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Global orthogonality implies

local almost-orthogonality

J. Michael Wilson

Abstract. We introduce a new stopping-time argument, adapted to
handle linear sums of noncompactly-supported functions that satisfy
fairly weak decay, smoothness, and cancellation conditions. We use the
argument to obtain a new Littlewood-Paley-type result for such sums.

0. Introduction.

First, an apology. The title, though correct, is somewhat mislead-
ing. It should be “Global almost-orthogonality implies local almost-
orthogonality.” The present title was chosen for the sake of euphony.

In this paper we present a new Littlewood-Paley type result for
linear sums of almost-orthogonal functions. The functions we consider
have some decay at infinity and some smoothness. However, neither of
these useful properties is assumed to be present in generous amounts.
The decay we assume is, in typical cases, no more than will ensure that
our functions belong to L', and we do not assume that their gradients
decay at any faster rate.

Because of our minimal-decay hypothesis, we are not able to exploit
a lemma of Uchiyama [U] which would, in a certain sense, reduce our
problem to one in which our functions had compact support. This con-
straint has required the construction of a new stopping-time argument,
one specially adapted to sums of non-compactly-supported functions.
We believe that this stopping-time argument is the most significant
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achievement of the present paper.

We shall now be more specific. Let D denote the usual family of
dyadic cubes I C R¢. We recall that D has the property that, for any
Iand Jin D, either I C J, J CI,or INJ =@. For I € D, we let £(I)
denote I’s sidelength and we use z; to mean its center. If £ C R? is a
measurable set, we let |E| denote E’s Lebesgue measure.

We suppose we are given a family of functions {¢)};, indexed
over I € D. Each ¢y € {¢(r)}r is smooth and also satisfies

—1/2 v —wp|\~M
01) 19w @]+ 4D Vo @) < 171+ =0 )
for all z € R?, where M is a fized positive number. We furthermore as-
sume that {¢(;)}7 is “almost-orthogonal” in the following precise sense:
For every finite linear combination from {¢(1)}1,

F@) = o),

the inequality

(0.2) / e <3 l?

holds.

Families satisfying (0.1) and (0.2) are endemic in harmonic anal-
ysis. Here is a fast way to get such a family on the line. Let ¢(z) be
equal to sin (2w z) for € [0,1] and 0 elsewhere. For I € D (on R,
mind), set

by (@) = |I|_1/2¢<%> -
Let H be the Hilbert transform. Then, modulo positive multiplicative
constants, {H(¢(r))}r satisfies (0.1) (for M = 2) and (0.2). Inequality
(0.1) follows from easy estimates on the Hilbert kernel. Inequality (0.2)
calls for some discussion.

An easy way to see that (0.2) holds for {H (¢(s))}s is to use the

L? — L? boundedness of the Hilbert transform. It is well-known (see
[St2, p. 167], or [U, Lemma 3.3]) that {¢(7)}s satisfies (0.2), modulo a
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multiplicative constant. Thus, for any finite linear sum ), vrH (¢ (1)),

/‘;WHW(I))‘zdﬂ?:/‘H(;Wéa))‘zdi

2
:/‘ZW¢(I)‘ dx
T
<Cy |l
7

There is another way to get (0.2), in this particular case. The indus-
trious reader will have noticed that the collection {H(¢(r))}1 actually
satisfies a stronger condition than (0.1). Indeed

03) D) IVH@w)@)] < AT (14 %w—l .

Furthermore, each H (1)) has “cancellation”

(0.4) / H(ippy) dee = 0.

