmetric vortices in the
Maxwell-Higgs model (see [15] and [5]).

REMARKS ON NOTATION.

e (2 is the annulus {z € R? : 1/4 < |z| < 1} C R2?. Its boundary,
d€, has two connected components: 9€2; = S; /4, the inner circle, and
00y = 57, the exterior circle. On 08, v(x) stands for the exterior unit
normal to d€2 at z. Hence v(z) = —z/|z| on 0, and v(z) = z/|z| on
0Qs. For x € 0L), 7(z) stands for the unit tangent vector to 00 at x,
pointing in the sense of increasing 6.

e A denotes the wedge product of differential forms, and x repre-
sents the exterior product of two vectors in R? (it is considered as a
real number).

e We often use the natural identification between an one-form and
the associated vector (given by the scalar product in R?).

e Although we would normally prefer to write vectors as columns,
we will often write them as rows because it makes it easier to insert
them in the text.

e We identify the vector (vl,v?) € R? with the complex number
v! + 102, The scalar product in C is denoted by ( ,). So (u,v) =
(uT + vw)/2. With this notation we have that u x u, = (vu,u,).
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Although this permanent switch between the vector and the complex
number notation may be slightly confusing at the beginning, later on
the reader will appreciate the convenience that stems from having both
notations available.

e d denotes the exterior derivative and = denotes the Hodge star
operator, which in R? is the linear operator on R-valued forms defined
by

*x1 = dat A dx?, xdx! = do?, xdz? = dzt, and xdz* Ada?=1.

We have that for k-forms on RZ, xx = I(®(2=k)) where I denotes the
identity. Hence x x @ = «, if a is a zero-form or a two-form, and
**a = —a, if a is a one-form.

e d* denotes the operator x~'dx, where x~! stands for the inverse
operator of x.

e In many of the estimates we obtain during the proof of Theorem
1, there are constants which depend on the domain considered. How-
ever, since we will have fixed as domain the annulus €2, we will usually
not mention such dependence explicitly in the text.

2. Coarea formula and control of the bad set.

As we mentioned before, the bad set consists of the places where
|u| is close to zero. Nevertheless, the presence of the potential term in
E. (in particular, the presence of the e=2 factor), assures us that for
u € EA, the measure of the set {z : |u| < 1/2} will be very small when
e — 0. In fact, as we will see in this section, a more careful analysis
using the coarea formula will allow us to prove much more about this
set.

Suppose A and ¢ given and fix an element u € EA N C>(Q). For
each ¢ € [1/2,3/4], let

V() ={zr € Q: [ulz)]=(}.

By Sard’s Lemma we know that for almost every ¢, V(() is a one-
dimensional submanifold of €2, hence we will suppose that the { we
choose is in these conditions. We will now define as our bad set, the set
G where |u| is smaller than (. Let

1 3]

GO ={reQ: Ju@)| <}, Cel55
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It is easy to see that for small €, the measure of G(() will be very small.

In fact,
[oa-mmrz [ -y
GO G(¢)

(21) > G(Q)] (1 - ¢)?
> (£) 6@,

and,

(2.2) / (- fu?)? <4e2 L [ @ uP)? <ae?a.
G(Q) 1% Jo

Combining (2.1) and (2.2) we obtain the desired bound on |G(()|,

(2.3) G(Q)] < (7) 1620 =Ce? —0,

where C' is a constant depending only on the energy bound A.

2.1. The coarea formula.

Using the coarea formula of Federer and Flemming, we can obtain
a considerable amount of information about the V}’s and the behavior
of uy, , for ¢ conveniently chosen.

Here we will apply a special case of this formula which can be
stated as follows (for a proof and more general forms of this result see,
for instance, L. Evans and R. Gariepy [13]).

Theorem 7 (coarea formula (change of variables)). Let f: R? — R
be Lipschitz. Then, for every Lebesgue summable function g : R — R,
we have that

i) The restriction g)f-1(,y s Hausdorff HL-measurable for almost
every y.

ii) For every measurable set X C R?,

/g|Vf|dx:/(/ gd’;‘{l)dy.
X ' VS piynx
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REMARK. By Rademacher’s Theorem, since f is Lipschitz, it is differ-
entiable almost everywhere, and hence V f is defined almost everywhere
z e X.

2.2. Upper-bound for the length of the V;’s.

We start by proving that the length (Hausdorff one-dimensional
measure) of the Vj’s is small for small e. As a matter of fact, if we
denote E := {x : 1/2 < |u| < 3/4}, it follows from the co-area formula
that

/ Z4ﬂl<v<<>>d<: [ 1%t

(2.4) < / Yl

1/2
< ([1vap) e,

where we used Cauchy-Schwarz for the last inequality. Moreover,

1
—/ Vul < E.(u) < A,
2 Jo

hence,
1/2
(2.5) (/ |Vu|2) <V2A.
Q

On the other hand, the measure of = can also be estimated using the
energy bound (just like we did for G((), in fact = = G(1/2)). We obtain

(2.6) 2| < (?)2/:(1 ) < (%)262/\.

=

From (2.4), (2.5) and (2.6), it follows that

3/4
W) dc < 22

eN.
1/2 7
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Hence, except for  in a set Z; C [1/2,3/4] of measure at most v/2/70 <
1/40,

S5

322

(2.7) HY(V(C)) < Ae=320A¢.

\]
e
ﬂ ‘

2.3. Upper-bound for the L!'(V(¢)) norm of Vu.

A different application of the coarea formula yields

(2.8) / / V| = / T / Vul? |
0<¢<1JV(¢) Q Q

Since we assume that u € E2, from (2.8) it follows that

(2.9) / / V| < 2 EMu) < 2A.
o<c<1 v

Using Fubini’s Theorem, we will then have that except for ¢ in a set
Zy C [1/2,3/4] of measure at most 1/40,

(2.10) / Vu| < 80A.
V(<)

Thus, except when ¢ belongs to the set Z; U Z3, whose measure is at
most 1/20, estimates (2.7) and (2.10) will be valid. For the rest of
this paper we will choose a ( € (1/2, 3/4) such that estimates (2.7)
and (2.10) are valid, and that V(() is a one-dimensional submanifold of
Q2. Hence, V(C) consists of a finite number of simple curves in Q. Let
Vi,...,Vy, denote the connected components of V(¢). Equation (2.7)
gives us an upper-bound on the length of each Vj,

(2.11) > H' (Vi) < HN(V(C)) < 320Ac.

In particular,

(2.12) HY (Vi) <320Ae, forallk=1,...,N.
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Hence, for small e, the length of each Vj, will be small (the same being
true for the sum of their lengths).

3. Properties of the V;’s which are far from 0f).

We consider the interior subdomain Y := {(r,0) : 1/2 < r <
3/4} C Q, i.e., the interior annulus consisting of the points whose dis-
tance to the origin lies between 1/2 and 3/4. For technical reasons, we
will also have to consider a slightly enlarged subdomain, ¥ := {(r, ) :
3/8 <r < 7/8}. Hence, Y €Y @ .

We start by proving that for e sufficiently small, the Vj’s that
intersect Y are closed curves that stay away from the boundary of €.

Lemma 1. If € is sufficiently small, then Vi N Y # @, implies that Vy,
is a closed curve and dist (Vi, 0Q2) > 1/16.

