REVISTA MATEMATICA IBEROAMERICANA
VoL. 15, N.° 3, 1999

A Lieb-Thirring bound for a
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Abstract. We establish a Lieb-Thirring type estimate for Pauli Hamil-
tonians with non-homogeneous magnetic fields. Besides of depending
on the size of the field, the bound also takes into account the size of
the field gradient. We then apply the inequality to prove stability of
non-relativistic quantum mechanical matter coupled to the quantized
ultraviolet-cutoff electromagnetic field for arbitrary values of the fine
structure constant.

1. Introduction.

We continue here our analysis of Lieb-Thirring type estimates for
Pauli Hamiltonians, which we begun in [1] (henceforth called I) and
present its applications to the stability of matter coupled to the (ultra-
violet-cutoft) quantized electromagnetic field. The one-particle Hamil-
tonian we consider describes a spin 1/2 electron and is once more

(1.1) H=p"-V,

acting on H = L*(R®) ® C?, where D = p— A and ) = D - 0. Here,
A(x) is the magnetic vector potential, o is the vector of Pauli matrices,
and V(z) > 0 is a scalar potential. In I, the paradigm was given by
the well-known Lieb-Thirring estimate [11] for the case B=VAA=0
and our estimate (I.1.2) aimed at estimating the effect of B # 0 (see
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[4], [9], [17], [18], [5], [15] for other results in this direction). Here, by
contrast, the starting point is the following bound, due to Lieb, Solovej
and Yngvason [10], on the sum of the negative eigenvalues —e; of (1.1),

(1.2) Zei < C/V(:/E)g’/2 (V(z) + B) &z,

which holds for the case in which the field B is constant. Our goal is
to generalize it to the case where B is not constant, or, more precisely,
that of estimating the effect of V& B = (0;B;)i,j=1,2,3 7 0 on (1.2). We
remark that an estimate having the same purpose, but quite different
assumptions on B, has been derived in [5], [6].

In I, the role of B(z) was expressed by means of a length scale
r(z) defined through B(x) non-locally (incorporating insight of [4], [17],
[18]). Similarly here, the role of V® B will be reflected in a second length
scale [(x). These two length scales satisfy

(1.3) /r(x)_4d3$ < C/B(x)zd?’x,
(1.4) /l(x)_6d3a: < C/(V® B(x))? d’x,

as well as some local variants thereof. We can now state our general-
ization of (1.2).

Theorem 1. For sufficiently small € > 0 there are constants C', C"" >
0 such that for any vector potential A € L2 (R3 R3)

loc

Zei <’ / V(:J:)?’/2 (V(z) + §(:1:)) d3x
(1.5)

~

+ 0"/V(g;)P(g;)1/2 (P(z) + B(x)) d®x,

where B(z) is the average of |B(y)| over a ball of radius £1(z) centered
at x, and

P(z) =U(z)"" (r()~" +1(x)7h).

) yields, by the variational principle, a bound

As noticed in [5], (1.5
= FE(z,z) of zero modes of lD, where E(z,y) is

on the density n(x)
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the integral kernel of the spectral projection E corresponding to the
possible [13] eigenvalue 0 of J). The bound is

n(z) < C" P(x)'/? (P(x) + B(x)),

and, as it should, it vanishes in the case of a homogeneous magnetic
field, where [ = oc.

In Section 2 we discuss the properties of the two length scales
mentioned above. The main part of the proof of Theorem 1 is given
in Section 3, while some more technical aspects are deferred to Section
4. In order to keep these sections reasonably short we shall be brief on
details which have already been discussed at length in I.

We now turn to the implications of estimate (1.5) regarding sta-
bility of non-relativistic matter coupled to quantum electromagnetic
field. We recover a result of [8] establishing stability for any value of
the fine structure constant «, with a bound depending however on the
ultraviolet cutoff A < oo. The details of the model are as follows. The
electromagnetic vector potential is (in appropriate units [2])

Ar(@) = Aw) = A_(@) + Ay (), Ay(e) = A_(2)",
(1.6) all?

A_(2) =4 — [ u(k) B2 " ax(k) ex(k) € k.
A==

The cutoff function x(k) satisfies |k(k)| < 1 and supprx C {k € R3 :
|k| < A}; the operators ay(k)* and ay(k) are creation and annihilation
operators on the bosonic Fock space F over L?(R?®) ® C* (with C?
accounting for the helicity states of the photon) and satisfy canonical
commutation relations

[ax(k)#,ax(k')#] = 0, [a)\(k), a,x(k/)*] = (SA)\I (S(k — k/) .