It follows from two lemmas of Uchiyama [U] that any family satisfying
(0.1) and (0.3) for some M > d, and which also has (0.4), automat-
ically satifies (0.2), modulo a constant. A quick proof of this result
depends on a decomposition (due to Uchiyama) that allows one to es-
sentially reduce the problem to one in which the ¢1)’s have compact
supports; for the sake of completeness, we present this argument in an
appendix. However, the extra decay in the derivative (0.3) is not nec-
essary for almost-orthogonality: (0.1) and (0.4) suffice ([FJW, p. 11]).
Now, the process described above is how families like {¢()} typically
arise: roughly speaking, if one applies a reasonably regular integral op-
erator to a linear sum of wavelet-like functions ) ; A7 (), one ends up
with a linear sum from a collection like {¢(;)}7. One then commonly
has the problem of relating the size of the new function (in a weighted
space, in LP, etc.) to the original coefficients A\;. If the operator is
nice enough, then {¢r)}; will have (0.3) and (0.4), and one can apply
Uchiyama’s decomposition to get, in some cases, more general results;
such a program is worked out in [W1]. However, if the operator is not
quite regular enough, these properties may be destroyed. Just a little
bit of oscillation in the operator’s kernel function can kill (0.3) (think
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of Bochner-Riesz kernels), and we might lose (0.4) if the operator is not
translation-invariant. In such a case, one needs a different approach to
handle arbitrary linear sums; and that is the burden of our paper.

We need one more definition before we can state our main result.
If f =73 Aré( is a finite linear combination from a family {é)}1,
and € > 0, we set

% )\]2 r— Ty
o) = (S (4

This is the Littlewood-Paley-type object we will use to bound linear
sums from {¢7)};. The reader will notice that it is nothing but a real-
variable analogue of the familiar g}-function from classical Littlewood-
Paley theory (see [Stl, Chapter 4]).

Finally, let us recall that a non-negative o € L] _ is said to be an
A, weight (written: o € Ay) if there are positive constants a and b
such that for all cubes Q C R? and measurable sets £ C Q,

)—(2M—(d+e)) >1/2 .

%Zaz(g)b.

Here is our main theorem.

Theorem A. We suppose that {¢)}1 satisfies (0.1) and (0.2), for
some fized M > d/2. We also suppose that 0 € As. Let 0 < € <
2M —d and 0 < p < oco. There is a constant C = C(M,p,d, e, o) such

that for every f = ; A1y, a finite linear sum from {¢)}1,

/Rd |f(z)|Podz < C/Rd(g*(f)(x))padx-

Our hypothesis that {¢r)}; satisfy (0.2) might seem a rather se-
vere requirement. We insist that it is not. First, as noted above, a
slight strengthening of the decay and smoothness conditions on {¢1)}1,
when combined with (0.4), yields (0.2) for free, and families meeting
these extra conditions pop up fairly often. Second, Theorem A has
the happy property of not caring where {¢ 1) }r’s almost-orthogonality
comes from: cancellation, Fourier transform tricks, special-functions ar-
cana, etc. This makes Theorem A applicable to the study of operators
that are less regular than, say, the Hilbert transform.
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The proof of Theorem A comes by means of a so-called “good-
A inequality,” which in turn depends on the stopping-time argument
mentioned above. A few words about this argument are probably in
order here. The method of good-\ inequalities requires that we be able
to analyze the behavior of ) ; A ¢y on arbitrary cubes J. This entails
splitting Y -, A1 ¢(r) into two sums. The first of these, which we will call
>, for the present, reflects the “coarse structure” of ) ; A\r ¢y on J,
and is supposed to be almost constant on J. The second sum, ),
has the information about ) ; Ar ¢(7)’s fine structure. The hard work
in proving the good-A inequality comes in controlling the size of ) _,.
Now, this control is obtained by applying a stopping-time argument
to >,, which means splitting Y ., itself into two new sums, Y | and
> 5. One of these new sums gets handled by means of a “global” result
(for us, that will be (0.2)). The other gets treated some other way; in
many stopping-time arguments, such as those for dyadic martingales,
the second sum disappears. Now, here’s our problem. The stopping-
time argument works by analyzing the local behavior of ) ; A ¢(ry; but
the functions in {¢(r)}s have global reach. In order to get a good local
estimate, we have to somehow “cut oft” the functions ¢z, but if we do
not do this cutting-off correctly, we will lose the property (0.2), which
gives us our only hope of controlling  ,.

