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Measure-preserving

quality within mappings

Stephen Semmes

Abstract. In [6], Guy David introduced some methods for finding
controlled behavior in Lipschitz mappings with substantial images (in
terms of measure). Under suitable conditions, David produces subsets
on which the given mapping is bilipschitz, with uniform bounds for the
bilipschitz constant and the size of the subset. This has applications for
boundedness of singular integral operators and “uniform rectifiability”
of sets, as in [6], [7], [11], [13]. Some special cases of David’s results,
concerning projections of subsets of Euclidean spaces of codimension
1, or mappings defined on Euclidean spaces (rather than sets or met-
ric spaces of less simple nature), have been given alternate and much
simpler proofs, as in [8], [19], [10]. In general this has not occurred.

Here we shall present a variation on David’s method which breaks
down into simpler pieces. We shall also take advantage of some com-
ponents of the work of Peter Jones [19]. Jones’ approach uses some
Littlewood-Paley theory, and one of the important features of David’s
method was to avoid this, operating in a more directly geometric way
which could be applied more broadly. To some extent, the present or-
ganization gives a reconciliation between the two, and between David’s
stopping-time argument and techniques related to Carleson measures
and Carleson’s Corona construction.
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1. Introduction.

Let (M,d(x,y)) and (N, p(u,v)) be metric spaces. Thus M is a
nonempty set, d(z,y) is a symmetric nonnegative function on M x M
that vanishes exactly when x = y and satisfies the triangle inequality,
and similarly for (IV, p(u,v)). If E' is a subset of M and f: F — N is
a mapping, then f is said to be Lipschitz if there is a constant C' such
that

(1.1) p(f(z), fly) < Cd(z,y), for all z,y € E.

Similarly, f is bulipschitz if there is a constant C so that
(1.2) C7Yd(z,y) < p(f(z), f(y)) < Cd(z,y), for all z,y € E.

Lipschitz and bilipschitz mappings provide basic ways of making com-
parisons between metric spaces. In particular, two metric spaces are
practically the same for many purposes when they are bilipschitz equiv-
alent (i.e., when there is a bilipschitz mapping from one onto the other).

On the other hand, bilipschitz parameterizations can also be hard
to come by, even in situations in which it might appear as though they
ought to exist. This is discussed further in [22], [23], [24], [26].

In practice it is often much easier to find “pieces” of bilipschitz
equivalence, rather than whole parameterizations. That is, one might
be able to find bilipschitz mappings between sets of significant size in
terms of measure, if not between sets which are open, or large enough
to contain a given ball, etc. Some basic tools for doing this are given in
[6], [19]. Here we shall describe a kind of reorganization of these tools,
which work in the same contexts as David’s method in [6], but do so
in a more relaxed way, and with the same type of (slightly stronger)
conclusions as in [19].

An important simplification that comes from Jones’ method [19]
is that, instead of looking directly for bilipschitz pieces, it is enough
to find approximate bilipschitz behavior at many locations and scales.
This permits one to have “gaps” in the information about bilipschitz
behavior, gaps that are sorted out at the end through a coding argument
(from [19]), and it enables one to concentrate on estimates which are
more local (and much simpler) than the ones in [6]. This part of the
story is reviewed in Section 8, in terms of “weak bilipschitz” conditions,
as in [10]. (This is really just a reformulation of part of Jones” argument
from [19].)
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The basic starting point in both [6] and [19] is a Lipschitz mapping
whose image is reasonably large in the sense of measure. The bilipschitz
pieces are then extracted from the given mapping, at least under some
conditions. In [19] the given Lipschitz mapping f is defined on a cube
in a FKuclidean space, for instance, and one is able to use Littlewood-
Paley theory to say that f is well-approximated by affine mappings at
“most” scales and locations, with uniform bounds. Here “most” can be
made precise through the use of Carleson measures. Affine mappings
(with bounded gradient) are very nice to work with, because they are
always either bilipschitz in a controlled way or quite degenerate, and
one can account for the degeneracies through the behavior of f in terms
of measure (as in [19]).

David’s approach is more complicated. A basic feature of his ar-
gument is to be able to focus on ranges of scales and locations where
the mapping f is almost measure-preserving. This provides a degree of
rigidity which is not as directly potent as affine approximations would
be, but which is quite useful nonetheless, and more readily accessible in
a broader range of situations. (When affine approximations are avail-
able, Jones’ method can be extended easily, as in [10].)

Here we shall take the issues of approximate measure-preserving
behavior and treat them separately from the rest, in sections 3-7. In
the end we shall only need a kind of “weak” condition, in the spirit of
the “weak geometric lemma” (WGL) and other “weak” conditions, as
discussed in [11]. This is analogous to the kind of “weak” conditions of
affine approximate used in Jones’ argument. (See also [10].) Stronger
conditions are also available, in the spirit of Carleson’s Corona con-
struction (just as for approximation of Lipschitz functions by affine
functions, or for the approximation of uniformly-rectifiable sets by flat
pieces).

The passage from near-preservation of measure to bilipschitz con-
ditions does not work abstractly, but requires extra information. In
this we shall follow [6], for an auxiliary condition which is sufficient.
Note, however, that the extraction of pieces which are almost measure-
preserving is extremely general. It came up in slightly different ways in
[12], e.g., in the extraction of measure-preserving weak tangents, as in
[12, Proposition 12.42]. (To some extent, [12] is exactly about the kind
of structure and rigidities one can get when bilipschitz behavior is not
available. Part of the point of the present paper is to make a better fit
between [6], [19] and other contexts, like the ones in [12].) One could
also use the construction in [6] to extract measure-preserving behavior,
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simply dropping the issue of significant bilipschitz pieces (and one of
the steps in the stopping-time argument), as well as the extra condi-
tion needed to get the bilipschitz pieces. This would give a bit more
information than we shall derive or use here. (See Remark 6.14.)

David’s condition is reviewed and used in Section 9. The basic
result, a kind of conglomeration of the theorems of David and Jones,
is given in Section 10. Section 2 covers some background information
and basic lemmas, and Section 11 mentions some modest refinements
of the material in this paper which are useful in certain contexts.

We should emphasize that many of the steps here have clear coun-
terparts in [6]. (Otherwise they are close to [19], or to standard ideas
related to Carleson measures or Carleson’s Corona construction.) In
some cases we perhaps gain some advantage in needing only relatively
“local” computations or arguments. At any rate, it is also pleasant to
have a better reconciliation between the methods of [6] and [19].

2. Some background information.
2.1. Hausdorff measure.

Let us begin by recalling the definition of Hausdorff measure. Let
(M,d(x,y)) be a metric space, and fix a positive number n. Note that
n need not be an integer for this discussion, although integer values will

be of particular importance in this paper. Given § > 0 and a subset F
of M, define H} (E) by

H§(E) = inf { Z(diamAj)” : {A;} is a sequence of sets in M

j
(2.1) which covers E and satisfies

diam A; < ¢ for all j} .

It is easy to see that Hj (E) can only become larger as 6 gets smaller,
so that the limit

(2.2) H" () = lim H} (E)

exists (but may be infinite). This is the n-dimensional Hausdorff mea-
sure of E. (See [15], [16], [20] for more information.)
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A simple and basic fact about Hausdorff measure is that if
(M,d(z,y)) and (N, p(u,v)) are metric spaces and f : M — N is
Lipschitz with constant K, then

(2.3) H"(f(E)) < K"H"(E).

This follows easily from the definitions. (Note that the H™ on the left
side of (2.3) is defined using the metric on IV, while the H™ on the right
is defined on M.)

We shall often write |E| for H™(E), for simplicity.

It is well-known that Borel sets and sets of H"-measure 0 are “mea-
surable” for H™, so that one has the usual additivity properties for these
sets (beyond the subadditivity which works for arbitrary sets). See [15],
[16], [20], for instance. Let us mention one other technical fact related
to measurability, which will sometimes be needed in this paper.

Lemma 2.4. Let M and N be metric spaces, and assume that M s a
countable union of compact sets with finite H"™ -measure. Suppose that
D s a subset of M which is H™-measurable, and let f be a Lipschitz
mapping from D into N. Then f(D) is H™-measurable.

This is pretty standard, but we include a proof for the sake of
completeness. Omne could weaken the hypotheses a bit, but we shall
not bother with this. (For the main purposes of this paper, one might
as well make the stronger assumption that M be “Ahlfors-regular”, as
defined in Section 2.2.)

To prove Lemma, 2.4, it suffices to show the following.

Claim 2.5. Under the assumptions of the lemma, there is a sequence
of compact sets {K;} such that each K; is contained in D and

(2.6) e (D\UK]-) =0.
If Claim 2.5 is true, then we can write f(D) as
(2.7) 1) = (Usxn)ur(o\UJx;).

with the K’s as above. Each f(Kj) is a compact subset of N, since the
K ;’s are compact subsets of M and f is continuous, and thus each f(D;)
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is H™-measurable in N. The last piece, f(D\ Uj K ), has measure 0,
because of (2.6) and (2.3). This implies that f(D) is measurable, which
is what we want for Lemma 2.4.

It remains to verify Claim 2.5. We may as well assume that M is
compact and of finite H"-measure, because if we can prove Claim 2.5
in this restricted situation, then the general case follows automatically.
This uses the assumption from Lemma 2.4 that M be a countable union
of compact sets of finite measure. (In other words, if M is the union
of a countable family {.J,} of compact sets of finite measure, and if we
know (from the restricted version of Claim 2.5) that the intersection
of D with each J, can be realized as the countable union of compact
subsets together with a set of measure 0, then the same follows for D
itself by taking the (countable) union over /.)

Thus we assume now that M is compact and has finite measure.
Set £ = M\D. We want to show that there is a subset G of M such
that G O FE, G is a countable intersection of open sets, and

(2.8) H"(G)=H"(E).
If we can do this, then we are finished, because
(2.9) D =M\E = (M\G)U (G\E),

where M\ G is a countable union of compact sets (since M is compact
and G is a countable intersection of open sets), while G\ E' has measure
0, by (2.8). For this last we also use the fact that F is contained in G
and is measurable (since D is, by the hypotheses of Lemma 2.4), and
that the measure of G is finite (because M has finite measure).

To produce G, we use the following standard argument. (See [20]
for more information and results along these lines.) Let 6 > 0 be
arbitrary, and let {A4;} be a sequence of subsets of M which covers E
and satisfies diam A; < ¢ for all j and

(2.10) D (diam A;)" < H} (E)+ 4,

J
as in (2.1). We may assume that the A;’s are all open sets, because
we can expand each of them by a tiny amount to make this true, and

without disturbing the inequalities above. Let U(d) be the open set
which is the union of the A;’s. Notice that U(0) 2 E, and that

(2.11) Hp(U(8)) <Y (diam A;)" < H} (E) +4.



MEASURE-PRESERVING QUALITY WITHIN MAPPINGS 369

The first inequality comes from (2.1) and the fact that U(J) is covered
by the A;’s, and the second is just (2.10).
We can do this for every ¢ > 0, and then put

(2.12) G= ﬁU(%)

Thus G is a countable intersection of open sets by construction, and G
contains F as a subset because each U(0) does. It remains to check that
(2.8) holds. Of course H"(F) < H™(G) automatically, since G DO E.
For each § = 1/¢ we have that

(2.13) Hy(G) < HR(U(5)) < H} (E) + 3,

by (2.11). This is enough to ensure that H"(G) < H™(E), by the
definition (2.2) of H™ (and because the limit in § in (2.2) always exists).

This completes the proof of Claim 2.5, and hence of Lemma 2.4
too.

2.2. Ahlfors regularity.

A metric space (M, d(x,y)) is said to be Ahlfors reqular of dimen-
ston n, 0 < n < oo, if it is complete, and if there is a constant C' such
that

(2.14) ctr" < H"(B(w,r)) < Cr™,

for all z € M and 0 < r < diam M. Here B(xz,r) denotes the closed ball
with center z and radius 7 in M; sometimes we may write B (x,7) to
emphasize the metric space in question. We write B(z,r) for the open
ball with center x and radius r, and in general “ball” will be used to
mean “open ball”. Let us make the standing assumption that Ahlfors-
regular metric spaces be nondegenerate in the sense of having positive
diameter.

If (M,d(z,y)) is the same as R” with the standard metric, for
instance, then H™ is a constant multiple of Lebesgue measure, and
(2.14) holds because H™(B(x,r)) is simply the product of r™ with a
positive constant that depends only on n (namely, the volume of the

unit ball).
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Ahlfors-regular metric spaces are automatically doubling, which
means that there is a constant L so that every ball in the metric space
can be covered by at most L balls of half the radius. This is well-known,
and not very difficult to prove. As a consequence, closed and bounded
subsets of an Ahlfors-regular metric space are always compact. Indeed,
the doubling property implies that every bounded set is totally bounded
— covered by a finite number of balls of arbitrarily small radius — and
then compactness follows from this and completeness, by a standard
characterization of compact sets in metric spaces.