Moreover, for each k, the direction of propagation k = k /|k| and the po-
larizations e (k) € C* are orthonormal. The free photon Hamiltonian
is

Hy = a—1/|k| S ax (k) ax(k) k.
A==

Matter consists of K nuclei of charge Z > 0 with arbitrary positions
Ry, (k=1,...,K) and N electrons obeying the Pauli principle. The
Hamiltonian for both matter and field, acting on (ANH) ® F, is

H=H,, + Hy ,
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where
S
Hom = ZQ +Ve,
i=1
N N,K K
1 : A VA
Vo = —— — —— + —_— .
Z | — 5 .;1 | — Ry 2 |Ri — Ry
1,3=1 b= k=1
i<j k<l

The energy per particle is bounded below as shown by the following
result, previously established in [8].

Theorem 2. The Hamiltonian H satisfies
H>-C(Z,a,A\)(N+K),
where
C(Z,a, A) = const 2*° log (1 + 2*) Z* (A + 2* 72 Z%),
with z* =1+ Z*a? and Z* = Z + 1.
The proof, given in Section 6, rests on a stability result [7] for

matter coupled to a classical magnetic field, which is here established
in Section 5. This is actually where estimate (1.5) enters.

2. The basic length scales.

We define the length scales we mentioned in the introduction as
the solutions r = r(z) > 0 respectively [ = [(z) > 0 of the equations

(2.1) T/w(y_x) By’ d’y =1,

r

(2.2) l3/cp(y;$)(V®B(y))2d3y:1.

The function ¢ : R® — R, ¢(2) = (1 +2%/2)72 is the same as in I and
satisfies

(2.3) z-Vp(z) <0,

(2.4) D1+ Dl S,  neN,
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where D; = 0;, (¢ = 1,2,3) or Dj = z- V. Here and in the following
X SY means X < CY for some constant C' independent of the data,
i.e., of A, V.

The solutions of (2.1) and (2.2) exist and are unique, except for
the case B = 0 (almost everywhere), respectively V@ B = 0 (almost
everywhere), where we set r = oo, respectively [ = co. They are smooth
as a function of z € R® (see Section 1.2).

We first discuss how these length scales are semi-locally controlled
by the original quantities B and V ® B. To this end let Qp = {z :
dist (z,Q) < R} for R > 0 and Q C R3.

Lemma 3. The length scales r(x) and l(x) satisfy (1.3), (1.4). More-
over, for any R > 0 and Q C R® there is a function ®g r(z) > 0
satisfying || Po rllo S 1 and || Po.rll1 S |Qr|, uniformly in Q, R, such
that

(2.5) /Q r(a;)—4d3x§/%,R(x)B(de?'H|QR|R—4,

(2.6) /Q l(2) S < /%,R(x) (V © B(x))? d°x + [Qn| R~

ProoF. Estimates (1.3) and (2.5) were proven in Lemmas 1.2 and 1.12.
The same proofs are valid for the remaining two estimates once the
following remark about the proof of Lemma 1.2 has been made: We
replace there r(x) by [(z). Because of g4 (|z|) > 1, (1.2.6) implies

9+(l=])

g+ ()

) = e2).

which after integration against (V ® B(z))? d*z implies I(z) < g4 (|z]).
Then the proof continues as before.

The length scales r(x) and {(z) are tempered in the following sense:

Lemma 4.
(2.7) 0%1(x)] < U(a) ==, la| >0,

(2.8) |8°‘r(:1:)|er(x)_('a'_l)min{l,<%)3/2}, ] > 1,
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where o € N? is a multiindex.

PROOF. We omit the proof of (2.7) since it consists of a minor adapta-
tion of that of (1.2.9). For r(z) > I(z) (2.8) reduces to (1.2.9), so that
we may assume r(x) < [(x). We discuss this case using a variant of the
argument given in I. We recall that it was based on the equation

(2.9) (1 —m(x)) Oir(z) = m;(z),

where
m(z) =T($)/Z-V<P(z) Uly)d’y, mi(x) =T($)/(5iw)(Z)U(y) d’y,

with z = (y — ) /r(z). Moreover, we denoted by V,,, n € N, the space
of finite sums of functions of the form

f(z) = r(#)= ™D P({0°r}) /w &y,

where v is of the form D; - - - Dy and P is a monomial in the derivatives
{0%r}|aj<n of order 0 in the sense that it contains as many powers of

0 as of r. In addition we consider here the subspace ‘7 C V,, obtained
by restricting f to satisfy: i) some 0%r with 1 < |a| < m occurs among

the factors of P; or else ii) Dy = 0, i.e., ¥ = 0; w with w of the form
previously stated for ¢. One verifies that 0V C Vn+1 and 7=V, C

Vn+1
The induction assumption states that (2.8) holds for 1 < |a| < n.
(It is empty for n = 0). We now prove it for n + 1 instead of n. First,

we claim that f € V,, satisfies
_n(T(@)\3/2
F@IS @™ ()

In case i) this follows directly from the induction assumption; in case
ii) by integration by parts