Our stopping-time argument turns on two main ideas. The first is
an appropriate discretization of ) ; A1 ¢(r), which is given in Definition
2 below. The second is a special splitting of >, into ] and Y ,. The
splitting occurs in the proof of the Main Lemma. Neither the splitting
nor the discretization seems to have much point without the other;
however, in order for the argument to work, these two parts have to fit
together as tightly as two Lego blocks. Indeed, our problem actually
has three interlocking pieces: one needs to have the right discretization
in order to define the right stopping time, in order to apply the right
splitting. We believe that that was why this theorem was so hard to
prove. We also believe that keeping an image of two (or three) joined
Lego blocks in mind will help the reader understand the proof faster.

The organization of the paper is as follows. In Section 1, we give
(or repeat) our basic definitions and conventions. In Section 2, we state
and prove some technical lemmas. In Section 3, we state and prove
our Main Lemma, from which we obtain the good-A inequality as a
corollary. The proof of Theorem A then follows immediately.
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1. Preliminary definitions and conventions.

All cubes I C R? are assumed to be dyadic. We denote I’s side-
length by £(I). We use d(z, E) to mean the distance between a point z
and a set E.

We assume that {7}, henceforth fixed, is a family of functions
satisfying (0.1) and (0.2). We will consider only finite linear sums

Y1 A1 ¢y from {p}r.
We will make frequent use of two simple facts:

a) if a and b are non-negative numbers and a < C'b, then (1+a) <
max {1,C} (1+0b) =C'(1+);

b) if I C R? is a cube and p > d then

> () <cp.a.

Definition 1. Let I C R? be a cube. x1 is I’s center. S(I) is the
collection of all cubes I' such that I' ¢ I (these are the cubes which
“surround” I). N(I) is the collection of cubes I' such that I' C I and
(1) = 0.5£4(I) (these are the “next generation” of cubes “below” I).

The first MAIN IDEA is the definition of F(I): this is how we
“discretize” the sum ) ; A1 ¢(p).

Definition 2. If I is a cube and x € I, we set

F(I,x)= Y Ardu (@),

I'es(I)

. |)\I’|2 |.Z‘II—$| —(2M—(d+e))\ 1/2

where € > 0 is fized; we do not define F(I,x) or G(I,z) forxz ¢ I. We
set F(I) =F(I,zr) and G(I) = G(I,xy).
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Definition 3.

F*(z) = sup |[F(I)],
ISz

G*(z) =supG(I),

ISz

1)? & — x|\ —@M—(d+e))y 1/2
g*(x):(ZMIII' (1+| 0 |) N )"

2. A few lemmas.
Lemma 1. |f(z)| < F*(x).
PRrROOF. Trivial.

Lemma 2. G*(z) < cg*(z).

Proor. If x € I and I' € S(I), then |z —zp| < |z — x|+ |z — 2| <
clxy— x|, since |y — x| > c£€(I). Thus, for every I' € S(I), 1+ |z —
xp|/(I") < C(1+ |zp — x| /€(I')). This implies that G(I) < cg*(x).

Lemma 3. Let 0 < n < 0.1. There is a C = C(n,M,d) such that if
z €l and d(x,0I) > nl(I) then C-1G(I) < G(I,z) < CG(I).

PROOF. Just note that if z is as described and I’ € S(I) then |z —
xyp|/lxr — x| is bounded between two positive constants.

Lemma 4. Let 0 < n < 0.1. There is a C = C(n,M,d,e) such that if
x €1 and d(x,01) > nl(I) then |F(I)— F(I,z)| < CG(I).

PRrROOF. Write

IF(I) - F(ILo)[ < Y Arllbay (@) — by ()|
I'es(I)
ey >e(1)

+ Z \Ar| ([pry (@)| + |pny (1))

1'es(1)
LIy <en)

= (i) + (ii).
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Note that (i) has a minus sign where (ii) has a plus sign. We will use
smoothness to bound (i), but only a size estimate to bound (ii). It is
chiefly because of this latter fact that we are able to get away with so
little smoothness in the family {¢r)}1.

We deal with (i) first. Let I’ € S(I) and suppose that £(I") > ¢(1).
By the smoothness condition on ¢y,

by (@) = dun(@r)] < Cd(%) |I/|—1/2(1 N %> -

for every such I'. Therefore,

. Z (1) 1—1/2 lzr —zp[\~M
< , .