In particular, if M is Ahlfors-regular of dimension n, then M is
a countable union of compact sets of finite H™-measure, and therefore
satisfies the hypothesis of Lemma 2.4.

2.3. Cubes.

A nice feature of Euclidean spaces is the existence of standard par-
titions into dyadic cubes. Ahlfors-regular metric spaces admit similar
partitions, of the following nature.

Fix (M,d(z,y)), an n-dimensional Ahlfors-regular metric space.
Set jo = oo if M is unbounded, and otherwise choose j, to be the
integer such that

(2.15) 270 < diam M < 2701,

Instead of ordinary dyadic cubes we shall be interested in having a
family {A;}j<;j,, J € Z, of measurable subsets of M, with the following
properties:

each A; is a partition of M, i.e., M = U Q for any j,
(2.16) Qea,

and Q N Q" = & whenever Q,Q" € Aj and Q # Q'
if Q € Aj and Q' € Ay, for some k > j,

(2.17)
then either Q C Q' or QNQ' =T,

C7'2) <diamQ < C2/ and C712/" < |Q| < C 27",

(2.18)
for all j and all Q € A; ,



MEASURE-PRESERVING QUALITY WITHIN MAPPINGS 371

given any j, @ € Aj, and 7 > 0, we have that
(2.19) [{z e Q: dist (2, M\Q) <727} < C7YC|Q|, and
{z e M\Q: dist (2,Q) < T2} < CT9Q].

This last condition says that the boundary of ) € Aj is reasonably
tame, just as for ordinary dyadic cubes in a Euclidean space. Note
that all of (2.16)-(2.19) are valid for the standard partitions of R into
dyadic cubes, i.e., with A; taken to be the collection of dyadic cubes
of sidelength 27. (For ordinary cubes one can take the exponent of 7 in
(2.19) to be equal to 1.)

If M is actually a subset of some RY, equipped with the ordinary
Euclidean distance, then the existence of such a family {A;};<;, has
been established by David [6], [7]. For this the formulation in [7] is closer
to the present discussion. Note that in [7] the set M was assumed to
be unbounded. This was not a serious requirement, and one can reduce
to that case anyway by adding to M an unbounded Ahlfors-regular set
E such that dist (E, M) is approximately equal to the diameter of M.
(When n is an integer, for instance, one can take E to be a n-plane,
but all of this works when n is not an integer too.)

The existence of {A;};<;, for a general Ahlfors-regular metric
space can be derived from the special case of subsets of Euclidean
spaces, as follows. Given s € (0, 1), consider M with the metric d(z, y)*.
This is indeed a metric, satisfying the triangle inequality in particular,
as is well-known (and not hard to verify). A result of Assouad [1],
[2], [3] implies that (M, d(z,y)®) is bilipschitz equivalent to a subset of
some RN for each s € (0,1), with the dimension N depending on s.
More precisely, Assouad shows that such embeddings exist as soon as
(M, d(x,y)) is doubling, and the doubling property holds automatically
when M is Ahlfors regular, as mentioned earlier.

Since (M, d(x,y)*) is bilipschitz equivalent to a subset of some RY
the existence of a family {A;};<;, for it follows from the construction
of David. In other words, the properties (2.16)-(2.19) are not disturbed
by bilipschitz equivalence, except for changing the constant C. This
also uses the fact that (M, d(z,y)?®) is Ahlfors-regular in its own right,
with dimension n/s, as one can check. (Note that n-dimensional Haus-
dorff measure for (M,d(x,y)) is exactly the same as n/s-dimensional
Hausdorff measure for (M, d(x,y)®), by definitions. Thus the measures
stay the same, and the subsets of M which are balls remain the same.
It is only the radii of the balls which change, but this washes out for
the Ahlfors-regularity property.)
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Given such a family {A;};<j, for (M,d(x,y)?), it is not hard to
make minor modifications to get a family that works for (M, d(x,y))
itself. One has to adjust the parameters slightly, to compensate for the
different dimensions of Ahlfors regularity and different measurements
of diameter, but this does not create significant difficulties. (Keep in
mind that the measures for (M, d(z,y)®) and (M, d(z,y)) remain the
same, even if they are given slightly different names.)

In short, an Ahlfors-regular metric space (M,d(x,y)) always ad-
mits a family of partitions {A;};;, as above. The constant C' in (2.18)
and (2.19) can be chosen so that it depends only on the dimension n
and the Ahlfors-regularity constant for M.

Normally, when we have an Ahlfors-regular metric space
(M,d(z,y)) in hand, we shall fix a family of partitions {A;},;<j, as
above, and we shall refer to the elements of the A;’s as cubes. (One
might also say pseudocubes, to avoid confusion with ordinary cubes in
Euclidean spaces.) We shall also typically set

(2.20) A= ] 4.

J<Jjo

This is like looking at the totality of all dyadic cubes, rather than just
ones of a fixed size.

Note that a single cube ) may lie in A; for more than one choice
of 7, i.e., there is nothing in the conditions above to prevent this. This
could not happen for more than a bounded number of consecutive j’s,
because of (2.18). In any case, this will not cause any serious difficulties.

Given cubes Q and Q' in A, we shall refer to Q" as a child of Q) if
there is an integer j < jo such that Q € A;, Q' € Aj_1, and Q' C Q.
We shall also call @) the parent of Q).

If Q,Q" € A, then either Q and )’ are disjoint from each other, or
one contains the other. This follows from (2.17).

2.4. Stopping-time regions.

Let (M,d(z,y)) be a n-dimensional Ahlfors-regular metric space,
and let {Aj}i<j,, A be as in Section 2.3. A collection S of cubes in A
will be called a stopping-time region if it is nonempty and satisfies the
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following conditions:

2.21) S contains a top cube Q(S) that contains
2.21
all other cubes in S as subsets,

if , Q)" are elements of A such that Q € S

(2.22)
and Q@ C Q' C Q(S), then Q' € S too.

In practice, stopping-time regions come about from stopping-time ar-
guments, of roughly the following form. One has some property P of
cubes that one is interested in, and one starts with a cube Qg which
enjoys this property. To define S, one first takes Qg as the top cube
Q(S). For each of the children of @y, one asks whether it has the prop-
erty P as well. If so, then one puts that child into S and repeats the
process for each of its children. If not, then one stops, and does not
worry about the progeny of that cube. In the end, one gets a collection
S which satisfies (2.21) and (2.22), and every cube ) in S satisfies the
property P under consideration. Also, if a cube @ is contained in @)y,
and if () does not lie in S but the parent of ) does, then () does not
satisfy P, by construction.

Here is a simple example of a stopping-time region. Fix a cube
Qo € A, and also a nonempty subset E of QQy. Put

(2.23) A(Qo, E)={Q €A: QCQoand QyNE#o}.

This clearly satisfies (2.21) and (2.22). In general the cubes in a
stopping-time region may not “go all the way to the bottom”, down
to individual points, as they do in (2.23).

Often one is concerned not just with individual stopping-time re-
gions, but with disjoint families of them, obtained by repeating the
same kind of construction as above. That is, after having to “stop”
in the construction of one stopping-time region S, one starts all over
again, perhaps with an adjustment in the property P under considera-
tion. This will come up in sections 3 and 4.

Sometimes one derives decompositions of all of A, or nearly all of
A, into stopping-time regions. A basic paradigm for this is provided by
Carleson’s Corona construction, as in [17, Chapter VIII]. An important
point then is to know that one does not have to “stop” too often, and
this is often made precise by the notions of Carleson measures and
Carleson sets. We shall discuss the latter in the next section.
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2.5. Packing conditions and Carleson sets.

Let (M,d(z,y)), {Aj}j<j,, and A be as before. Fix a cube ()¢ in
A, and imagine that we have a collection £ of cubes in A. We shall be
interested in packing conditions of the form

(2.24) > IR < CQul-

REE
RCQo

Here C' is some constant (over which one would hope to have some
control), and |R| denotes the measure of the cube R (with respect to
n-dimensional Hausdorff measure).

Definition 2.25 (Carleson sets). If there is a constant C' so that (2.24)
holds for all Qo € A, then & is called a Carleson set.

Note that finite unions of Carleson sets are automatically Carleson
sets. For the record, let us mention also the following simple observa-
tion.

Lemma 2.26. If the elements of £ are pairwise disjoint, then £ is a
Carleson set with constant equal to 1.

This is easy to verify.

It is helpful to reformulate (2.24) as follows. With Qo and & as
above, let N(z) = Ng,(x) be equal to the number of cubes R € &£ such
that £ € R and R C (Qg. It is not hard to see that this function is
measurable, and that

(2.27) SR = | N(w)de,
REE Qo
RCQqo

by Fubini’s theorem. Here dz denotes n-dimensional Hausdorff measure
on M.

With this identity, we see that (2.24) is equivalent to asking that
the average of N(x) over Qg be bounded by C. In particular, (2.24) is
automatic when N (x) is pointwise bounded by C on @, and it implies
that N(z) is bounded by 2C on at least half of the points in @)y. For
Carleson sets one can take this further, as follows.
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Lemma 2.28. Let £ be a family of cubes in A, and suppose that there
are positive constants K,n such that

(2.29) {z € Qu: No,(z) < K} =n]|Qol,

for every cube Qg € A. Then &€ is a Carleson set, with constants which
depend only on K and 7.

This is a version of well-known results of John, Nirenberg, and
Stromberg in the context of BMO functions, as in [17]. The proof
shows not only that the average of Ng, on @)y is bounded, but also
gives exponential-integrability as well, as in the original John-Nirenberg
theorem.

Lemma 2.28 is quite standard, and given in [11, Part IV, Lem-
ma 1.12]. Let us briefly review the main steps in the proof. Let Qo
be any cube in A, and let E; denote the set of points z € @y such
that Ng,(z) < K. Thus |Qo\E1| < (1 —n)|Qol, by (2.29). Using
the definition of Ej, it is not hard to see that Q¢\E; is a union of
subcubes of Qy. (That is, if Ng,(y) > K for some point y, then there
is a cube which contains y so that Ng, > K for every point in the
cube.) One can realize Qo\E7 as a union of mazimal cubes (maximal
among ones contained in o\ E1), and these are automatically disjoint
(by (2.17)). If Q1 is one of these maximal cubes, then we can repeat
the argument and take E(Q1) to be the set of points x € (); such that
Ng,(x) < K. When z € E(Q1), we also have that Ng, (z) < 2 K;
indeed, there are at most K cubes ) in £ which contain = and lie in
Q1, since Ng, (r) < K, and there are at most K cubes ) in £ which
contain ()1 as a proper subset, are contained in (), and lie in £. This
follows from the mazimality of ()1 as a cube contained in Qo\F1, i.e.,
the next larger cube containing ()7 must also contain an element of Ej.

Let Eo denote the union of E; with the sets E(Q1), where
ranges over the maximal cubes contained in Qo\E;. Then Ng, < 2K
on Ey, and |Qo\E2| < (1 —n)?|Qo|- This last comes from |Qo\E1| <
(1—-7)|Qo| and its analogue |Q1\E(Q1)| < (1—n) |Q1] for the maximal
cubes Q1.

Again Qp\FE> is a union of cubes, and a union of (maximal) sub-
cubes of the maximal cubes ()1, as before. This permits one to repeat
the argument. In general one obtains for each positive integer j a subset
E; of QQy such that Qo\E; is a union of cubes, Ng, < jK on Ej, each
of the constituent cubes in o\ E; is properly contained in at most jK
cubes in € which are subcubes of Qo, and |Qo\Fj| < (1 —7)7 |Qo|. The
passage from j to 7 + 1 is very much like the argument above.
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Thus we have exponential decay for the distribution function of
Ng,, and in particular the finiteness of the average of Ng, over Qo,
with uniform bounds. This gives Lemma 2.28.

Keep in mind that there are always infinitely many cubes R € A
which contain a given point x, about one for each “scale”. The packing
and Carleson conditions imply a bound on average for the number of
scales involved in £ above a given x, and hence a precise sense in which
£ is “small” as a subset of A. However, the particular choice of scales
may vary from point to point, and with little control or pattern.