/fW A’y =2r(z /w iB(y) d°y,

which by (2.4) and the Cauchy-Schwarz inequality is bounded in abso-
lute value by

210) ([ o2 @) ([ o2 (v o )P ay)

S r(x)_1<%—§))3/2.
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In the last estimate we used that the first integral equals r(z) ™!, where-
as the second may be estimated by replacing z by (y — z)/l(x), since
r(x)™t > 1(z)7! and ¢(z) is radially decreasing. Hence that integral is
bounded by I(z)~3. We can turn to (2.8): Applying 9%, (|a| = n) to
(2.9) and using m € Vi we obtain (1 — m(z)) 9°9;r(z) € 0%m; + V.
The last set is V,, (even for |a| = n = 0), since m; € Vy. The result
follows with m < 0.

We remark that (2.7) implies (see (1.2.13))

o~

(

(x

)

S

(2.10) |z —y| <el(x) implies < <2

(NSRS
o~
N

for € > 0 small enough. A partition of unity based on the length scale
[(x) is

W) =iy (52 yer,

where 0 < ¢ < 1 and x € C5°(R®) with suppx C {z : |z| < 1} and
[ x(2)*d*z = 1. Analogously to Lemma 1.4 we have

Lemma 5.
(2.11) /jy(x)2d3y =1,
(2.12) / 0%, (x) 0%y ()] d®y < (el(a))~UHIPD

for any o, 8 € N3, where 0 = 0/0x.

The length scale [(x) will be the one most frequently used in the
following sections. At one point however (in the proof of Lemma 8),
we will use the length scale A(z) defined by A\(z)~! = r(z)~! +I(x)~L.
It also satisfies (2.7) and (2.10) (with [ replaced by A), and Lemma 5
applies accordingly to the partition based on A(zx).

Finally we point out that Lemma 4 (in particular, the improvement
of (2.8) over (1.2.9)) implies

(2.13) VP(2)| S P(x)i(x)",  |AP(x)| < P(a)*.
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Combining (2.13) with (2.10) we also find that for |z — y| < el(z) we
have |log P(y) — log P(z)| < €, and hence

(y)
(z)

a

(2.14) < <2,

N | —
e

for € > 0 small enough.

3. The eigenvalue sum.

In this section we present the framework of the proof of (1.5), with
large parts of it deferred to the next section. We begin by applying, as
in I, the Birman-Schwinger principle [14]

(3.1) Zei§2/ (D + B2 (v — B)Y? 1) dE,

where n(X, 1) is the number of singular values A > p > 0 of a compact
operator X, i.e., the number of eigenvalues A2 > 2 of X*X. We then
decompose the operator in (3.1) as K (E) + K- (F) with

Ko (E)=(P* +e°P+ E) V2 (V - B)Y?,
K (B)=((P"+ B)72 = (" + P+ B) V) (v = B)Y”,
for some sufficiently small € > 0, and note that (see e.g. [3], [19])
(3.2) n(Ks + K<,s1+ s2) <n(Ks,s1) +n(K<,s2),

(we take s; = s9 = 1/2). For the last term we shall prove the bound

1
—) < n((lbz +e73P) e 3 PVY2 const EY/?).

(3.3) n(K<(E), >

For the purpose of estimating n(K.,1/2) and n(K~, 1/2) we introduce

some auxiliary objects, starting with the Hilbert space H = ng H d3y
and the linear map

R @D
J:H —H, J:/ jy &y,
R?’
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(see also Section 1.3). Next we define

~~ ~~ ~ ~~ @ . .
H:H—H, H:/ e’fyHye_’fyd?’y,
R3
where H, = H(B,)+ e 3P(y), HB) = ((p — (1/2) BAz) - 0)?, fy(x)
is a function to be specified later and B, = |K,|™* ny B(z) dz is
the average magnetic field in the ball K, = {z : |z —y| < 2¢el(y)}.
In summary, H acts on fibers of H as a Pauli Hamiltonian with con-

stant magnetic field. The Pauli operator ¢2 compares to the above
construction as

(3.4) (P° +e73P)? > J*H?J .

This inequality, which is at the center of our analysis, is obtained by
first localizing (;D2 + &73P)? and then by locally replacing the fields
B =V A A by a constant magnetic field and P by a constant. Indeed,
(3.4) results from the combination of the following two inequalities.

