REVISTA MATEMATICA IBEROAMERICANA
VoL. 15, N.° 2, 1999

Isoperimetric inequalities in

Riemann surfaces of infinite type

Venancio Alvarez, Domingo Pestana and José M. Rodriguez

1. Introduction.

By S we denote a hyperbolic Riemann surface, i.e. a (open and
connected) Riemann surface whose universal covering space is the unit
disk D = {z € C: |z| < 1}, endowed with its Poincaré metric (also
called the hyperbolic metric), i.e. the metric obtained by projecting
the Poincaré metric of the unit disk

2
ds = |d2] .
1 —[2]?

With this metric, S is a complete Riemannian manifold with constant
curvature —1. The only Riemann surfaces which are left out are the
sphere, the plane, the punctured plane and the tori.

It is convenient to remark that this definition of hyperbolic Rie-
mann surface is not universally accepted, since sometimes the word
hyperbolic refers to the existence of Green’s function.

We say that S satisfies the hyperbolic isoperimetric inequality (HII)
if § is a hyperbolic Riemann surface and there exists a constant h > 0
such that for every relatively compact domain (an open and connected
set) G with smooth boundary one has that

(11) As(G) < hLs(0G).

where Ag(G) denotes the (hyperbolic) area of G and Ls(0G) the (hy-
perbolic) length of its boundary. An approximation argument gives
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that if S satisfies HII, then (1.1) is also true for domains with finite
area. We denote by h(S) the best constant in (1.1)

It is clear that a finite area hyperbolic Riemann surface does not
satisfy HII.

A Riemann surface § is said to be of finite type if its fundamental
group Iy (p, S), p € S, is finitely generated. In other case we say that S
is of infinite type. 1t is well known that every Riemann surface of finite
type can be obtained from a compact Riemann surface by deleting p
points (the punctures of §) and n closed disks (whose boundaries repre-
sent the ideal boundaries of §). It is also a known fact that a Riemann
surface of finite type has HII if and only if n > 0 or, equivalently, if
S has infinite area. Therefore, in spite of most of our results are true
independently of the type of the considered Riemann surface, we will
be interested in Riemann surfaces of infinite type.

There are a number of natural questions concerning the HII-proper-
ty of Riemann surfaces. Particularly interesting are the stability under
quasiconformal maps, its relation with other conformal invariants and
its characterization for plane domains. Here the word conformal refers
to holomorphic homeomorphisms.

Concerning the study of the stability of HII, in [FR, Theorem 1] it
was proved that if two Riemann surfaces are quasiconformally equiva-
lent and one has HII, the other has too.

One of the conformal invariants related with the HII-property is
the bottom of the spectrum of the Laplace-Beltrami operator, b(S),
which can be defined in terms of Rayleigh’s quotients as

/ / IVl duw
b(S) = inf ,
peC(S) // <p2 dw

where || - ||, V and dw refer to the Poincaré metric of S.

The number b(S) belongs to [0,1/4] and a celebrated theorem of
Elstrodt, Patterson and Sullivan [Su, p. 333] relates it with other im-
portant conformal invariant of S, its exponent of convergence §(S) (see
e.g. [N, p. 21] for basic background), which can be defined as

O(S) :=1inf {t: Ui(p) < oo, for some p € S},

where

Up) == Y exp(—tLs([7))

[]eli (p,S)
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and
Ls([v]) == inf{Ls(g) : [v] =[g]}.

It is easy to check that if Uy(p) < oo for some p € S, then Ui(q) < o0
for all ¢ € S.
It is a well known fact that 0 < §(S) <1 (see e.g. [N, p. 21]).
The theorem of Elstrodt, Patterson and Sullivan asserts that

T if 0 < 6(S) <
b(S) =

—_ DN | =

5(8) (1 - 8()), it 5 <8(S) <

It is also well known (see e.g., [Chl, p. 95], [Che|, [FR, Theorem 2])
that

<BH(S)h(S)? and  B(S)K(S) < C <

Y

DN W

1
I
where C' is an absolute constant.

Therefore S has the HII-property if and only if b(S) > 0 or, equiv-
alently, §(S) < 1.

A theorem of Myrberg [T, p. 522] states that if §(S) < 1 then S has
Green’s function, or equivalently, that it possesses non-constant positive
superharmonic functions (see [AS, p. 204] or [T, p. 434]). Therefore if
S has finite genus, S has non-constant harmonic functions with finite
Dirichlet integral [AS, p. 208], [SN, p. 332]. In the general case, the
conclusion is also true with additional hypothesis [Rol]. However, there
exists a Riemann surface Sy having infinite genus and HII such that
the constants are the unique positive harmonic functions in Sy [Ro2].
Recall that if there exists a non-constant harmonic function with finite
Dirichlet integral, then there exists a non-constant positive (in fact,
bounded) harmonic function.

It is also known that §(S) coincides with the Hausdorff dimension
of the conical limit set of the covering group of S (see e.g. [N, p. 154]).
This says us that the HII-property must be also related with the size
of the “boundary” of S.

At the moment no characterization of the HII-property is known for
hyperbolic plane domains (i.e. subsets of the Riemann sphere whose
boundary has at least three points) in euclidean terms of the size of
its boundary. In [FR, Theorems 3 and 4] a sufficient condition and a
necessary condition were obtained so that a hyperbolic plane domain
satisfies HII, but none of them constitutes a characterization of the
HII-property, although these conditions are quite close.
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As an example of the difficulties involving the problem, recall
that a plane domain €2 has Green function if and only if its bound-
ary has positive logarithmic capacity (see [AS, p. 249], [T, p. 440] or
[SN, p. 332-333]). But, for example, D\ {0} \ {1/2"}22, has not HII,
while D\ {1—1/2"}2° , has it (these facts are consequence of [FR, Theo-
rems 3 and 4] or Theorem 1 below). Hence, this shows that the problem
of deciding whether a hyperbolic plane domain has the HII-property or
not is delicate. Observe that if €2 is a hyperbolic plane domain and 052
has zero logarithmic capacity, then €2 has not HII.

The main results of this paper are Theorems 1, 3, 5, 9 and 10. The-
orem 1 shows that for any hyperbolic Riemann surface the HII-property
is preserved by removing a sufficiently separated set. Theorem 3 relates
simple euclidean conditions with the HII-property in Denjoy domains.
Theorem 5 gives an euclidean characterization of Denjoy domains sat-
isfying the HIl-property. Finally, Theorems 9 and 10 give localization
results for the HII-property in general planar domains.

In the next section we give some definitions needed to state our
results.

2. The main results.

We say that a domain G C C is modulated if there is an upper
bound for the modulus of every doubly connected domain contained
in G which separates the boundary of G. In particular, every simply
connected domain is modulated (since in this case there are not such
doubly connected domains). Also, if the boundary of G consists of a
finite number of continua, G is modulated. On the other hand, if the
boundary of G has an isolated point, G is not modulated.

These are the domains in the plane that as far as Function The-
ory is concerned behave almost like simply connected domains (see for
example [BP] and the references therein).

In [FR, Theorem 3] it was proved that if G ¢ C is modulated (and
therefore G has HII) then H = G \ {a,} has also HII if the sequence
{a,,} is uniformly separated in the hyperbolic metric of G, i.e. if there
exists a positive constant ¢ such that

dg(an,am) > c, for all n # m,

where dg denotes the hyperbolic distance in G. This result is not true
if G is not modulated (see Theorem 1 below). Obviously, every finite
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sequence is uniformly separated, and a sequence converging to a point
of G is not uniformly separated.

Conversely, also in [FR, Theorem 4], it was proved that if H C C
has HII, and G = H U I, where I is the set of isolated points of 0H,
then [ is uniformly separated in the hyperbolic metric of G.

In this work we reduce the study of the HII-property of H to that
of G, not only for hyperbolic plane domains, but for general hyperbolic
Riemann surfaces.

To state our result, we need a previous definition.

Definition. A subset I of a hyperbolic Riemann surface S is strongly
uniformly separated in S, if there exists a positive constant ro such that
the hyperbolic balls Bs(p,ro), where p € I, are simply connected and
pairwise disjoint.

Theorem 1. Let S be a hyperbolic Riemann surface, let I be a closed
and countable subset of S and R = S\ I. Then, R has HII if and only
if S has HII and I is strongly uniformly separated in S.

We also have obtained a relationship between the isoperimetric
constants on R and S (see Section 3 below).

We want to remark that Theorem 1 is a new result even in the case
of plane domains.

Corollary 1. Let S be a hyperbolic Riemann surface, let I be a closed
and countable subset of S and let R =S\ I. If I has an accumulation
point in S, then R has not HII.

Observe that Theorem 1 and [FR, Theorem 3| give that every dis-
crete set which is uniformly separated in a modulated domain G is also
strongly uniformly separated in G.

As we mentioned above, at the moment no characterization of the
HII-property is known for hyperbolic plane domains in euclidean terms
of the size of its boundary. In [FR] it was obtained a necessary condition
and a sufficient condition so that a hyperbolic plane domain has HII,
but we know that none of them is, in fact, a characterization of the HII-
property for this type of Riemann surfaces. In this paper we obtain a
characterization of the HIl-property for the case of Denjoy domains,
i.e. hyperbolic plane domains whose boundary is contained in ]R, in
euclidean terms of the size of their boundaries.
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Since the HII-property is a quasiconformal invariant between gen-
eral Riemann surfaces [FR, Theorem 1] our results characterize the HII-
property for subsets of C whose boundary is contained in a quasicircle.
In fact we can prove a more general result (see Section 7).

Definition. Let 2 be a plane domain, let I be the set of isolated points
of 02 and Qg = QUI. We say that Q is admissible if Qg is a hyperbolic
plane domain and I s strongly uniformly separated in .

Observe that if 2 is admissible, then there are no isolated points in
0€2p; therefore 0€2y has infinitely many points and €2 has infinite area.
Now we can restate Corollary 1 for hyperbolic plane domains.

Corollary 2. If a hyperbolic plane domain is not admissible, then it
has not HII.

In what follows Q ¢ C will usually be a Denjoy domain. In order to
establish our characterization of the HIl-property for Denjoy domains
(Theorem 5) we need some preliminary background.

For o < 3, (B, ) denotes the set {x € R: = < aor z > 3} U{o0}.
Also we mean that (co,a) = {r € R: z < a} and as usual (a,00) =
{z € R:x > a}. Along the paper we mean that the point at infinity is
the greatest of the numbers in R.

Definition. We say that a finite subset A = {aq,...,a2,} (n > 2) of
points of 02 C R is a border set of OS2 if A verifies the following two
conditions:

i) A is “ordered” in R, i.c. there exists j € Loy = L/(2nZ) such
that aj11 < -+ < ajyan, where the subscripts belong to Zsy,.

ii) The open set U}_,(asx—1,az2;) is contained in €.

Obviously every finite subset A = {as,...,a2,} of R can be “or-
dered” in such a way that the condition i) is satisfied. So ii) is the
significant condition in the definition above.

ExaMPLE. Let us consider the Denjoy domain €2 whose boundary is
00 = {oo} U (U2 [2n — 1,2n]). It is clear that the ordered sets
{2,3,6,7,10,11} and {4, 5, 00, 1} are border sets of 92, but {1,4,5, 00}
is not. In fact, the ordered set of real numbers {aq, ..., as,} is a border
set if and only if agy, =1+ agx_1 and agx_1 € 2Z for k =1,...,n. On
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the other hand, the ordered set {ai,...,as,—1,00} never is a border
set. The ordered set {ai,...,a2,_2,00,a2,}, with n > 3 and a1 <
-++ < G2, is a border set if and only if {aq,...,as,_2} is a border set

and ao, = 1.

Observe that the set of four “consecutive points”, {ask_1, ask,
Aok+1, Gok+2 ) With k € Za,, of a border set of €2 is also a border set
of 2. Besides, observe that if 02 has not any border set, then € is
some of the three following trivial domains (up conformal equivalence):
C\ {0,1} (which has not HII), C\ [0, 1] (which has HIT), C\ [0, 1] (which
has HII).

If B={by,bs,b3,b4}, we denote by r(B) the cross ratio

(ba — b1)(bg — b3)
(b3 — b2)(bs — b1)

In the following by ®1,®2 : (0,00) — (0, 00) we denote any fixed
continuous functions satisfying the following properties:

(2.1) r(B) =

1
a) ®1(r) < Po(r) < g7 as r — 00,

1 1
b) ®1(r) < log— and ®5(r) < loglog — as r — 0.
T T

After these preliminaries we can state the following partial result
which gives a necessary condition and a sufficient condition for the HII-
property of a Denjoy domain 2. In many cases these conditions give
an answer to the question of whether or not {2 has HII, since they are
very close.

Theorem 3. Let ) be an admissible Denjoy domain, let I be the set
of isolated points of 02 and Qo = QU I.

a) If Q has HIL, then there exists a positive constant ¢ such that
for any border set of 9y, B = {by,...,ba,} with n > 3, we have that

1 n
- Z Q1 (r({b2j—1, 25, b2j11,bajy2})) > c.
7j=1

b) If there exists a positive constant ¢ such that for any border set
of 0, B ={b1,...,b2,} withn > 3, we have that

1 n
- Z Qo (r({b2j—1,b2j, b2j11,bajy2})) > c,
7j=1



360 V. ALvArEgz, D. PESTANA AND Josi M. RODRIGUEZ
then € has HIIL.

Besides, we have a characterization of the Denjoy domains with HII
in euclidean terms of the size of their boundaries. This characterization
has the disadvantage that the function which appears instead of ®; and
®5 (in Theorem 3) is more complicated and depends on the domain.

Theorem 5. Let €2 be a Denjoy domain, let I be the set of isolated
points of 02 and let Qg = QU I. Then, Q2 has HIL if and only if €2
1s admissible and there exists a positive constant ¢ such that for any
border set of 0, B = {b1,...,ban} with n > 3, we have that

1 n
- Z\PQO({ij—lab2j7b2j+17b2j+2}) >c,
7j=1

where Vg, is the function appearing in Theorem 4 (see Section 5).

Roughly speaking, this function Vg, “counts” in some sense the
number of annuli which intersect 0€).

If S5 is a hyperbolic Riemann surface, we will consider (open and
connected) subsurfaces §; C Sq, endowed with its own hyperbolic met-
ric (recall that any subsurface of a hyperbolic Riemann surface is also
hyperbolic). Of course, with this metric S; is a complete Riemannian
manifold.

As a direct consequence of Corollary 7 (see Section 7 below) we
obtain two localization theorems.

Theorem 9. Given a closed subset E of(@ with infinitely many points,
the following conditions are equivalent:

1) C\ E satisfies HIL.

2) Q\ E satisfies HIL, for any subdomain Q@ of C of finite type
such that E is contained in €.

3) Q\ E satisfies HII, for some subdomain Q@ of C of finite type
such that E is contained in €.

Theorem 10. Let Ey,...,E, be pairwise disjoint closed subsets in
C with infinitely many points such that Q@ = C\ UgEy is connected.
Then, we have that Q satisfies HIL if and only if C\ E} satisfies HII
fork=1,....n.
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In fact, we prove in Section 7 a general version of theorems 9 and
10 about Riemann surfaces (see Theorem 7). We should remark that
we have also obtained other results on localization (see for example
Lemmas 3.1 and 7.1 or Corollary 5).