A basic scenario which comes up in this paper is to have a family
F of stopping-time regions in A, and for £ to be the collection of their
top cubes. The packing and Carleson conditions then have the effect of
saying that, on average, one did not have to stop more than a bounded
number of times in the stopping-time argument which produced F.
This is exactly what happens in Carleson’s Corona construction. (See
also [11, Part I, Section 3.2], especially the notion of a “coronization”.)

2.6. Some lemmas.

There is a simple “stability” property of the packing and Carleson
conditions that we should record. Fix an (arbitrary) number A > 1,
and let us say that two cubes ), Q" € A are neighbors (with constant
A) if

(2.30) dist (Q, Q") < A (diam @ + diam Q")
and
(2.31) A7 diam Q < diam Q' < Adiam Q.

If one thinks of A as providing a discrete model for the “upper half-
space” M x (0,diam M), then (2.30) and (2.31) correspond to the idea
that @ and @' lay at bounded distance from each other in a (quasi-)
hyperbolic distance.

Suppose that we are given &£, (o as above, and let £4 denote the
set of all cubes @ € A such that () is a neighbor (in the sense of (2.30)
and (2.31)) of a cube Q' € £.

Lemma 2.32. Notation and assumptions as above. If £ satisfies the
packing condition (2.24) with the constant C, and if every cube in & is a
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subcube of the fized cube Qq, then €4 satisfies (2.24) with C increased by
a factor that depends only on A, n, and the Ahlfors reqularity constant
for M.

If € is a Carleson set (and without restriction on where the cubes
in & might lie), then €4 1is too, and with the same type of bound for the
Carleson constant.

This is not hard to check, and we omit the details. (Remember
that our partitions A; are chosen so that the constants in (2.18) and
(2.19) depend only on n and the Ahlfors regularity constant for M.)

Although the passage from £ to £4 preserves the packing condition
(2.24) to within a bounded factor, this is not always true for the stronger
requirement that multiplicity function N (z) be bounded. For instance,
the cubes in £ might be pairwise disjoint, so that N(z) is uniformly
bounded by 1, but it could also happen (at the same time) that £a
contains all cubes () which contain some fixed point z € M. This is not
difficult to arrange, and it leads to logarithmic blow-up for the analogue
of N(x) for £4 around z.

In many situations, packing or Carleson conditions are used to
say that some “bad” or inconvenient event does not occur too often.
Lemma 2.32 permits one to automatically extend this, to say that even
being remotely close to a bad event does not occur too often. This can
be very convenient for making proofs, in that one is free to take A to
be as large as one wants, with the “price” for doing this not coming
until the very end. This is because one often does not care what the
bad sets look like, as long as they are suitably controlled by packing or
Carleson conditions. (These were recurring themes in [11].)

On the other hand, stopping-time regions in A are often used to
represent ranges of cubes where something good happens. In practice,
one may wish to avoid the boundaries of stopping-time regions, and our
next task is to provide some lemmas which facilitate this.

We begin with the following simplified situation. Fix a cube T' € A,
and define C4(T) by

Ca(T) ={Q € A : there is a cube Q" € A such that
(2.33) Q and Q' are neighbors , and either

QCT,Q ¢T, or Q CT,QLT}.
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Lemma 2.34. There is a constant D so that

(2.35) > lQl<DiTy,

QEeCA(T)

where D depends only on n, A, and the Ahlfors-regularity constant for
M.

To prove this, we shall use the small boundary property (2.19) of
the cubes in A. Fix j € Z so that T' € A;.
Notice first that

(2.36) diam (@ < Adiam T, when @ € Co(T).

This is not hard to derive, from the definitions. From this it follows
that there are only boundedly many cubes @ € C4(T) such that Q € A,
with ¢ > j. The contribution of these cubes to (2.35) is bounded by
a constant times |T'|, because of (2.18), and so we may forget about
them. Thus we set

(2.37) Ci(T)={Q € Ca(T) : Q € Ay, for some k < j},

and it suffices to check (2.35) for C%(T") instead of C4(T).
Let Q1 be another cube in A, and let us show that

(2.38) Y IRI<CIQil,

ReC,(T)
RCQ:

for a suitable constant C. If we can do this, then (2.35) will follow. This
is because any cube R in C%(7") must lie either in 7" itself or a cube
Q1 € Aj which is not too far from T' (by (2.16), (2.17), and (2.37)),
and there are only boundedly many such cubes ();. Notice also that
|Q1] is bounded by a constant multiple of |T'|, by (2.18).

Fix Q1 € A;. Because of (2.17), Q1 must either be equal to 7', or
disjoint from 7.

Given k < j, let 7 denote the set of cubes R € Aj such that
R e Cy(T) and R C Q1. Thus

(2.39) U7 ={Reci(T): RS},

k<j
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by (2.37). The elements of T are pairwise disjoint, because of (2.16),
and so

(2.40) S IR| :‘ U R‘.

ReTy, ReTy

On the other hand, if R € Ty, then there is a cube R’ € A such that
R and R’ are neighbors and either R is contained in T' and R’ is not,
or the other way around. (See (2.33).) In both cases we have that
R ¢ 1, because R C ()1, and because (Q; is itself either equal to T
or disjoint from 7. (If @1 =T, then R C T and R' € T = Qq; if Q1
is disjoint from 7', then R € T, R' C T, and so R’ € Q)1 because (1
and T are disjoint from each other.) Since R' € ()1, we must either
have that R’ contains @)1, or is disjoint from ;. This can be derived
from (2.17). Each of these possibilities implies that the distance from
R to the complement of (); is bounded by a constant (depending on A)
times the diameter of R, because R and R’ are neighbors.

The diameter of R is bounded by a constant times 2%, by (2.18),
and therefore

(2.41) U RS {zeQq: dist(z, M\Q,) < C(A)2"}.

ReTg
This constant C'(A) may depend on n and the Ahlfors-regularity con-
stant for M in addition to A, but not on anything else. Combining
(2.41) and (2.40) with the small boundary condition (2.19) we obtain
that

(2.42) IR < 027D Q]
ReTy

where C' and ~ are positive constants which may depend on n, A, and
the Ahlfors-regularity constant for M. We can sum in k to get

(2.43) YO IR @],
k<j RETk

where C’ depends only on n, A, and the Ahlfors-regularity constant for
M. This implies (2.38), as desired, and Lemma 2.34 follows.

Lemma 2.44. Let X be a collection of cubes in A which is a Carleson
set, and define X4 by

(2.45) Xy=J ca).
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Then zi’\A 1s also a Carleson set, with a constant that depends only on
n, A, the Ahlfors-reqularity constant for M, and the Carleson constant
for X.

This is fairly easy to prove, because Carleson conditions “compose”
with each other in a nice way. To make this precise, fix a cube Qo € A,
and let us verify the packing condition (2.24) with & = X4.

We first would like to verify that

(2.46) {ReXy: RCQo}CCa(Qo)U ( U cA(T)) .

If R lies in the left side of (2.46), then R C o, and there is a T € X
such that R € C4(T). We may as well assume that T is not a subset
of Qo, since otherwise R lies in the last part of (2.46) automatically.
In this case, T" must either contain )y, or be disjoint from it, because
of (2.17). If T 2 Qo, then the fact that R € C4(T) and R C Qo C T
implies that R has a neighbor R’ which is not contained in 7". This
means that R’ cannot be contained in @y either, so that R € C4(Qo).
If T is disjoint from @o, then R is not contained in 7', and so R has a
neighbor R’ which is contained in 7. Thus R’ is disjoint from @, and
not contained in @y in particular, so that again R € C4(Qo)-
Thus we have (2.46). This implies that

(2.47) dIRI< D> IR+ ). > Rl

REX, ReCa(Qo) TeX(Qu) ReCa(T)
RCQq

where X' (Qo) denotes the set of T € X with T" C (y. Using Lemma
2.34 we may convert this into

(2.48) Y IRISCIQ|+C D> T,
RE-SC'\A TGX(QO)
RCQo

for a suitable constant C'. This reduces further to

(2.49) > IR < C Qo)

RE.;('\A
RCQo

because of the requirement that X be a Carleson set. This completes
the proof of Lemma 2.44.
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Here is another version of “composing” Carleson conditions.

Lemma 2.50. Let F be a family of stopping-time regions which are
pairwise disjoint (as subsets of A). Assume that the collection of top
cubes

(2.51) (Q(S): SeF)

(asin (2.21)) is a Carleson set, with constant Cy. Suppose that for each
S € F we have a collection of cubes E(S) which is contained in S and
which is a Carleson set with constant Cy. Then the union

(2.52) e =J e

SeF

is a Carleson set, with constant (Cy + 1) - Cs.

To prove this, fix a cube @)y, and let us estimate

(2.53) > IR|.

Re&E™*

Put

(2.54) & =HEW®): SeF, QS) CQo},
and

(2.55) E={RecE\E: RCQo}.

For £ we have that

YIRI< Y. Y IR

* SerF
ReE Q(5)CQo ReE(S)

(2.56) < Y als)

SeF
Q(S)CQo

< C1C2 Qo] -

The second inequality uses the Carleson condition for the £(S)’s to-
gether with the fact that R C Q(S) when R € £(S), since £(5) is a



382 S. SEMMES

subset of S by assumption. (This also uses the definition of the top
cube Q(S) in (2.21).) The third inequality uses the Carleson condition
for the collection (2.51) of top cubes.

Now consider £5. Let R be a cube in £&5. Then R C (Qp, and there
is an S € F such that R € £(S) but Q(S) € Qo. We also have that
R C Q(9), since £(S) C S, as above. This implies that Qo and Q(S)
are not disjoint, because they both contain R.

Given any two cubes in A, either one contains the other, or they
are disjoint, by (2.17). For Qo and Q(S) we have that Qy C Q(S),
since the other two possibilities have already been excluded. From this
we conclude that Qo is an element of S, by (2.22) and the fact that
R C Qo.

The stopping-time regions S € F are pairwise disjoint, by hypoth-
esis, and so there is at most one S € F such that )y € S. This means
that there is a single Sy € F such that £ C £(Sp). Thus

(2.57) Z |IR| < Z |R| < Co|Qol,

ReE; reE(S0)
by the Carleson condition for £(Sy).
Combining (2.56) and (2.57), we obtain that the sum in (2.53) is
bounded by (C; C3+C?2) |Qo|, which is what we wanted. This completes
the proof of Lemma 2.50.

Lemma 2.58. Let F be a family of pairwise-disjoint stopping-time
regions in A. For each S € F, put

(2.59) Sa={Q € S:Q" €S whenever Q and Q' are neighbors} ,

and set

(2.60) Ba= |J(S\Sa).
SeF

(Thus By consists of the cubes in A which lie in S for some S € F,
but which are not so far from cubes outside of S.) If the collection of
top cubes Q(S), S € F, is a Carleson set, then so is Ba, with a bound
for the Carleson constant for Ba which depends only on the Carleson
constant for (2.51), n, A, and the Ahlfors-regularity constant for M.
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It suffices to show that S\ S4 is a Carleson set for any fixed stopping
time region S, with uniform bounds (which are independent of S in
particular). If we can do this, then Lemma 2.58 will follow, by Lemma
2.50.

We want to give another description of S\ S4 in terms of the “func-
tor” C4(-), and then reduce to lemmas 2.34 and 2.44.

Fix a cube @ in S\S4. Thus there is a cube Q' = 7(Q) such that @
and 7((Q)) are neighbors, Q € S, and 7(Q) € S. Let us say that @ is of
type 1, 2, or 3, according to whether 7(Q) 2 Q(S), 7(Q) N Q(S) = &,
or 7(Q) C Q(S), respectively. These three alternatives exhaust all
possibilities, because of (2.17). Put

(2.61) (S\Sa); ={Q € S\Sa: Q is of type i}, i=1,2,3.

It suffices to show that each (S\S4); is a Carleson set, with bounds for
the Carleson constants.

If 7(Q) 2 Q(S), then  and Q(S) must be neighbors. This is
not hard to check, since Q@ C Q(S) C 7(Q). From this it follows that
(S\S4)1 has only a bounded number of elements, and hence is a Car-
leson set with a bounded constant.

If 7(Q) is disjoint from Q(S), then @ lies in C4(Q(S)). That is,
Q C Q(S) automatically (since Q € S), 7(Q) is not contained in Q(.S)
(since it is disjoint from Q(S)), and @, 7(Q)) are neighbors, as above.
Thus @, Q' = 7(Q) meet the requirements of the definition (2.33) of
Ca(Q(S)), and we conclude that

(2.62) (S\S4)2 C Ca(Q(S)) -

The Carleson condition for (S\Sa)2 now follows from the one for
Ca(Q(S)). (The latter corresponds to Lemma 2.44, with X consist-
ing of the single cube Q(S).)
We are left with the case of type 3 cubes. Set
bS)={QeA: QCQS),Q¢S, and

(2.63)

() is maximal with these properties} .
Thus b(S) consists of cubes “at the bottom”, just below S. Notice that
(2.64) the elements of b(S) are pairwise disjoint .