Lemma 6.
2 —3p)\2 . a1 g0\, 3
(3.5) (JD +e °P) Z/Jy(p +§€ P)Jyd Y,
. 4 1 _ . . .
(3'6) Jy <¢ + 5 € 6P2).7y Z, Jy Hj Jy -

Let us point out that (3.4) implies the weaker inequality (see
(1.3.4))

(3.7) P +ePP> Ul

PROOF OF (1.5). Let

AN A~ A~ AN @ . -
HY :H — H, H0:/ ey H(B,) e v d®y.
R

3

Then H > HY and, as in I, we obtain from (3.7)

38) oK (B), %) < n((H® + By~ 21(V - E)Y/2 const)
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by means of (3.7). From now on the computation closely follows the
line given in [10], where the contribution of the lowest Landau band is
split from that of the higher bands. We set

AN A~ A~ AN @ - -
II:H—H, H:/ ey I1(B,) e v dPy
R

3

where II(B) is the projection in L?(R?®) ® C? onto the lowest band of
H(B). Its integral kernel is

|B| B
gexp< (xJ_/\xJ_)E—(xL—x’L)

B
2 B0y ) P

in coordinates r = (2, x3) where B = (0,|B|), and P¥ = (1 + 03)/2 is
the projection in C? onto the subspace where B - o = |B|. We remark
that 11 commutes with H°. The operator appearing on the right hand

side of (3.8) is then split as (H°+E)~/2J (V — E)fr/2 = Ko(E)+K1(F),
with

Ko(E) = (H + E)"*TlJ(V — )}/,
Ki(BE)= (H'+ B)~V2 (1 -)J(v - B)Y?,

so that by (3.2) it suffices to estimate n(K;(E),const), i = 0,1, sepa-
rately. The first term is bounded by

n(Ko(E), const) < tr Ko(E)*Ko(E)
_ / Py tr (G, (V — B)Y?11(B,) (H(B,) + E)™*
(3.10) L(By) (V - E)Y? jy)

— (B [ @y ds (V@) - B2y () 1B

where the last estimate is [10, (2.15)]. Note that the gauge trans-
formation e*fv disappeared from the trace by cyclicity. For the sec-
ond term we use the inequality before [10, (2.18)], which states that
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3H(By)/2 > D; = (p — (1/2) By A z)? on the orthogonal complement
Ran (1 —II(By)) of the lowest Landau band. We hence get

~ 2 1% . ~
(3.11) H > g/ e!fvD2 e~ v d®y = Hg
R3

on Ran (1 — 1I), as well as (1 —1I) (H° + E)~* (1 — II) < (Hs + E)71,
because Il and Hg commute. Together with n(X,1) < tr ((X*X)?2) this
yields

n(K;(FE), const)
Str((V - B)Y?J (Hs + E) 'J(V - E);
- J*(Hs + E)"\J(V — E)Y/?)
c e i(fy—Fu 2 -1
:/tr<jyjy/€(fy fy)(V—E)+<§D§+E>
o itfu—fn 2 -1
Gy gy eI fy>(V—E)+<§D;j',+E) )d3yd3y’.

Using the pointwise diamagnetic inequality [16] for the resolvent kernel

< (2p2+E)_1($—$'),

(3.12) ‘(2D5+E>_1(az,x') .

3

the trace under the integral is bounded as in (1.3.9) by

(o) [0r@ - BP0 .

This leads to n(K1(E), const) < E~Y2 [(V(z)—E)% d®z by (2.11) and,
together with (3.10), to

/Ooon(K>(E),%) dE

(3.13)
S [@av@ (Vi) + [ ElB,l5,@?).

We now turn to K.. The inequality

oo 1 R
/0 n<K< (B), 5) dE < e Str (VY2PJ*H-2IPV/?)
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follows from (3 3), from fo (X, pt/?)dp = tr X*X, and from (3.4).
We then split H=2 = [LH~2[1 + (1 — [I)H~2(1 — II). The contribution

of the first term is
[ G, VI PIB,) (H(B,) + &7 P) (B, PV2,)

1

= o (e3P (y)) % |B,| P(2)*V (2) j,(2)? d*y d*x

because of (3.9) and of II(B) (H(B) + E)™% = II(B) (p + E)~? in
the coordinates used there. For the second term we use (see (3.11))
H? > (Hs + P)? on Ran (1 —1II), since H and Hg + P commute, where
P=¢3 fﬂg P(y) d3y. This yields a contribution bounded by

/tr (jy y1/2 P(% D2+ 6_3P(y)> Cpyue jy) dy

<w [ G=ipg) | PP V@@ Py

where we used again (3.12). Taking into account (2.14) and (2.11) we
thus obtain

/Ooon<K<(E), %) dE
(3.14)

S [V (e P@ 4 2 r@ [y, @) .

In order to put the result, i.e., the sum of (3.13) and (3.14), into the
form given in Theorem 1 we estimate

ByI<IK, T [ 1B@I =k, [ 1BEI6(z -] < 2¢10) .

Ky

where 0(A) is the characteristic function of the set A, so that

/ 03y | B gy (x)?
(3.15)
< [ 215G [ 1K1 00— < 22100) e
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We recall that supp j, C {z: |vr — y| < el(x)}. Using again (2.10) and
the triangle inequality |z — z| < | — y| + |z — y| we bound (3.15) by a
constant times

Kol [ @2 1BG) 00 — 2] < 5e1(@) [ i fa)

=|Kw|-1/| Gl
r—z|<oel(x

i.e., by B(z) after a redefinition of €.
At this point Theorem 1 is proven, except for Lemma 6 and (3.3).