2.1. Notations and background.

As usual, R and R will denote the real line and the extended real
line. Similarly, C and C will denote, respectively, the complex plane
and the Riemann sphere. The simbol A\ B denotes the difference of
the sets A and B. The expression A(r) < B(r) will mean that there
exists a positive constant C' such that

1< @ <C,
S Bo) -
for the values of 7 indicated in each case. We denote by [z] the greatest
natural number which is less or equal than z.

By ds and Bgs we shall denote, respectively, the distance and the
balls in the Poincaré metric of S. By d and B we shall denote, re-
spectively, the distance and the balls in the euclidean metric of C.
Bs and B* will denote the corresponding balls without its centers.
If Q is a hyperbolic plane domain, dg(z) will be the euclidean dis-
tance of z to the boundary of 2. By Aq we shall denote the confor-
mal density of the Poincaré metric in €2, 7.e. the function such that
ds = Aq(z)|dz| is the Poincaré metric in Q. For a < 3, (8,«) de-
notes the set {z € R: = < a or z > f} U {oco}. Also we mean that
(00,a) ={z € R: x < a} and as usual (a,00) ={z € R: = > a}. We
define the corresponding closed intervals in a similar way. Along the
paper we mean that the point at infinity is the greatest of the numbers
in R.

Finally, we denote by c¢ positive constants which can assume dif-
ferent values from line to line and even in the same line. On the other
hand, the constants ¢ty and rg will have always the same value.

In order to prove our results we shall need some well known facts
concerning the Poincaré metric:

1) A conformal map between two hyperbolic Riemann surfaces is
an isometry.

2) If S is a subsurface of the hyperbolic Riemann surface Sy, then
ds, (p,q) = ds, (p,q), for all p,q € 5.
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3) Let S; be a subsurface of the hyperbolic Riemann surface S,
and let o be a simple closed curve in §;. Denote by «y; the simple
closed geodesic (if exists) freely homotopic to o in S; (j = 1,2). Then

L51 (’Yl) > L52 (72)'

4) If 2 is a hyperbolic plane domain, 2 C C, then A\q(z) < 2/da(2),
for all z € Q (recall that dg(z) denotes the euclidean distance of z to
the boundary of €2).

5) A hyperbolic plane domain €2, 2 C C, is modulated if and only
Aa(z) 0q(z) < 1, for z € Q (see [BP, Corollary 1]). The constant in <
depends on €.

6) For Q C C, define fo(z) as the function

(2.2) Ba(z) = inf {‘ log ‘

Z—a
a

- H a,b e 09, |z—a|:(59(z)}.

In [BP, Theorem 1] it was proved that
(2.3) Aa(2)0a(2) (14 Pa(z) <1, for z € Q,

up to universal constants. See (6.1) below for a precise estimate.

7) If F: D — Q is a universal covering map, then we have
Xo(F(2)) |[F'(2)] = Mp(2), for all z € D.

The organization of the paper is as follows. In sections 3 and 4 we
prove, respectively, theorems 1 and 3. Theorems 4 and 5 will be proved
in Section 5. Section 6 contains a proposition relating balls and collars
of punctures. In Section 7 we develop some useful technology to prove
theorems 9 and 10 and other further results. In Section 8 we discuss
the relationship between the HII-property, polarization and circular
symmetrization. Finally we discuss about the possibility to improve
Theorem 5 in sections 9 and 10.

3. Proof of Theorem 1.

Theorem 1. Let S be a hyperbolic Riemann surface, let I be a closed
and countable subset of S and R = S\ I. Then, R has HII if and only
if S has HII and I is strongly uniformly separated in S.
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More precisely, if vy is a positive number such that {Bs(p,ro)}per
s a family of pairwise disjoint and simply connected balls in S, then we
have that

h(S) 2
WR) < 2 (70 T tanhrg -~
tanh (Z> ro log Y
anh (Z)

The difficult implication in this theorem is to prove that R has
HIL. Our proof of this consists of finding a relationship between the
Poincaré metrics of R and §. Far from the points in I both metrics
are comparable (see Lemma 3.1 below). Close to these isolated points
they are not comparable but, in fact, there exists a very precise relation
between the S-balls centered at points in I and its corresponding collars
in R (see Proposition 1 in Section 6).

We start by studying the relationship between the Poincaré metrics
of R and S.

Lemma 3.1. Let S be a hyperbolic Riemann surface, let C be a closed
non-empty subset of S and §* = S\ C. Let us consider a positive
number €. Then we have that

Ls(7v)
Ls~(7)

(3.1) tanh% < <1,

for every curve v C S with finite length in S such that ds(v,C) > e,
and

As(D)
Ag«(D)

2
(3.2) (tanh E) < <1,

2
for every domain D C S with finite area in S such that ds(D,C) > e.

ProoOF. We prove Lemma 3.1 in local coordinates.

Let us fix p € S with dg(p,C) > ¢ and let us consider a local chart
¢ :V — C with ¢(p) = 0.

Let F : D — S be a universal covering map with F(0) = p. The
set C' = F~1(C) is a closed subset of the unit disk. Obviously the
euclidean ball B(0, tanh (¢/2)) = Bp(0,¢) is a connected component of
F~1(Bs(p,€)); it is contained in D\ C’" and the mapping F : D\ C" —
S* is a covering map with F(0) = p. Let G : D — D\ C’ be a
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universal covering map with G(0) = 0. We have that Fo G : D — S*
is a universal covering map with (F o G)(0) = p.

Let us consider the Poincaré metrics As(z) |dz| and Ag-(2) |dz| in
local coordinates (z € ¢(V)). Then

As((¢ o F)(0)) [(¢o £)'(0)] = Ap(0)
As+((¢po FoG)(0))[(poF oG)(0)] = Ap(0),

and this gives
As(0) [(po F)(0)| =2,  As-(0)[(¢o F)'(0)|G'(0)| =2.

These last equalities give Lemma 3.1 if we prove that tanh (¢/2) <
|G'(0)| < 1 since this is the infinitesimal version of (3.1) and (3.2).

Observe that G : D — D satisfies G(0) = 0. Schwarz’s Lemma
gives the inequality |G'(0)] < 1.

Recall that the simply connected set B(0, tanh (¢/2)) is contained
in D\ C'. Therefore, there exists a well defined local inverse G™! :
B(0,tanh (¢/2)) — D verifying G~1(0) = 0. Using again Schwarz’s
Lemma we obtain that

(G1Y (0)] = |G,1(0)| < cotanh ().

This finishes the proof of Lemma 3.1.

PrROOF OF THEOREM 1. We begin with the proof that if R has HII
then S has it and I is strongly uniformly separated in S.

We shall prove first that I is a discrete set. In fact, if this is not
the case, then I is not strongly uniformly separated and, as we shall
see, this implies that R has not HII, a contradiction.

Let us assume that I is not a discrete set. Let F' : D — S be
a universal covering map and let J be the preimage of I by F'. Then
F:D\J — R is a covering map. Therefore, 6(D\ J) < 6(R) (see,
for example [FR, p. 181]). Obviously, J is a closed, countable and
non discrete subset of D. Let zy be an accumulation point of J in D.
Then, we have that B(zp,r) Nd(D\ J) = B(zo,r) N J is countable, for
0 < r <1— |z, and therefore it has zero logarithmic capacity. [FR,
Theorem 4] implies that 1 =§(D\ J) < 6(R) < 1. But, if 6(R) =1, a
fortiori, R has not HII.
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A theorem of Patterson [P2, Theorem 4.1] gives that §(S) < §(R),
since I is discrete. Therefore §(S) < 1 and S has HII.

Suppose that the discrete set [ is not strongly uniformly separated.
Let us see that, then, R has not HII, a contradiction. Denote again by
F : D — § a universal covering map and by J the preimage of [
by F. As before F : D\ J — R is a covering map and therefore,
d(D\J) < J(R) (see, for example again [FR, p. 181]). We have that for
each € > 0, there exist points p,q € I such that either ds(p,q) < € or
Bs(p, €) is not simply connected. This implies that there exist z,w € J
such that dp(z,w) < e, i.e. that J is not uniformly separated in D.
[FR, Theorem 4] implies again that §(R) > 6(D\ J) = 1.

Let us assume now that S has HII and I is strongly uniformly
separated in S. We want to prove that then R has also HII.

Let D be an open subset of R with finite area. In order to check
(1.1) for D, we can assume without loss of generality that D is not
simply or doubly connected since this particular type of subsets always
satisfy HII with constant 1 [FR, Lemma 1.1]. We can also suppose
that 0D = v1 Uy U --- U, where the simple closed curves ; are not
homotopic to the trivial loop and does not “surround” only a puncture.
In fact, if this would be the case for v;, say, we could join to D the
simply or doubly connected open set whose boundary is v;, obtaining
by this way a new domain with greater area and whose boundary had
less length.

Let us consider a positive number rg such that the balls Bs(p, o)
with p € I are simply connected and pairwise disjoint. Let S be the
subset of R given by § = S \ UperBs(p,r0/2). Let J,Ji,Ja, be the
subsets of I defined by

J={pel:DnBs(pro/2)" # T},
Ji={peJ:Bs(p,r/2)" C D},
Jo = {pe JCaDﬂBg(p,To/z)* %@}

It is obvious that {.J;, J>} is a partition of J.
First of all we remark that

(3.3) Ls(0DN Bs(p,r0)) > 70, forallp e Js .

To see this, suppose that Ls(0D N Bs(p, 1)) < 19 for some p € Js.
Then, we have that there exists a boundary curve v; with Ls(vy;) < ro;
such a curve must verify that v; C Bs(p, 7o) since

To

ds (833 (p,70), 0Bs (p, 5) ) —

To
5 -
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But, if v; C Bs(p, 7o), then v; is homotopic in R to zero or to p, and
this is not possible.

Claim. There exists a constant ¢, which only depends on ry and neither
on S nor I, such that

(3.4) Ar (Bg (p, %) ) <ec, for every pe I .
Then we have that
c

(35 Ar(Bs(r.2)) < mm(m(p%)),

for every p € Jy; since Bs(p,ro/2) is simply connected and then

AS(BS(p,%))) AD(BD(O ""20)) — 47 sinh? (%‘))
and by (3.3)
(3.6) AR(BSQL%Q*)s;%Ls&nDHBs@nm»,

for every p € J5. Using (3.2), (3.5) and (3.6), we have that

AR(D) < Ar(PN8)+ > AR(BS( : 2) ) ZAR<BS<p’ 2) )

peJ1 peJ2

1 -
< _As(DNS)

 tanh?® (%0)

+

Z As (Bs( )) + Ls(ap)

4 sinh® (Z) pedr

Let H be
1 c
e m{mhz () amsin? () } |
Therefore
Ax (D) < H(Ag CRISESY AS(BS( 50))) + %LS(E?D)

pEJ1

< H As(D) + Ti Ls(9D)
< HN(S) Ls(dD) + Tﬁ Ls(dD)

< (H h(S) + £)LR(aD).

To
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Then we have that R has HII with constant

(3.7) h(R) < Hh(S) + — .
To
To finish the proof of Theorem 1 we only need to prove (3.4) with
B 2
€= ! tanhry ’
0g ——
tanh (T—0>
4
since we will see below that, with this value of ¢, we have that
1
1 ()
n _
4

Lemma 3.2. Let S be a hyperbolic Riemann surface and {Bs(p, o) }per
be a disjoint family of simply connected balls in S. If R = S\ I, then
we have that

Ar(Bs(p,r)") <
log

27
tanh ro

tanh (C)
2

PROOF. Let us fix a point p € I. Let us consider a universal covering
map F : D — S such that F(0) = p. Let J be the preimage of I
by F. The intersection of the ball F~'(Bs(p,2r9)) = Bp(0,2719) =
B(0, tanhrg) with the set J is exactly {0}. Since F: D\ J — R is a
covering map, it follows that for 0 < r < rg

Ar(Bs(p,r)*) = Ap\s (Bp(0,7)")
< AB(O,tanhro)*(BD(()? T)*)

= AB(0,tanh o) (B (0’ tanh (%>>*>

tanh (= )\ *
e (5o 22

, forO<r<rgy.

_ / _ dedy
B(0,tanh(r/2)/ tanh o) (12108 ]2])?

B 2T

o tanh g

log —~
tanh ()
anh | 5
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This finishes the proof of Lemma 3.2.

The estimate (3.4) follows now from Lemma 3.2 with

2T
tanh rg

tanh (%)

(3.8) c=

Y

log

and therefore (3.7) and (3.8) give the inequality in Theorem 1, if

1

tanb? ()
an 1

H =

In order to prove this, we only need to check that

1 1
>

tanh? (%0)  2ginh? (%0) log tanh o

To
{ h(—)
an 4

and this follows from the fact that

tanh 1
G(z) = 2log amnr >0 forz > 0.

tanh (Z) cosh? (%) )

This inequality is a consequence of the fact that

4 1
G'(r) = — -
2sinh x cosh z 2 sinh (f) cosh® (f)
4 4
B 4 4
T sinh (22)  gainp (L) 4 o
2sinh (2) + sinh z
<0,
and
lim G(z)=0.
Tr—r0o0

REMARK. The inequality (3.4) can be obtained alternatively from
Proposition 1. This proposition will be stated and proved in Section
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6. We have used here Lemma 3.2 since it gives best estimates in this
context.

4. Proof of Theorem 3.

Theorem 3. Let ) be an admissible Denjoy domain, let I be the set
of isolated points of 02 and Qy = QU I.

a) If Q has HII, then there exists a positive constant ¢ such that
for any border set of 0, B = {b1,...,ban} with n > 3, we have that

1 n
- > " @y (r({baj—1, bajs bajr1, bajya})) > c.
7j=1

b) If there exists a positive constant ¢ such that for any border set
of 0, B ={b1,...,b2,} with n > 3, we have that

1 n
EE " ®a(r({b2j-1,b2j, baji1, bajra})) > ¢,
j=1

then Q has HII.

Theorem 3 is a direct consequence of Theorem 1 and the following
result.

Theorem 2. Let 2 be a Denjoy domain such that OS2 has no isolated
points. Then

1) If Q has HII, then there exists a positive constant ¢ such that
for any border set of 0, B = {b1,...,ban} (n > 3), we have that

1 n
- D @r(r({baj1,b25, baji1,baj10})) > c.
7j=1

2) If there exists a positive constant ¢ such that for any border set
of 0, B ={by,...,ban} (n > 3), we have that

1 n
- Z Qo (r({b2j—1,b2j, b2j11,bajy2})) > c,
7j=1
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then € has HIIL.

The proof of Theorem 2 has three main ideas. The first one (see
Lemma 4.1) is to reduce dramatically the set of domains in which we
must check (1.1). Secondly, we will establish a bijective correspondence
between these domains and border sets (see Lemma 4.2). Finally, we
relate the length of each boundary curve of these domains with the
length of some curves in some extremal domains which is given by the
functions ®; and P, (see Lemmas 4.3 and 4.5).