This follows from maximality, and (2.17). If ) is an element of (S\S4)s,
then 7(Q) C Q(S) but 7(Q) ¢ S, and hence 7(Q) C T for some T €
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b(S). That is, one simply takes T" to be the maximal subcube of Q(.5)
which contains 7(Q) and does not lie in S. We also have that Q Z T,
because otherwise T" would have to lie in S, since S is a stopping-time
region. (See (2.21).) This shows that Q) € C4(T), since @ and 7(Q) are
neighbors. Thus we get that

(2.65) (S\Sa)sC |J ca(D).
Tcb(S)

On the other hand, b(S) is a Carleson set, with constant equal to 1,
since the elements of b(S) are pairwise disjoint. Lemma 2.44 now applies
to say that the right side of (2.65) is a Carleson set, as desired. This
completes the proof of Lemma 2.58.

The lemmas in this subsection are similar to ones in [11], especially
[11, Part I, Section 3.2]. We have gone through them in some detail for
the sake of clarity and completeness.

3. Measure-preserving behavior.

Standing Assumptions 3.1. Let (M,d(x,y)) be a n-dimensional
Ahlfors-regular metric space, and let {A;}j<j,, A be as in Section 2.3.
In particular, the constants in (2.18) and (2.19) depend only on the
dimension n and the Ahlfors regqularity constant for M. Fix L > 0, let
Qo be a cube in A, and let h be a mapping from Qg into another metric
space N. We require that

(3.2) h is Lipschitz with constant L .

For Proposition 3.6 below, we also ask that

(3.3) [h(Qo)| = 6[Qol,

where § is some (fixed) positive number. Here we use |A| to denote
the n-dimensional Hausdorff measure of A, whether A lies in M or N.
Note that

(3.4) o< L™,

because of (2.3), (3.3) and (3.2).
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REMARK 3.5. Although everything is being stated (for simplicity) in
this paper in terms of Hausdorff measures, one can allow slightly more
general measures, like “Ahlfors-regular measures” on M and “Ahlfors-
sub-regular” measures for the image space N. The main points are to
have Ahlfors-regularity inequalities as in (2.14) for M, and to know that
Lipschitz mappings from M to N do not expand measures too much, as
in (2.3). (There are also minor technical issues of something like Borel
regularity.) For this section even the Ahlfors-regularity does not really
matter, and we shall say more about this later. In Section 11 we shall
also discuss weakening the Lipschitz condition on h.

Proposition 3.6 is concerned with finding substantial regions in
A where h behaves approximately like a measure-preserving mapping,
and in a nondegenerate way. Here and later we shall want to have
estimates which do not depend on ()¢ or h, but which may depend on
the constants above.

Proposition 3.6. Notation and assumptions as above. Let 7 > 0
be given (normally small). There exist positive constants k and «,
depending only on T and the constants n, L, and § above, so that the
following is true. There is a family F of patrwise-disjoint stopping-
time regions i A, and a measurable subset EE of Qy, with the following
properties:

a’) |E| 2 O[|620|7
b) if Q € A satisfies Q C Qo and QN E # &, then Q lies in S for

some stopping-time region S € F,
c)if Qe S and S € F, then Q C Qo, and

L MQS)| _ h(Q)]
QRIS — QI

d) [m(Q(S))| = 6|Q(S)| for all S € F,

e) for each x € M, there are at most k choices of S € F such that
z € Q(S).

[h(Q(5))]
QRS

(3.7) (1+7) <(1+7)

Recall that Q(S) denotes the top cube in the stopping-time region
S, as in (2.21).

To rephrase the conclusions of the proposition, a) says that F
contains a definite proportion of )y, b) provides a precise sense in
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which the stopping-time regions in F contain a substantial part of the
cubes in A which are subsets of QQy, ¢) says that h is approximately
measure-preserving (up to a scale factor) on each stopping-time region
in F, d) gives a lower bound for the scale factors in ¢), and e) implies
that there are not too many of the stopping-time regions in F. In
particular, the family of top cubes Q(S), S € F, is a Carleson set, in
the sense of Section 2.5. This follows from (2.27).

The proposition would not be very interesting without e), or some-
thing like a Carleson or packing condition, because then the stopping-
time regions would be able to “stop” too often. If S did not contain any
element besides the top cube Q(5), for instance, ¢) would not contain
any information at all. As it is, there have to be a lot of pretty big
stopping-time regions S in F, because of the properties a), b), and e)
above.

An important point here is that we are free to take 7 as small as we
wish, so that, in effect, the behavior of A on the stopping-time regions
S € F is as nice as we want. The price for this comes in the constants k
and «, but for the purposes of making proofs this is often very simple,
and causes no trouble.

For this proposition the Ahlfors regularity of M will not really
be important, nor the measure-theoretic properties of the cubes in A
(beyond the fact that they have finite H™-measure). In other words, this
proposition really works at a “martingale” level. In the next sections
we shall give refinements of it which do rely on the Ahlfors-regularity of
M, and the properties (2.18), (2.19) of cubes in A (and not just (2.16),
(2.17)).

The remainder of this section will be devoted to the proof of Propo-
sition 3.6. Let 7 > 0 be given, as above. To find F we run the obvious
stopping-time argument. We begin with ()¢ itself, and we consider the
following two conditions for stopping at a cube @ C Qg

h(Q)] _1 |R(Qo)]
(3.8) of <UD RS
|h(Q)] |7 (Qo)|
(3.9) or > Do

The first condition will be more serious for us, in that we shall really
stop when we reach a cube which satisfies it. When we reach a cube
which satisfies the second condition, we shall stop the given stopping-
time region, but then start a new one.
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More precisely, to define our first stopping-time region Sy, we begin
by taking Qo to be the top cube of Sy. We then look at the children
of Qo, and keep (for Sp) the ones that satisfy both (3.8) and (3.9),
discarding the others, at least for the moment. For the cubes that are
kept we repeat the process over and over again. In the end we get a
collection Sy of cubes which is indeed a stopping-time region (in the
sense of (2.21) and (2.22), with Q(Sp) = Qo), and for which properties
c¢) and d) in Proposition 3.6 hold automatically.

Let b(Sp) be as in (2.63), near the end of Section 2.6. By construc-
tion, each cube () in b(Sp) satisfies one of (3.8) and (3.9), i.e., otherwise
we would not have stopped. Let b1(Sp) denote the set of cubes @ in
b(Sp) which satisfy (3.8), and let bo(Sp) be the remaining set of cubes in
b(Sp) which satisfy (3.9). Note that the cubes in b(Sp) need not cover
all of g, i.e., one may be able to go all the way down to individual
points without ever having to stop.

Let us write Fy for the “family” which consists of Sy alone. Next
we want to define a family F; as follows. Let Q1 be an element of
b2(Sp), if there are any. Using exactly the same procedure as before,
we can get a stopping-time region S; with Q(S1) = Q1. That is, we
start with 1, and proceed to its children, grandchildren, etc., stopping
whenever we reach a cube ) which satisfies the analogue of one of (3.8)
and (3.9), but with @); in place of Q. We do this for every element )1
of by(Sp), ignoring the elements of b1 (Sp). We take for F; the family of
stopping-time regions produced in this way.

Similarly, we define F5 by applying the same procedure to elements
of b2(S), S € F1, where bo(S) is defined exactly as before (the set of
cubes in b(S) for which the analogue of (3.9) holds). We repeat the
process, obtaining families F3, F4, etc., until we run out of cubes from
which to start again. In the end we take F to be the union of all the
Fj’s, 7 > 0, which are produced in this manner.

If § € Fj, then

(3.10) [R(Q(S)] = (1 +17) 61Q(S)] -

This follows from the construction; in proceeding from one generation
to the next, the mass ratio always went up by at least a factor of 147,
because we were careful to start new stopping-time regions only for
cubes which satisfied (3.9) (and its counterparts in successive genera-
tions). When j = 0, we have that Q(S) = Qo, and (3.10) reduces to
(3.3).



388 S. SEMMES

From this we may conclude that there is a constant k, depending
only on 7, §, L, and n, so that

(3.11) Fj is empty when j > k.

To see this, remember that A is Lipschitz with constant at most L, by
assumption, so that

(3.12) h(Q)] < L™ Q]

for all cubes @@ on which h is defined. (See (2.3).) This upper bound is
incompatible with (3.10) when j is sufficiently large.
Another basic feature of the F;’s is that

3.13 the top cubes Q(S),S € F;, are pairwise disjoint .
j

It is important that j be fixed (but arbitrary) in (3.13), since the top
cubes certainly do intersect from one generation to the next. To prove
(3.13), one argues by induction. When j = 0, there is only one stopping-
time region in Fy, and (3.13) is trivial. Suppose now that (3.13) is true
for some value of j, and let us check it for j + 1. If S € Fj, then the
“bottom” cubes in b(S) are pairwise disjoint, as in (2.64). The totality
of all cubes @ which arise in some b(S), S € F;, are therefore pairwise
disjoint as well. This is because (3.13) holds for j, by assumption, and
because the elements of b(S) are all contained (as subsets) in Q(S5).
This implies (3.13) for j + 1, since the top cubes of the stopping-time
regions in F;; are always chosen among the elements of b(S), S € F;.
Thus we have (3.13) for all j.
For future reference, let us record the fact that

3.14) the totality of cubes Q) € b(S), S € F,; , are pairwise disjoint .
( y j ]

Again it is important that j be fixed here. This can be derived from the
same argument as above, or viewed as a consequence of (3.13), using
the pairwise disjointness of cubes in a fixed b(S) (as in (2.64)), and the
fact that @@ C Q(S) when @ € b(S).

Property e) in Proposition 3.6 follows from (3.13) and (3.11). Spe-
cifically, if = is any element of M, and if j is a nonnegative integer, then
(3.13) implies that x can lie in Q(S) for at most one choice of S € F;.
This gives e), since (3.11) ensures that there are at most k values of j
to worry about anyway.



MEASURE-PRESERVING QUALITY WITHIN MAPPINGS 389

From (3.10) we get d) in Proposition 3.6. Property ¢) was incorpo-
rated directly into the construction of the stopping-time regions. It is
also easy to see that the stopping-time regions in F are pairwise disjoint
by construction (as subsets of A), as required in the statement of the
proposition.

Let us now define £ C Qg by

(3.15) We=J U e,

SeF Qebi(S)

where b1(S) is as above (i.e., the set of cubes @ in b(S) such that the
reason for “stopping” was (3.8) with Qo replaced by Q(S)). Property
b) in Proposition 3.6 holds automatically, because of the definitions.
This uses the fact that it was only for the cubes in b1 (S) that we would
stop permanently; for the elements of by(S), we always started a new
stopping-time region immediately.

It remains to establish a lower bound for the measure of F, as in
a) in Proposition 3.6. For this we use the following.

Lemma 3.16. Let (Q be a cube in A, and suppose that f : ) — N
is Lipschitz (say). Let {Q;}; be a family of subcubes of Q) which are
pairwise-disjoint and satisfy

1f(Q4)] _1 (@)
(3.17) Qi <(1+4+7) o]
for each ©. Then
(3.18) rQ\U@)| 2z == 1F@l-

In particular, if f is Lipschitz with constant L, then

(3.19) ‘Q\LiJQi ZL‘"H%M(QH-

This is quite straightforward. For simple reasons of subadditivity
we have that

(3.20) @l <|r\Uea|+ X Ir@a.
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Using (3.17) we have that
Sl < o+ IS 0

(3'21) S (1 +T)_1 |f|(C§2|)| |Q|

=1+ Q)

Thus

+ 1+ Q).

(3.22) @l <|re\Ue

The requirement that f be Lipschitz ensures that |f(Q)| < oo, so that
we may subtract the last term on right from both sides of the inequal-
ity. This gives (3.18), and (3.19) follows from (3.18) and (2.3). This
completes the proof of Lemma 3.16.