) < Ca lesu Ar |(€(I')>|I | (1 L(17) )

e(anyzen)

Applying Cauchy-Schwarz, we get

. T — zp |\ —(d+e) 2\ 1/2
(1)§cG(I)( > (1+%> N (f((;))ﬂ

1'es(1)
(I >e(1)

< cG(I)(g%z—% Z (1 n %>—(d+s)>l/2'

o(I1)=2k£(I)

For each k, the sum

|$I—$11| —(d+e)
> 1+ o1 )

o(1")y=2k£(I)

is bounded by C, because, for each n > 1, there are at most ¢2"¢
cubes I’ in the sum such that 2"~ < 1+ |x; — zp|/L(I") < 2™. Their
contribution to the sum is no greater than ¢27"¢.

Summing over k£ now, we get that (i) < cG(I).

To bound (ii), write R* = I U (U;1;), where each I; is congruent
to I and is in S(I). Here is where we use the hypothesis that z € [
stays away from OI. Note that, if I’ C I;, then | — x|, |7 — x|, and
|z; — 21, | are comparable: i.e., the ratios

|.T —$]I|

|$I — $1j|
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and
|.Z‘ — .III|

lzr — x|

are both bounded above and below by positive constants that depend
only on d and 7. Therefore, proceeding much as we did with (i)

(i) < cG(I)( > (1 + %)‘Wﬂ))m

1'es(1)
LIy <e(n)

G (L X (1+ ) )

—camn (Y uG) "

where

Y (1+ |331—9)61'|> (dte)

I'ClI;

Since, for each 7,
lzr — x| < cqlrr —xp],

for all 1" € I, we get

) () <«

But, clearly,

|z — x| |z — x|
1+ 70 )= ( 70 )

(because |z; — x| > £(I)) and

lzr — x| |z — zp|
Lt St i g (S I ek St A
00 <(1+ 00, )
Therefore
|.Z‘I—.Z‘II| —(d+e) |$I—$I,| —(d+e) EI/) d+e
14+ — < 14+ —-
(1 00 ) <o( 0 ) (z()) !
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for each I' C I;. Plugging this back into the sum for H(j)

H(J) <c Z <1 + |'rIé_7ij|>_(d+6)(£(I/))d+s

P D (D)
|l — x|\ —(d+e) )\ d+e
= et ) Py (5"

|l’[—$1.| —(d+e)
< (1 Lt 1 )
<e(L+ =
There are no more than cg2%¢ cubes I; such that 2(k=1) < |z —

xr,|/0(I) < 2%. The sum of the corresponding H(j)’s is at most ¢ 27
Thus }_, H(j) < C, and the lemma is proved.

REMARK. In proving our main lemma, n will be chosen so that {z €
I: d(z,0I) <nf(I)} has negligible measure.

Lemma 5. If I* € N(I) then G(I) < C(M,d) G(I*).

Proor. By Lemma 3, G(I) = G(I,z;) < CG(I,xy+). But G(I,z5+) <
G(I*).

Lemma 6. There is a positive constant C such that the following holds:
If I* € N(I) then, for all z € I, G*(z) > C G(I*).

PrOOF. Let L C I\ I* be a cube. Let J € S(I*). By the triangle
inequality, |xp —zy| < |zp —xp |+ X —2g|. But |[xp —2p| < () <
c¢|xy — xy|. Therefore |z, — z ;| < C|z» — xs|. Then,

2 - *

) —(2M —(d+e¢))
I':I'CL |I/| E(I/)

Y

for a fixed constant C'. But the sum goes to zero as |L| does.

Lemma 7. There is a C = C(M,d,e) such that if I* € N(I) then
|F(I) = F(I")| < CG(I).
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PROOF. Write

[F(I) = F(I*)| < [F(1ar) = F(ILwp) | + |F(L o) = F(I*, x7-)
<CGU)+|F(I,xp+) — F(I*,x1+)
<CGUI*)+|F(I,xp) — F(I*,z1+)

Y

where the second inequality follows from Lemma 4 and the third is from
Lemma 5. The last term in the third inequality is less than or equal to

S (1 e ey
/ ?