A geodesic domain in a Riemann surface S is a domain G C §
(which is not simply or doubly connected) such that 0G consists of
finitely many simple closed geodesics, and As(G) is finite. G does not
have to be relatively compact since it may “surround” finitely many
punctures (isolated points in dS in the case that S C C) We can think
of a puncture as a boundary geodesic of zero length. Recall that if ~ is
a closed curve in § and [y] denotes its free homotopy class in S, then
there is a unique simple closed geodesic of minimal length in the class,
unless v is homotopic to zero or surrounds only a puncture; in these
cases it is not possible to find such geodesic because there are curves in
the class with arbitrary small length.

In [FR, Lemma 1.2] it was proved that if S verifies (1.1) for geodesic
domains, then it verifies HIL. In fact, if hy(S) is the infimum of the
constants h such that the inequality

As(G) < hLs(0G),
is true for any geodesic domain G, we have that
h(S) < hy(S) +2.

We shall prove now that if a Denjoy domain Q verifies (1.1) for
geodesic domains which are symmetric with respect to the real axis (SG-
domains), then Q verifies (1.1) for any geodesic domain and therefore
it verifies HII.

In fact, we have the following result, which is true even if 9€2 has
isolated points.

Lemma 4.1. Let Q2 be a Denjoy domain satisfying the inequality
Aq(G) < hLo(0G),

for every SG-domain G in Q and for a positive constant h.
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Then Q satisfies HIT with

hg(Q) <2h  and  h(Q) < 2h+2.

PRrROOF. Let G be a geodesic domain in 2. Without loss of generality
we can suppose that G contains the point at infinity. Let us consider
the family F; of subarcs of G which joins two points of the real axis
and are contained either in {z : Imz > 0} or in {z: Imz < 0} and
reflect each of them with respect to the real axis. We obtain in this way
a family of closed curves F;. Let F3 be the family constituted by all
simple closed geodesics in 2 which are freely homotopic to some curve
of F5. We construct now a new family F, from F3 in the following
way: a curve 7y of F3 belongs to Fy if and only if the bounded (in the
euclidean sense) Jordan domain J such that 0.7 = v does not contain
any other curve in F3 and J N 0€) is not a finite set. Observe that
the negative curvature implies that any two geodesics 1,y in F3 are
disjoint; therefore either [J; and J> are disjoint, either J; C J2 or
J2 C J1. Let Go be the SG-domain whose boundary is constituted by
the curves in Fy.

To illustrate this construction, let us consider for example the
geodesic domain G shown as the exterior of the curves in this picture.

Then, the family of curves Fs looks like the following

The family of simple closed geodesics F3 is shown by
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Note that the dotted curves in the last picture represent the free homo-
topy classes without geodesics; they are not in F3. Finally, the geodesic
domain Gy is the exterior of the geodesics in

It is clear that
Lo (0Gy) <2 Lo(0G).

Let now n,p be, respectively, the number of simple closed geodesics
limiting G and the number of punctures in G. Let also ng,py be the
corresponding numbers for Gy. Observe that ng + pg > n + p. To see
this, let us consider the set I'(G) of generalized geodesics limiting G,
i.e. the union of the set of n geodesics in 0G and the set of p punctures
“surrounded” by G. We want to show that

cardI'(G) < cardI'(Gy) .

If a puncture is surrounded by G it is also surrounded by Gy. On the
other hand, given a geodesic v of OG let us consider the bounded (in
the euclidean sense) Jordan domain J with 0 = ~; if the intersection
of J with the real axis has m connected components, the geodesic y
“generates” at least m generalized geodesics of Gy. This gives that
no +po = n+p.

Gauss-Bonnet theorem gives that

Ao(Go) =21 (no+po—2) > 2w (n+p—2) = Aa(G),

since the hyperbolic metric of €2 has curvature —1.
Therefore

Aa(G) < Ao(Go) < h Lo(dGo) < 2h Lo(9G)

and so we have proved the first inequality in Lemma 4.1. The second
inequality is a consequence of the first one and [FR, Lemma 1.2].
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Given a border set of 02 with four points, B = {b1,bq, b3, by}, we
denote by v(B) the unique simple closed geodesic in €2 which separates
[bz, bg] from [b4, bl]

Lemma 4.2. A Denjoy domain €2 such that 02 has no isolated points
has HIL iof and only if there exists a positive constant ¢ such that for
any border set of 02, B = {by,...,ba,} with n > 3, we have that

1 n
- ZLQ(’Y({ij_]_,ijy bajt1,b2j42})) > c.
j=1

PROOF. Observe that we can establish a one to one correspondence
between border sets of 92 with n > 3 and SG-domains in . Given
a border set B of 02, B = {by,...,ba,}, let us consider the set of n
geodesics (n > 3)

G = {v({bzj—1,b25,b2j41,b2542}) : j=1,...,n}.

The curves in G limit a geodesic domain G associated to B. Observe
that if n = 2, both geodesics are the same and then obviously they do
not limit a geodesic domain.

It is clear that this process has a well defined inverse. Gauss-
Bonnet theorem gives that A(G) = 27 (n —2). Therefore, we have that
A(G) < n. This fact and Lemma 4.1 give Lemma 4.2.

It is clear that if we define
Q1 = C\ ([bzj, baj1] U [baj2, baj—1])
Q= C\ {bj—1,b2j, baji1,bajsa}
then we have
Lo, (v({b2j—1, b2j, b2j11,b2512})) < La(v({b2j—1,b25, b2j11,b2512}))
< Lo, (7({b2j-1, baj, bajr1, b2j12})) ,

since €21 C Q C Qs.
In order to prove Theorem 2 we only need to relate the length in
2 and €25 of the geodesic

Y({b2j—1, b2j, b2j+1,b2j42})
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with the functions ®; and @3 (see their definitions after (2.1)).

The following result gives an estimate of the hyperbolic length of
the imaginary axis in some normalized Denjoy domains. This curve is
important because it is the geodesic (in many symmetric cases (see, e.g.
Lemma 4.5)) whose length we want to estimate.

We recall that [z] denotes the greatest natural number which is
less or equal than .

Lemma 4.3. Let us fix a number 0 < a < 1 and let 0 <t < 1. For
each natural number m such that

a
log —
0g
1 Y
log —
a

(4.1) m< N =

let us consider the closed set
Dy =Dp(t)={z€C: a™ < |z+t| <a™ ora™t <|z—t] <a™}.

Let 2 be a Denjoy domain such that {—1,—t,t,1} C 0Q C [-1,—t] U
¢, 1].

Let ny < ng < -+ < ng—q be all the natural numbers in (0, N)
satisfying Dy, N OQ # &, ng =0 and ng = N.

Then we have that there exists a universal constant 0 < tg < 1
such that if we denote by o the imaginary axis with the point at infinity
included, then

2
LQ(O’) XZ(1+10g(le—nj_1)), fOT 0<t<ty.
j=1

Here the constant in < depends only on a but neither on €2 nort.

Proor. The idea of the proof is to estimate the length of “dyadic”
segments of the curve. Over each one of these segments we shall have
a precise estimate of the distance to the boundary of the domain and
the function g (see (2.2)). These facts and [BP, Theorem 1] will give
the lemma up to a technical detail involving the point at infinity which
we solve in Lemma 4.4.
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Let I, =0 N Dy, 0 <m < N. We are going to estimate Lq(I,,),
the length in €2 of I,,, under the assumptions that

(Dm—k U Dm—i—k) N oQ 7é 9,

(Dm—k-l—l U Dm—k+2 U Dm—l
UDp UDpy1U---UDpip—1) NN =2,

for 0 < k < min {m, N —m} (obviously the second condition does not
appear if k = 0).

Let Q* := Q\ {oo}; the computations in 2* are easier than in €2
because we can apply [BP, Theorem 1] since Q* C C.

Let us consider a point b € (Dy,—x U Dyyqi) N 0. We have four
possibilities:

i) b € Dyyyr and a™FFHL < b+ t| < o™tk

ii) b € Dypyx and ™+ < b —t] < a™tF,
iii) b € Dy and a™~*TL < b+ t] < g™k,
iv) b € Dyy_p, and a™ P < b —t| < o™k,

We consider now the case i). If z € I, it satisfies inequalities
a™ !t <|z+t| < a™ (in fact, 2 satisfies both inequalities in the definition
of Dy,), and then

1 a™tt [z 4t a™ 1

ak—1 = gm+k — |b+t| = gm+tk+l T gk+1”

This implies that
1
(4.2) 1+ Ba+(2) < (k+1)log .
The same result can be deduced, with similar arguments, in the cases
ii), iii) and iv).
Using (4.2) and [BP, Theorem 1] we obtain that

1
4.3 Ao+ = — for k> 0.
( ) Q (Z) am(k+1) R or k >

Next we are going to estimate the euclidean length of I,
1| = Vazm — 2 — \/q2m+2 g2
(44) B a2m (1 _ CL2)
Va2 g g2mt? g2
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Observe that (4.1) gives t2 < a?™*2. This fact and (4.4) imply that
|I,| < a™, and therefore

|dz| _ 1

(k+1) k41

45 Lo = [ de@l= [

m

In order to estimate L (I,,) we only need to prove that Ag«(z) < A\q(2)
for |z] < 1.

This last relation would be easy to prove (see Lemma 3.1 with C' =
{o0}) if we were not interested in obtaining constants independent of 2
and £. But, to obtain universal constants, we need a more sophisticated
argument.

Lemma 4.4. Let E be a closed subset of the closed unit disk such that
{=1,=t,t,1} C E. Then, for each p > 1 there exist constantst, € (0,1)
and ¢ > 0 which only depend on p such that

Aevg(2) Z cAave(2),
for every 0 <t <ty and |z| < p.
PROOF. By [He, Theorem 1] we have that
A@\{_l,_t,t,l}(z) — A@\{—l,o,l}(z) , ast — 0,
uniformly over compact subsets of C \ {—1,0,1}. Therefore, for each

p > 1, there exist constants ¢g, ¢; which only depend on p, such that if
0 <t <tpand yis acurve contained in {w € C: |w| > p}, then

Lengor -ty () Z 1 Dy o101y (0) -
On the other hand, by [Br, Theorem 1], the set {w € C : |w| > p} is

hyperbolically convex in every hyperbolic plane domain containing it.
Hence,

(4.6)  de\p(w,00) 2 dey (g 4413 (w,00) 2 crdey g 1y (w,00),

if lw| > p. Now, it is clear that there exists a positive constant r which
only depends on p such that

r ~
Bey 10 (50 E> C{weC: |uw|>p}.
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This fact and (4.6) says that
B\ ploo,r) C{w € C: |w|>p},

and so, if |z| < p, we have that d¢, 5(00,2) > 7. Therefore Lemma 3.1
(with C' = {oc0}) gives that

Aeyg(2)
r C\E

= tanh { - ——— <1.

c an (2) < /\C\E(Z) <

This finishes the proof of Lemma 4.4.

In what follows we will take the fixed value p = 2 and we will
consider the corresponding ¢ and ty. This ¢y is the constant that works
in Lemma 4.3.

Now Lemma 4.4 and (4.5) give

LQ(Im)x%ﬂ, it0<t<to.
Therefore
Lo(I, ,U---Uly;) < 2(1+1+1+- . +#) = 1+log (nj—nj—_1)
2 3 nj —nj_1
and

L
LQ(IO U---u IN) = Z(l + 10g (le — nj_l)) .
7=1

In order to finish the proof of Lemma 4.3 it is enough to check that
LQ(O‘) = LQ(IO U---u IN) ,

where the constant in < depends only on a.
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This is a consequence of the following facts.

Lo(on{w e C: |w| < Va2N+2 —2})

< Loy, —glo n{w e € Ju| < ™))
- t
SL@\[t,_t](aﬂ{wEC: lw| < E}>
- 1
= L@\[l,—l] (O' N {'LU e C: |w| S a}) ,
Lo(en{we C:|w| >v1-12})
SL@\[_lyl](aﬂ{wEC: lw| > /1 -2 }),

¢
1
Z(l +log (nj —nj_1)) > 1+ log N < log log <;) ,
i=1

o CLhu-UIyU{weC: |wf < Va2N+2 2}
U{we(@: lw| > 1 —12}.

This finishes the proof of Lemma 4.3.

For a border set B = {by,b3,bs3,bs}, in order to obtain a more
symmetric situation, as in Lemma 4.3, we consider the Mobius trans-
formations

(b2 — b1) (% — b3)

(bs — b2)(z — b1) ’

bl(bg — bz)z — bg(bz — bl)
(bg — bz)z — (b2 — bl) ’

B Z:z+1— 1+7r(B)
(4.7) ) =) = T i)
=2 z+1H(B)
1-t(B) z-1
(-1—+/1+7r(B))z+1—+/1+7r(B)
z—1 ’

T(z) = TB(Z) =

T5'(z) =

S5'(2)
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where r(B) is defined by (2.1) (observe that r(B) = Tp(by)) and t(B)
is defined by

4s) ) YLErBIZL gy 4UB)

1+ rB)+1°

Observe that the images by T of by, bs, b3, by are oo, —1,0,r in this
order, the images by S of oo, —1,0,r are 1,—1, —¢,¢ also in this order
and therefore the images by U of 1, —1,—t,t are by, bo, b3, by.

Lemma 4.5. Forr > 0 let T, be the Teichmiller annulus, i.e. T, = C\
([-1,0]U[r,00)) and S, = C\ {—1,0,r}. Then we have that the simple
closed geodesic o, which surrounds {—1,0} and does not surround {r}
is equal to {z € C: |z+ 1| = /1 +r} in both domains. Moreover,

Ly (0,) < ®4(r), Lg (o,) < ®y(r), r>0.

Proor. Let us consider the images of the domains 7, and S, un-
der the Mobius transformation S(z) (see (4.7)) which maps the points
—1,0,7,00 to —1,—t,t,1 in this order (if r and ¢ are related by (4.8)).
It is clear, by symmetry, that the simple closed geodesic in S(7;.) and
S(S;) corresponding to o, is in both cases the imaginary axis (with
the point at infinity included). Therefore, o, = S™!({w € C: Rew =
0}U{oo})={2z€C: |z+1|=+V1+r}.

To finish the proof we have to prove the following four facts:
1) Ly, (0,) <log(1/r) as r — 0,

2)
3)
4)

1) follows as a direct consequence of Lemma 4.3 by observing that
{no,n1,...,ne} = {0,1,2,...,N} and £ = N < log(1/t) < log(1/r).
Similarly, 2) follows also as a direct consequence of Lemma 4.3 since in
this case £ < 3.

3) is a well-known fact (see sections 1 and 2 of [LV, Chapter 1I],
where 1) is also proved; recall that the product of the modulus of an
annulus by the length of its simple closed geodesic is constant). 4)

Ls (0,) < loglog (1/r) as r — 0,
Lt (0,) < 1/logr as r — oo,
Ls (o))

(o) <1/logr as r — o0.
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follows from 3), [BP, Theorem 1] and the fact that, as » > 3, the -
functions defined by (2.2) verify

Br, (2) = Bs,(2), for all z € o, .
Lemma 4.5 has been proved.