We want to apply this to the situation of h and E. We begin with
the following basic step. Fix an S € F, and let b1(S) be as before, the
elements of b(S) for which the reason for stopping was (3.8), but with
Qo replaced by Q(S). Thus

[ (R)]
R

L IQS))
AT T

for all R € b1(S). We also have that the R’s in b;(S) are pairwise
disjoint, as in (2.64). If we set

(3.23)

(3.24) Ey$) =)\ U R,

Reb1(S)

then we get that

T

. >L™"

(3.25) Eo(8)] 2 L7 17— [HQ))]
by Lemma 3.16. In particular

(3.26) Eo(S)| > L™ ——51Q(S5)],

14+7
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by d) in Proposition 3.6 (which was derived above, from (3.10)).
Given a nonnegative integer j, define £; C (o through the formula

(3.27) Q\E;i=J U U R

1=0 S€F; Reb:i(S)

Remember that F{ consists of only the single stopping-time region Sp,
and that Q(Sp) = Qo; thus Ej is the same as Fy(Sp), with the latter
defined as in (3.24). Thus

T

3.28 Ey| > L™"
(3.28) Bol 2 17"

5|Q0|7

by (3.26). We also have that the set E from (3.15) is the same as Fj_1,
because of (3.11).

We want to show that the measures of the F;’s do not decrease
too fast as j increases. Let us begin by converting the definition (3.27)
into

(3.29) Eia=E\ |J U R

S€eFjt1 Rebi(S)

Next we want to check that

(3.30) 2> U @,

SEF; Qeba(S)

for each 7 > 0. We argue by induction. When j = 0, there is exactly
one stopping-time region Sy in Fp, and

(3.31) Eo=QS)\ |J R

Reb1(So)

This implies that Fy contains every ) € ba(Sp), as in (3.30), because
b1(S) and bo(S) are always disjoint as subsets of b(S), and because
the individual elements of b(S) are always disjoint from each other, as
subsets of M, by (2.64).

Now suppose that (3.30) holds for some j, and let us check it for
g+ 1. If S € Fjiq, then Q(S5) lies in by(S’) from some S’ € F;, by the
definition of the F;’s. In particular, Q(S) C Ej, by (3.30). We want to
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show that the cubes @ in by(S) are subsets of E; ;. From (3.29) and
the fact that Q(S) C E; we have that

(3.32) En2Q9\ U U R

§E.7:j+1 Reby (§)

Fix @ € b3(S). Thus @ C Q(S) (automatically), and @ is disjoint from
every R € b1(§), Se Fj+1, because of (3.14) (with j replaced by j+1).
Using (3.32) we get that ;11 O @ when @ € by(S). This implies (3.30)
with j replaced by j + 1, since S € F;;1 and @Q € bo(S) are arbitrary.

This finishes the proof that (3.30) holds for every j > 0. We can
rewrite (3.30) as

(3.33) E;2 |J Q).

SeFjt1

Indeed, the collection of cubes Q(S), S € Fj41, is identical to the collec-
tion of cubes @ such that @ € by(S’) for some S” € F;, by construction.
We want to show that

w7
(3.34) |Ej1] > L 147 o |Esl,

for each j > 0 (although one could improve on this a bit). Notice first
that

(3.35) Ein\ U @)=\ |J ),

SeF;i1 SeF;i1

i.e., Ej 11 and E; are the same outside the cubes Q(S5), S € F;41. This
follows from (3.29), since

(3.36) U U rc U Qo9

SeF;+1 Rebi(S) SeF 41

automatically, so that the parts which are removed from FE; to make
E;i1 (as in (3.29)) are contained inside the union of the Q(S)’s, S €
Fj+1. (More precisely,

(3.37) U rca),

Rebi (S)
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for each S, i.e., the elements of b1(S) C b(S) are subcubes of S by
definition, as in (2.63).)
Because of (3.35), in order to establish (3.34), it suffices to show

that
638)  |Ean U e®)|z1m =g U ).

SeFjt+1 SeFj+1
This is the same as

Jesn U U =R

SeFjt1 SeFj+1 Rebi(S)

) A Q(S)
1+7 ‘Segg

(3.39)

Y

by (3.33) and (3.29). We can simplify this a bit further, through the
following remarks. The Q(S)’s with S € F;4 are pairwise disjoint, as
in (3.13). Thus (3.39) is equivalent to

G40) Y lesn U U R\ZL—”I;é S,

SeFj+1 SeFj11 Rebi(5) S€Fjt+1

and so it suffices to show that

(3.41) e U U R\ZL‘"H%MQ(S)L

§€.7:j+1 R€b1(§)
for every S € Fji1. Now, if S, € Fj;1, and if S # S, then

(3.42) QS NQS) =2,

by (3.13). This implies that Q(S) N R = @ for all R € b1(S) (and in
fact for all R € b(S), since R is then a subset of Q(.5), by the definition

~

(2.63) of b(S)). Thus (3.41) is equivalent to

(3.43) s\ U B[z =)l

Reby (S)

We have already shown that this inequality holds for all S € F, as
in (3.26). (Remember that Ey(S) is defined in (3.24), which exactly
matches with the left side of (3.43).)
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This completes the proof of (3.34). Combining (3.34) with (3.28)
we obtain that

.
1+7

/+1
(3.44) |Ey| > (L‘" 5) |Qol

for all £ > 0. We also mentioned before (just after (3.28)) that our set
E (defined in (3.15)) is equal to Ej_;. Therefore

T

= 6) 1l

(3.45) E| > (L—" -

Thus we have a lower bound for the mass of Ey, as required in a)

of Proposition 3.6. The proof of Proposition 3.6 is now completely
finished.

REMARK 3.46. Let F be as above, and set

(3.47) ¢=1Js.
SeF

Thus G is the collection of all of the cubes ) which occur in some
stopping-time region S. From the construction we have that ) C Q) for
every () € G, and that Qg lies in G. In fact, G is itself a stopping-time
region: if Q and @’ are cubes in A such that Q C Q' C Qo and Q € G,
then Q' € G. This is not hard to check from the construction either.
The point is that when we were choosing our stopping-time regions, we
started at ()p, and each time we “stopped” for one stopping-time region
S, we either stopped for good (as for cubes in b1(5)), or we started a
new stopping-time region again immediately (for cubes in b3(5)), with
no gaps between the end of one stopping-time region and the beginning
of another.

To put this another way, if @) lies in G, then all of the successive
parents of @) lie in G as well, until we get to (Qy. Of course, in each
stopping-time region S € F successive parents of a cube in S also lie
in S until one gets to the top cube Q(S). If S is not the first stopping-
time region Sy, then one can keep going (upwards), because the parent
of Q(S) lies in some S” € F, by construction. By repeating this, one
obtains that all of the ancestors of () which are contained in () also lie
in (G, as desired. This observation will be useful in Section 4.
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4. First improvement — more stopping-time regions.

We continue to use the notation and assumptions from Standing
Assumptions 3.1. (Note that (3.3) was not part of Standing Assump-
tions 3.1.) Given @ € A, set

(4.1) AQ)={ReA: RCQ}.

In Proposition 3.6 we have good behavior of h, in terms of preser-
vation of measure, on a substantial subset of A(Qp). Now we want to
expand this to a larger part of A(Qy), so that we do not “stop” without
a good reason.

Proposition 4.2. Let (Qo, h, etc., be as in Standing Assumptions 3.1,
and fix 0,7 > 0. There exists a constant k1, depending only on n, L,
0, and T, as well as a family F1 of stopping-time regions in A and a
collection {Q;}icr of cubes in M, so that the following are true:

a) the QQ;’s are pairwise disjoint subcubes of QQy, and the stopping-
time regions in Fy are pairwise-disjoint subsets of A(Qy),

b) if R € A(Qo), then either R C Q; for somei € I, or R€ S for
some S € F1 (and not both),

c)if Qe S and S € Fy, then

L B@E)| _ [h(@)
QRIS —
d) [R(Q(S)] = 6 |Q(S)] for all S € F1,
e) the family of cubes

(4.4) {Q(S): S e F}

1s a Carleson set with constant kq,

£) 1h(Q4)] < 6|Qi| for allie I.

(4.3) (1+7) <(1+47) h

This is very similar to Proposition 3.6, especially in the properties
c¢) and d) of the stopping-time regions. The chief difference is that now
we account for every cube R contained in @, through b), rather than
“many” such cubes, as before. Notice that f) implies that

(4.5) (U <s]Ue

Y
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at least if there are any ();’s, so that the union is not empty. In partic-
ular,

(4.6) \Je

el

is of definite size if |h(Qo)| > 26|Qol, say. (In this case (4.6) would
have measure at least L~" 6 |Qo|, because of (2.3).)

Note that if Qo itself satisfies |h(Qo)| < 0|Qo|, then Proposition
4.2 is trivial. We can simply take {Q;}icr to consist only of @Qp, and
F1 to be empty.

The Carleson condition in e) provides a way to say that there are
not too many stopping-time regions in Fj. As such it is similar to e)
in Proposition 3.6, but a bit weaker. This reflects the fact that we now
cover more of A(Q)g) with our stopping-time regions than we did before.

In order to prove Proposition 4.2, we basically just have to iterate
Proposition 3.6. We may as well assume that

(4.7) [h(Qo)| = 6ol

since otherwise there is not much to do, as mentioned above. This
permits us to apply Proposition 3.6, to get a family F of stopping-time
regions in A(Qy) with the properties described there.

Let G denote the union of the stopping-time regions S € F, as
in (3.47). In Remark 3.46, we saw that G is itself a stopping-time
region, with top cube Q. Let b(G) be as in (2.63), i.e., the collection
of maximal subcubes of Qo = Q(G) which do not lie in G. Thus

(4.8) AQ)=Gu |J Am®),

Reb(G)

and the union is a disjoint one, i.e., G is disjoint from A(R) for every
R € b(G), and the A(Ry), A(R3) are disjoint from each other when Ry,
Ry are distinct elements of b(G). These assertions are easy to derive
from the fact that G is a stopping-time region in A(Qy), with Qo for its
top cube, and from the definition of b(G). In particular, the elements
of b(G) are pairwise disjoint as subcubes of @)y, by maximality (as in
(2.64).)
If Q € b(G) and

(4.9) h(@)] <d1Ql,
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then we stop there and place ) among the );’s. If not, then we can
repeat the whole construction with () instead of ()g. This leads to
a family of stopping-time regions F(()) with the properties given in
Proposition 3.6, and a collection G(Q) C A(Q) as above. We do this
for all of the @’s in b(G) with

(4.10) h(Q)] = 0]Q].

For each of the @’s in this second class we can again look at the cubes
Q' in b(G(Q)), and separate them according to whether (4.9) or (4.10)
hold (with @' instead of @)). When the analogue of (4.9) holds, we
add the given cube Q' to the collection of );’s. When the analogue of
(4.10) holds, we repeat the process for @', i.e., applying Proposition
3.6 to obtain a family of stopping-time regions F(Q') with the usual
properties.

We do this indefinitely, going on forever or until no more new cubes
come about (as when a collection G(Q) contains all subcubes of @, so
that b(G(Q)) is empty). In the end we take {Q);};cr to be exactly the
set of cubes which satisfied (4.9) in the process above, and we take
F1 to be the union of all the families F(Q) that were produced above,
including F = F(Qo).

Clearly the Q;’s are all subcubes of )y, and the stopping-time
regions S € F; are all contained in A(Qy), by construction. It is not
hard to see that

(4.11) A(Qo)z( U s) U (UA(Q,-)).

SeF 1€l

The first step for this was given by (4.8). In (4.8), one can think of
separating the A(R)’s, R € b(G), into two groups, according to (4.9)
and (4.10). The R’s that satisfy (4.9) are included among the Q;’s,
and thus the corresponding A(R)’s are taken into account in the right
side of (4.11). For the R’s that satisfy (4.10), one feeds into a natural
recursion, in which A(R) is similarly decomposed as in (4.8). Repeating
the process indefinitely one gets (4.11), as desired.

The same type of argument also permits one to show that the union
in (4.11) is a disjoint one, i.e., the S’s in F; are pairwise disjoint, the
A(Q);)’s are pairwise disjoint, and the S’s are pairwise disjoint from the
A(Q;)’s. One does not really have to worry about individual S’s here,
because the S’s in a single F(Q) are pairwise-disjoint, by the properties
of F in Proposition 3.6. Thus one may as well think in terms of the
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G(Q)’s instead of individual S’s. The first step in the proof of the
disjointness of the unions in (4.11) is to realize that the unions in (4.8),
are disjoint ones. Indeed, the A(R)’s, R € b(G), are disjoint from
G because of the definition (2.63) of b(G), and the fact that G is a
stopping-time region. The disjointness of the A(R)’s, R € b(G), from
each other follows from the fact that distinct cubes in b(G) are pairwise
disjoint as subsets of (Qg, as in (2.64). Once one has disjointness of the
various pieces in (4.8), one can get similar disjointness at later steps
for the same reasons. More precisely, in later steps one takes A(Q) for
certain cubes () and decomposes it according to

A =6GQu |J Am®

Reb(G(Q))

=( U 9)u( U am).