4. Proofs.

In this section we give all the proofs we omitted in the previous
one in order to complete the derivation of (1.5).

Lemma 7. Let U € L3/2(R®). Then

1 —4/3 )
(4.1) U<z(3) 10l D7

For a proof, see Lemma I.7 and subsequent remark.

Lemma 8.

(4.2) DI™*D S P°P + PP’ +72P2.

PRrROOF. The first step towards (4.2) consists in showing
(4.3) DI72D < P2 4172 % + 2P,

This statement is closely related to Lemma 1.8 and, similarly, its proof
reduces to that of

(4.4) 172 |B| < Y2 (DI72D + e72P?).

This is again proven as in I, except for the fact that we use here (and
only here) a partition of unity based on the length scale eA(z) as dis-
cussed at the end of Section 2, with A(z)~! = r(z)~! + I(z)~!. In
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particular, we now set I~(y ={z: |r —y| < e A(z)} with characteristic
function x,. It then still holds that

1172 1B Xy lla/2 < 107* Xy lloo 1BXy 2 1%, lle
SUY) 2 r(y) 2 (er(y)
=e'21(y) 7%,
where: we used A(z) < [(z) in estimating the first factor; A(z) < r(x)

and (2.1) in the second; and again A(x) < r(z) in the last one. We
hence obtain, just as in I,

172 |B| < 1/? (DHD 4172 /(ij)2 d3y)
with the integral bounded by (¢ A(z))~2 due to (2.12). The proof of

(4.4), and hence of (4.3), is completed by noticing that [72A=2 = P2.
We now come back to (4.2). We have

(P f+ P - 2PF ) SePPP+eTIP?,
for f =172 or f = P. Indeed, the left hand side is
DD fl=FiPVf-0ol=-X*X +ecPPP+c P HV])?

with X = (e P)Y2P+i(e P)~Y2Vf -0 and (Vf)? < P? due to (2.7)
respectively (2.13). Taking f = [~2 we first obtain from (4.3)

DI7’D S PI 2P+ e PPP+ e 'P? + P> < 2(PPP+e 2 P?),
and then, with f = P, we obtain (4.2).

PROOF OF (3.5). The localization argument begins as that given for
(I.3.2), with b replaced by P, i.e., we have

P = [ (i 5 Wi B0 + i B .

with the estimate

[ Gnlin PPy < 5 (PP + PP + P
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for the first localization error. The other one is estimated similarly
- /[jy, ¢2]2 d®y < const (e 2DI™2D 4+ 7 *17%)
< % e (PP + PP°) + e8P,
by using (4.2). The conclusion then is as in I.

Lemma 9 ([7]). Let K = {x : |z| < 1} be the unit ball, and K* =2 K.
Let B € L?*(K*,R®) be a vector field with V - B =0 (as a distribution)
and

(4.5) /K Bz)d®s = 0.

Then there is a vector field A such that

(4.6) VANA=B, V-A=0,
and
(4.7) [Alloo,x S IV ® Bll2,k+ -

PROOF. A solution A to (4.6) is constructed asin I, i.e., as A =V AF,
where F' is the solution of —AF = B with boundary conditions (I.4.11).
By ||F|l2,x* < || Bl|2,x+ and the elliptic estimate

IV F 2. < |IF

2,5 + [[AF

2,5+ +[|V @ AF||2 k-
we have
IVE?All2,x S1IBllz,x+ + IV @ Blla,g+ S IV ® Blla,k+ -

In establishing the last inequality we used that a Poincaré inequality
(see e.g. [20, Theorem 4.4.2]) applies to || B||2 k+, due to (4.5). Another
Poincaré type inequality ([20, Corollary 4.2.3]) yields

14— = Baflorx $IVEA

IZ,K )

for a; = |K|7! [ Ai(z) d®z and B;; = |K|™! [ 0;A;(x) d®x. This
proves (4.7) for A — o — Sz instead of A. Equation (4.6) is preserved
under this replacement, since it implies 3;; — 8j; = 0 and tr 8 = 0.
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PROOF OF (3.6). Let B, = |K,|™* fK (z) d®x be the average mag-

netic field over K, = {z : |z —y| < 2€l(y)} It is generated by the
vector potential A y(x) = (1/2) By A (x — y). On the other hand, let

A y(2) be the vector potential of B y(z) = B(x) — B,, which by scaling
corresponds to the one constructed in the previous lemma. It satisfies