PROOF OF THEOREM 2. Let us consider a border set of 92, B =
{bl, cey bzn} (n > 3) We have that C\ ([bgj, sz+1] U [b2j+2,b2j_1]) C
Q C C \ {b2j—17b2jab2j+17b2j+2}- Therefore, if we denote by r the
positive number

r = 1r({b2j—1,b2j, bajt1,b2542}),

Lemma 4.5 gives that

c2 @2(r) < L (0,r,00,—13 (V{0 75,00, =1}))
- L@\{b2j71:b2j:b2j+1:b2j+2} (,Y({sz_l’ sz’ b2j+1’ b2j+2}))

< Lao(y({b2j—1,b2j, b2jt1,b2j42}))

where we should remark that in the second line of the last display,
¥({b2j—1,b25,b2j+1,b2j12}) refers to the geodesic in the domain C\
{b2j_1,b25,b2j41,b2j42}, but the same symbol in the third line refers to
the geodesic in the domain ).

Lemma 4.5 also gives that

La(v({bzj-1,b2j; bajt1, b2j12}))
< L@\{[sz,b2j+1]U[sz+2,b2j_1]}(’Y({ij_l, b2j7 b2j+1, b2j+2}))
= Ly 1.00p00p (7({0: 7500, =1}))

<1 @4(r),

where we should make a remark similar to the one in the last paragraph.
These inequalities and Lemma 4.2 prove Theorem 2.
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5. Length of geodesics and characterization of the HII-proper-
ty in Denjoy domains.

In order to state the characterization of the HII-property for Den-
joy domains we need a good estimate of the length of the simple closed
geodesic y(B) associated to any border set B of 92 with four points.
This estimate, which is interesting by itself, is the statement of Theorem
4.

Let us fix a number 0 < a < 1 and denote by D,, the closed set

Dy =D, (B)=U({z€C: a™™ <|z+t(B)] <a™

or a™t! < |z —t(B)| < a™}),

m € N. The intersection of D,, with the real axis is, in fact, a union of
at most four closed intervals. Observe that the definition of D,, above
is consistent with the one in Lemma 4.3.

We need also to define the following natural number

1 Y

where [z] is the greatest natural number which is less or equal than z.

Theorem 4. Let Q be a Denjoy domain, 0 < a < 1 and B =
{b1,b2,b3,b4} be a border set of OS).

Let ny < nmg < -+ < ng_1 be the list of the natural numbers in
(0, N) satisfying Dy, NOQ # @, ng =0 and ny = N.

Then there exists a universal constant 0 < ro < 1 such that

La(v(B)) = ¥q(B)

( 1
w, ZfT(B)>€
::{ L, ifro<r(B)<e,
12
> (L +log(n; —nj_1)), ifr(B)<ro.
\ J=1

Here the constant in < depends only on a and neither on Q nor B.



382 V. ALvARrEz, D. PESTANA AND Josi M. RODRIGUEZ

Observe that Theorem 4 gives a general procedure to obtain the
length of a symmetric simple closed geodesic in a Denjoy domain. This
theorem is a useful tool in order to study the asymptotic behaviour of
the length of geodesics in domains which depend on a parameter. Also,
note that the condition of admissibility of €2 does not appear in the
hypotheses.

In the proof of Theorem 5 we use Theorem 4 and some of the
ingredients of the proof of Theorem 2. Theorem 4 allows to relate the
previous ideas with euclidean conditions on the size of 0€2; this is the
most delicate part of our argument.

We start proving an analogue of Lemma 4.3 but now for the “au-
thentic” geodesics. This result will be the basic tool in the proof of
Theorem 4.

Lemma 5.1. Let us fix a number 0 < a < 1 and let 0 <t < 1. For
each natural number m such that

a

log —

m< N = i ,
log —
a

let us consider the closed set
Dy =Dp(t) ={z€C: ™ < |z+t| < a™ ora™t < |z—t| < a™}.

Let Q be a Denjoy domain such that B = {—t,t,1,—1} C 0Q C
[—1,—t]U[t,1].

Let ny < ng < -+ < ng_q1 be all the natural numbers in (0, N)
satisfying Dy; N0 # @, ng =0 and ng = N.

Then we have that there exists a universal constant 0 < to < 1 (the
same constant that in Lemma 4.3) such that

¢
Lo(y(B)) < Y (1 +log(n; —nj_1)),  for 0<t<tg.
7j=1
Here the constant in < depends only on a and neither on € nort.

The main ideas of the proof of this lemma are the following. First,
we shall use a polarization argument (see below) in order to reduce our
problem to some extremal cases (Lemma 5.2). Secondly, observe that
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we do not know where is the geodesic v(B). So, in order to obtain lower
bounds for its length, we shall study the length of any curve in the same
homotopy class in 2 by using again a “dyadic” argument (Lemma 5.3).
We should remark that we have already upper bounds of the length of
v(B) (Lemma 4.3).

In order to prove Lemma 5.1 it is convenient to introduce some
concepts.

If z is a complex number, we consider its symmetric point with
respect to the imaginary axis 2% = —z, with co® = co. The symmetric
A# of a set A C C is defined as A# = {z# : z € A}. The positive and
negative parts of A are

AT =AN{z: Rez >0}, AT =AnNn{z: Rez <0}.

Let us consider a domain €2 as in Lemma 5.1. The polarization €2, of
the Denjoy domain €2 is defined as

Q, = (QUOF)T U (QNQ¥)~
and the antisymmetric 2,5 of the domain €2 as
Qus = ({#: Rez >0} \ {t,1}) U (2N Q#F)~.

Observe that (2p), = Qp, (Qas)as = Qass (2p)as = (Qas)p = Qqs and
Q) C Qqs.

The concept of polarization appeared in a paper by Wolontis [W],
who proved results on the behavior of certain extremal lengths under
polarization and also symmetrization results by repeated application of
polarization.

We shall need the following result about polarization [So, Theo-
rem 9]

(5.1) Ao, (z) < min{Aq(2), Aa(27)}, if Rez>0.
In particular, we have that

(5.2) Mg, (2) < Ag,(27), Aa,.(2) < A, (27), if Rez > 0.

This last result is well-known [M, Theorem 3].
The results concerning the Poincaré metric that appear in [M] and
[So| use as symmetry axis the real axis instead of the imaginary one,
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but it is obvious (as Solynin comments in [So]) that the result is true
for polarization with respect to any fixed straight line.
We can prove now

Lemma 5.2. In order to prove Lemma 5.1 it is enough to consider the
sets Q45 tnstead of €.

Proor. If o denotes the imaginary axis with the point at infinity, we
have that

LQGS(U)XLQP(U)XLQ(U), fOI‘0<t§t0,

where g is the constant in Lemma 4.3. This fact is a direct consequence
of Lemma 4.3, since the expression Z§:1(1 +log (n; —nj_1)) is exactly
the same for €,,, €2, and .

Let us consider now the simple closed geodesic 7, (respectively
Yp» Yas) 0 £ (respectively €2, Q,,) which is freely homotopic to o. By
the definition of geodesic it follows that

La(v) < La(o), Lo, (vp) < Lo, (o), Lo, (Vas) < Lo, (o).

We also have that A, (2) < Ag,(2) for all z € Q,, since Q, C Q4.
Therefore Lo, (Yas) < Lo, (7p)-

In order to finish the proof of Lemma 5.2, it is enough to see that
LQP ('Yp) < Lg (7)

Let us consider the curve 4 = v* U (y~)#. Obviously, 7 is freely
homotopic to v in €2. Therefore

Lo, () < Lo, (7) < La(v),

where the first inequality follows from the fact that v is also freely
homotopic to v, in €2,, and we have the second one by (5.1).
This finishes the proof of Lemma 5.2.

Lemma 5.3. Let us fix a number 0 < a < 1. Let Q) be a Denjoy domain
such that {—1,—t,t,1} C 0Q C [—1,—t] U [t, 1], with 0 < t < to, where
to is the constant in Lemma 4.3. Let us consider the antisymmetric set
Qus of Q. Let py, be a curve contained in By, = {z € C: 0 < Rez <
(1+¢)/2, a™t! < |z—t| < a™} which joins Sy, = {z € C: |z—t| = a™}
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with Sp41. Then, there exists a positive constant c, which only depends
on a, such that iof

(Dpy—ty U Dypyyi) NOQys # 2,

(Dm—k+1 U Dm—k+2 u---u Dm—l
UDmUDm+1U"'UDm+k_1)ﬂ89as == @,

then we have

Cc
L m) 2> ;
Qas(u’ )_k+1

for 0 < k < min{m, N —m} (obviously the second condition over 0
does not appear if k = 0).

PrROOF. Let Qf, := Q,s \ {o0}; the computations in Q¥ are easier

as

than in Q,s because we can apply [BP, Theorem 1] since Q}, C C. We
are going to find bounds for fo- (2), in order to estimate Aq-_(z) for
z € By,.

We have that dqo- (z) = |z — t| and (4.1) gives that

(5.3) t<a™tt<|z—t, for all z € B,,, and m < N.
Let us consider a point b € (Dy— U Dyyqr) N OQ%E,. We have four
possibilities:

i) b € Dyyyr and a™FFHL < b+ t| < o™tk

ii) b € Dypyx and ™+ < b —t] < a™tF,

iii) b € Dy and a™~*TL < b+ t] < g™k,

iv) b € Dyy_p, and a™ P < b —t| < o™k,

We counsider first the cases ii) and iv). The conditions which define

these possibilities and (5.3) give that

1 a™tt |z —t a™ 1

ak—1 - am+k — |b—t| = gmtk+1 - ak+1 "’

in the case ii), and

m—+1 |Z—t| a™

o am—k — |b_t| — am—k-l—l -
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in the case iv). In both cases, this implies that

Bax (z) < (k+1) logé :

We consider now the cases i) and iii). If b=1 or b =t we can take —b
instead of b (since —b also belongs to (Dy—g U Dypyre) N OQE ) and we
are in the cases ii) or iv); obviously, b # —t. Therefore, without loss of
generality we can assume that b < —t. In both possibilities i) and iii)
we have that

(5.4) b—t| > [b+1|.

In order to obtain upper bounds for |b — t|, we study separately the
cases 1) and iii).
In the case iii) we have that

b—t| =2t 4+ [b+t| <2a™ 4 a™F <3a™F,

and
ak+1 a™t1 |z — ¢ a™
— = a
3 3am—k = |b—t| = am—k+1

This fact implies that

k-1

1
Ba: (2) <log3 + (k+1)log o
In the case i) the condition m + k < N gives that
b—t| =2t + |b+t] <2a™TFFL 4 gmTF < 3gmTR

and
1 amt! |z — ¢t a™ 1

3 ak—1 o 3aqmtk — |b—t| = gm+k+1 o ak+1l "’

This fact implies that

1 1
ﬂg;s(z) < max{‘ log ———|, log W}

3ak—1

Therefore, there is a constant ¢y, only depending on a, such that

Ba: (2) <ci(k+1).
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Consequently, we have in any case
Bor (2) <ca(k+1).
Therefore [BP, Theorem 1] gives that

C3

A, (2) =
2t (k+ 1) log ()

a

Y

and we deduce that

AQ: (2) |dz|

/
/ c3 |dz|
1
- |z—t|(k+1)log(a>
2/“m c3dr :
qmt1 -
'r(k+1)log(a)
3
k+1°

Observe that |z—t| < o™ < 1andt < 1. These facts imply that |z| < 2.
Lemma 4.4 (recall that we have chosen p = 2) gives that

c

fo<t<ty.
k+1° ! =0

Lq,, (Nm) >

This finishes the proof of Lemma 5.3.

PrROOF OF LEMMA 5.1. As Lemma 5.2 states, we only need to prove
Lemma 5.1 for the domains €2,.

Let us consider any curve p freely homotopic to y(B) in Qg4s.

We want to prove that there exists a positive constant ¢y, which
only depends on a, such that

L

Lo, (1) > c1 Z(l +log (n; —nj_1)).
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If we prove this inequality, then Lemma 5.1 is true since y(B) is one of
the curves p above. The upper bound of Lq_ (i) is a consequence of
Lemma 4.3, since

L

Lo, (v(B)) < Lg,,(0) < c2 Z(l +log (nj —nj-1)),

and the n;’s are the same for 2,5 and (2.
Let us consider now the curve i = pt U (u=)#. Obviously f is
freely homotopic to p in 45, and (5.2) gives that Lo, (f1) < La,, (u).
Let p° be a connected component of fi contained in {z : 0
Rez < (1 + t)/2} which joins the interval [0,¢) with {z : Rez
(1+1t)/2, Imz > 0}. The curve u° meets the vertical line {z : Rez
(1+t)/2} at a point with the form by + (1 + ¢)/2. We have that

IIA

1+t . 1—t _ 1—t
— by —t| > > )
g Ttz 2
If m satisfies
a
1og1_t log —
0 <m< i
log — log —
a

then we have that a™ < (1 —t0)/2 and ™! >t and s0 pi, = p° N {2 :
a™tt < |z —t] < a™} joins Sy, = {2z : |z —t] = a™} with Sp41.
Therefore Lemma 5.3 and the same argument used at the end of the
proof of Lemma 4.3 give that

l
Low.(6) > Loy, () > e S(1 + log (ny — 5 1)),
j=1

since the terms in the last sum corresponding to

2
log1 ;
0<m< ——°0

1
log —
a

have bounded length.
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PROOF OF THEOREM 4. If we apply the Mobius transformation U !
(which preserves the hyperbolic metric) to {2 we obtain a new domain
Q) with
(5.5) {=1,—t,t,1} Cc Q' C [-1,-t]U[t, 1].

Therefore, without loss of generality we can assume that 2 satisfies
(5.5) and so

Dyp={2€C: a™™ <|z+t|<a™ora™™ <|z—t] <a™}.

Let v be the simple closed geodesic in Q given by v = y({—t,t,1, —1}).
Let us consider first the case 0 < ¢ < ty. Lemma 5.1 gives that

l
La(y) = S (1 +log (n; —n;_1)).

J=1

For to <t < 1, observe that ©; = C\ ([-1,-t]U[,1]) € Q C Qy =
C\ {-1,—t,t,1}. Then we have that

A, (2) > Aa(z), for all z € Q

Aa(z) > Ao, (%), for all z €

and consequently Lemma 4.5 gives that

®1(r) < Lo, (0) > La(y) > La, () < ®a(r),  withr =

and we have that

1
Q(r) < Oo(r) < < logr
1, ifro <r<e,

, ifr>e,

with 79 = 4to/(1 — t)?. Here the constant in =< depends only on a but
neither on  nor r. This finishes the proof of Theorem 4.

Theorem 5. Let Q) be a Denjoy domain, let I be the set of isolated
points of 02 and let Qg = QU I. Then, Q has HII if and only if €2
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1s admissible and there exists a positive constant ¢ such that for any
border set of 0, B = {b1,...,ba,} with n > 3, we have that

1 n
- > Wa, ({baj—1,b2j, bajt1, baje2}) > c.
7j=1

PrROOF OF THEOREM 5. If 02y has isolated points, then €2 is not
admissible and Theorem 1 gives that {2 has not HII. Let us assume
now that 92y has not isolated points. Theorem 1 reduces the proof of
Theorem 5 to the following:

Qo has HIL of and only if there exists a positive constant ¢ such that
for any border set of 9y, B = {by,...,ba,} with n > 3, we have that

1 n
- D oo ({baj1,b25, baji1,bajsa}) > c.
7j=1

This fact is a consequence of Lemma 4.2 and Theorem 4.