PROOF. Suppose that V;; NY # . Then, since dist (f’, 0Q) = 1/8, for
dist (Vg, 022) to be smaller than 1/16, it is necessary that diam (V) >
1/16. However, from (2.12) it follows that

diam (Vi) < H'(V3,) < 320 A¢.

Hence, for ¢ < A/5120 we must have that diam (Vj) < 1/16, and thus,
dist (Vg, 092) > 1/16.

The fact that Vi is then a closed curve, follows from it being a
one-dimensional submanifold of €2 which does not touch 0.

Henceforth, we will always suppose that ¢ is chosen sufficiently
small for the result in Lemma 1 to be true. Suppose that the Vj’s
that intersect Y are Vi,..., V5. They will be closed curves and thus,
by Jordan’s Curve Theorem, we can define the domain W} enclosed
by Vi (Wy is the bounded component of R? \ Vi, and in particular,
Vie = OWy).

Among Vi,..., V5 we will only consider those which are maximal
in the following sense: for i,5 < N, if V; C W; then we disregard V;
and just keep Vj in our list (so we always keep only the exterior curves).
Suppose that Vi,..., Vg, for some N < N, are the maximal curves we
obtain. These are the Vj’s that will interest us for the rest of this paper
(unless stated otherwise, henceforth we will always assume k < N).
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3.1. Estimates for deg (u, Vj).

By the definition of V'({), the restriction of u to Vj will have values
in the circle of radius , i.e. ujy, : Vx —> S¢, where we denote S¢ =

{2 € R? : |z| = ¢}. Therefore, we can define the degree of u: as usual
we consider the map

’Ul u 1
= = — Vi — 5,
° () ul "
and we define

1 ov
(3.1) deg (u, Vi) := deg (v, Vi) := 27r/ v X EdT

where 7 denotes, as usual, the arc-length parameter on V.
Since u = |u|v, we have that

0|ul vt 0|ul vt

bt Jul Yt ul 5

ox! ox! 0x? 0x?

(3.2) Vu=V(ulv) = olu 9y2 olu 9y2
gluf 2 ov- gluf 2 ov-

zl [ul ox! 2 [ul 0x?

Thus,
vl = e ((2) + (25) "+ (22)"+ (22)))
+ ((0")* + (v*)?)

(G (G o 3 ) o B )

But since |v| = C* = 1, it follows that

(3.3)

(1) + (%)% = |* =1,

and,
ov

1
v@xi_2

() =0.
e (vv)
Thus, (3.3) yields

(3.4) |Vu|2 = |u|2 |VU|2 + |V]u| |2.
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Hence, in particular,
(3.5) IVul> > |ul? [Vo]?.

For z € Vi, since |u(z)| = ¢ > 1/2, this yields

(3.6) Vul* > ¢ [Vo]* > Vol

N

which, in turn, implies that on Vi,

1
(3.7) |Vu| > 3 |Vul.
From equations (3.1) and (3.7) it follows that

UX@‘CZTS Vo] <2 |Vul.
or

(deg (u, Vi)| = |deg (v, Vi)| < /
Vi Vi

Vi

Therefore, using equation (2.10), we obtain a bound on the absolute
value of the degree of w in each of the Vi, for all £ = 1,. LN (we
remark that this bound is also valid for N < k < N as long as Vi is a
closed curve — so that we have no problem defining deg (u, Vy)),

(3.8)  |deg(u, Vi) <2 [ |Vul < 2/ V| < 160 A.
Vi V(<)

Moreover, we even have a bound on the sum of the absolute values of
these degrees,

I
(3.9) > |deg (u, Vi) |<2Z/ V) <2/ |Vu| < 160 A,
k=1 V(<)

which gives a bound on the number Ny := #{k : VN Y # 9, and

deg (u, Vi) # 0}, i.e., the number of “charged” Vj’s that intersect Y.
In fact, we obtain

N
(3.10) Z|deg u, Vi) < 160 A .
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REMARK. We will often refer to a Vj, such that deg(u,Vy) # 0 as a
“charged” (or topologically charged) singularity of u, and to one such
that deg (u, Vi) = 0 as a “uncharged” (or neutral or topologically un-
charged) singularity of u. This terminology is unprecise but helps con-
vey the essential difference between the behavior of v on these two types
of sets.

Using this terminology, the charged Vj’s that intersect Y are
Vi,...,Vn,, and the neutral ones are Vi, 41,..., Vy.

4. The “uncharged” Vj’s.

Although the charged Vj’s are the only ones that may change the
value of f(r) = deg (u, S,), defined in (6.1), in order to prove that these
cannot be isolated, we will need some control of u on the uncharged
Vi’s (i.e., VNy41,---, Vg ), and on the energy minimizing extensions of
u to the Wy’s that lie inside them. Thus, in this section we will always
suppose k € {Ny +1,...,N}.

The restriction of u to Vi = 0Wy, gr : Vi — S¢, has degree zero
(since we are considering only the “uncharged” Vj’s) and Wy is simply
connected, hence g, can be written as

(4.1) gr = Gexp (10k) ,

where 0 : Vi, — R, is a smooth lifting of uyy, - For x € Vi we have
that
2 2 u |2
V02 = [V (exp (10:)1* = |9 )]

[l

Therefore, by (3.4),
(4.2) Vul? = ¢ VO |* + |V]u| |7,
and, in particular,

(4.3) V0| < @ .

As usual, we define the oscillation of 6 as

(4.4) osc (Ox) = 5&1‘;/) (O (x)) — wlen‘;k (O (x)) .
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We will prove that the number of V}’s for which 6 can oscillate con-
siderably, is uniformly bounded (by a constant depending only on the
energy bound A).

Lemma 2. Given A € Rt there is a constant M € R™ such that, for
all e > 0, for all u € EX, if

fol)

I:= {k € {Ny+1,...,N}, such that osc (6) > g},
then,
480 A
(4.5) #I< M= %0
s

PRrooOF. By the fundamental Theorem of Calculus,

00,
< V.| .
oT ‘ - VO]

osc (Bk) = sup (Ok(z) — Ok(y)) < /V v

m)yEVk

Then, using equations (2.10) and (4.3) we obtain

™
3 #I < Zosc (O)
kel
< Z/ V0|
kel ? Ve
< Z% |Vl
ker > 7 Vk
<9 / Yl
V(<)
< 160A.
Hence,
4
(4.6) ur< 2100 = B0y
™ m

Thus, we have proven Lemma 2 with M = 480 A /7.
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If deg (u, Vi) = 0, we know that there exist smooth extensions of
g =upy, : Vik — S¢ to Wy, where S¢ = {z € R? : |z| = (} ~ S*, and
Wi, is the domain inside Vj, (in the sense of Jordan’s curve Theorem).
Let H, := {u € H"(Wj,C) : u=g on Vi}. Then, as in the work of F.
Bethuel, H. Brezis and F. Hélein [7], we know that

4.7 = min F.(u),
(@.7) po = min B (u)

is achieved by some map u., and furthermore, u. satisfies the Euler
equation

1
—Aue = —ue (1 — |ucl?), in Wy,

Ue =G = U, on Vi .

This elliptic system will allow us to prove some sort of maximum prin-
ciple for u. which will give us upper and lower bounds for |u.| in terms
of the oscillation of g = uy, or, more precisely, in terms of osc (6). In
particular, we will be able to prove that if the oscillation of 8y is small
enough, then |uc| stays bounded away from zero in Wy,. Together with
Lemma 2 this will imply that the number of Wy, ’s for which |u.| can be
close to zero, is uniformly bounded.