(4.8) Ay (@) S 2 Uy) 7,
for € K, because of (2.2), (4.7). Since B =V A (4, + gy), we may

assume, upon making a gauge transformation, A = A, + A,. The Pauli
operators corresponding to py =(p—Ay) o and JD are related as

By =P+ 4y-0)" =

This and V - 4, = 0 yield
Py <4+ (A)* +4D (42D + (B,)?).
After multiplying from both sides with j, we may replace gy by Xygy

and similarly for Ey, where x, (z) is the characteristic function of K.
Note that, besides of (4.8), we have by (2.2) and ||x, |3 < €l(y)

1B} xylla/2 < 185 x, 13 Ixy lls S 11V @ BY? X 11 llxy lls S e 2y)
We can thus estimate, using (4.1),
R ! _ _ .
Jy P,y S dy P +e*U(y)~" + e Di(y)~*D) jy
and finally, using (2.10), (2.14), (4.2),
jy (B, + 73 P(y))? 4y < 25y (B +°P(y)) jy
. 4 —6 2 -2 .
§jy<¢ +§e P(z)* + e Dl(z) D)jy

. 2 _
<jy (P~ +e2P)?j,
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PROOF OF (3.3). The proof can be taken over literally from that of
(1.3.6), after replacing b by P. To be checked however is that f = log P
satisfies (Vf)?2 < 172 < P and |Af| < P, as well as D (Vf)?D <
¢2P + Pﬂ)2 + e72P2. This follows from (2.13), (4.2).

5. Stability of matter.

As an application of (1.5), we state and prove a stability estimate
for matter coupled to a classical magnetic field. It is essentially iden-
tical to a result of [7], except for exhibiting a somewhat more explicit
dependence of the stability bound on the parameters involved. The
system we consider consists of N spin 1/2 electrons (with Hilbert space
ANH, H = L?(R?) ® C?) interacting with K static nuclei, having posi-
tions Ry and charges Z > 0, and with a classical magnetic field B. The
theorem then reads:

Theorem 10. Let R = {Rp}F_, and R, Z, T, v > 0. There is
C(Z,T,v) and a function r(x) > 0 with

(5.1) 2Rl ST, PRl S R°K,

~

uniformly in R, Z, such that the N-body Hamiltonian

N
HN:ZlDiz-i-VC
=1

iT / Pr(z) (B(x)® + R (V @ B)(0)?) &,

(5.2)

N 1 N,K 7 K 72
Vo = —_— — — 4 —_
Z_ | — 5 .;1 |z — R 2 R — Ri|
1,7=1 ) k,l=1
i<j k<l
acting on ANH, satisfies

(5.3) Hy > -C(Z,T,7) (Z+1)R™" (N + K)

for arbitrary R < (Z+1)"Y. ForT < Z+1 and 1 < v < 2* one can
take

(5.4) C(Z,T,7) = const (23 + 22y~ 12 log (°y~1/2))
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with z=1+ (Z+1)T~ .

REMARK. One may modify the definition (2.2) of [(x) by replacing
(V® B)? by (V® B)?2+ R~° for some R > 0. Theorem 1 continues to
hold. On the right hand side of (2.6) a term R~ should also be added
to (V® B)?2, but it can be absorbed into the last term. The purpose of
this variant is to ensure

(5.5) I(z) < R.

ProOOF. By monotonicity, it will be enough to prove the theorem for
Z >1,T <Qand v < 2zt We partition [9] R® into Voronoi cells
I'y={z:|zt—Rj|] <|v—Rg|fork=1,..., K}, j=1,...,K. Let
D; = min{|R; — Ri| : j # k}/2. For any v > 0 the reduction to a
one-body problem reads [9], [12]

N g2 K
Hy =Y h-N+ 2y D)
i=1 j=1

(5.6)
iT / Pr(2) (B(2)* + R (V @ B)(0)?) d* |

where h = ¢2 — (W —v)4 and W is a potential satisfying W (z) <
Qv — Rj|~! for z € Iy, with Q = Z + V27 +2.2.

We choose v = @@ R~! and apply Theorem 1 (in the variant dis-
cussed above) to obtain

N

D hi —/V5/2d3x—/P3/2Vd3x
=1

—/§V3/2d3x—/§P1/2Vd3x,

(5.7)

where V = (W — Q R™!),. Comparing with (5.6) it appears to be
enough to show that each of the integrals (5.7), which we shall denote
by i)-iv) below, is bounded by the bound (5.3) or by a small (universal)
constant times

(5.8) %ZZDJ-_lnLF/(DR(x) (B(x)2+ B2 (V ® B)(2)?) Pz
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i) Note that suppV C Qg for Q@ = {R; : j =1,...,K}. This
integral is thus bounded by const Q*/2RY?2K < Q R™'K.

ii) We note that for any (31 > 0

—1
(5.9) P22 < V21U (732 4173%) < V2 % r V2 <1+ﬁ17>l_3

and we estimate the contributions to ii) of the two terms separately.
For the first one we use that