SEF(Q) Reb(G(Q))

(4.12)

These unions are disjoint, for exactly the same reasons as before. This
permits one to preserve disjointness at each stage of the construction,
with disjointness for (4.11) in the end.

We also need to know that the );’s, ¢ € I, are pairwise disjoint as
subsets of (9. This can be shown in much the same way as above, with
the pairwise-disjointness of the cubes in b(G) or in any b(G(Q)) (as in
(2.64)) providing the information needed at each individual step in the
construction. (Actually, one should also keep track at each stage of the
disjointness of the cubes in b(G) or the b(G(Q))’s from the cubes which
have been placed among the @);’s by that point.) One can also derive
this from the disjointness in (4.11), i.e., two cubes 1, Q)2 are disjoint
if and only if the corresponding A(Q1), A(Q2) are disjoint as subsets
of A.

From (4.11) and these various considerations of disjointness we
obtain properties a) and b) in Proposition 4.2. We do not need to
do anything for ¢) and d), because they are inherited directly from
Proposition 3.6. This also uses the fact that we applied Proposition
3.6 only to cubes which satisfy (4.10). Property f) also follows directly
from our construction, i.e., the cubes that we set aside for {Q); };c; were
the ones for which (4.9) was true.

It remains to show that e) holds, i.e., that the top cubes of the
stopping-time regions S € F; form a Carleson set, with a suitably
bounded constant. Let us first set some notation. Let G denote the set
of cubes () to which Proposition 3.6 was applied in the construction
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above. Thus @ is the first cube that we put into G; then we added all
of the @’s in b(G) for which (4.10) was true; for each of these cubes @,
we took the cubes R € b(G(Q)) for which the analogue of (4.10) for R
was true, and put them into G too; and so on. By construction (and as
discussed above), the G(Q)’s, Q € G, are disjoint stopping-time regions
contained in A(Qp), and Fi is exactly the union of the families F(Q)’s,
@ € G (which came from the application of Proposition 3.6 to Q).

We would like to show that G is a Carleson set. We shall do this
using Lemma 2.28, and the existence of the set F in Proposition 3.6 (to
verify the hypotheses of Lemma 2.28). We begin by reformulating the
latter for the present context.

For each cube Q € G, Proposition 3.6 provides a measurable set
E(Q) C @ such that

(4.13) [E(Q)] = Q]

(where « is as in Proposition 3.6, and depends only on 7, §, n, and L),
and so that

(4.14) Q'€ G(Q) for every Q' € A(Q) such that Q' N E(Q) # &.

These properties correspond exactly to a) and b) in Proposition 3.6.
We can reformulate (4.14) as saying that

(4.15) for each z € F(Q), @ is the only cube
4.15
in A(Q) which contains x and lies in G .

This is because @ is the only cube which is an element of both G(Q)
and G, by construction. (This last can also be seen as part of the earlier
matter of disjointness.)

Let us extend (4.15), as in the next claim.

Claim 4.16. For each cube R € A, there is a measurable subset F(R)
of R such that |F(R)| > «|R|, and so that for each y € F(R) there is

at most one QQ € G which contains y and is contained in R.

If R lies in G itself, then Claim 4.16 follows by taking F'(R) to be
E(R), as above. Otherwise, let {T;} denote the collection of maximal
cubes contained in both A(R) and G. Set

(4.17) F(R) = (R\UTj) U (UE(Tj)) .
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Note that the T}’s are disjoint, by maximality (and (2.17)). It is not
hard to check that |F(R)| > «|R)|, because of the analogous property
for the E(T})’s. Now suppose that y lies in F'(R), and let us check that
there is at most one () € G which contains y and is contained in R. The
main point is that if Q € G and Q C R, then Q C T} for some j; one
simply has to take T} to be the maximal element of G which contains @
and is contained in R. Therefore, if y does not lie in any T}, then there
can be no such @, while if y lies in some E(T}), then there is exactly
one such @, by (4.15) (with 7T} instead of )). This proves the claim.

From Lemma 2.28 it now follows that G is a Carleson set with a
constant that depends only on «, and hence only on 7, §, n, and L (in
terms of our original constants). We want to go from this to a Carleson
condition for the top cubes Q(S) of the stopping-time regions S in our
family F;.

There are a couple of ways to do this, using property e) from
Proposition 3.6. In the present notation, this last asserts that for each
Q@ € G and each z € M,

there are at most k stopping-time regions S in

4.18
(18) F(Q) such that z lies in the top cube Q(S),

where k depends only on 7, 4, and L. Keep in mind that our present
family F; is nothing but the union of the F(Q)’s, Q € G.

One way to get the Carleson condition for the top cubes Q(S5),
S € Fip, is to use Lemima 2.28, in much the same manner as above.
Now one would employ (4.18) in place of (4.15), and the analogue of
Claim 4.16 would be slightly more complicated, but not in a serious
way.

Alternatively, one can argue as follows. If ) € G, then

(4.19) (QS): SEFINGQ) ={Q(S): SeFQ)}.

This follows from the construction and definitions, ¢.e., F; is the union
of the F(Q)’s, @ € G, while G(Q) is exactly the union of the S’s in
F(Q), and the different G(Q)’s are pairwise disjoint. On the other
hand, (4.18) implies that

(4.20) {Q(S): SeF@)}

is a Carleson set for each @ € G, with constant at most k. (This uses
(2.27) and the remarks that followed it.) Remember that the G(Q)’s
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are themselves stopping-time regions, as in Remark 3.46 at the end of
Section 3. These pieces of information, together with the disjointness
of the G(Q)’s, the fact that

(4.21) {Q(S): Sern}c | G@),

Qeg

and the Carleson condition for G, permit us to apply Lemma 2.50 from
Section 2.6 to conclude that the total collection of top cubes Q(S),
S € Fi, is a Carleson set, with bounded constant.

This completes the proof of Proposition 4.2.

REMARK 4.22. If one happens to know that |h(Q)| > ¢|Q| for all
cubes @ € A(Q), then the collection of );’s in Proposition 4.2 is empty,
and one has a decomposition of all of A(Q) into stopping-time regions
on which h is approximately measure-preserving. In particular, this
condition holds (for some ¢ > 0) when h is a “regular” mapping in the
sense of [5].

Alternatively, the given mapping h may degenerate on some cubes,
but one might be in circumstances so that for each cube ) € A there
is a L-Lipschitz mapping hg : () — N such that

(4.23) hq(Q)] = d1Q.

This happens for the condition of “big projections” (as in [10], [11]),
for instance, and something like this happens with the looking-down
relation in [12] (between spaces which have “big pieces of themselves”,
which is a self-similarity property). In such a situation one can get rid
of the Q;’s by permitting oneself to start over with a new mapping,
rather than always using the same h. (This should be compared with
the various kinds of Corona conditions, as in [11].)

5. Second improvement — good stopping-time regions.

It will be useful later on to modify slightly the stopping-time re-
gions from Proposition 4.2, as in the following notion.

Definition 5.1. A stopping-time region S C A will be called good if
for each cube Q) in S it 1s either true that all of the children of Q) also
lie in S, or that none of them do.
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There is a general procedure for subdividing an arbitrary stopping-
time regions into ones which are “good”, and we shall discuss that in
a moment. First, let us give an indication of how this property can be
used.

Lemma 5.2. Suppose that S C A is a good stopping-time region. Let
Q be a cube in S, and let {T;} be a finite family of pairwise-disjoint
cubes in A such that T; € S and T; C Q for all i©. Then there is a
finite family {W,} of pairwise-disjoint cubes in A such that W, € S
and Wy C Q) for all £, the Wy’s are all disjoint from the T;’s, and

(5.3) Q:(UT,)U(UWg).

In other words, we have a lot of freedom in decomposing () into
disjoint cubes from S. To prove this, let S, @, and {T;} be given as
above, and let {W,} be the family of maximal subcubes of () which are
disjoint from all of the T;’s. Thus the W,’s are disjoint from the 7T;’s
by definition, and they are disjoint from each other by maximality (and
(2.17)). The equality (5.3) follows from the assumption that there are
only finitely many 7T;’s. That is, if x € ) does not lie in any 7}, then
there is an entire cube in A which contains x and remains disjoint from
the T;’s (as one can readily check). This ensures that x is contained in
a maximal such cube, which is then among the W,’s.

It is not hard to see that there are only finitely many W,’s. Indeed,
if j1 is an integer such that each T; lies in A; for some j > j; (which
exists, since there are only finitely many 7;’s), then each W} is contained
in a A; with j > j; too. (In fact, one can initially realize Q\ |J, T; as
a (finite) union of cubes in Aj, , and then the W,’s are all supersets of
these “elementary” complementary cubes in Aj.)

The remaining point is that the W,’s are all contained in S. To
see this, fix £, and let W, denote the parent of W,. Except in the
trivial case where {T;} is empty, we must have that W, is contained
in @ (since otherwise W, = Q). Also, /Wg N1T; # @ for at least one i,
since Wy is supposed to be maximal. By general properties of cubes
(namely, (2.17)), either W, C T;, or T; C W,. This first alternative is
not possible because W, is disjoint from T, by construction. Thus T;
is contained in Wy. Let R denote the child of W, which contains T;.
Then R and W, lie in S, because

(5.4) T, CRCW,CQ
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and because both () and 7; lie in S by hypothesis. This uses the
property (2.22) of stopping-time regions. From here we obtain that
Wy also lies in S, since S is a good stopping-time region, and since /Wg
is the parent of both R and W,. This proves Lemma 5.2.

Let us now give a modified version of Proposition 4.2, in which the
stopping-time regions are all “good”.

Proposition 5.5. Let (Qg, h, etc., be as in Standing Assumptions 3.1,
and fix 6,7 > 0. There exists a constant ko, depending only on L, d, and
T, as well as a family Fo of stopping-time regions in A and a collection
{Qi}ier of cubes in M, so that the following are true:

a) the QQ;’s are pairwise disjoint subcubes of QQy, and the stopping-
time regions in Fo are pairwise-disjoint subsets of A(Qy),

b) if R € A(Qo), then either R C Q; for somei € I, or R€ S for
some S € F2 (and not both),

c) ifQ,Q €S and S € Fy, then

S QI @) _ (e @)

(5.6) (1+7) Q= |C§| < e

Q[
d) [MQ)| > (1+7)710|Q| when Q € S, S € Fa,

e) the family of cubes
(5.7) {Q(S): S e F}

1s a Carleson set with constant ko,
£) [h(Qi)| < 8|Qil for alli € I,

g) each S € Fy is a good stopping-time region, in the sense of
Definition 5.1.

To prove this we shall use exactly the same family {Q;}icr as in
Proposition 4.2, and the stopping-time regions in Fy will be obtained
by decomposing the ones in F; in a certain way. In particular, every
stopping-time region in F, will be a subset of one in Fi, and every
stopping-time region in F; will be the disjoint union of the stopping-
time regions in J» that it contains. With this information alone we
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have that the properties a), b), ¢), d), and f) above follow from their
counterparts in Proposition 4.2. (In the case of ¢) and d) above, we
have to use the old version of ¢) an extra time for each. The inequalities
have been adjusted slightly to reflect the fact that the top cubes of the
stopping-time regions in F, do not have quite the same special status
as the top cubes of the stopping-time regions in F; did.)

It remains to decompose the stopping-time regions in J; into good
subsets, and to do this in such a way that we still have a Carleson
condition, as in e). Fix an S € F;. To make the decomposition we shall
use a very simple stopping-time argument. We first define a subregion
S of S as follows. We automatically include Q(S) in S1, which is then
the top cube of Sy too. If all of the children of Q(S) in A lie in S,
then we put all of them into S; as well. Otherwise, we stop, so that S
consists only of Q(S). If we do not stop, then we do the same thing for
each of the children of Q(S). That is, for each child @ of Q(S), we ask
if the children of @ all lie in S, and if they do, we include them all in
S1, and when they do not, we stop, and do not proceed further below
Q.

We repeat the process for as long as possible, perhaps indefinitely in
some directions (down from Q(S) towards cubes of smaller and smaller
diameter). This defines S;. If it was necessary to stop at some time
inside S, so that S is a proper subset of S, then we do the same thing
all over again at the places where we had to stop before. That is, if )
is some cube which lies in S, and if )’ is a child of @) which lies in S
but not in Sy, then we begin a new stopping-time region at Q' (i.e.,
with top cube Q'), with the same rules for stopping as before.

One does this as often as necessary, perhaps infinitely often, until
all of S is exhausted in this manner. In the end we obtain a realization
of S as the disjoint union of stopping-time subregions of S, and these
subregions are all good in the sense of Definition 5.1 by construction.