We start by proving an upper bound for |ue|. The following Lemma
is just an adaptation of [7, Proposition 2] to our situation.

Lemma 3. Let uc be a solution of (4.8). Then, |u.| <1, in W.
ProoOF. We start by observing that
A(ucl?) = 2ue Aue + 2 |Vu|?.

Hence, by (4.8),

2 2
(4.9) A(juel’) = 5 [uel® (juel* = 1) + 2[Vue|* = = Jue | (Jue” = 1).
Therefore, v, := |u.|? — 1, will satisfy

2 .
Ave——2|u€|20520, in Wy, ,
€

ve =(C% -1, on Vi, = oWy, .
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Since —(2/¢2) |ue|? < 0, the maximum principle implies that (see, for
instance, [14, Corollary 3.2])

(4.10) supve < supv™,
Wi Vi

where vT (x) := max {v.(z),0}. Hence, since v™(z) := max {(?—1,0} =
0, on V4, it follows that

sup |ue|> — 1 =supv, <0.
Wi W

Thus,

(4.11) sup |ue| < 1.

Wi

This concludes the proof of Lemma 3.
Using this Lemma and equation (4.8), we are now able to obtain

Proposition 1. Suppose that osc (0;) < /3. Let uc be the minimizer
of (4.7). Then,

(4.12) lue(x)| > for all z € Wy, .

PROOF. If osc (A)) < 7/3, then u(V;) is contained in an arch § of S,
of amplitude at most 7/3. Let a and b be the endpoints of B, and let B
be the domain bounded by the straight line 7 passing through a and b,
and the unit circle S'. We claim that the maximum principle implies
that

(4.13) U,E(Wk) CB.

By Lemma 3 we already know that |u.| < 1, so it suffices to prove that
ue (Wy,) and the origin lie on opposite sides of the straight line 7 defined
above.

Choose coordinates y', y? in the image space such that the y? axis
is parallel to 7 (i.e., it is the straight line through the origin parallel to
the segment ab), and the y' axis cuts the segment a b perpendicularly
at its midpoint. In these coordinates we may write

1

ue () = (“g($)> = Cexp (10x)

ug (z)
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where, we are taking the positive ! axis as the origin for the angle 6.
Since the amplitude 3 := osc (0) < 7/3, the y* coordinate of the
endpoints a and b satisfies

£:=y'(a)
=y'(b)

= miny’ (u(@))

Il
I
o
o)
wn
/N
N
N———

(4.14)

>

On the other hand, since u,. is a minimizer of E., hence a critical point,
it is a solution of equation (4.8). In particular u} will satisfy

(4.15)
uiZE, on Vi = oWy .

Doing a reflection of u across the y? axis in order to make the image lie
in the right half-plane, we obtain the map

we = (50) = ().

E.(i.) = Be(u.) = UEH?(%’Q E.(u).

which satisfies

Hence, . is also a minimizer, and thus critical point, of F., and there-
fore, 4l = |ul|, satisfies

1
(4.16) —Aal = = al (1 —|ucl?), in Wy,

ﬂiZf, on Vi = oWy .
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Using Lemma 3 we see that the right-hand side of (4.16) is always non-
negative. Hence, —Au,. > 0, and thus the maximum principle assures
us that

min 4. = minal > /4.

Wi Vi

Consequently, using (4.14) we obtain

1
(4.17) min |ul] > £ > ¢ 1
W, 274
Since u!l is continuous and Wj, is connected, ul(Wj) has to be con-

nected. Thus, using (4.17) and the fact that ul(z) > £ on Vi, we know
that we must have

(4.18) ul(z) > ¢, for all x € Wj, .

€

This, together with equation (4.11), proves claim (4.13). In particular,
from (4.18) it follows that

(4.19) uel = V/(ul)? + (u)? > ug| > £ >

N |y

> -, forallz e Wy,

A~ =

which is equation (4.12).

REMARK. The same method we used to prove claim (4.13) will give us
the slightly more precise result

(4.20) ue(Wy) C AC B,

where A is the closed set bounded by the half-lines 0 @ and 0b, the
segment a b and the circle ST. In fact, all we have to do to prove this
result is to, instead of using a reflection relative to an axis parallel to the
segment a b, as before, we have to consider reflections with respect to
axii which approach 0@ (and others which approach 0b) on the outside
of the set A defined above.



518 L. ALMEIDA

5. Blow-up of the energy around an isolated “charged” singu-
larity.

5.1. The covering argument.

For simplicity, we will do one more renumbering of the Vi’s, k =
1,..., N such that

a) deg (u, Vi) # 0 and Vpy NY # @ if and only if k € {1,..., N1 }.

b) deg (u, Vi) # 0, Vi NY # @ and V;, NY = @ if and only if
kE{N1+1,...,N2}.

c) deg (u, Vi) = 0, Ve NY # & and osc (0;) > 7/3 if and only if
ke {Ny+1,...,N}.

d) deg(u,Vy) = 0, V3 N Y # @ and osc (A) < 7/3 if and only if
ke{N+1,...,N}.

From (3.10) it follows that
(5.1) Ny < Ny < 160 A

On the other hand, Lemma 2 implies that

4
(5.2) N = N2+#I<160A+@A<320A

We remark that (5.2) gives a bound for N which is valid for all u € E2
and which, moreover, depends only on A and not on . We have no sim-
ilar bound for N the total number of V3,’s that intersect Y. However,
as we will see in this section, a bound on N like (5.2) is enough since
Proposition 1 will allow us to prove that the Vi’s in condition d) (i.e.,
those for which deg (u, Vi) = 0 and osc (0;) < 7/3 are “harmless” — in
fact, Proposition 1 gives us a good enough control over the behavior of
u inside these Vy’s for our estimates of lower bounds on the energy of an
isolated charged singularity to go through, regardless of the the pres-
ence of Vi’s of type d) in its neighborhood. We will need the following
two rather technical Lemmas to obtain these lower bounds.

The first one is a covering argument that will allow us to see that
W1,...,Wn can be subdivided into groups, each of which is contained
in some ball of radius of order bigger than /e, and that the different
balls are, in some sense, far apart (this type of technique has recently
been used by several authors like M. Striwe or F. Bethuel, H. Brezis
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and F. Hélein or still F.H. Lin in [22] — our approach is closer to that
of the latter).

The second Lemma will then serve to prove that if any of the balls
B; which intersect Y were charged, then we would have to pay a very
high price (of order |loge|) in energy.

Lemma 4. Fiz A € RY. Let u € EA, and Wy,...,Wy be defined
as above. Then, for ¢ sufficiently small, there is an integer m < N,
a family of numbers aq,...,am € (1/2,1], and a family of balls Bj,

J=1,...,m, of centers x; and radii r; such that
i) r; < Ce%.
N m
i) | Jwi c | By
i=1 j=1
iii) The enlarged balls B; = B(:rj,e_af/(2N+l+1) ;) are pairwise
disjoint.

PRrROOF. We have fixed A € RT, and we are looking at maps u € EQ,
for e sufficiently small (to be chosen later). We define Wy,..., Wy as
above (thus they will be open, simply-connected subsets of Q C R2,
such that OW) = Vi). By equation (5.2) we know that there exists
a uniform bound on N depending only on the energy level A we are
considering, and not on € — to be able to change ¢ while having an
uniform bound on the number m of balls used in the covering is crucial
for our argument to work.
On the other hand, by (2.12) we have that

1
(5.13) diam (Wy) < 5Hl(vk) <160Ac¢.