I'eS(I)\S(I) (I)

which, by Cauchy-Schwarz, is less than or equal to

G(I*)( Z (1+%>—(d+e)>1/2.

I:1'cr
I'gr*

A virtual repetition of the argument used to bound H(j) in the proof of
Lemma 4 shows that the sum in the brackets is bounded by a constant

times
el 5 ()

1'cr
grx

which is less than or equal to C'.

3. The Main Lemma and its corollaries.

Main Lemma. Let I (o) be a fized dyadic cube and let f=3; Ar ¢(r)()
be a finite linear sum from {$y}r. We assume that, for all I, either
Ar =0 or I C Igy. (Thus, we are only considering 1’s contained in
Ioy.) For every 8> 0 there is a v = v(M,d, 3,¢) > 0 such that

|{.T € I(O) : F*(x) > 1, G*(.T) < ’)/}| < ﬁ|[(0)|
ProOF OF MAIN LEMMA. This will be rather long.

Let A be a large number, to be chosen shortly. Let {I;}; be the
maximal dyadic subcubes of I(py such that there is an I € N(I;) for
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which G(I) > Av. By Lemma 6, we have G*(x) > C A~ for all z € I;.
Choose A so that CA > 1. Notice that, by maximality, we must have
G(1;) < A~. Notice also that, if « ¢ U;I;, then G*(x) < A~. These
two facts imply that, for any x € I,

|/\I|2 2
> 7 < C(M,d) (A7)*.
I.xzEl | |

for all ](IZIJ)

Now observe that if v € {x € gy : F*(x) > 1, G*(z) < v} then x must
belong to some cube I such that |[F'(I)| > 1 and I is not a subset of any
I; (because G*(x) > v on U;1;). Let {Ji}, be the maximal cubes with
both these properties. Set {Q7} = {I;}; U{Jx}x, the union of these two
sets of cubes (so, {Q}} is a collection of cubes), and let {Q;}; C {Q7}
be the corresponding subfamily of maximal cubes.

We observe that if x € {z € Ig): F*(z) > 1, G*(z) <} then x
must belong to some cube @; such that |F(Q;)| > 1. We also note that
G(Q;) < A~y for all j and that, if z ¢ U;Q;, then G*(z) < A~.

So far, (almost) everything we have done has consisted of fairly
standard (if somewhat technical) estimates. We now come to the SEC-
OND MAIN IDEA; i.e., the splitting of the sum.

Let F1={1: forall j (I Z Q;)} and Fo={I : I C Q; for some j}.
Every I C I belongs to either F; or Fp. Write f = f1 + f2, where
ft="2"11e7 M ¢y (w). We similarly define Fi (1, z), Fi(I), G} (), etc.,
e.g.

Fl(I,l') = Z Ar QS(I’)('T)?

1'es(rn)
1’6.7:1

Fy(I,z) = Z Ar oy (o),

1'es(rn)
1’6.7:2

both defined only for = € I. Notice that G;(I) < G(I).
Now, it is clear that

{z € Ly : F*(x) > 1, G*(x) < v}

< D ey

JUHE(Q)1>1
S DR IS D DR 7]
7" EL(Q;r)1>1/2 7" F2(Qyr)[>1/2

= (i) + (ii).
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We need to estimate (i) and (ii). Define, for @ a cube, C(Q) = {z : |z —
zg| < 0.14(Q)}, the “center portion” of Q. Notice that |Q| < ¢q |C(Q)].

Thus
(i) <ca > 1C(Qj1)]

31 F(Qyr)[>1/2

and an analogous estimate holds for (ii).

Let @; be a cube occurring in the sum for (i). By Lemma 4, if
v € C(Qu), IF1(Qy) — Fi(Qyr,o)| < C(M,d,e) G(Qy). But G(Qy) <
A~y and |Fi(Q;)| > 1/2. If v is taken small enough, these force
|[F1(Qjr, )] > 0.25 for all z € C(Qjr). Therefore,

(i) < ch {z € C(Q5) : [F1(Qj,w)| > 0.25}],

and a similar estimate holds for (ii).