6. Collars and balls.

Let R be a hyperbolic Riemann surface with a puncture p. A collar
in R about p is a doubly connected domain in R “bounded” by p and
a Jordan curve (called the boundary curve of the collar) orthogonal to
the pencil of geodesics emanating from p. It is well known that the
length of the boundary curve is equal to the area of the collar.

A collar in R about p of area « will be called an a-collar and it will
be denoted by Cr(p, ). A theorem of Shimizu [S] gives that for every
puncture in any hyperbolic Riemann surface, there exists an a-collar
for every 0 < @ <1 (see also [K, p. 60-61]).

Next, we will prove a relationship (involving universal constants)
between collars in R and balls in R U {p}.

Proposition 1. Let § be a hyperbolic Riemann surface and let
{Bs(p,r0)}per be a family of simply connected and pairwise disjoint
balls. Let us denote by R the Riemann surface R = S\ I. Let k = 4.76
and K = .
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a) We have that

Cr (1 3= log2(71r— e—’“)) “Bsler)”
forp eI and
0<r<min{1og ! ——, log 2_ }
1 - Ke 27 1 +e=2m0
b) We have that
Bs(p:r)" CR( "log (1 — e—2"°2)7r— log (er — 1)) ’

forp eI and
0<r<log(l+(1—e27)e™T),

Observe that, in both cases, the conditions on 7 imply that 0 <
r <Tp.

PROOF. Let F: U — S be a universal covering map and J = F~1(I).
The balls in {By(z,70)}.eq = {F~*(Bs(p,0))}per are obviously sim-
ply connected (every ball in U is simply connected). We also remark
that these balls are pairwise disjoint. If we have that for some z,w € J

Buy(z,r9) N By(w,r9) # &,
this implies that Bs(F'(z), ro) is not simply connected (if F'(z) = F(w))
or Bs(F(z),m9) N Bs(F(w),ry) # @ (if F(z) # F(w)), and both con-

clusions contradict the hypothesis on {Bs(p, o) }per-
Since

F(By(z,r)) = Bs(F(2),r), forze J,0<r<rg,
and
F(Cy\s(z,a)) = Cs\1(F(2), ), forzeJ, 0<a<l,

we have that Proposition 1 is true for all hyperbolic Riemann surface
S if and only if it is true for the case S = U (with the same constants).
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Therefore, without loss of generality we can assume that & = U.
Let V be the Riemann surface V=T I.

In the following we need a precise version of (2.3). It is well known
that if Q C C is a hyperbolic plane domain then

1

(6.1) Aa(z) > 502 (476 £ Ba(2) | for z € Q.

Lemma 6.1. Let r > 0, 21,20 € U. If dy(z1,22) > 27 and z €
By(z1,a(r)), we have that

(6.2) |z — 21| < |z — 22|,
where

2

(l(?") = 10g m .

PROOF. Since this statement is invariant under conformal automor-
phisms of U, we can assume without loss of generality that z; = ¢ and
dy(i,z9) = 2.

A computation gives that Lemma 6.1 is true if (6.2) holds for zy =
ie~?" and z belongs to the segment joining i e~ with i (this is the
worse case) and this follows from our election of a(r).

Using (6.1) and Lemma 6.1 we can prove the following result.

Lemma 6.2. Let {By(p,70)}per be a family of pairwise disjoint balls.
Then we have, for p € I, that

(6.3) Av(2) < AB(p,(1—e—270) Imp)* (2)

for z € B(p, (1 —e~?)Imp)*, and

(6.4) AB(p,K Tmp)= (2) < Av(2) , for z € By(p,a(ro)),
where a(r) is the function defined in Lemma 6.1.

ProOF. The following relationship between hyperbolic and euclidean
balls is well-known.

By(z +iy,r) = B(x +iycoshr,ysinhr), forz eR, y,r>0.
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This implies that
(6.5) B(z,(1—e")Imz) C By(z,7) C B(2,(e" —1)Imz2),
for z € U, r > 0. We deduce that
B(p, (1 —e™?™)Imp) C By(p,270), forpel.

Since dy(p,q) > 271 for all p,q € I, p # g, we have that B(p, (1 —
e~20)Imp)* C V. This implies (6.3).

Using again that dy(p,q) > 2r¢ for all p,q € I, p # ¢, and Lemma
6.1 we deduce that

(6.6) |z —p| <|z—q|, for z € By(p,a(ro)) -
A computation gives that
(6.7) lz—p| <Imz, for z € By(p, a(ro)),
since e2(™) < 2. Hence, (6.6) and (6.7) imply that

dyv(z) = |z —p|, for z € By(p,a(ro)) -
Consequently,

— I
? pH:weaV}glog mp ,
—p |z = p|

(6.8) By(z) < min {‘ log ‘ "

since |z — p| < Imp, for z € By(p,a(re)) (to see this it is enough to
change the roles of z and p in (6.7)).
Now, (6.1) and (6.8) imply that

1
KImp’

|z — p|log ———
|z —p|

Av(z) > for z € By(p,a(ry)) .

This inequality and the well known fact

1
AB(w,e)* (2) = . , for z € B(w, )",
|z — w|log

|2 = wl
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give (6.4). This finishes the proof of Lemma 6.2.

Next we will prove Proposition 1, part a). First of all we observe
that K e=2™ < 1, since k < 2. Secondly, the condition 7 < —log (1 —
K e=2™) implies that

0< 2n <1
k—log(l—e™")

and then we can assure that there exists the collar in R [K, p. 60-61].
On the other hand, (6.4) and (6.5) give, for p € I, that

(6.9) AB(p,K 1mp)+(2) < Av(2),

for z € B(p, (1 — e~*))Imp)* C By(p,a(re))*. A straightforward
computation shows that, for w € C and p > 0,

—27r/a)*

CB(w,p)- (W, @) = B(w, pe , for a >0,

(6.10)

* 21
B(w,r)* = CB(w,p)* (w, m) , for 0 <r <p.

Therefore (6.9) and (6.10) imply that
Cv(p, @) C Cpp,x tmp)- (P, @) = B(p, Ke 27/« Imp)*,
if
B(p, K ¢~/ Imp)* C B(p, (1 — =00 Imp)* C Bo(p, a(ro))"-

If we choose
27

k—log(l—eT)’

o =

we obtain that

2T
k—log(l—e™")

Cy (p, ) C B(p, K e™**/*Tmp)*

= B(p,(1—e ") Imp)*
C By(p,r)*
C By(p, a(ro))™,
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if
T S G(TO) = logm .

This finishes the proof of Proposition 1, part a).

Finally, to prove part b), observe that the condition r < log (1 +
(1 —e=2m0) ¢=2™) implies that

0 < el <1
log (1 —e=2r0) — log (e" — 1) ’

and then, as above, we can assure that there exists the collar in R.
Now, for any p € I, (6.10) and (6.3) give that

B(p7 (1 - 6—21"0) e—27r/a Imp)* = C’B(p,(l—e*WO)Imp)* (p7 Oé) - CV(p7 a) ’
for 0 < a < 1. In particular, if we choose

B 2w
“= log (1 —e=2m0) —log (e" — 1)

we obtain that

2m )
log (1 —e=2m0) —log (e — 1)/

B(p,(e" —1)Imp)* C Cv(p,

Therefore (6.5) gives that

2T
B *CC .
ulp,r)” V<p’ log (1 —e=270) — log (e" — 1))

This finishes the proof of Proposition 1.

We define a generalized collar in a hyperbolic Riemann surface R
about a puncture p as a domain (not necessarily doubly connected) in R
“bounded” by p and a finite number of curves (if the collar is not equal
to R) orthogonal to the pencil of geodesics emanating from p. Observe
that if R is a punctured compact surface (with only a puncture p),
when the collar “grows” it is eventually equal to R and then there are
not such boundary curves.

In the punctured disk, R = B(z,r)* we have that

dr (0CR(z,01),0CR (2, a2)) = ‘10g Z_: _
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Then, we can define for a > 1 the generalized a-collar in R about p as
the set

Cr(p,a) =Cr (p, %) U {q ER: dn(qﬁCR (p, %)) < log (2 a)} .

Obviously this definition coincides with the original one if there exists
the a-collar. The number 1/2 can be changed for any number 0 < 7 < 1,
if log (2 ) is substituted by log (/7).

If R is not a punctured disk, it is obvious that there exists an «y
such that there is an a-collar only for 0 < a < «p. However there
always are generalized «-collars.

With this definition we can extend part b) of Proposition 1.

Corollary 3. Let & be a hyperbolic Riemann surface and let
{Bs(p,r0)}per be a family of simply connected and pairwise disjoint
balls. Let us denote by R the Riemann surface R = S\ I. If we denote
the generalized a-collar by Cr(p, o), then we have that

2w
B *
sp,r)* C Cr (p, log(1 — e~2r0) — log(e" — 1)> 7

forp eI and
0 < r < min {log(2 — e727), 70} .

The proof of Corollary 3 is the same as the proof of Proposition
1, part b). We do not need now the condition o < 1 but we also need
a > 0; the condition on r guarantees this fact.

A computation and (6.10) give that

Batpw1” = tans () =G (n 2 )
2

for w € C and p, r > 0.
We want to remark that Proposition 1 is sharp for  — 0 in the
following sense

2m 2T
_ _p—T __p—2r0) _ ro_
i k—log(l—e") _ i log (1 —e=270) —log (e" — 1)

r—0+ 2 r—0+ 2

—log tanh (g) —log tanh (g)

=1.
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Proposition 1 also gives the following result.

Corollary 4. Let S be a hyperbolic Riemann surface and let
{Bs(p,r0)}per be a family of simply connected and pairwise disjoint
balls. Let us denote by R the Riemann surface R = S\ I. Let k = 4.76
and K = eF.

a) We have that

1 *
Cr(p,@) C Bs (p, log m) 5

forpel, 0<a<1 and
27

a <
k + log

1 —e2ro

b) If we denote the generalized a-collar by Cr(p, ), then we have
that
Bs(p,log (1 + (1 —e7) e™"/®))* € Cr(p,a),

forpel and

2T
I<a< .
log (1 +e7m0) —rg

7. Further results.

We will generalize theorems 3 and 5 in this section. To do this, we
shall comment some remarks:

1) If the set [ in theorems 3 and 5 is not contained in R, these the-
orems are also true since Theorem 1 is a general result about hyperbolic
Riemann surfaces.

2) If 0 is contained in a quasicircle @) (the image of a straight
line by a quasiconformal mapping of the Riemann sphere onto itself)
our characterization of the HIl-property for Denjoy domains can be yet
applied (if we know the quasiconformal mapping which applies R in Q)
since the HII-property is preserved by quasiconformal mappings [FR,
Theorem 1].

We can define in an obvious way a border set of a closed subset of
a quasicircle. In this context we can generalize Theorem 3.
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Theorem 6. Let Qg be a hyperbolic plane domain whose boundary is
contained in a quasicircle and has not isolated points, let I be a strongly
uniformly separated set in Qq, and let Q = Qo \ I. Then

a) If Q has HII, then there exists a positive constant ¢ such that
for any border set of 0, B = {b1,...,ban} with n > 3, we have that

1 n
- D @a(r({baj-1,baj,bajr1,bajra})) > c.
j=1

b) If there exists a positive constant ¢ such that for any border set
of 0, B = {by,...,b2,} withn > 3, we have that

1 n
- Z Qo (r({b2j—1,b2j, b2j11,bajy2})) > c,
7j=1

then Q has HIIL.

Observe that Theorem 6 follows directly from Theorem 3, [FR,
Theorem 1] and the following facts: a) a quasiconformal map quasi-
preserves cross ratios; b) ®;(s) < ®;(r) for s < r, with 0 < r < oo and
i=1,2.

Theorem 6 gives a necessary and a sufficient condition for Q to
have HII. We shall improve this result in the remainder of the section.

If 0Q is contained in a finite union of quasicircles, we can also
characterize the HII-property of (2 in many cases. We give now the
details:

Let {E;}7_; be a collection of pairwise disjoint closed subsets of

C such that each E; is contained in a quasicircle and €y = C\ U; B is
connected. Let I be a strongly uniformly separated set in €2y and let
Q= Qp\ I. A necessary and sufficient condition for 2 to have HII is
that each C \ E; has HII (see Theorem 8 below). By using remark 2)
or Theorem 6 as a test, we can verify if each one of these last domains
has HII or not.

Although we are interested in plane domains and closed subsets of
quasicircles, many results in this section are true for general Riemann
surfaces instead of C and general closed sets E;. We start with some
definitions.
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Definition. Let S be a Riemann surface and € > 0. Let E1, Ey be
two closed disjoint subsets of S. We say that E;1 and Es are weakly
e-separated in S if S1 = S\ E1, Sa = S\ Ey are (connected) hyperbolic
Riemann surfaces and the two following subsets are disjoint:

El,s - {q € 52 : dSz(QvEl) < 28}7
EQ,E = {q S dsl(q,Ez) < 28}.

We say that By and Ey are weakly separated in S if they are weakly
e-separated in S for some € > 0.

We say that the closed sets E1, Es, ..., E, are weakly separated in
S if the n — 1 pairs of sets (Ey1, Es), (E1UFEy, E3),...,(E1UEyU---U
E,_1,E,) are weakly separated in S.

REMARK 1. It is clear that if E1, F are disjoint closed subsets of S, Fo
is compact and S\ (F1 U E3) is connected, then Fq, Fy are weakly sep-
arated in S. It is also clear that if Fq, Es, ..., F, are pairwise disjoint
compact subsets of S and S\ U%_, Ej is connected, then Eq, Es, ..., Ey,
are weakly separated in S.

REMARK 2. If Ey, Fs are disjoint closed subsets of a plane domain €2,
it is possible that they are not weakly separated in 2. Let €2 be the
plane domain © = C\ {0}. Let us consider as F; a sequence {x,} of
real numbers decreasing to 0. Let E5 be a sequence {y,} such that:

a) 0 < Tpy1 < Yn < Zp,

b) hmn—)oo(xn_yn)/(yn_xn—l—l) = hmn—)oo(xn_yn)/(yn—l_xn) =

Then F,, Fy are not weakly separated in C\ {0}.

REMARK 3. Let F1, E2 be closed sets in a domain  C C\ {zp}. Let
us assume that there is a positive constant oy such that

|z1—z2|2(50|z1—z0|, fOI‘aHZlEEl,ZQEEz.

Then E,, E; are weakly separated in €2.

Proor oF REMARK 3. Without loss of generality we can suppose
290 = 0. For w € C\ {0, 1}, we define the function

e(w) := max {8 >0: B(C\{O,l} (w,e) N B@\{wa}(l, £) = @} .
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Observe that 0Bc\ (0,1} (w,€) and 0Be\(o,w}(1,€) vary continuously
with w, since

zy 1
Aeyiorw (2) = Acvgou ( >W

w
is a real analytic function on w.
Therefore, e is a continuous function e : C\ {0,1} — (0,00). On
the other hand, we can deduce of (6.1) that
1
>
= el (k + [ log 2][) ”

/\(C\{O,l} (Z) for z € C \ {0, 1} ,

where £ = 4.76 is the constant in Section 6. This is a bad estimate
if z is near 1, but it is good for z in a neighborhood of 0 or oo. This
inequality gives

Bev(o,13 (w,€) C {|z] > exp ((k + log |w|) e™® — k) },
and consequently,
Beviowy (1,€) C {|z| < |w|exp (k — (k + log |w|)e™®)},

for bl
lw| >1 and 0<€§10g++g|w|.