Let F5 denote the collection of all stopping-time regions derived
from the ones in 7 in this manner. This is consistent with the princi-
ples mentioned at the beginning of the proof. The only remaining issue
is to show that the top cubes of the elements of F; satisfy a Carleson
packing condition.

When does a cube ) in A arise as the top cube of a stopping-
time region in F»7 There are two conditions under which this happens,
namely when

(5.8) Q is the top cube of some S € Fi ,
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and when
(2 and its parent belong to some S € Fi,
(5.9) but one of the other children of the parent
(siblings of ()) does not belong to 5.

This is not hard to check, and in fact one could use this to give an
alternative description of the stopping-time regions in F» starting from
the ones in Fj (i.e., in a sense it is easier to produce the stopping-time
regions in F, when one knows in advance a complete list of where the
regions should start. In the present case this also gives a complete list
in advance of where the stopping-time regions in F, should end.)

We already know from part e) of Proposition 4.2 that the cubes
which satisfy (5.8) satisty a Carleson condition, and so we only need to
worry about (5.9). If (5.9) holds, then either

(5.10) one of the siblings of () is the top cube of some Ser,
or
(5.11)  one of the siblings of @) is a cube in the family {Q;}ier -

Indeed, if S is as in (5.9), then @ has to have a sibling Q" which does
not lie in S. According to b) in Proposition 4.2, we must either have
Q' € S for some S € F1, §7A S, or Q' C @Q; for some ¢ € I. In the first
case we must have that @’ is the top cube of S, because the common
parent of ' and @ is contained in S # S by assumption. (Remember
that the stopping-time regions in JF; are disjoint subsets of A, as in
part a) of Proposition 4.2.) Similarly, if Q" C @; for some i € I, then
Q' = Q);, because otherwise (); would contain the common parent of Q'
and () as a subcube, and this is ruled out by part b) in Proposition 4.2
and the fact that the parent already lies in S € Fj.

Thus (5.9) implies that one of (5.10) and (5.11) holds. The re-
maining point is that each of (5.10) and (5.11) describes a collection of
cubes which is a Carleson set. To see this, remember that the set of
top cubes of elements of F; form a Carleson set, by e) in Proposition
4.2, and that the family {Q;};e; forms a Carleson set, since the Q;’s
are pairwise disjoint (as in a) in Proposition 4.2). Thus we are reduced
to the assertion that if £ is a subset of A which is a Carleson set, then
so is the collection £¢ of siblings of £. This is not hard to verify, and
one can also see it as a special case of Lemma 2.32 in Section 2.6.
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This completes the proof of Proposition 5.5.

6. Third improvement — better preservation of measure.

We continue with the notation and assumptions in Standing As-
sumptions 3.1, and with the notation A(Q) from (4.1).

Suppose that we have a cube () on which our mapping h is defined,
and that h is approximately measure-preserving on (), in the sense that
the mass ratios

|h(T)]
(6.1) S

are all nearly the same when T' = () as when 7' is a child of Q. If this is
the case, then the images under h of the children of () cannot overlap
very much. To see this, note that

(6.2) Q)< Y IR,

Rec(Q)

where ¢(Q) denotes the set of children of (), and that

(6.3) Ql= ) IRl

Rec(Q)

If the mass ratios are all nearly the same, then both sides of (6.2) will be
approximately the same multiple of |@|, because of (6.3). In particular,
the inequality in (6.2) will be very close to being an equality. However,
if there is significant overlap in the images of the children of (), then
(6.2) will not be too close to being an equality. For instance, given any
two distinct children Ry, Rs of @), we can strengthen (6.2) to get

(6.4) Q)< > [W(R)| = |h(Ry) N h(Rs)],
Rec(Q)

so that the deviation from being an equality is at least |h(R1) Nh(R2)|.
(This strengthening uses the general fact that

(6.5) |E1 U Ey| = |E1| + |Es| — |E1 N Esf,
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whenever E; and Es are measurable. In our case we apply this with
E; = h(R;) to get that

|h(R1 U R2)| = |h(R1) U h(Rs)|

6.6

(00 = [h(R1)[ + [h(R2)| — [h(R1) N h(R2)].

Note that h(R) is indeed measurable when h is Lipschitz and R is a
cube, as in Lemma 2.4 in Section 2.1.)

This is all well and good, but in the context of propositions 3.6,
4.2, and 5.5, we can do this in general only for cubes and their children,
rather than cubes which are close to each other but do not happen to
have the same parent (or grandparent, etc.). That is what we want to
correct in the present section.

Let us begin by setting some notation. Let Q be a cube in A, and
let j = j(Q) be the largest integer such that @ € A;. (For ordinary
dyadic cubes in R™ there is never more than one such j anyway, but
in general there can be some ambiguity, as we have pointed out before.
The range of possible j’s is always bounded, though, because of (2.17).)
Set

(6.7) «Q = J{T € Ajg) : dist (T,Q) < diam Q} .

Since we are taking our mapping h to be defined only on @y, let us
“truncate” x(Q) slightly by setting

~

(6.8) Q=+QNQo.

In practice this truncation is not very significant, in that “most” cubes
Q € A(Qo) have xQQ C Qp. This is made precise by Lemma 2.34
in Section 2.6, and we shall use this type of observation later in the
section.

Let o be a small positive number. It will have a role like that of
7 in Propositions 3.6, 4.2, and 5.5, but it will need to be moderately
larger than 7 for the results of this section. We shall be interested in
cubes () such that

L@ _ MQ)) h(Q)]
(6.9) (1+o0) Q) < Bl <(1+4o0) Q-

When this is true, it will help us to make arguments like the one in-
dicated at the beginning of the section, for controlling the overlap of
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h(R;) and h(R;) when R; and Ry are nearby cubes of similar size, even
when Ry, Rs do not have the same parent.
Put

(6.10) G(o) ={Q € A(Qo) : (6.9) holds}.

Let 7 be a small number. We shall specify it later, depending on o, but
we want to give it a name now, for the sake of applying Proposition
5.5. Also let § > 0 be fixed (but arbitrary). Using 7 and 6 we may
apply Proposition 5.5 to get a family F> of stopping-time regions and a
family {Q;}icr of cubes contained in Q9. We shall refer to these freely
in this section. Set

(6.11) Go=J S

SeF2

This is the same as

(6.12) Gy ={Q € A(Qv): Q£ Qi for any i € I},
by b) in Proposition 5.5.

Proposition 6.13. Notation and assumptions as above. This includes
Standing Assumptions 3.1, and the (notation of the) parameters T and
d. Let o > 0 be given (and arbitrary). If T is sufficiently small, depend-
ing on o, n, and the Ahlfors-reqularity constant for M, then G3\G (o)
1s a Carleson set, with a constant that depends only on 7, 6, n, and the
Ahlfors-reqularity constant for M.

More precisely, it will be enough to have 7 <1 and 7 less than or
equal to a constant multiple of o, where the constant depends only on
n and the Ahlfors-regularity constant for M.

In other words, (6.9) holds for nearly all the cubes in Gg, at least
if the parameters are chosen correctly. This gives an improvement of
the measure-preserving behavior in Proposition 4.2 that will be quite
useful.

One can take this a bit further and refine the stopping-time regions
so that they are wholly contained in G(o) (modulo some exceptions
which could be contained in a Carleson set). We shall not need this
here, but similar refinements are discussed in [11, Part I, Section 3.2].
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REMARK 6.14. In David’s construction in [6], one derives stronger
measure-preserving behavior than in Proposition 6.13, in terms of over-
laps of images of cubes which are in the same level (i.e., same Aj), but
which are not necessarily too close to each other (e.g., subcubes of some
@ of roughly the same size). See [6, Step D, p. 79], for instance. We
shall not need this stronger restriction here.

The rest of this section will be devoted to the proof of Proposition
6.13. We begin with some simple reductions.

First reduction 6.15. It is enough to show that, for T is sufficiently
small (depending on o, n, and the Ahlfors-reqularity constant for M),

(6.16) S\ G(0)

1s a Carleson set for every S € Fa, with a constant that depends only
on n and the Ahlfors-reqularity constant for M.

This follows from Lemma 2.50 in Section 2.6 and the fact that the
collection of top cubes

(6.17) Q(S), S e Fa,

is a Carleson set, as in part e) of Proposition 5.5. Note that we
have dropped the dependence on 7 and 0 for the Carleson constant
for S\ G(o). For an individual S the dependence on 7, § is not needed,
but it reappears in the end through the Carleson condition for (6.17).

Given Q € A, write j(Q) for the largest value of j such that @ €
Aj. For each S € F», set

S'={Q € S: T e S whenever T € Ajg

(6.18)
and dist (7', Q) < diamQ} .

The cubes T on the right are the ones used in the definition (6.7) of
*(Q, and it will be easier for us to be able to work inside of S’ instead
of S.

Lemma 6.19. For each S € Fa, S\S’ is a Carleson set, and with a
constant that depends only on n and the Ahlfors-regularity constant of

M.
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Indeed, if Q € S but Q ¢ S’, then it means that @ has a neighbor
(in the sense of Section 2.6) which is not contained in S, at least if
we take the parameter A in (2.30), (2.31) to be large enough. Thus
the Carleson condition for S\S’" follows from Lemma 2.58 (which also
provides a Carleson condition for the union of S\S’ for all S € F3).

Combining Lemma 6.19 with First Reduction 6.15 we get the fol-
lowing.

Second Reduction 6.20. 7To prove Proposition 6.13, it suffices to
show that iof 7 is small enough, depending on o, n, and the Ahlfors-
reqularity constant for M, then

(6.21) S\ G(0)

1s a Carleson set for every S € Fy, with a constant that depends only
on T, n, and the Ahlfors-reqularity constant for M.

Let us now fix S € F».

Third Reduction 6.22. It is enough to show that if T is sufficiently
small, depending on the usual parameters, then for every Q € S there
is a measurable subset D(Q) C Q such that

(6.23) 1D(Q)| = 7|

and

for each x € D(Q), there are at most m cubes

(6.24)
R e S'"\G(0) such that R C Q and z € R,

where m and 7y are positive constants that depend only on n and the
Ahlfors-reqularity constant for M.

In other words, if we can always find such sets D(Q), then S"\G (o)
is a Carleson set, and with bounded constant. This follows from Lemma
2.28, modulo a minor point; for the statement of Lemma 2.28, we should
have D(Q)) as above for all () € A, and not just for () € S. This more
limited range of @’s is all that one ever really needs anyway, but we
can also check directly that suitable subsets D(Q) exist when @ ¢ S,
as follows. (Note that we use S here, rather than S’. This is not a real
issue, but just a bit simpler.)
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Let Q@ € A, Q &€ S be given. As usual, either @) is disjoint from
Q(S5), Q is contained in Q(S), or @ contains Q(S) as a proper subset.
If @ is disjoint from Q(S), then there are no cubes R € S such that
R C @, and we can take D(Q) = Q. If Q@ C Q(S5), then again there are
no cubes R € S such that R C @, because (Q does not lie in S and S is
a stopping-time region. (See (2.22) in Section 2.4.) If () contains Q(S)
as a proper subset, then we can take D(Q) to be Q\Q(S). With this
choice we have (6.23) (for a suitable ) because of the basic properties
of cubes (as in Section 2.3), and (6.24) holds with m = 0 because cubes
in S are all contained in Q(S) (as in (2.21)), and hence cannot intersect
D(Q) = Q\Q(S).

This shows the validity of the third reduction. Let us now fix
@ € S, as in the third reduction. We want to divide up the relevant
class of “bad cubes” into two types, as follows. Set

(6.25) Bi={ReS'\G(o): xRCQ}
and
(6.26) By={ReS'\G(o): RCQbut xRZQ}.

Note that By U By contains every R € S'\G(o) such that R C Q.

Lemma 6.27. There is a constant Cy, which depends only on n and
the Ahlfors-reqularity constant for M, so that

(6.28) > IR < C2Q).

ReBy

This follows from Lemma 2.34 in Section 2.6. More precisely, if
R € By, then R C @ but xR ¢ (@, and this implies that R has a
neighbor which is not contained in (), at least if the constant A in
(2.30), (2.31) is large enough. This follows easily from the definition
(6.7) of *R. Thus R € C4(Q), where the latter is defined in (2.33). The
packing condition (6.28) then follows from the general one in Lemma
2.34.