Let us temporarily restrict our attention to (i). We now make a
curious observation: If x € Qy then Fy(Qg,z) = fi(x). The proof
comes from working it out

file) =) A ()

IcF,

= Z A1 ¢y ()

I:for all j (IZQ;)

= Z A1 o) ()

I:1eF,
1€5(Qp)

- Fl(Qkax) .

(It is helpful to recall the definition of S(Qx) ={I: I ¢ Qx}.)

(This “curious observation” is (sort of) why the proof works: this
is where the two main ideas link up.)

Therefore,

(i) < cl{fr(z)] > 0.25}].
However, by our hypothesis (0.2),

/|f1|2dx§0 Z |)\I|2=/< Z |)|\;||2)da:.

I:IeF, gg]e:f
1
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As observed above, the quantity

> b
1]

I:xel
1€F,

is less than or equal to C' (Av)? everwhere. A good bound on (i) now
follows from Chebyshev’s inequality.

Let’s look at (ii) now. For each j, let E; = {I : I C Q;}. Notice
that Fo = U;E;. For 7 > 1 let 7 I denote I's 7-fold dilate. If 7 is taken
close enough to 1 (depending only on d), |71\ I| < (5/3) |I]. Fix such
a7 and set D = U;j(7Q; \ Q;). Then |D| < (8/3)|I)|. We only need
to show that

Y e € 0@\ D+ |Ba(@,0)] > 0.25)] < £ ).

J

Fix a j in the preceding sum and let € C(Q;) \ D. The function
|F2(Qj,x)| is less than or equal to

S5 S (e )

kik#j I:IE€E)

which, by Cauchy-Schwarz, is bounded by
|Ar]? |x — x|\ —(2M—(d+e)) \ 1/2
(k; Z | ( (1) ) )
#£j I:IEE)
(XX () )"

k:k#j I:I€E), (1)

The first factor in the preceding product is less than or equal to G(Q;, )
< CG(Q;) < cA~. Let us now look at the second factor.

Counsider | [\~
_ —(d+e¢
> 5 (b

k:k+#j I: 1€ Ey,

Fix a k # j in the sum. Since Q@ N Q; = @ and = ¢ D, we must
have |z — z7| > c|x — xq, | for every I € Ej, where the constant ¢ only
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depends on 7 and d. Therefore

|z — x| |z — x|
ST 0
[z —xq,| (4(Qr)
> gt Gy
(o ) ().

where the last inequality follows because |z — z¢, | > 0.5£(Qy) (recall
that © ¢ Q). Thus

x — x|\ —(d+e) T — xg, |\~ @+e) €
(”' o0 |> " SC(H' z(QS |> " (eﬁ&))ﬂ '

Therefore, if z € C(Q;) \ D

|Fy(Qj, )] < CAfy( 3 (1+ %>—(d+e) 3 (£§82)>d+e>1/2

Wk I€E,
< CAv(ij (1+ %y(d%))m.

This implies that

Z/C(QJ)\D (QJ, )|2dx< (CA~) / Z(1+ a:—xc§ |> (d+e)

Ty

<(CAY)*) (@
2

< (CAY)? L]

Now the bound on (ii) follows (for v sufficiently small) by Chebyshev’s
inequality. The Main Lemma is proved.

Corollary of the Main Lemma. Let 0 be an Ay, weight. For every
B > 0 there is a v > 0 such that for all A\ > 0 and any finite sum
f =2 1219 (w) (as described in Section 1),

o({x: F*(x) >2\ G*(x) <yA}) <PBo({x: F*(z) > A}).
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PROOF OF THE COROLLARY. Let {I;}; be the maximal dyadic cubes
such that |F'(I;)| > A. Then {z : F*(z) > A} = U;1;. It will be enough
to show that

c{zel;: F'(z) >2X, G*(x) <vA}) < po(l;),

for each j, where v does not depend on j. Because o € A, it will be
enough to show