Therefore, Beyo,13 (w,€) N Bey(o,wy (1,€) = @ for

k+1
lw| >1 and 0<€§10ng|w|

k+§log|w|

Then, for any M > 1, there is a positive constant ¢ such that e(w) > ¢
if |lw| > M.

Observe that e(1/w) = e(w) since the conformal map T'(z) = 1/z
is an isometry of C\ {0,1} onto itself. Consequently, e(w) > ¢ if
|lw| < 1/M. These facts imply that, for any § > 0, there exists ¢ > 0
such that e(w) > ¢ if jw — 1] > 4.

For 21,2, € C\ {0} with 21 # 23, we define now the function

E(Zl, Z2) = Imax {E >0: B(C\{O,zl}(z278) N 'B(C\{O,Zz}(zl?g) = @} .

E(z1,29) = E(l, 2—2) = e(z—z) :

zZ1 zZ1

It is clear that
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The hypothesis on F; and Fs give that there is dp > 0 such that

|zo — 21| > dp|z1| for all z1 € Ey and 29 € Ey, i.e., |22/21 — 1| > §p for

all zy € E7 and 25 € Ey. Consequently, there is €9 > 0 such that
E(Zl, Zz) > €0, for all z; € E1 and z3 € Fs .

Then we have that

B(C\{O,zl}('zZa50)HBC\{0,22}(217 60) =g, forall z1 € £y and 25 € E> .

In the following we will use the notation Bq(A,r) := UpeaBa(p,r) for
a set A and a positive number r.
Let us fix z; € F1. We have that

B\ 10,21} (B2, €0) := Uzyep, Bevfo,2 3 (22, €0)

and
B(C\{O,Eg}(zlv‘go) C ﬂzzeE2B<c\{0,zQ}(Z17€0) .

Therefore
Be\10,2, } (B2, €0) N Beygo,8,3 (21, €0) = 9, for all z; € F .
Now, we have that
Bey(o,2,} (B2, €0) C Nzyem Bovgo,z 3 (B2, €0)

and
Be\ 10,8, ) (F1,€0) = Uz er, Be\{o,E, 3 (21, €0) -

Then
Beygo,8,3(E2,€0) N Beyjo,8,} (£1,60) = 2.

REMARK 4. Let F1, F5 be closed sets in a domain 2 C C with zy € 0f).

Let Cq,C5 be closed sets in C, such that each C; is a finite union of

cones with vertex in zg, £; C C; and C1 N Cy = {2p}. Then
|z1—z2|2(50|z1—z0|, fOI‘aHZlEEl,ZQEEz,

and therefore, E1, F/5 are weakly separated in (2.

In order to prove Theorem 8 we shall state some previous results.
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Lemma 7.1. Let S be a Riemann surface and e > 0. Let E1, Fo be two
closed weakly e-separated subsets in S. Let S, = S\ E), be (connected )
hyperbolic Riemann surfaces for k = 1,2 and let R be a connected
component of S NSy =8\ (E1 U Ey). Then,

b(R) > % tanh® e min {b(S1), b(S2)} .

PROOF. Let ¢ € C2°(R). Obviously ¢ € C°(S1) N CX(S3) and

/] 5 du
//Sk ©* dwy,

where dw, and dws denote, respectively, the area element in S; and Ss.
Recall that ||-|| and V refer also to the corresponding Poincaré metrics.
Let us consider now the open sets

> b(Sk) , k=12,

El,s - {q € 82 : dSz(QvEl) < 28}7

EQ,E = {q S dsl(q,Ez) < 28}.

By hypothesis we have that Fy N F; . = @ and therefore (S\ E; ) U
(S\ Ez) = S. On the other hand, we also have as a consequence of

(3.2) that
// % dw < cotanh?e // % dws
S\E]_,E S\El,s

// ¢? dw < cotanh?e // @ dwy |
S\Es,. S\E:,.

where dw is the area element in R.
Therefore, we deduce that

// wzdwg// <p2dw+// ©* dw
R S\El,s S\EQ,E
(7.1) < cotanh?e (// <p2 dws + // <p2 dw1>
S\El,s S\EQ,E
< cotanh?e (// (,02 dws + // <p2 dw1> .
32 51

and
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Recall that [[[|[Ve||* dw is a conformal invariant, i.e.

@2 [ 1velran= [ NACRTS / MRS

We obtain from (7.1) and (7.2) that

[ et / Vol v+ [ [ 1V du,
R S1
// gozdw // dw1+// 2 dwy
R St S2

1
> 5 tanh® e min {b(S;), b(S2)} ,

for every ¢ € C2°(R). This finishes the proof of Lemma 7.1.
As a consequence of this lemma one obtains the following results.

Proposition 2. Let § be a Riemann surface. Let Eq, Es,...,E, be
weakly separated closed sets in S such that Sy = S\ Ex (k=1,...,n)
are (connected) hyperbolic Riemann surfaces and let R be a connected
component of NSk, = S \ UpEx. Then there exists a positive constant
¢ such that

b(R) > ¢ Ir%cin b(Sk) -

Lemma 7.2. Let S be a hyperbolic Riemann surface. Let E1, Es be two
disjoint closed subsets of S such that S, = S\ Ey, are connected surfaces
fork =1,2, let R be a connected component of S;NSs = S\ (F1U Es)
and let 4e = ds(E1, Es). Then,

b(R) = 3 tanh® e min {b(S1), b(S:)}

Lemma 7.2 is a direct consequence of Lemma 7.1, since ds(FE1, E2)
= 4 ¢ implies that F;, F5 are weakly e-separated in S.

Proposition 3. Let S be a hyperbolic Riemann surface. Let { Ey}}_, be
a collection of pairwise disjoint closed subsets of S such that S, = S\ Ej,
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(k=1,...,n) are connected surfaces, let R be a connected component
of Sk, = S\Ur By, and let € = minjzy, ds(Ej, Ey). Suppose that e > 0.
Then, there exists a positive constant ¢, which only depends on € and n
(but not on S), such that

b(R) > ¢ Ir%cin b(Sk) -

REMARK. Let {Ej}}_; be a collection of pairwise disjoint closed sub-
sets of C such that C\ Ej, is a (connected) hyperbolic plane domain for
k=1,...,n. Let Qy = C \ UxE%. Let also I be a strongly uniformly
separated set in 2y and let @ = Qg \ I. A sufficient condition for € to
have HII is that each C\ Ej, has HIL

Definition. Let S be a hyperbolic Riemann surface and let vy, ..., v, be
simple closed geodesics in S. We say that G is a quasigeodesic domain
in S, relatively to v1,...,7vk, if G is a domain of finite area in S and 0G
consists of finitely many simple closed curves aq, ..., ., where each o
s either a simple closed geodesic or a finite union of subarcs of simple
closed geodesics such that if two arcs meet at a point, one of these arcs
is a subarc of some ;. We define 0oG as 00G = 0G \ {71 U--- U}

Obviously, we can have 0yG = @.

Quasigeodesic domains appear in a natural way as intersection of
geodesics domains: If G1,Go are geodesic domains in S, then G; N Go
is a quasigeodesic domain relatively to 0G}.

We need to talk about collars of geodesics in any hyperbolic Rie-
mann surface S.

Given a simple closed geodesic v in S, a collar about v is a dou-
bly connected domain on S bounded by two simple closed curves (the
boundary curves of the collar) each point of which has the same dis-
tance d from . The distance d is called the width of the collar. A collar
about v of area 2 3 is called a (-collar.

Randol [R] proved that there exists a collar C., of v with width d,
such that

L L
coshdy > coth 52(7) , As(Cy) > 2 Ls(y) cosech s(7) .

Moreover, if 7' is a geodesic such that y Ny’ = &, we also have that
Cyny' =a.
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Randol [R] states the Collar Lemma under the hypothesis that the
surface is compact, but the same proof, without any change, works for
any hyperbolic Riemann surface.

Lemma 7.3. Let S be a hyperbolic Riemann surface satisfying HII
and let {v1,...,7} be a collection of pairwise disjoint simple closed
geodesics in S. Then, there exists a positive constant ¢ such that

(7.3) As(G) < ¢Ls(00G),
for any quasigeodesic domain G in S, relatively to vi,...,7v, with
Ls (80G) > 0.

PRrOOF. By the isoperimetric inequality of S, we only need to check
(7.3) for quasigeodesic domains G in S, such that 0 < Lgs(0pG) <
Ls(0G).

First of all, let us consider the compact sets Cy; = {p € S :
ds(p,v;) <t} for positive t and i € {1,...,k}. Given a geodesic y; we
choose a positive and a negative side of 7;, denoted respectively by 'yi‘*’
and v, . We denote by Ct‘:- (respectively Cy;) the set of points in S
which are in some geodesic of length ¢t which starts orthogonally to 'y;r
(respectively «; ). Obviously, we have that Cy; = C: ; UC ;. It can
happen that C;“ ,NC,, # v if the Riemann surface S has positive genus
(of course, if S\ 7 is connected).

Let G:f ; (respectively G, ) be the geodesic domain “correspond-
ing” to Ct‘:- (respectively Gy, ;): each puncture or boundary curve of
G:f ; is freely homotopic to a boundary curve of Ctt Denote by Gy ;
the union Gt ; = v; UG;’:Z- UGy ;. If for some i € {1,...,k} we have that
Gt = v, for all positive ¢ (the two boundary curves of C ; are freely
homotopic to v;), then k =1 and S is a doubly connected domain (an
annulus), and (7.3) is true since there are not quasigeodesic domains in
S. Therefore we can assume without loss of generality that G ; is not
empty for ¢t > tpand i € {1,...,k}. Observe that G::z- is non decreasing

in ¢. In fact, if t; < t2 are such that AS(G;J) < As(G} ), the con-

ta,i
stant curvature —1 and Gauss-Bonnet theorem give AS(GZ i) t2m <

As(Gf ,). The same is true for Gy

tz,l

This implies that for each ¢ € {1,...,k} either there exists a posi-
tive number T;" such that G}, = G;Jr  forallt > T, or As(Gf,) — oo

’

as t — oo. The same is true for G;i with T,
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Now, let G be a quasigeodesic domain in S, such that 0 < Ls(09yG)
< Ls(0G). Therefore, there exists j € {1,...,k} with 0G N~v; # @.
We consider three possibilities:

Case 1. As(G) > 2h(S) ¢, with £ := Zle Ls(7;). In this case,
21(S) L < As(G) < W(S) Ls(0G) < W(S) (Ls(9G) + ¢)
and we obtain that
¢ < Ls(00G) .

Therefore,
As(G) < 2h(S) Ls(0G) -

Case 2. As(G) < 2h(S) L.
For each i € {1,...,k}, let t; be a positive number verifying the
two following conditions:

a) t; > T." (if there exists ;") or AS(G:J) > 2h(S) ¢,
b) t; > T, (if there exists T;) or As(Gy, ;) > 2h(S) L.

Let €2; be the geodesic domain €); := Gy, ;. We define the following
positive numbers

a :=min{Ls(y) : 7 simple closed geodesic, v C U;€; },
b:= max {Ls(7y) : ~y simple closed geodesic, v C U_,{y; U0} }.

Recall that 0G N+y; # @. This fact, the inequalities, As(G) < 2 h(S) ¢,
Ls(0pG) > 0, and the definition of ¢; give that one of the two next
possibilities holds:

Case 2.1. There exists a simple closed geodesic v C ©; N JpG. Then
Ls(00G) > Ls(y) > a.

Case 2.2. here exists a geodesic arc i in dpG which meets some simple
closed geodesic v C 982 U (UF_;v;).

Observe that if G is not a geodesic domain we are in this situation;
in fact, there is a geodesic arc n in Gy which meets some ;.

Collar Lemma [R] says that Ls(n) > do, where dy (the width of
the collar C,) satisfies

Ls(7) > cothé
2 -_ )

cosh dy > coth 5
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and ;
do > D := Arg cosh (coth 5)

(recall that if a geodesic " does not intersect v then 7" does not intersect
cy).
Therefore,
L5(80G) Z Lg(’l]) Z D.

In both cases (2.1 and 2.2) Ls(0pG) > min{a, D} =: ¢yp. Then

L5(80G)>

Co

As(G) < 1(S)(Ls(00G) +£) < h(S) (Ls(00G) + ¢

and
As(G) < h(S)(l + é)LS(GOG) .

Obviously, £ > a > ¢g and 14 £/co > 2. Therefore, in any case,
/
As(G) < h(8)<1 + —)Lg(aoG) .
Co

Consequently, Lemma 7.3 is true with

c:h(S)(1+£).

Co

If S is a hyperbolic Riemann surface, we have considered (open
and connected) subsurfaces §; C S, endowed with its own hyperbolic
metric. Of course, S; is a geodesically complete Riemannian manifold
with this metric. In the following we will consider also bordered (con-
nected) Riemann subsurfaces So C S, endowed with the restriction to
Sy of the hyperbolic metric of §. Therefore Sy is not a geodesically
complete Riemannian manifold with this metric.

Lemma 7.3 and [FR, Lemma 1.2] have the following consequences.

Corollary 5. Let Sy, ...,S,, be hyperbolic Riemann surfaces satisfying
HIL. Forj=1,...,m, let SJQ be a bordered subsurface of S; whose border
is a set of nj (1 < mj < 00) pairwise disjoint simple closed geodesics.
Let us assume that we can paste SY,...,8% along their boundaries,
obtaining a complete (without boundary) hyperbolic Riemann surface R
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(recall that we can join two surfaces identifying two boundary geodesics
if and only if they have the same length). Then, R satisfies HIL if and
only if there exists 1 < j < m such that As, (S;-)) = 0.

PROOF. If As;(S]) is finite for j = 1,...,m, then R also has finite
area (since A (S}) = As;(S])) and therefore, it does not satisfy HII.
Let us assume now that As, (SY) = co. Let A be the union (for
j=1,...,m) of the n; geodesics in the boundary of SJQ.
Let G be a geodesic domain in R. If G was already a geodesic
domain in some S, it satisfies (1.1) with constant

h1 = max {hy(S1),...,hg(Sm)}-

In other case, we consider the sets G; = G N S;-), for j =1,...,m. Let
0oG = 0G \ A and 0;G = 0pG N 8}), for j =1,...,m. Let us consider
now the set J of the indices j € {1,...,m} such that L (9;G) > 0.

If J = @ then 0G is contained in A, and there are only a finite
number of such G. These domains satisfy (1.1) with a fixed constant
ho, which only depends on R.