Hence our Lemma follows from the more general covering argument
stated in Lemma 7 of the Appendix. In fact, it corresponds to the
special case where C' = 160 A and o = 1.

5.2. Lower-bound for the energy around an isolated charged
singularity.

Lemma 5. Let Ry, Ry € R" be such that Ry < Ry. Let Q be the
annulus Q = B(0, Ry) \ B(0, Ry), and u € H'(Q, C) be such that exists
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o € R" such that |u(z)] > o > 0, for all x € Q, and deg (u,Sg,) =
deg (u, Sr,) = d # 0. Then,

(5.4) E.(u) > md*o?log (%> .

Proor. We have that

(5.5) E.(u) > %/ |Vul?, for all u € H(Q,C).
Q

Hence, we will concentrate on obtaining a lower bound for the Dirichlet
energy of u (the right hand side of (5.5)). Since, by hypothesis, |u| >
o > 0, we may define

vi= 2 ¢ H'(Q,S'), and deg (v, Sg,) = deg (v, Sg,) =d # 0.

~
By (3.5) we know that
(5.6) Vul? > |ul? |Vo]? > o2 [Vu]?.
We define
Vg =1{ve H QS : deg(v,Sgr,) = deg (v, Sg,) = d} .
From (5.5) and (5.6) it follows that

1 1
. > = 2> 52 i - 2) .
(5.7) E.(u) > 2/|Vu| > o Jéléd(z/W“' )

The problem of determining

1
inf (5 [ [Vul?)
vEVy \2 / | |
has already been extensively studied. In fact we can reduce it, using an
associated linear problem (see, for instance, [8, Theorems I.1 and II.1,

and their Corollaries]), to determining the Dirichlet energy of a har-
monic map ® such that

((AD =0, in €,
®=0, on Sg, ,
(5.8) { o=C, on Sg,
0P
— =2nd,
. Sk 8V
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where C' is some constant, and v is the outward normal to Bg, and
also the outward normal to Bg, (so v will point inside €2 on Sg, and
outside on Sg, ).

We can easily check that ® = dlog(r/R2) is a solution of (5.8).
Therefore, by the proof of [8, Theorem I.1] (see step 1 of that proof —
it is essentially a consequence of Poincaré’s Lemma) we know that for
all v € HY(Q,SY): deg (v, Sg,) =d, i = 1,2,

[vee = [ vep
Q Q
di2
_/Q ‘
27 Ry 2
:/ d9/ rd—2dr
0 R, T

= 27 d? log (%) .

Combining equations (5.7) and (5.9) we obtain

E.(u) > mo?d?log (%> ,

which is the desired result.
We are now ready to prove the main result of this section.

Theorem 8. Let A € R be fived and u € EX. Then, there exists g > 0
(depending only on A) such that if € < ey, then B; NY # @ implies
that deg (u, 0B;) = 0, where the balls B; are given by Lemma 4.

PRrROOF. Suppose that for some ¢, sufficiently small to apply Lemma
4, there exists u € EA such that in Lemma 4 we obtained a ball B;
such that B; NY # @ and deg (u,0B;) # 0. Since B; NY # @, if ¢ is
sufficiently small (depending only on A) Bj cY (because the radius of
Bj tends to zero when € — 0). Thus, since in the covering argument
we took care of all the V;’s such that Vi, NY # @ and deg (u, Vi) # 0
or osc (0) > m/3, we know that the annulus D; := B; \ B; may only
intersect uncharged V4’s such that osc (6;) < 7/3 (what we called Vi ’s
of type d) in the beginning of this section).
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We may suppose, without loss of generality, that the Vi’s that
intersect D; are Vyi1,...,Vg, for some N < N. We know that

osc(Ok) <w/3,k=N+1,..., N. However, we cannot apply Lemma 5
directly to w on Dj since a priori we have no lower bound on |u| inside
Wni1,...,Wg. Nevertheless, if we replace u inside each of the Wy,
k= N+1,...,N, by the corresponding minimizer of (4.7), we will
decrease the energy and, at the same time, by Proposition 1, we will
have a lower bound on the absolute value of the map obtained. Let

N
. w, inDj\ U Wi,

Ue, MWy, k=N+1,...,N,

where u. is the minimizer of E. in W) with boundary value u. In
particular, u. satisfies equation (4.8). By construction, |a| > ¢ > 1/2

in Dj \ UkN:N+1 Wy, and by Proposition 1, |a| = |ue| > 1/4 in Wy,
k:N+1,...,N. Therefore,

(5.11) @|>>, inDj.

e~ =

Hence, deg (ﬂ,@Bj) = deg(u,0Bj) = d # 0.Thus, we may apply
Lemma 5 to @ in D;. Denoting the energy of a map w in a domain
G by

1 1
E (w,G):= i/G |Vwl|? + E/G(l — |w|?)?,

this Lemma yields
1\2
(5.12) E.(ii, D;) > mzZ(Z) log (e=0/ @ T1+1)y.

Since aj > 1/2 (by Lemma 4), we have that

md? 1 N+1 T d?
0. D i /eIy - o
(5.13) Ec(u,Dj) > 16 log (e )= BN loge.

We claim that, for € sufficiently small

(5.14) E.(u,Q) > E.(ii, D;).
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PROOF OF cLAIM (5.14). We have that

E.(@,D;) = (uD\ U Wk>+ § E.(a, Wy 1 D;)
k=N+1 k=N+1
(5.15)

E. (@ D; \ [VJ Wi) + i

k=N-+1 k=N+1
By construction, @ = u on D; \ UQ;NH Wiy, we have that
N N
Es(a,Dj v U Wk> - E5<u,Dj v U Wk> :
k=N-+1 k=N+1

and, on the other hand, by the definition of u. as the minimizer of (4.7),
we also have that

E.(a,Wy) < E-(u,Wy), fork=N+1,...,N.
Therefore, it follows from (5.15) that

E.(a,D;) < (u D;\ U Wk> + Z (u, W)

k=N+1 k=N+1
E.(u,DjUWN 1 U---UWg)
< Ec(u,Q),

since W, CY C Q, k=N +1,..., N, if ¢ is sufficiently small. This
concludes the proof of claim (5.14).

Combining (5.13) and (5.14) we have that for ¢ sufficiently small,

7 d?

mloge Z Cd2|10g€|,

(5.16) Ec(u,Q) > —

where C' is a positive constant only depending on A (in fact, using
equation (5.2) we may choose C = 7/(32 (23204+1 + 1)) > 0).

If, as we supposed, d # 0, then, since u € E2, we would have that
C d?|loge| < A, for all ¢ sufficiently small. However, this is clearly not
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true for € < exp (—A/(C d?)). Hence, d must be zero, which concludes
the proof of Theorem 8.

REMARK. Theorem 8 proves rigorously our idea that as € gets small the
charged V4’s have to cluster, giving rise to “neutral” (deg = 0) Bj’s, or
to “drift” towards the boundary 02 (thus exiting the interior domain
Y). Hence, in the interior of €, and for a distance scale of order ¢!/,
the charged singularities shouldn’t be “perceptible”.

6. Definition of the degree of u in (2.

In this section we define the degree of u in €2, which is an integer,
and show that this integer is well defined.
Let

v::ﬂ:f’\UWk—hS'l,

Jul et

and
A= {re (%%) S, NV =0, forallkzl,...,N}.