(3.1) Hzel;: F'(xz)>2A, G*(x) <vA} < B,

for some smaller (but fixed) value of 3.
Let n > 0 be so small that

o€ 1 : d(e,0L) <nb(p)} < 5115l

Let I; be I;’s dyadic double (i.e., I; € N(I;)). We have that |F(I;)| <
A. By Lemma 7, |F(I;) — F(I;)| < C G(I;). By Lemma 4, we also have
that |F'(1;) — F'(;,2)| < C, G(1;) for all € I; such that d(z,01;) >
nt(1;). Thus, by taking v small enough, we can assume that either the
left-hand side of (3.1) is zero or else |F(I;, )| < 1.1 A for all « such that
d(z,0I;) > nL(l;). We henceforth assume we are in the second case.
Write h = ZIUJ_ A1 ¢(ry- We are going to apply the Main Theorem to
h on the cube I;. Set

H(I,x): Z )\pqﬁ(p)(l'),
1':1'es(1)
I’Clj

H(I) = H(I,z1),

H* () = %EIH(IN-

It is clear that
{relj: F*(z) > 2, G*(z) <vyA}

C{zel;j: H(z) > 09X G*(z) <vyA}
U {.T S Ij : d(a:,@IJ) < ’f]g(IJ)}
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But the second set on the right has measure at most (5/3)|I;|. By
rescaling (dividing by 0.9 A) and applying the Main Lemma, so does
the first set on the right. This proves the application.

We are now able to prove:

Theorem A. Let 0 < p < o0 and let 0 € Ay. For every finite sum
F=> Mo
I
as described in the introduction,

[redr<c [ g@rods.

In particular,

2 Arf? o(z)
/Rd|f| UdeﬁCzI: i /Rd< >2M—(d+6) dz .

|z — x|
]_ LR
M0y

PROOF OF THEOREM A. If z is large and « € I then |z;| > ¢|z|. Thus,
F*(2) < clo]™ < cG*(2) < cg* (@)

for large x; so, without loss of generality, we may assume that F* €
L?(0). Now the Corollary implies that

/(F*(x))padx < C/ (G*(x))Podz.

R Rd

Lemmas 1 and 2 finish the proof.

Corollary of Theorem A. Let p, o, and {¢1)}1 be as in Theorem A,

and let {\1}1ep CR. If {D,} is a nested, increasing sequence of finite
subsets of D such that

f(z) = lim Z A1 o) ()

1—00
I1eD,,

exists almost everwhere, then

/ fIP o da < 0/ (6" (2)) o da,
Rd Rd
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where the constant C' is the same as in Theorem A.
PRrROOF. Fatou’s Lemma.

The reader should notice that, although we only require M > d/2,
we will almost always want 2 M — (d+¢) > d, which requires M > d. In
order to get away with nothing stronger than M > d/2 (in practice, as
it were), we would have to raise the exponent of decay in the definition
of g*(z) to 2 M — e. Alas, this is impossible, at least in the generality
of Theorem A. The reader is referred to [W2] for the counterexample.

4. Appendix.

We remind the reader that this proof’s real payoff comes in the
decomposition, and that almost-orthogonality can be obtained under
slightly weaker hypotheses [FJW].

Almost-orthogonality Lemma. If the family {¢ )} satisfies (0.1),
(0.3), and (0.4), then it satisfies (0.2), modulo a multiplicative constant,
depending only on M and d.

ProOOF. See [U, Lemmas 3.5 and 3.3] (in that order). By (the proof
of) Lemma 3.5, each of our ¢(1)’s can be decomposed

by = C(M,d) Z 27 by s
5=0

where each ¢ ; is smooth and satisfies

supp ¢(p),; C 2°1,
b(ry.illo0 < [II7Y2,

Vg jllee < (27 6D)HIITH2,

/QS(I)’J' dr =0

(271 is the 27-fold dilate of ).
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Uchiyama proves his Lemma 3.5 for M = d+1, but it is easy to see
that the proof goes through for any M > d. The reader should notice

that our ¢;)’s differ from Uchiyama’s by factors of [I]*/2.
By Lemma 3.3, we have, for each j,

S, <z ()™
I I

Therefore, if
h=> ¢
I

is a finite linear sum from {¢)}1,

Iilla < € 32274 3 s b
j I
<o(Smp) S
I J
<o(L k)"
I

since M > d.
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