If j € J, then Lemma 7.3 gives that

(7.4) Ar(G;) < ¢; Lr(0;G) < hs Lr(9;G)
where
hs := max{cy,...,cm},
since AR(GJ) = Agj (GJ) and LR(aJG) = ng (8JG)
Otherwise, Gauss-Bonnet theorem gives that
(7.5) Y AR(Gy) > 2r.
JjedJ
Consequently, (7.4) and (7.5) give that

(T6)  Lr(d6)= 3 Lr(,6) 2 1= > Ax(G) = ;-

h
jEJ jeJ 3

Let
A= ) Agr(S)).

0
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As a consequence of (7.4) and (7.6), one deduces that
Ahs

™

AR(G) <A+ ZAR(Gj) < LR(8G) + hs Ln(aoG) .

JjeJ
Therefore,
he(R) < min{hl, ha, h3<1 + %)} .

Now [FR, Lemma 1.2] finishes the proof of Corollary 5.

Corollary 6. Let S be a hyperbolic Riemann surface satisfying HII.
Let 1, ...,7v, be pairwise disjoint simple closed geodesics in §. Let Sq
be any connected component of S\ {y1 U--- U} with As(S1) = oo,
and let Sy be the Schottky double of S1. Then, Sy satisfies HII.

The Schottky double of Sy is the union of S; and its “reflection”
with respect to 9S;. See [AS, p. 26] for a precise definition.

This corollary was proved in [Rol, p. 245-248] with similar argu-
ments that those in Lemma 7.3. However, we need the precise state-
ments of Lemma 7.3 and Corollary 5, which are more general than
Corollary 6.

We need some additional results. The first one is well-known (see
e.g. [Be]).

Lemma 7.4. Let S be a hyperbolic Riemann surface with a puncture
p. Then, we have that

CS(pvl)ﬂ’Y: g,
for any simple closed geodesic v in S.

We say that a function f is in the class C*(F), where 1 < k < oo
and F' is a closed set, if the derivatives of f up to the order £k are
continuous in F' where we define the derivative of f in a point z € F' as
the usual limit when we approach to z by taking points in F'. We just
consider with this purpose closed sets F' which are closures of open sets
with smooth boundaries.

Lemma 7.5. Let S be a Riemann surface and let J be a simply con-
nected domain in S whose boundary s an analytic simple closed curve
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n. Given a compact subset K of J, an open subset V of J and a point
qg € V, there exists a quasiconformal automorphism f of S such that
fls\g is the identity map, f(K) CV and f(q) = q.

PRrROOF. Let us consider a universal covering map 7 : D — S. Let Jp

be a connected component of 7~1(7). In what follows by 7~! we mean

the inverse function of 7|z,. Let Fy (respectively F») be a conformal
map of C\ Jo (respectively Jy) on {z € C: |z| > 1} (respectively D).
Observe that F; and F3 have an analytic extension in a neighbourhood
of ny = 0Jp since 1y and 0D are analytic curves. Therefore h = FyoF| !
is a homeomorphism of dD on itself which has an analytic extension.

It is well known that in this case there is a quasiconformal automor-
phism H of C such that H(D) =D, H|sp = h and H € C*°(D). This
fact is a consequence of the Beurling-Ahlfors theorem (see [BA]| or [A,
p. 69], where they construct a quasiconformal extension Hy : C—¢C
of a quasisymmetric map hy : R —» R, which preserves the differentia-
bility properties of hg).

We define a bijection u of C on itself by

Fy(z), ze€ Jo,
u(z) ==
(Ho Fy)(2), z¢ Jo.
This function is continuous in C since
Ho Fil,, = Hlopo Fi|,, = ho Fi|,, = Fyo F{ ' o Fy|,, = Fsl,, ,

and we have that u € C°(C \ 1) N C(C). The regularity properties
of F5 and H o Fj in 1y gives that the distributional derivatives of u
in a neighborhood of 7y are equal to the classical derivatives (we use
the differentiability properties only for this argument). Therefore wu is
a quasiconformal map on C with the same quasiconformality constant
than H.

Let M be a Mobius map which fixes D, and such that M(0) =
u(r"1(q)) € D. For any o > 0, let us consider the following quasicon-
formal automorphism of C

) { Z, z¢D,
va(2) =
z|z|*7t, zeD.
Let f, be the following homeomorphism from S on itself.

f(p):{p, pET,
“ (moutoMovgoM touon™t)(p), peJ.
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Obviously, fo|s\7 = id|s\7. Observe that f, is continuous in S, since
Ve lop = id|sp implies that

(0 u™ 0 M)[op 0 valop (M~ o wo n )|, = id], .

The same argument used to see that u is a quasiconformal map gives
that f, is a quasiconformal automorphism of S for any a > 0. Observe
that f,(q) = g since (M~ touon1)(q) =0.

For a small ¢ > 0 we have that (tou=toM)({z€ C:|z| <e}) CV
since (mou~! o M)(0) =¢q € V. Given the compact set K C J we can
choose « such that (v 0o M~ louonr™)(K) C {2z € C: |z] < ¢}, since
(M~touor™1)(K) is a compact subset of D.

Therefore we obtain that f,(K) C V for this a.

Lemma 7.6. Let w be a C* homeomorphism of 0D on itself. For
each 0 < r < 1 there exists a quasiconformal automorphism f of A =
{r < |2| < 1} such that fl{.j=ry is the identity map, flop = w and
feC(A).

Proor. For each 0 < r < 1, let us consider the positive number

1 ) 1
a = — 109 —
2m & T
and the universal covering map
7:B={0<Imz<a} — A, 71'(2):7“6_2mz_

The map 7 is a periodic function with period 1 and satisfies
7({z:Imz=0})={z:]z|=r}, 7w({z:Imz=a})={2:]2]=1}.

Therefore, we only need to prove that if v is a C!' homeomorphism of
{z : Im z = a} on itself with

vz +1+ia)=v(r+ia)+1, z€R,

then there exists a C!' quasiconformal automorphism g of B on itself
such that

g|{Imz=0} = id—|{Imz=0} ) g|{Imz=a} =v,
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and
g(z+1)=g(2)+ 1, z€B.

Such a function g can be constructed explicitly. For example, let us
consider

g(x+iy):x(1—%>+%v($+ia).

It is clear that g(z + 1) = g(z) + 1 for z € B, that g satisfies the
boundary conditions, and that g is a C! homeomorphism from B on
itself. It is easy to check that ¢ is a quasiconformal map since it is a
C'! sense-preserving map and g(z + 1) = g(z) + 1 for z € B.

In order to state the following lemma we need a definition. Re-
call that any bordered Riemann surface & with a finitely generated
fundamental group may be obtained from a compact Riemann sur-
face of genus g by removing p distinct points (the punctures of S),
n closed disks (whose boundaries represent the ideal boundaries of S)
and m open disks (whose boundaries are the border of S). The vector
(9,p,n,m) is called the quasiconformal type of S. It is well known that
there exists a quasiconformal mapping between two bordered Riemann
surfaces with the same quasiconformal type.

Lemma 7.7. Let S be a hyperbolic Riemann surface. Let {g1,...,9n}
be a family of pairwise disjoint simple closed curves such that each g;
1s not homotopic to zero or to a puncture in S and they are pairwise
not homotopic.

Let S1,...,8:,Sr+1,---, Sk (1 <7 <k —1) be the connected com-
ponents of S\ (g1 U---Ugn), where Sy11,...,Sk are (open) surfaces of
finite type. We also require that each g; is contained in the boundary
of S,, and S, with n <1 and £ > .

If g; C S, let 74 be the unique simple closed geodesic in Sy, freely
homotopic to the ideal boundary g;.

Let Ry, (m =1,...,r) be the bordered surface obtained by deleting
Jrom Sy, the open funnel F; bounded by vy; and the ideal curve g;, for
every v; C Sp.

Let Ry, (m = r+1,...,k) be a bordered surface with the same
quasiconformal type than S,, such that the border of R,, is constituted
by simple closed geodesics with the following condition: if g; is an ideal
boundary curve of S, and Sy, (n < 1) and n; is a boundary curve of
R, corresponding to gj, we have that

Lg, (i) = Ls, (7vj) -
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Let R be a surface obtained by pasting Rq,..., Ry following the
design of S1,...,Sk (identifying geodesics of equal length).
Then & and R are quasiconformally equivalent.

PROOF. Let us fix m > r and let g;,...,g; be the boundary curves
of S,,. Let us consider M,, :QUF—le---UF—ji CS.

It is well-known that there is a C! quasiconformal map f,, of R,
on M,,, since R,, and M,, have the same quasiconformal type.

If y; is contained in Sy, (n < r), let us consider a fixed closed collar
C; about v; in S, and let K; be the set K; = C; N R,,. The curve v;
is contained in the border of R,, and M, for some m > r.

Lemma 7.6 gives that there exists a C'! quasiconformal automor-
phism h; of K; such that hj|,, = fml|y, and hjlor;\, = id]ax;\v;-

Let us consider the homeomorphism f of R on S given by f|g, =
fm form >r, f|g, = hj for 1 < j < N, and f = id otherwise.

It is easy to check that f is a quasiconformal map.

We will need the two following well known facts (see for example
[C, Theorem 5.1] or [FR, Lemma 4.2)).

Proposition A. Let S be a Riemann surface and let I and J be closed
subsets of S such that S\ I is a hyperbolic Riemann surface and every
connected component of J has a non-empty intersection with I. If R is
a connected component of S\ (IUJ) then we have that 6(R) < §(S\ ).

Proposition B. Let 81,82 be two hyperbolic Riemann surfaces such
that S; C Sz and I11(q, S1) < I11(q, S2) for some q € S1. Then we have

Observe that Proposition A is a particular case of Proposition B.
The proof of this last one is elementary; it is enough to remark that in
S1 there are fewer curves and they are longer.

Proposition 4. Let § be a hyperbolic Riemann surface with infinite
area. Let Cq,...,C, be pairwise disjoint compact simply connected sub-
sets of S. Then S satisfies HII if and only if S\ (C1LU---UCY,) satisfies
HII.

REMARK. It is easy to find examples showing that the conclusion of
Proposition 4 is not true if some C; is not compact.
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Proor. We can assume without loss of generality that n = 1. Let p
be a point in C. Theorem 1 gives that the statement of Proposition
4 is equivalent to the following one: S\ {p} satisfies HII if and only if
S\ C satisfies HIIL.

This is trivially true if Cy = p. Therefore, we can assume that C
has infinitely many points.

Let us assume that S\ {p} satisfies HII. Observe that S\ C; C S\
{p} and that the fundamental groups of the two surfaces are isomorphic.
Therefore, Proposition B implies that S\ C; satisfies HII.

Let us assume now that S\ C; satisfies HII. Let n; be the simple
closed geodesic freely homotopic in S\ C to the ideal boundary 9C}.

Let F; be the open funnel in &'\ C; bounded by n; and the ideal
boundary 9C1, and let J; be the open set J, = C; U F; C S. Observe
that 0J; = np is an analytic curve.

Let us consider (in §) the open set V' = ({p}UCs\(py (p, 1/4)) N J1
and the compact set C;. Lemma 7.5 gives that there exists a quasicon-
formal automorphism f of S such that C' = f(C1) CV, f|s\s, = id|s\ s,
and f(p) = p. Therefore, f is a quasiconformal map of S\ C; on S\ C.
[FR, Theorem 1] implies that S\ C satisfies HII. We will prove that
S\ {p} also satisfies HIIL.

Let n be the simple closed geodesic freely homotopic in S \ C' to
the ideal boundary 0C. Let F' be the open funnel in S\ C' bounded by
n and the ideal boundary 0C, and let J be the open set J = CUF C S.

Let us consider a geodesic domain G in S\ {p} and let G’ be the
corresponding geodesic domain in § \ C: each boundary curve of G is
freely homotopic in S\ {p} to a boundary curve of G’; if G contains
a collar about the puncture p, the curve 7 is a boundary curve of G’
(observe that n is freely homotopic to p in S\ {p}).

Gauss-Bonnet theorem gives that

(7.7) As\(p}(G) = As\co(G').

Lemma 7.3 gives that there exists a positive constant ¢, indepen-
dent of G, such that

(7.8) As\c(G") < cLs\c(0G"\ 1),

since § '\ C satisfies HII and 0G’ # 1. We have that 0G’ # n since
there are only two domains in S\ C' whose boundary is exactly n: F
and S\ F, and both have infinite area in S\ C. This last fact is a
consequence of the hypothesis Ag(S) = oc.
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We have that 0G' ¢ S\ J € §\ C. Lemma 7.4 implies that
0G C S\ Cs\(p3(p,1/2) € S\ C. These facts give that G’ and JG are
far from C.

Then, (3.1) implies that the hyperbolic metrics of S\ {p} and S\ C
are comparable in (S\ J) U (S \ Cs\(py (1, 1/2)), since p € C.

Therefore, Ls\c(0G' \ n) and Lg\(p}(0G) are comparable. This
fact, (7.7) and (7.8) give that there is a constant ¢y > 0, independent
of GG, such that

As\ip}(G) < co Ls\(3(9G)
and then, [FR, Lemma 1.2] gives that S\ {p} satisfies HII.

Definition. We will say that a closed and connected subset C of a
Riemann surface S s of finite type if C' is a compact simply connected
set or, if it has finitely generated fundamental group and OC is a union
of simple closed curves.

Proposition 5. Let § be a hyperbolic Riemann surface with infinite
area. Let Cq,...,C, be pairwise disjoint closed connected subsets of
finite type of S. Then, we have the following facts:

a) If Sp is a connected component of S\ (C1 U---UC,) and S
satisfies HII, then Sy satisfies HII.

b) If S\ (CLU---UC,) is connected and satisfies HIL, then S
satisfies HIL.

REMARK. It is easy to construct examples showing that b) is not true
if some Cj is not of finite type.

PrROOF. We can assume without loss of generality that n = 1 and C}
is not a simply connected set (by Proposition 4).

Observe that Proposition 5 is trivial if § is either a simply or a
doubly connected surface. Therefore, without loss of generality we can
assume that S is neither a simply nor doubly connected surface.

Let us assume that S satisfies HII. Let p be a point in C';. Theorem
1 gives S\ {p} also satisfies HIIL.

We have that Sp C S\ {p} and the fundamental group of Sy is a
subgroup of the fundamental group of S\ {p}. Therefore, Proposition
B implies that Sy satisfies HII since S \ {p} satisfies HII.

Let us assume now that S\ C7 satisfies HII. Let g1, ...,gn be the
simple closed curves in 0C7.
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Without loss of generality we can assume that each g; is not ho-
motopic to zero. In other case, we have that S\ C1 is simply connected,
since S\ C is connected and C is not simply connected. Therefore, S
is of finite type, since C is of finite type; then S satisfies HII, since it
has infinite area.

Without loss of generality we can assume that each g; is not ho-
motopic to a puncture p; in S. In other case, Theorem 1 allows us to
consider the surface S; = SU {p;} instead of S. Therefore, we would
have that g; is homotopic to zero in S;. Using again the last argument
we obtain that Sy, and consequently S, satisfies HII.

Let us assume now that there exist two different curves g;, g;, freely
homotopic in §. In this case, there is a doubly connected domain D in
S such that 0D = g; U g;. Then we have that N = 2, since S\ C; and
C are connected. Therefore, we have that either the set C is equal to
D or S\ C is equal to D.