K
/ r(z) 3V (z) dPx < Q/(I)R(x)B(a:)zd3a:+QZDj_l +QR'K,
QR

J=1

as was shown in Section I.5. This is consistent with the bound (5.3)
if /1 <« min{Q7'I',1}. (By a < b we mean a = constb for some
sufficiently small universal constant). For the last term in (5.9) we use
instead

§52/@R(x)(V®B)(x)2d3x+([5’2 R+ 6, QR K,

due to (2.6). The desired bound holds provided we pick z- 3 < 'y R2.

iii) We split the integral into K inner integrals over U; = {z :
|lt—R;| < D;}, Dj = min{Dj,el(R;), R} for some small € > 0; and one
outer integral over R3 \UJK:1 U;. The inner integrals can be estimated
as

| Bla)v@? a5 (s B(e) D) Q3

Uj iEEUj

N N —1

DY (sup Blay) + " @
wEUj

<

VIR
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Because of (2.10) we have [(R;)/2 < l(z) < 2I(R;) for € U; and thus
()2 -2 3\’
B2 =K. 1BwId)
K,
(5.10) <1 [ By
K,

< (e U(R))" / 0(ly — R;| < 3¢l(R;)) B(y)* d%.

Altogether we find for any § > 0

[ B@verraess [ew) ey it k.
U U;

K
j=1YJ

O(y) = ZIA??(EI(RJ))_‘?’@(Iy — Rj| < 3¢l(Ry)) .

For 8 < I' this will be bounded as claimed once we show that
D < fg, -

First, supp ® C Qg for small € > 0 because of (5.5). It thus suffices to
show [|®]|eo S 1: from D; < el(R;), the triangle inequality and (2.10)
we find

@[] < sup Z(el(Rj))_?’@(ly — R;j| <3el(Ry))

[ 8- Byl < et(ry)

oD (elw) / Ol -] < 8l)

<1

Y

since the U; are disjoint.
The outer integral can be written and estimated as

/ EaV (@2 K, [ @y B0 -] < 1)
Qr\(UX,U;)
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B _
<[ el B KL (s -y < 2l(w)
QRXRS
(5.11)
-1
+ —ﬁl / dB.TdSyV(.T)S |K$|_19(|x—y| <el(x)).
2 Jp\(UK,U;) xRS

By the usual argument (2.10), the first integral is bounded by a constant
times [ ®(y) |B(y)|* d®y for

By) = 1K, [ 0l —y] < 2el@) P 1.
Qr
Moreover, supp ® C 23r as before. It thus suffices to take 1 < I'. In

the second term on the right hand side of (5.11) the integration over y
is explicit, and the integral is

K
/ V(z)*d®s < ZQs logRl/ij_1
Qr\(VIL,U;) j=1
(5.12)

K
<AHQY RD;+(logf ) QP K,
j=1

where we used that logt < (2t + log 52_1 for t, B2 > 0. We shall take
1.3, Q*R < 1, so that the last term is of the desired form. The first
one reduces to an arbitrarily small constant times @ Zszl Dj_l. Note
that

~ 1/3

(5.13) Dt s 5—2(/ l(m)_Gd?’x) +D; '+ R,
Uj

In fact, by (2.10), the integral is bounded below by a constant times

(el(R;))~? Dj, and thus the whole right hand side by

0 By 2 Dy Dy =
(D) + B )2
J El(R]) +Dj R) = 77

by definition of ﬁj. The contribution of the last two terms of (5.13) are
then controlled by the first term (5.8), respectively by (5.3). For the

integral, I, we use I'/3 < 263_1/2/3 + B3 1/3 and choose Q - 372 <
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I z=*R2%. Note that the U; are disjoint, allowing for the application of
(2.6).

iv) Using
-1
(5.14)  PYZ <72 (2 4 71/2) < % rTl 4 (1 + %)l_l :

we estimate the contributions to iv) of the two terms separately. The
first integral is

/ Cwr(z)~HV (x) |Kw|_1/d3y|3(y)|9(|x—y| <el(z))
Qr

<SPy lBO)P KL 0 - o] < clw)
QRXR3
(5.15)

+ [l yr) 2 V@R K] 0 — o] < =l(a).

The first term on the right hand side is like the corresponding one in
(5.11) and hence acceptable provided (31 - @ < I'. The second integral,
Q7! [ r(x)~2V (x)2d3x, is dealt with by splitting it with respect to U; =
{z: |z — R;| < D;}, D; = min {Dj,er(R;), R} (see Section 1.5). Then

/~ r(z) "2V (z)? d’z < 1"(Rj)_2/~ V(z)d*z < e* Q? 5;1 ,

U; U,
and
/ r(z) 2V (z)? dx
R2\(UIL, T;)
2 -2 -202
< ) V(z)*d*x + = Q / r(x)"*d’.
2 e, 0) 2 Jan

Since the first integral is bounded above by const Q* Zj{zl 5]_1 we have
that

Q_l/r(x)_2 V(z):d’z
K

< 5.—1 —4d3

Q3D £Q [ vt

K
SO0 +Q [@rln) B@? dr+ QR K
7j=1
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due (I.5.4) (augmented by R™1) and (2.5). These terms fit (5.3) for our
choice of 3.