As before, for r € A, we define

(6.1) F(r) = %/ v % — deg (u, S,),

and we define the approximate degree as

27r|A|_// ><—d7'dr— |il|/Af('r)d'r

The function f may only change value when we cross a charged Vj, since
if ri,79 € A, 79 > 71, then

(6.2) adeg (u

(6.3) flrz) — Z deg (u, Vi),

I v, =1{k: Vi, CB(0,r2) \ B(0,71)}.

By (5.3), (5.2), Lemma 4 and Theorem 8, inside Y we can cover all
the charged Vi’s by an uniformly bounded number of balls By, ..., By,
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with m < 320 A, and such that r; = radius(B;) < 160Ae'/2, and
deg (u, 0B;) = 0. Hence the function f will always have the same value
in A:= A\ B, where B :=JI"{r: Spn B; # @}. This is the value
we use to define deg (u, Q) € Z.

When ¢ — 0 the approximate degree (adeg (u)) approaches this
value. In fact, from (5.2) and Lemma 4, it follows that

(6.4) B <2) r; <2m160Ae'/? < (320A)%&'/2.
j=1

Furthermore, even inside A N B the value of f(r) = deg (u, S,) is uni-
formly bounded — equations (3.9) and (6.3) imply that

Ny
(6.5) |f — deg (u, )| <> |deg (u, Vi) < 160A.
k=1

Thus, using (2.7), (6.4) and (6.5), we obtain
1 1
ladeg (u) — deg (u)| = ‘—/ flr)dr— —/ deg (u, Q) dr
A Al J 4

Lﬂfu  deg (. )

<~ |B|160 A
(6.6) |A|

__ (3204p 1/2
= 1 g
2(7 -1V (0))

(320A)° 1pp

1
3 —320A¢

IN

Since this bound depends only on A and ¢ (and not on ), we will have
that adeg (u) will converge to deg (u,Q) € Z, uniformly in u € EA.
Hence, given A, we know that for e sufficiently small

ladeg (u) — deg (u)] < ~

and therefore, the knowledge of adeg(u) will determine the integer
deg (u) as desired.
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REMARK. Of course we can also obtain deg (u, ) by evaluating f(r) =
deg (u, S,) for any r € A = A\ B. The problem is that the process of
obtaining the balls B; that define B is very elaborate — hence our choice
of also showing how to obtain deg (u, 2) using the approximate degree.
We remark also that the B;’s obtained using Lemma 4, and thus also B,
are not uniquely determined. However, using estimate (6.4), it is easy
to check that (for sufficiently small €, as usual) the value of deg (u, (2)
obtained by evaluating f(r) in /Vl, is independent of the particular B;’s
used in the process.

7. Continuity of deg (u, ().

This section is devoted to showing that the notion of deg (u,$2)
we defined in the previous section (Section 6) is continuous in H!(£2)
topology inside each level set of the Ginzburg-Landau energy (1.1).
This result will be stated in Theorem 9 at the end of the section.

Let A € R be given and € < gy (with ¢ defined as in Theorem 8)
and consider uq,us € EA Suppose Bi, ..., B¢ m;» are the balls obtained

when applying Lemma 4 to u;, ¢ = 1,2, and Vki, k=1,.. .,Ni, 1=1,2,
denote the corresponding Vj’s. We define, as before, v; := u;/|uy],

1 , ~
A; {’r€<2 i):Srﬂszzg, forallk=1,...,N,

and S, N B! = &, foralljzl,...,mi},

1 .
fi(”")ﬁ%/srvix%dﬂ forr e A; .

Then, denoting A := A; N Ao,

(71)  deg (us, Q) = |j—i|/A.f,-('r) dr = ﬁ/Afi(r) dr

since f;(r) = C* = deg (u;, Q) in A; (hence also in A C A;). Therefore,
denoting G := {(r,0): r € A, 0 €10,2m)},

|deg (U’lv Q) - deg (u27 Q)|

2w|A|‘// g 0 () =y > 0 () )

(7.2)
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L e e
27r|A| |u,1|2 ot |ugl?  Or

since

because u; x u; = 0.

Furthermore, from equation (2.11) and Lemma 4, it follows that
|A1|, |A2| and |A| — 1/4 uniformly when ¢ — 0, and thus, in partic-
ular, we have that for ¢ sufficiently small (independent of the particular
choice of uy,us € EX), |A| > 1/(27). Hence, equation (7.2) yields that
for all £ as above,

|deg (u17 Q) - deg (U’Zv Q)|

1 U1 aul (1) 0’(/,2
- - drd ‘
27r|A| ‘/A/S (|u1|2 o Tual? m) Ter

(7.3) / s s
< \ * 5r]
27r|A| |u,1|2 Cugl? T a7
H Uo XauQ‘
ol liTE Cual2 T o7 e

We can write the integrand in (7.3) as

U1 % 0’(/,1 _ U9 % aUQ
lui2 o1 |uzg|? orT
1 w ouq 1 us Ougy
e X — X
(74) lug| |uq or |ua| |usl orT
7.4

:( 1 1 ) Uy ouy 1 (ul ou; U 811,2).

jur| Juzl/ us] T 0T Juo| \Jua] T 01 ua| T 07
Moreover, one can write the last factor in (7.4) as

U1 811,1 U9 811,2

X — X
|uq | or |us] or
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. 1 811,1 811,2 1 1 aU»z
5 g\ e T af)+<|u1| |u2|)“2>< or
7.5
B 1 ouy 0(u1 — U2)
_m(ul—UQ)XW‘F 2 o7 )
1 1 0’(/,2
Tl ~ |u2|)“2 “ or
From (7.4) and (7.5) it follows that
U1 y 811,1 _ U2 % 8”2
luq|? or luza|? or
. 1 1 U1 811,1 1 a'Ufl
_<u1_u2)u1><37'+u1 u2<(u1_u2)><¥>
(7.6)

L O )y (1 Ly, Ou

|U1| |’U,2| 07’ |’U,1| |U2| 87'

N——

On the other hand, since |u;| > 1/2 in G, we have that

1 1
(7.7) ﬁ§2,i:1,2,and7<4,in6’.
Usg

Furthermore, we have the following estimates for v; = wu;/|u;|,

(7.8) H

Jug| Lo @) —

|G|1/2 < |G|1/2 < |Y|1/2 _ _*/571- )
L>(G) - - 4

H|uz| L2(G) ~ H|uz|

Regarding the tangential derivatives, we have that |0u;/07| < |Vu;|,
and thus,

(7.10) H Ou;

@) = IVuillzz@) < [[Vuillzz)

and also that 9
‘%‘ < |V (wr — us)],
which implies that

O(uy — uz) ‘

(7.11) H or

o) = IV (u1 —u2)||2(q) < [V (u1—u2)l|L2(e) -
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Finally, we can easily check that

_ Hual = Jual | _ Jua —uaf _

‘ - ‘ — > <4 |’LL]_ Uz|,
lur|  |uz] lur|lua| 7 |u| |uz]

which, in turn, yields

(7.12)

4|ur — uzl|L2(@) < 4|ur — uzl|L2(q) -

H |U1| |’U,2| ‘ L2(G)

Moreover, since we supposed that u; € E2, we have, as in (2.5),
(7.13) ||Vuz||Lz(G) < HV’U,,HL2(Q) < \/2E€(ui) <V2A.