The second possibility implies that S\ C; is a doubly connected
domain and therefore, S is of finite type, since C} is of finite type; then
S satisfies HII, since it has infinite area.

If C; = D, we can take a closed subset C of finite type of S such
that C; C C and C is not a doubly connected set (remember that S is
neither a simply nor a doubly connected surface). Proposition B gives
that S\ C satisfies HII, since S \ Cy satisfies HIL.

Therefore, we can assume without loss of generality that there are
not two different curves in 9C; freely homotopic.

Let 741,...,vn be the simple closed geodesics in S\ Cy such that
74 is freely homotopic to the ideal boundary g;.

Then, we can apply to & the construction of the surface R of
Lemma 7.7, relative to {g1,...,gn} (with r =1 and k = 2).

Corollary 5 implies that R satisfies HII since § has infinite area
and S\ C satisfies HII. Finally, S satisfies HII since Lemma 7.7 implies
that R and § are quasiconformally equivalent.

We can state now the following general version of theorems 9 and
10.

Theorem 7. Let S be a Riemann surface and let E be a closed subset
of § such that S\ E is a hyperbolic Riemann surface with As\g(S\E) =
o0o. Then, the following conditions are equivalent:

1) S\ E satisfies HIIL.
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2) S \ E satisfies HIL, for any subsurface Sy of S such that E is
contained in Sy, So \ E is connected, and S \ Sy is a finite union of
closed sets of finite type.

3) So \ E satisfies HII, for some subsurface Sy of S such that E
is contained in Sy, So \ E is connected, and S\ Sy is a finite union of
closed sets of finite type.

4) S\ (EUF) satisfies HIL for any closed subset F' of S verifying:
a) S\ F satisfies HII; b) there exists a set M, which is a finite union
of pairunse disjoint closed sets of finite type, such that F C M and
ENM=g.

5) S\ (EUF) satisfies HII for some closed subset F' of S verifying:
a) S\ F satisfies HII; b) there exists a set M, which is a finite union

of pairunse disjoint closed sets of finite type, such that F C M and
ENnM=o.

REMARK. If E and F' are closed subsets of a Riemann surface S and
there exists a set M which is a finite union of pairwise disjoint closed
sets of finite type such that FF C M and ENM = &, then E and F are
weakly separated in S.

PROOF. Proposition 5 gives that 1), 2) and 3) are equivalent. Lemma
7.1 and the latest remark give that 1) implies 4). Therefore, since 5)
follows directly from 4), we only need to prove that 5) implies 3). But
this is a consequence of propositions B and 5: Proposition B gives that
(S\ E)\ M satisfies HII and then Proposition 5 gives that S\ E satisfies
HIL

Patterson proved in [P1, Theorem 4] a related result for Riemann
surfaces S of finite area and discrete closed subsets FE.

As a consequence of Theorem 7 we obtain the following result.

Corollary 7. Given a closed subset E ofC with infinitely many points,
the following conditions are equivalent:

1) C\ E satisfies HIL.

2) Q\ E satisfies HII, for any subdomain 2 of(f: of finite type such
that E 1s contained in €.
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3) Q\ E satisfies HII, for some subdomain Q2 of C of finite type
such that E 1s contained in €.

4) C\ (EUF) satisfies HII for any closed subset F of C such that
C\ F satisfies HIl and ENF = @.

5) C\ (EUF) satisfies HII for some closed subset F' of C such that
C\ F satisfies HIl and ENF = @.

Finally, if we apply n — 1 times Corollary 7 (and Theorem 1), we
obtain the following result which was announced at the beginning of
this section.

Theorem 8. Let E-,..., E, be pairwise disjoint closed subsets in C
with infinitely many points such that Qg = C \ UxE) is connected. Let
I be a strongly uniformly separated set in Qo and let Q@ = Qo \ I. Then,
we have that Q satisfies HIL if and only if C \ E} satisfies HIL for
k=1,...,n.

8. Isoperimetric inequality, polarization and symmetrization.

In general, symmetrization arguments are at the heart of isoperi-
metric inequalities in Riemannian manifolds of constant sectional cur-
vature, which is the case of hyperbolic Riemann surfaces (see e.g. [Ch2,
Chapter 6] and the references therein).

On the other hand, the ideas used in the proof of Theorem 4 (see
Section 5) can suggest that there is a relation between the HII-property
of a hyperbolic plane domain €2 and this property for its polarization €2,,.
A similar question can be proposed for its circular symmetrization £2.
(see [B] or [H] for the definition and basic background), since polariza-
tion and circular symmetrization are very regular processes. Therefore
one could expect that some of the following relations would be true:

a) If €2 satisfies HII, then (2, also satisfies HII.
b) If €, satisfies HII, then Q also satisfies HII.
c) If Q satisfies HII, then €., also satisfies HII.
d) If Qs satisfies HII, then € also satisfies HII.

In this section we will show that all these conjectures are false even
for Denjoy domains.
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1) Let us consider £ = {a,} and F = {b,} two increasing se-
quences of positive numbers converging to 1 such that ENF = &. Let
Q=C\ ((—o0,—1]U [1,00) U EU (=F)), where —F = {—b,}. We
have that €, = C\ ((—oo,—1] U [1,00) U (—=F) U (—F)) and Qs =
C\ ((—o0,—1JU (=E)U (=F)). Let us assume also that E and F are
strongly uniformly separated in C\ ((—oo, —1]U[1,00)) and that EUF
is not. Theorem 1 gives that 2 satisfies HII but €2, and €2.s do not
satisfy HII. This example shows that a) and c) are not true.

2) Let us consider E = U ([1 — 272 1 - 272k=11y {1} and F =
U oIk U {—1}, where each Ij is a closed interval centered in —1 +
327273 and contained in (—1 + 272872 —1 4 272F=1) Let Q =
C\ (EUF). If limg_e 22¥|I;] = 0, one can check that Q does not
satisfies HIL: It is enough to apply Theorem 2 to geodesic domains
“surrounding” I,, and I, 4.

If —FE =0 [-1+272k=1 —1+272F]u{-1}, we have that Q., =
C\ ((~E)UF) and Q, = Qg \ {1}. The following argument as in
the proof of Proposition 6 (see Section 9) gives that €., satisfies HII:
C \ (—E) satisfies HII since it is a modulated domain. Let aj be a
point in I for k > 0. Theorem 1 gives that C \ (—E) U (U p{ar}))
satisfies HII. Therefore Proposition A implies that Q., = C\ (—E)UF)
satisfies HII. Theorem 1 gives that €, = Q. \ {1} also satisfies HII.
This example shows that b) and d) are not true.

9. Geodesic domains.

One can think that Theorem 5 could be improved by studying only
border sets with six points, in the following way.

Let Q be a Denjoy domain, let I be the set of isolated points of 052
and let Qo = QUI. Then, Q has HIL iof and only if 2 is admissible and

there exists a positive constant ¢ such that for any border set of 0
with six points, B = {by,...,bs}, we have that

3
(9.1) Z\IJQO({sz—hsz,sz+1,sz+2}) >c.

j=1
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This statement seems to be reasonable since if we want to study a
border set B = {by,...,ba,}, we can “divide” it in border sets with six
points.

We prove now by an example that this statement is not true.

EXAMPLE. Let 2 be the Denjoy domain defined as the complement of
a dyadic Cantor set, 2 = C \ K, where K is constructed as follows.

Let Ey := [0, 1] and suppose that E,, has been defined and consists
of 2™ closed disjoint subintervals of Ey, say J;, each of them with length
dp =111y, with

1
-, for odd n,
3
Ty = .
, for even n .
n+1

We divide each subinterval J; in three intervals, obtaining two closed
subintervals J} and J7? (the children of J;), each of them with length
dyp+1 = dprpy1 and removing the central interval with length d,, —
2d,4+1. If we denote by F, ., the union of the intervals with length
dy,+1, the Cantor set K is defined as K := N, E,.

Let us consider an interval J of E,, and the unique simple closed
geodesic v, which “surrounds” J in 2.

For odd n we have

(9.2) La(vn) 2 Levgo,1/8,2/311 (1) 5

where 7 is the geodesic in C\{0,1/3,2/3,1} given by v := {Re z = 1/2}.
We also have

La(vn) < L(C\{(—oo,—1/3]u[0,1/3]u[2/3,oo)}(77) )

where 7 is the simple closed geodesic in C\ {(—o0,—-1/3] U [0,1/3] U
2/3,00)}.

If B:={-1/3,0,1/3,2/3}, we have that r(B) = 1/3. Therefore
Lemma 4.5 gives

9.3) La(n) < Loy f(—o00,—1/3]U[0,1/3]U[2/3,00)} (1)

= Lo\{[=1,0]u[1/3,00)} (T) 5

where o is the simple closed geodesic in C\ {[—1,0]U[1/3,00)}.
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For even n we have

La(m) < Loy ((—o0,2-r7 1 10l0,110fr 1,000} ()
= Lo\ {(—00,1-nJ0[0,1]0[n,00)} () -

where n,, is the simple closed geodesic in C\{(—o0, 1—n]U[0, 1]U[n, co0)}.
If By, :={1 —n,0,1,n}, we have that

(n—1)?

Therefore Lemma, 4.5 gives

Lo(n) < Loy {(—o00,1-n]uf0,1]U[n,00)} (1)
= Lo\{[-1,010[r(Bn),00)} (0n)
(9.4) = &, (r(Bn))

1
logn ’

~
—~

where o, is the simple closed geodesic in C\ {[—1,0] U [r(B,),0)}.

We say that a border set B of 0f2 is n-basic if it has six points
and the three simple closed geodesics associated with it surround an
interval J C F,, and their two children J!,J%2 C E,,.;. We say that a
border set B of 0€) is basic if it is n-basic for some n.

For a n-basic border set B, we always have (9.1) since one (respec-
tively two) of the three geodesics associated with B verifies (9.2) if n is
odd (respectively even).

Inequalities (9.3) and (9.4) give that there is a finite upper bound
[ for the length of the geodesics associated with any basic border set.
Then, Collar Lemma [R] gives that every geodesic which intersects a
geodesic v associated with any basic border set has length at least twice
the width w of the collar Cy and

w > Arg cosh (cotanh (%)) .

Therefore, (9.1) is satisfied by every border set B of 02 with six points,
since at least one of the three geodesics associated with B intersects a
geodesic associated with a basic border set.
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However, 2 does not satisfy HII. To see this, let us consider the
geodesic domain Gy, in €2 bounded by the 22* geodesics which surround
each interval of Eyy.

Gauss-Bonnet theorem gives Aq(Gy) = 27 (22F — 2). Inequality
(9.4) gives, for some positive constant cy,

22k

< _
La(0Gy) < co log (2 k)

Therefore

LQ(aGk) C1
AQ(Gk) - 10g (2 k)

— 0, as k — 00,

and this fact gives that €2 does not satisty HII.

10. An open problem.

In this section we want to discuss about the possibility to find a
simpler characterization of the HII-property. In fact, we would like to
have a result of the following type:

Conjecture. Let 2 be a Denjoy domain, let I be the set of isolated
points of 0§) C C and let Qo = QU I. There exists a function P,
independent of 2, such that Q has HII iof and only if Q0 is admissible
and there exists a positive constant ¢ such that for any border set of
00, B ={by,...,ba,} withn >3, we have that

1 n
- Z Q(r({b2j—1,b2j, b2j11,b2542})) > c.

=1

We can say something about this function ®, if it exists.

Proposition 6. Let ® be a function verifying the following condition:

If a Dengjoy domain €2 has HIL then there exists a positive constant
¢ such that for any border set of 00, B = {b1,...,ban} withn >3, we
have that

1 n
- Z Q(r({b2j—1,b2j, b2j11,b2542})) > c.
7j=1
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Then ® must verify
: ®(r)
lim sup

1 >0.
r—0 10g(—>
r

PROOF. Let us consider the following closed subset E of [0, 1]
BE=upo{l27 27U L, u {0},

where I, is the set of 2n + 1 points {z, x}7__, in (272772 272n=1)
with @, 4, = (3£ (1 —27%))272"=3 for k =0,1,...,n.

Let I be the discrete set I = US> I,. Let €21, 25 be the Denjoy
domains 7 = C\ F and Qs = Q; U I.

First we will see that 2; and €25 have HII:

The set €2y is modulated and so [FR, Theorem 3| implies that Qg
has HIIL.

Therefore, [FR, Theorem 3] gives also that in order to prove that
27 has a HII, we only need to check that I is uniformly separated in
Qz:

The hyperbolic metrics in 25 and Q25 = Q2U{oco} are comparable in
each euclidean ball of the complex plane. We also have [BP, Corollary
1] that there is a positive constant ¢ such that

2 c

TN AVIERC I

_ f 11N Q.
N CNAVIE or z € [0,1] N Qe

These two facts give that

1

X — fi 11N Q.
Aq, (z) CNAVIR or x € [0,1] N Qy

Then we have that

Tn,k+1 d.T

2—2n—1 —

ng (xn,kvxn,k—i-l) = /

Tn,k

—2n—1
2—n — Tnk

=1lo
& 2—2n—1 - xn,k—i—l

=log2.
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A similar argument gives the same estimate for do,(zn,—k, Tn —k—1)-
This implies that I is uniformly separated in €25, and consequently,
that €2; has HII.

For each point x,, € I, let us consider the interval Jy, = [an i, bn k]
such that z,, 1 € J,, ; and J,,  does not meet any interval of the form
[272m=1 272™] or another J,,;. We also choose a, _, = 2, _, and
bpn = Tpp. Let J = Uy pJpp and Q = Qq \ J. The length of these
intervals .J;, ; have been chosen so small in such a way that the length
of the geodesics v, 5 in 2 which surrounds only J,, i tends to zero as
n — oo (uniformly in k).

The domain € has HII (in fact 6(2) < §(€21) < 1) as a consequence
of Proposition A (see Section 7).

Let us consider now the border set B, in (2 given by

B, ={27""2 ay _p,byn, 272"},

We have that

9—2n
==
Since €2 has HII, the property of ®, with the border set

r(Bn) = ({277 @n,ny T, 270 =

{2_2n—2, Cln,—rn bn,—n, eey an,07 bn,07 ceey anﬂ,” bn’n7 ey 2—277,—1} ,
implies
1 2—2n

2n + 2 (1_2—n>+0(1)>C, for all n € N.

Then we have
2_2n 2—2n
lim sup @ — lim sup @(m> 5 €
n—oo 1—-2—" N 21 log 2 “ Tog2
og T

This finishes the proof of Proposition 6.
Proposition 6 implies that the conjecture is not true for any func-
tion ® satisfying

P
limsupil) =0.
r—0 log (_)
r
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In particular it is not true for the function ®5 in Theorem 2, but it
could be true for ®;.

In any case, if the conjecture would be true for & = &, the proof
should be more sophisticated that our arguments, because it is not true
that

®,(r(B)) = La(v(B))

for any border set B of any Denjoy domain Q as r — 0 (if @ = C\
(-1,-147]U[-r,0]U[r,27]U[2,00)) and B = {0,r, 00, —1}, then

r=r(B),

O (r) < log (1>

r

and Theorem 4 gives that Lo(vy(B)) < loglog (1/r)).
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