The integral corresponding to the last term in (5.14) is estimated
similarly to iii) and is split accordingly. The inner integrals can be
estimated as

/ B(2) i(x)~1 V(2) Pz
Uj

< (sup B(z)l(z)™!) D3Q

(5.16) ~ e, j
2% = - _ 8"
< =5 D} (sup B@) )™ + - Q7
TEU;
where
~ 1 ~
(5.17) (BI~1H)3/2 < 17—1/4 R™Y2(3B%+~yR2179).

The term coming from B2 will be dealt with by (5.10), the other one
by using

~

D? sup [(z)~° SJ/ I(z) % d*z.
$EUJ‘ UJ‘

Choosing z - 65/2 y~1/* R=1/?2 < T ensures that both terms (5.17) are
controlled by (5.8) and (5.3). The contribution of the last term (5.16)
is then of order z - B; 1 Q3 K < 2°y~Y/2Q R™'K. The estimate of the
outer integral follows the line of (5.15)

/ P l(z)"V (z) |Kw|_1/d3y 1B(y)|0(|z — y| <el(x))
QR\(UleUj)

p -
<% d>w d?y |B(y)|* | Ko7 0(|lv — y| < el(x))
QRXRS

—1
+ﬁi

/ o d®yl(x) 2V (z)? | K| ™?
2 Jap\(UK, U)X

Oz —yl <el(x)).
The first term just requires z(33 < I'. The second one is

/ I(z)2V(2)? d*x
R\ (UL, U;)

2 _ 1
< §ﬁ4 1/2/ V(z)®d®z + §ﬂ4/ I(z) % d®x.
B9\(UAL, U5) 2
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To accomodate the last term, after application of (2.6), we require
22171 By < T'27*R%  The first term is dealt as in (5.12), with
Ba < 277 there.

6. Proof of Theorem 2.

We split the total Hamiltonian into two parts [8], [2]
H = Hi + Hi,
with

Hi= 37+ Vo + U [ o) (B +7 12 (V0 B)@)?) &%,

=1

Hy = Hy — T [ (o) (B + 9 R (V& B)w)*) s,

where B = VA A, and @5 is the positive function appearing in Theorem
10. I and v will be chosen later.

All the fields appearing in H; are multiplication operators in the
same Schrodinger representation of F [8]. Thus Theorem 10 applies
and yields

(6.1) H; > -C(Z,T,y) (Z+1) R (N + K).

We now turn to Hyp. Let F(z) be either B(x) or V® B(x). As in (1.6),
we may write F'(x) = F_(z) + Fy(x) and obtain
F(2)? < F(2)® + (F_(2) = Fy ()" (F-(z) — Fy(2))
S 2Q2Fy(z) Fo(z) + [F(2), Fy (2)])
where the commutator is a multiple of the identity, independent of x.

We then integrate against f(z) d>z with f > 0 and bound the first term
using f(x) < [|f|loo and Parseval’s identity. This yields

/ f(z) B(z)*dx
aA?

™

< 8ma||f||so /d3k B||6(R)? ) ax(k)* ax(k) + (Al
A==
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respectively

/ f(x) (V ® B)(2)? d%

2 S
3

<8ma ||f||oo/d3k [K[? |5 (R)[® ) ax(k)* ax(k) +

A=+

[Nalie

Note that the integrals on the right hand side are bounded by e« H ¢ and
aA’H #, respectively. In particular, for f = ®% we find

P [ Br(o) (B@P 47 B (V0 B)(@))
<constI'a®? (1+v(AR)?) (Hf + o ' A* R’ K).
We may now optimize over I', v, R, within the ranges allowed by The-
orem 10, in such a way that the factor in front of Hy is less than 1.
The resulting choice is as follows: We pick I' < Z* (1 + Z* o?)~! and

R=~"1/2 (A+ Z* (Z* «?)~2)~1. As a result, the factor in front of Hy
is indeed less than 1 and

(6.2) Hy > —Z*ay 32 AK .

We finally choose v = 2% with z as in Theorem 10. Since z ~ 1+ Z* o
we have R < Z*~ !, so that (6.1) applies

Hy > —2*(1+1logz) Z* R~ (N + K)
> 251 +logz) Z* (A+ Z* (Z*o*)7?) (N + K).

This is also a lower bound to (6.2), because of o < 1+ Z* o?.
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