Using the Cauchy-Schwarz inequality and equations (7.6), (7.7), (7.8),
(7.9), (7.10), (7.11), (7.12) and (7.13), it follows from equation (7.3)
that

|deg (u17 Q) - deg (U’27 Q)|

H U2 auQ‘
> |u1|2 or |u2|2 or L)
H|U1|HL°°(G)H|u1| |u2|‘L2(G)“ u1||r2(a)

+ 4 fjug — U2||L2(G) IVuillze(a)

(Ul - U2)||L2(G)

H|u2| LQ(G)
il ] PO [ et
us| (@)1 Jua| — Jus

2@ [Vuzl[L2(q)

< 4||Vuillz2(g) [Jur — val|z2(@) + 4[| Vuill 2 @) llur — uz2llL2 (@)
+ 2|V Y2 |V (w1 — u2)|r2(e) + 4[| Vuellrze) [[ur — usllr2 (e
< (8 ||Vuillp2 () + 41| Vual L2 (0)) llur — uz||L2 (o)

Vo
+2 == V(w1 = u2) |12

\Vom
< 12V2A [|ur — uzl[r2 @) + - IV (u1 —uz)l|L2(0)

< Cllur — uz|lg ()
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where C'is a constant that depends only on the energy bound A (we may
take C' = 122 A + /57 /2). Therefore, we have proven the following
Theorem which is the main result of this section.

Theorem 9. Let A > 0 be given and € be sufficiently small. Then,
inside the level set EX the degree defined as above is continuous in
HY(Q) topology, and there is a constant C, depending only on A, such
that for all uy,uy € EA

(714) |d6g (Ul,Q) - deg (’LLQ,Q)| S C ||’LL1 - U2HH1(Q) .

8. Proof of Theorem 1 and Theorem 6.

We start by proving Theorem 1, i.e. the case where (2 is of the
special form we studied (the annulus Q = {z € R? : 1/4 < |z| < 1}).
In this case we defined in Section 6 the map deg (u, 2) which has all the
required properties of x(u). Thus, we define x(-) := deg (-, Q) : EX —
Z. Theorem 9 states that this map is continuous inside each level set of
the Ginzburg-Landau energy. Since x is a continuous map with values
in the discrete set Z, for each k € Z, x "1 (k) = {u € E* : x(u) = k},
will be an open and closed subset of EA (in H! topology). We have thus
succeeded in defining topological sectors inside E2. This concludes the
proof of Theorem 1. Theorem 6 follows from Theorem 1 as described
in the Introduction.

9. The Palais-Smale condition: proof of Theorem 3.

Suppose that u,, is a Palais-Smale sequence for E., i.e. that there
exists a constant M such that

(9.1) E (un) < M, for all n,
(9.2) dE.(uy,) — 0in (H')* as n — +o0,

where (H')* is the dual of H*(Q2,R?), and d E.(u,) denotes the dif-
ferential of E. at u,. We want to show that then wu, has a strongly
convergent subsequence in H!. This shall be achieved in two steps:
first we prove that wu, is bounded in H(Q,RR?) and then we find a
convergent subsequence.
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9.1. Step 1: u, is bounded in H'.
Equation (9.1) can be written as
(9.3) ;/ (Vun|* + 412 (1—|un>)2 <M,  foralln,

and equation (9.2) means that there is a sequence C,, > 0, such that
for all v € HY(Q, R?),

(9.4) ‘/Vun VU——/ — |un|?) uy, - fv‘<0 o] 71 o,r2)

which implies that there exists a sequence by, (v) such that 0 < b, (v) <
C,, for all n,v (and hence b,, — 0) and

1
(9.5) ‘/ Vi, - Vo] :bn||v||H1(Q,Rz)+‘—2/(1—|un|2)un-fv |
Q € Ja
Taking v = u,, in (9.4) we obtain
1
©6) | [ 1Vual? = 5 [ @ ual?) ] < Co a0
Q e Ja
and thus
1
07 | / V2| < Collunllim @) + | =5 / (1= [unf?) un?|.
Q € Ja

First, using the Cauchy-Schwarz inequality and (9.3), we notice that,
1 2 2 1 22 1 2
5 [0ty k] = |5 [ 0= = 5 [ 1= )
1 1/2
(9.8) <aM+ / (1 fu)?) " J0?
Q

<4M + Vel QY2
€

Second, the same type of estimate yields

Lt = -
Q Q

S‘/l—unz‘—kQ
(9.9) . |un || + (€]

<2MY2 QY26 + Q)
=1Q|+o(e).
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From (9.7) and (9.8) it follows that
1
(9.10) / Vn|? < Cp (|[tn]|z + || V|| 2) +4 M + - 2 M2 QY2
Q2

and, using (9.9), this yields
IVunlZe = Cu [IVunlize < G (2 MY21QI2 e + 1)) /2
(9.11) +4M+£2M1/2|Q|1/2
=C(M,e).

Since €y, — 0 this implies that ||V, ||5>(q) is bounded. Together with
(9.9), which gives us a bound on |luy,||L2(q), this yields

(9.12) ||un||H1(Q) < C(M, 8) .

which concludes the proof of the first step.

Step 2: u, has a strongly convergent subsequence in H'.

Since by (9.12) uy, is bounded in H*(£2, R?), it has a subsequence,
which we will still denote by wu, which is weakly convergent in
H' (2, R?). Hence, using the fact that we have a compact embedding
HY(Q,R?) — L?*(Q), we know that, up to passing to a subsequence,
there exists u € H'(Q,R?) such that

(9.13) Uy, — u in L*(Q) and Vu, — Vu in L*(€) .

Therefore, we just need to prove strong convergence in L2(£2) of the
gradients, Vu, — Vu in L*(Q2). By (9.13) we already have weak
convergence Vu,, — Vu, thus we just need to prove the convergence of

the L?(£2) norms in order to obtain strong convergence.
Since H(Q2) < LP(Q), for all 1 < p < 400, we have that

(9.14) w, — win H' implies u, — u in L?, forall1 <p < +o0.
In particular

U, — u in L*H(Q) and |u,|* — |ul® in L*(Q).
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Thus, using Holder’s inequality,
(1 — |up)®) up — (1 — |u*)uin L*(Q),
(9.15) (1 — Jun®) up - u — (1 — |ul?) [u* in L}(Q),
and, since u,, — u in L%(Q2),
(9.16) (1 — Jun|®) tn - 4y — (1 — |ul?) |u)* in L}(Q).

Taking v = u € H! in equation (9.5) we obtain

1
(9.17) ‘/ Vun-Vu‘ :bn||u||H1(QR2)+‘—2/(1— l|?) - ] .
Q ’ e Ja

Passing to the limit n — +o00, using the fact that Vu,, — u weakly in
L?(Q), b, — 0 and (9.15), inequality (9.17) yields

(9.18) /Q vl = | 5 /Q (1~ Juf?) fuf?|

On the other hand, passing to the limit in (9.7), using the fact that
Cn — 0, (9.12), (9.16) and (9.18), we obtain

1
(9.19) lim /|Vun|2§ ‘—2/(1—|u|2) |u|2‘ :/ Vul?.

Since by the lower semi-continuity of the L? norm in weak topology we

have that
/|Vu|2§ lim /|Vun|2,
Q n—4+oo Q

equation (9.19) implies that

(9.20) /|Vu|2: lim /|Vun|2,
Q n—-+o0 Q

which concludes the proof of Theorem 3 for E.. For the case of the
functional F. the same proof will work once we fix the Coulomb gauge.
The reader interested in seeing how the gauge invariance affects Palais-
Smale sequences in this problem may take a look at the appendix of

[4].
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10. Threshold energies and components of E2.

We can reformulate the statement of Theorem 4 and state the
following Proposition.

Proposition 2. Suppose that for some A € Rt , we have that for some
e < g9 (where gy is given Theorem 1) there exist n,k € Z, n # k,
such that the topological sectors top,, (E®) and topg(E?) are both non-
empty. Then, there are mountain-pass type critical points of E. or,
equivalently, there exist mountain-pass type solutions of the Ginzburg-
Landau equations (1.11).

More precisely, consider two non-empty components of Eé‘, Y C
top, (EL) and X1 C top(EY), and let ¢, (X0, 31) be defined as in
(10.4). Then, there exists a map v € HY(Q,R?) which is a critical
point of E. and such that E.(u) = ¢, (20, X1).

Since H'(R) is locally pathwise connected and the level sets E2
are open, their path components coincide with their components, so
we can use the two concepts indistinguishably. Let n,k € Z be two
distinct integers, and let ¥y and ¥; be components of E* such that
Yo C topn(E2) and X1 C topg(E2). Then, given ug,u € ¥y and
uy,u) € 31, we know that there exist two paths 7;, ¢ = 0,1, such that

v 1 [0,1] — 2; , %(0) =i, vi(1) =wul, i=0,1.
In particular,
(10.1) 7i(s) < A, for all s € [0,1].
As usual, we define the composition operation for paths: let v be a path

from p to ¢, and o be a path from ¢ to r, then ¢ = o is the path from
p to r defined by

v(25s), for 0 <s <

DN | =

o(s) :=
1
o(2s—1), for 5 <s<1.
And we define the inverse path of v, which we denote by v~ !, as
v~ 1(s) := y(1—3), for s € [0, 1]. Then, to any path v : [0,1] — H'(Q)
between 1 and u;, one can associate a path 4/ = v5 vy : [0,1] —
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HY(Q) from uf to u}. And vice-versa, to any path 7' : [0,1] — H(Q)
between uj, and u), one can associate a path v = vy vy ' : [0,1] —
HY(Q) from ug to u;. With these definitions, from equation (10.1) it
follows that

10.2 E. = E.(v(s)) > A.
(10.2) Jnax (v(s)) Jnax, ('(s)) =

And hence,

(10.3)  inf (srél[gﬁ](Ee(v(S)))) = inf (Srél[gﬁ](Es(v’(S)))) > A,

where,
V= {yeC®(0,1], H}(2,R?*)) : 7(0) = up, and v(1) = u;},
and
V= {y € C°([0,1], H' (2, R?)) : 7/(0) = uf, and +'(1) = u}}.

Thus, ¢,,, the threshold energy for a transition from g to u; defined in
(1.16), is well defined as a transition energy from a component ¥y of
topn(E2) to a component ¥y of topg(E2). We can define,

10.4 nk (20, 21) = inf ax (F. ,
104) 0B = inf(max (B:(1())
where,

Vi ke (o, X1)

= [y € C°([0,1], HX(Q, R?)) = 7(0) € o C top,(ED),
and v(1) € I; C topx(EM)} .

By the Mountain Pass Theorem we know that ¢, (X0, %1) is a gen-
eralized critical value of E. and, since by Theorem 3 the functional
E. satisfies the Palais-Smale condition, this implies that ¢, (X0, X1) is
also a critical value of E., thus concluding the proof of Proposition 2
and Theorem 4.

REMARK. For small € and n # k, ¢, (20, 21) shouldn’t depend on the
specific components ¥y C top, (E2) and X1 C topg(E2L), but only on

[
n and k (i.e. only on the topological sectors themselves). This leads
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us back to the question of how many distinct components can there be
inside a topological sector and how do they change when A changes. We
expect that for certain values of A, top,, (E2) may not be connected, but
that as we increase A the different components which existed at lower
energies, should increase in size and eventually intersect thus becoming
the same component. As a matter of fact, in [1] we will be able to
prove that all the components in top,, (E*) can be connected by paths
wich involve energies of, at most, something like 6 A, while to connect
different topological sectors we will need energies like 7 |loge|, which
for small enough ¢ is much bigger than 6 A. In this case ¢y (30, 21)
will depend only on n and k as we said.

REMARK. As usual, similar results are valid for F..

11. A model for superconductivity.

In this section we will consider the gauge-invariant Ginzburg-Lan-
dau model (1.3), and prove that inside the level sets F* we can define
topological sectors in a similar way to the one used for defining such
sectors inside the level sets E2 in theorems 1 and 6 which we proved in
Section 8.

11.1. Gauge fixing.

Given a configuration (v, B) € F2, we will show in this section
how to choose a gauge equivalent configuration, (u, A) ~ (v, B), such
that we have the necessary control on A to allow us to bound the L2
norm of Vu by a constant depending only on the energy level A. In

fact, to achieve this, all we need to do is to fix a Coulomb gauge over
the unit disk D = B(0,1) = QU B(0,1/4).

Proposition 3. Given a configuration (v, B) € H', there exists (u, A) ~
(v, B) such that

d*A=0, inD,
(1.11)

A-v=0, ondD=S".
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The proof is just the same as that of [9, Propositions I.1 and I1.2].
Now we remark that, since D is simply-connected, (11.1) implies that

there exists ¢ € H%(D,R) such that writing ¢ = Cdat A da? = %,

A=d"(= i
(11.2) { d*C = %d¢, inD,

(=0, on 0D .

It follows from (11.1) and (11.2) that ¢ satisfies

AC=d*d¢ =%dA, inD,
(11.3)

(=0, on 0D .

This implies, using standard elliptic estimates, that

I¢llw22(py < C |ldAl|L2(py »
which, together with (11.2) yields

nm@wmz/MPf/wmz
D D

— [ wop+ [ v

(11.4) < €122y

where C' is a constant.

11.2. Global control of |Vu|?.

The purpose of this subsection is to show how to obtain a bound
on ||Vu||z2(q) by a constant depending only on the energy level A.

Lemma 6. Given (v, B) € FA, let (u, A) be as in Proposition 3. Then,

(11.5) / Vu* < C,
Q
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where C' is a constant which only depends on A.

PROOF. Since, by construction, F.(u,A) = F.(v,B) < A, we have
that, in particular,

(11.6) / IV u? :/ IV — 1 Auf2 < 2 Fo(u, A) < 2A.
Q Q

Hence,

/|VU|2:/|VU,—ZAU,+2AU|2
Q Q

§2/ |Vu—zAu|2+2/ | A ul?
Q Q

(11.7) §4F€(u,A)+2/ A2 [uf?
Q
§4A+2/ |A|2(|u|2—1)+2/ |AJ?
Q Q

§4A+2/ |A|2|1—|u|2|+2/ A%
Q2 Q

Using Holder’s inequality, and the fact that from the energy bound it
follows that

11— (a3 g0y < 4> Fulu, 4) < 4% A,

we obtain

. /Q Vul? < 48+ 2|42 ey 11— [l 2oy + 2 [Al12 0

<4AN+4eAY/? ||A||%4(Q) +2 ||A||%2(Q) '

Since we are in a two-dimensional domain it follows from the Sobolev
Embedding Theorem that W?(Q) < L4(Q), for all ¢ < 40c0. hence,
in particular, there exists a constant C' such that

(11.9) |Allza) < C|Allwie(a) -

Furthermore, from (11.4) we know that

(11.10) [Alw2) < |Allwremy < VOA .
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From equations (11.8), (11.9) and (11.10) it follows that for ¢ < 1 (as
mentioned before, it is the case where ¢ is small that interests us),

(11.11) /Q|V“|2 <4A+4e A2 C? Aoy + 2 1Al p)

<A4AN+AAVECPCA+20C =,

where C' is a constant depending only on A.

11.3. Definition of deg([v, B],{2) and proof of Theorem 2.

Once we have the estimate (11.5), we can define deg (u,(2) as in
the case of the initial model (1.1), since we will have all the estimates
we used in the work that culminated with the definition of the degree
in Section 6. Thus, for e sufficiently small, deg (u,€2) is well defined,
and hence we may define

deg ([v, B], Q) := deg (u, ).

Once we have achieved this, Theorem 2 follows from the corresponding
result for deg (u,(2) which, thanks to estimate (11.5), can be proven
in a similar way to that we used for proving Theorem 1 (therefore, we
omit this proof).

The generalization of Theorem 2 to the setting of Riemannian man-
ifolds will then follow from Theorem 2 in an analogous way as Theorem
6 followed from Theorem 1.

12. Appendix: Covering Lemma.

This section is devoted to a general covering Lemma we used to
prove Lemma 4.

Lemma 7. Let e > 0 and W1, ..., W,, be connected open subsets of R?
such that there exist C,a > 0 such that diam (W;) < Ce®. Then, for e
sufficiently small, there is a family of numbers aq, ..., o, > a/2, and
a family of balls By, ..., By,, with m < n, such that, denoting by x; the
center of Bj;, and by r; its radius,

i) r; < Ce%.
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ii) OW, C GBj.
I=1 j=1

iii) The enlarged balls B; = B(xj,e_“j/@"H“) rj) are pairwise
disjoint.

Proor. We start by defining

2n+1
qn ::Wv
1 2k
P = — = okt _ 1
9—J
j=0

fork=1,...,n.

The proof of this Lemma is done by induction on the number &
of components of A = [J;_; W;. For k = 1, it suffices to consider a
unique ball of radius 7, = C'e®, with a3 = 2a/3 = ap;, since, for €
sufficiently small,

(12.1) diam (A) < Zdiam(Wl) <nCe® < Ce?/3,
=1

Hence, we can find a ball By, of radius r; < Ce2e/3 containing U?zl wj.

Suppose that the result is always true if A has 7 components, for all
n < k—1<n-—1, and, furthermore, the number m of balls obtained in
the covering process is at most 7 and each of the «;’s obtained satisfies

a

T
2.2
j=0

To complete the induction argument, we just have to show that then
the result will still be true when A has k£ components, and that in this
case m < k <n and we can find «;’s such that

(12.2) a; >

=apmg > APg_1 -

aj =2 — = apg .
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Let Aq,..., Ax be the connected components of A. Suppose that
(12.3) diam (A) < 5n Ce¥nPr-1

Then, for e sufficiently small, we can include A in a ball B; of radius
ry < e“Pk_ In fact, it suffices that

3n O e¥nPk-1 < (I cXdnPk

This is always true, provided that e is sufficiently small, since

_ 1
O Qp Pk—1 > Pk if and only if Pkt > —,
Pk dn
and
Ph_1 s 2—k g 1 B 2k+1 S 2n+1 B 1
Pe Pr-1 2k+l T ok+l 41 T oondl 41 g,

Thus, if (12.3) is true, our proof will be completed. Hence, we may
suppose that this is not so, i.e., that

(12.4) diam (A) > 5n C ePh=1

Let y1,y2 € A be such that |y; —y2| = diam (A), and consider the family
of balls B(yi,r) for r € (0,diam (A)). Define G := {r: B(y1,7)NA; #
@},j=1,...,k. Each G; will be an interval, and the sum of the lengths
of the G;’s will be smaller than the sum of the diameters of the W;’s,
which is at most nCe®. Since nCe® < nCe*MPr-1_ for all ¢ < 1, it
follows that the set

k
G = (0,diam (A)) \ U G,

=1
will have a measure of at least
5 n CEQankfl —-n CEQankfl — 4 n CEQankfl .

Moreover, the set G is the union of, at most, £k — 1 subintervals of
(0,diam (A)) since it was obtained from the latter by removing the
k open intervals G; (among which one had endpoint 0 and another
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had endpoint diam (A)). Consequently, at least one of its components,
which we will denote by [ag, bo], will be such that

G| 4n
>
E—1" k-1

(12.5) bo — ag > £¥UnPE-1 5 [ cO¥dnPr-1 |

Let A = AN B(y1,a0), and A= A\ B(y1,bp). Then, A= A UA and
both A and A include at least one of the Aj’s. Hence, both A and A
have at most k—1 components and thus we can apply the induction step
to each of them. It yields, since the sum of the number of components
of A and A is k, that there will be a total of m < k balls By,..., B,
such that

a)ACBlu---UBm,ACBm_HU---UBm,forsomem<m.

b) Each B; has center z; and radius r; < Ce%, where o; >
APk—1 2 AP.

¢) The enlarged balls Bj = B(xj,e_“j/(2"+1+1) rj) are pairwise
disjoint for j € {1,...,m} and also for j € {m+1,...,m}.

However, to obtain the disjointness of two Bj, one corresponding

to A (i.e. j < m) and the other to A (i.e. j > ), we need to use
equation (12.5). In fact, if j3 < m and js > T, then

(126) |.Tj1 — y1| < ag+ Ce%1 < ag + C %nPr—1 ,

since Bj, NA # @, A C B(y1,a0) and by b), o, > apr_1 > qn ¢ p_1.
Similarly, we have that

(12.7) |.Tj2 - y1| > by — Ce%2 > by — Cg¥nPh-1
since Bj, N A+ @, AC A\ B(y1,bo) and, by b), aj, > apr_1 >
dn ¥ Pr—1-

Therefore, combining (12.6) and (12.7) we have
(12.8) |25, — zj,| > 2C Pt
Since Bji has radius

C€Qnaji < Cga(Inpkfl ,

equation (12.8) implies that

B;, N B;
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as desired. Consequently, the balls B; obtained satisfy all the conditions
required for the induction argument, and thus the proof of Lemma 7 in
completed.

REMARK. Relative to the similar covering argument of Lin [22], our
result has the advantage that we are able to keep the «; always bigger
than /2, which corresponds to keeping the balls B; rather small — in
Lin’s result «; may tend to zero when n — oco. However, we also lose
something, both because our proof is technically more complicated, but
also because we obtain smaller (and more complex) expansion factors
for the B;’s. In fact, even Lin’s expansion factors (6=%/3) go to 1
when n — oo, but ours (s_aﬂ'/(znﬂﬂ)) will decrease to 1 considerably
faster.

We prefered to privilege the scale of the balls because it enables
us to assert that in our problem, at least at a scale e'/2, things appear
neutral to an outside observer (and it also makes the energy explosion
estimate (5.13) slightly neater). Using Lin’s result, the scale would
depend on n, and hence on A, which would be less satisfactory.
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