In effect this means that we only have to worry about By. Here is
a more precise statement.
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Fourth Reduction 6.29. It suffices to show that if T is small enough,
depending only on o, n, and the Ahlfors-reqularity constant for M, then
there is a measurable subset E(Q) of Q such that

1
(6.30 2Q)] > 51Q|
and
(6.31) there are no cubes in By which intersect E(Q) .

To prove that this is sufficient, we use Lemma 6.27. Given = € @,
let N2(x) denote the number of cubes R € By such that © € R. As in
(2.27), we have that

(6.32) > |R|:/QN2(:L~) dz

ReBy

by Fubini’s theorem. If C'; is as in Lemma 6.27, then
1
(6.33) {zeQ: No(w) 240} < 710

If there exists a subset E(Q) of ) as in the fourth reduction, then we
can set

(6.34) D(Q) ={r € E(Q) : Na(zx) <4Cs},

and this does the job. Specifically,

(6:35) D@ > {2,

by (6.30) and (6.33). Also, if z € D(Q), then Na(z) < 4C5, by con-
struction, so that there are fewer than 4 Cs cubes R € By with = € R,
and there are no cubes R € By which contain z, as in (6.31). Thus we
get (6.23) and (6.24), with v = 1/4 and m = 4. This finishes the
justification of the fourth reduction.

Thus it remains to show that we can actually find E(Q) C @ as
in the fourth reduction. This is really the heart of the matter, and
indeed the preceding reductions work in a very general way. It is only
for this last part that we need to choose 7 carefully, or that we really
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use the mapping h, or the definition of G(o), or the information about
the stopping-time region S from Proposition 5.5.
Set,

(6.36) U= |J R.
ReB,

According to the fourth reduction, we want to show that
1
(6.37) Ul < 51Ql

when 7 is small enough (i.e., we can then take F(Q) = Q\U.)
Given a cube T' € A and a number A > 1, put

(6.38) AT ={x e M: dist(z,T) < (A—1)diamT}.
We begin with the following covering lemma.

Lemma 6.39. There is a family {R;}jcs of elements of By such that

(6.40) *R;N*R; =2, when j # 1,
and
(6.41) U rRc | AR;,

ReB: jeJ

where X\ depends only on n and the Ahlfors-reqularity constant for M.

This is a version of the Vitali covering lemma, as in [27]. We
include a proof for the sake of completeness, following the usual “greedy
algorithm” to choose the R;’s. First take Ry to be an element of B;
whose diameter is as large as possible. (Note that the possible diameters
are bounded from above, since the elements of By are contained in () by
definition.) If Ry, ..., Ry have been selected already, choose Ry11 € By
so that

(6.42) xRoi 1 NxR; = O, when 1 <j </,

and so that the diameter of ;41 is as large as possible. If there are
no cubes in B; which satisfy (6.42), then we simply stop and take
Rq,...,Ry for {R;}jcs. Otherwise we keep going.
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This defines the family {R;};cs. If there are infinitely many R;’s,
then their diameters must tend to 0. This is because they are all sub-
cubes of (), and because of the basic properties of cubes in Section 2.3.
(There are only finitely many subcubes of () which can lie in any given
Ay, for instance.)

The first condition (6.40) holds automatically, by construction. As
for (6.41), let R be any cube in By, and let us show that

(6.43) R C AR;

for some j, at least if A is large enough.

We may as well assume that R is not itself among the R;’s, since
otherwise (6.43) is trivially true. Now, there must be some k € J so
that

(6.44) xRN xRy # T,

since otherwise I should have been chosen among the R;’s eventually.
(The only other possibility is that R fails the competition for largest
diameter among the available cubes. This cannot happen forever, since
the diameters of the R;’s tends to zero when there are infinitely many
of them, as indicated above.)

Let k be the smallest positive integer such that (6.44) holds. Thus

(6.45) *RN*R; =T, when 7 < k.

This means that R was itself a competing choice for the cube Ry, and
SO

(6.46) diam R < diam Ry, ,

since otherwise R should have been selected instead of Ry.

Because of (6.44) and (6.46), it is easy to see that R must be
contained in ARy when A is sufficiently large (depending only on the
usual constants, through (2.18)). This uses the fact that diam xR is
bounded by a constant multiple of diam R, and similarly for Ry, by the
definition (6.7) of xR. This completes the proof of Lemma 6.39.

A simple consequence of Lemma 6.39 is that

(6.47) U B =a YRl

ReB: JjeJ
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for a constant C; that depends only on n and the Ahlfors-regularity
constant of M. What we really want to prove now is that 3. ; |R;| can
be made as small as we like compared to |@Q| by choosing 7 sufficiently
small.

If R € By, then R ¢ G(0), as in the definition (6.25) of By. This
is something that we have to use, and the next lemmas will facilitate
that.

Lemma 6.48. If R € By, then R = *R.

Remember that *R and R are defined in (6.7) and (6.8), respec-
tively. Since R € Bj, we have that R lies in S’, as in (6.25). The
definition (6.18) of S’ ensures that xR C Q(S), because it requires that
all of the cubes used to make up *R in (6.7) lie in S. We also have that
Q(S) C Qo, because of the way that the stopping-time region S € F;
was chosen, in Proposition 5.5. (Indeed, property a) in Proposition
5.5 guarantees that S C A(Qp), so that Q(S) C Qp.) Thus we get
that *R C (o, which exactly says that R= xR, by (6.8). This proves
Lemma 6.48.

Lemma 6.49. If 7 <min{l,0/3} and R € By, then

(xR
| R

1 |h(R)|
Rl

(6.50) <(1+0)

If R € By, then R ¢ G(0), as in (6.25). Remember that G(o)
consists of the subcubes of @y such that (6.9) holds, as in (6.10). We

know from Lemma 6.48 that R = xR, and so we conclude that either
(6.50) is true, or

n(R)|

(6.51) R

> (1+0)

Let j(R) be the largest integer such that R € A; (as before), and let
N(R) denote the collection of cubes T' € Aj(g) such that dist (7, R) <
diam R. Thus

(6.52) «R= |J T,
TeN(R)
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by the definition (6.7) of *R. We also have that R € S, since R € B
(see (6.25)), and this means that each T € N(R) also lies in S, by the
definition (6.18) of S’. In particular, R € S, and so

|1(T)]
T

<147 —ﬁﬁ” :

(6.53)

for T € N(R), as in property c) in Proposition 5.5. Thus

h(+R)| < > |(T))

TeN(R)

TE%R)(I +7)? 7|h|(lf|)| 7|
2 [h(R)]

— (1+7)2 2 4Ry,
|B]

This uses (6.52), and the fact that the T’s in N are pairwise disjoint
(for the last step), since they all lie in the same A;. (See (2.17).)

We have assumed in Lemma 6.49 that 7 < min{1,0/3}, and this
guarantees that

IN

(6.54)

(6.55) (1+7)*<1+o0.

Therefore (6.54) is incompatible with (6.51). As before, this implies
that (6.50) must hold. This completes the proof of Lemma 6.49.

Lemma 6.56. If 7 < min{1l,0/3} and R € By, then

[ (+1)]
| R

<o) (142 ML

(6.57) 0l

Indeed, if R € By, then R and ) both lie in S, and we can use
property c) in Proposition 5.5 to obtain that

[ (R)]
R

Q]

(6.58)

Thus we may convert (6.50) into (6.57), as desired.
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From now on we assume that 7 < min{1,0/3}, as above. Let
{R;}jes be as Lemma 6.39. Thus R; € B for all j, and the sets xR;
are pairwise disjoint. Put

(6.59) V=|]J*R;.
JjeJ

From these features of the R;’s and Lemma 6.56 we conclude that

V)| <D |h(xRy)]

jed

(6.60) <(1+0)(1+7) |Q||Z| * Ry

JjedJ

= (o)t (12 M@y

Q|
In effect this means that
[R(V)]
V]
is a bit small compared to
[h@)]
Q

since we get to choose 7 to be small compared to ¢. In the next lemma
we look at the complement of V' in Q.

Lemma 6.61.

Q)| < (147 'thf' Q.

Let Jy be an arbitrary finite subset of .J, and set
(6.62) Vo= *R; .
j€Jo

To prove Lemma 6.61 we shall derive a similar inequality for Vj, and
then pass to the limit (for the case when J is infinite).

Let N(R) be as defined just before (6.52), so that N(R) is a finite
collection of cubes and %R is the union of the cubes T in N(R). Each
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R;, j € J, lies in By, by construction, and this implies that the cubes
in N(Rj;) liein S for all j € J, as noted just after (6.52). Thus Vj is the
finite union of pairwise-disjoint cubes which are all subcubes of () and
which lie in S. (For the disjointness we are using (6.40) (see Lemma
6.39), although one could get it for free by passing to maximal cubes.)

Remember that @ itself lies in S, by assumption (just before
(6.25)). We may now apply Lemma 5.2 with this choice of @, and
with {T;} taken to be the family of cubes

(6.63) Te|JNR
Jj€Jo

of which Vj is composed. This yields a finite collection {W;} of pairwise-
disjoint subcubes of () such that each W, lies in S, and

(6.64) Q\Vo = U W, .
¢
Because each Wy lies in S, we have that
|h(Wy)] 2 [(Q)]
(6.65) <(1+7) ——,
[We Q|

for each ¢, by part c) of Proposition 5.5. Therefore

ENDIES A
12

(6.66) <(1+7)? TQ > W
V4
=+ MO\

using the fact that the W,’s are pairwise disjoint in the last step. On
the other hand, V{y C V' by definition, and so we may convert this to

2 [MQ)]
Q]

Because this holds for any finite subset Jy of J, we can “pass to the
limit” (if necessary) to obtain that

(6.67) QW) < (1472 MO oy

2 [MQ)]

|
v
o] [Q\V].

(6.68) [h(@\V)] < (1+7)
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This is exactly what we wanted for Lemma 6.61.

We are now almost finished. We can combine Lemma 6.61 with
(6.60) to conclude that

[h(@)] < [h(V)]+ [R(Q\V)]

1 2 [M(Q)]
(6.69) <(IT+o)"(1+7) W|V|
+ a2 MOl g vy,

Q]

Note that |h(Q)| > 0, by d) in Proposition 5.5, and since ) € S and
S € Fy (by assumption). Thus we can divide through in (6.69) by

h(Q)I/]Q) to get that

(6.70) QI< (L+0) A +7)? [VI+ (1 +7)?|Q\V].
Substituting |Q\V| = |Q| — |V| we obtain that

(6.71) QI < ((1+0) =1 (A +7)? V[ + (1 +7)?Q|.

Note that (1+0)™!—1= —0 (1+0)~1. Let us move the |Q| on the left
side of (6.71) over to the right, and bring the |V'| term from the right
to the left, to get that

(6.72) T AT VIS @r Q.

(This uses (1 +7)2 — 1 =27+ 72.) Under the assumption that 7 < 1,
we can simplify this to obtain

(6.73) Vi< =3(1+0)Ql.
Remember that V' is as in (6.59). In particular,

(6.74) IR < |V,

JjeJ

since the R;’s are pairwise disjoint, as in Lemma 6.39. Combining this
with (6.47) and (6.73) we conclude that

(6.75) U glzaviza(D)sa+oll,
ReB,
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where C7 depends only on n and the Ahlfors-regularity constant for M.
We assumed before that 7 < min{1,0/3}. We now require also
that 7 be small enough that

T 1

. — < —.
(6.76) 01(0)3(1+a)_2
Applying this to (6.75) yields

1

. <210l

(6.77) U Rl <;5 0
ReB,

This is exactly what we wanted for (6.37). In other words, we have now
shown that the conditions described in the fourth reduction are true,
and this completes the proof of Proposition 6.13.

7. “Weak” measure-preserving conditions.

We continue to use the notations and assumptions from Standing
Assumptions 3.1, with Qo € A and the Lipschitz mapping h : Qo — N
in particular. We shall also use the notations A(Q), *Q, and @ from
(4.1), (6.7), and (6.8).

Let numbers § > 0 and A > 1 be fixed but arbitrary. As usual, 0
will be employed as a threshold for deciding when the image of a cube
has very small measure or not. With the parameter A we have a notion
of cubes being “neighbors”, as in (2.30), (2.31) in Section 2.6, and we
shall use this notion freely in this section (with the implicit dependence
on the choice of A).

Definition 7.1 (The class M(()). Let ¢ be a positive number, normally
small. Welet M(¢) = Ma(C) denote the collection of cubes Q € A(Qo)
with the following properties:

a) [M(@Q)] > (1+¢)~1d|Q],

b) if R € A is a neighbor of Q, then R C Qq, and

L Q) _ () h(Q)
(2) 0+ SR < EEE <1+ e

Q|
¢) if R € A is a neighbor of Q), then

L1 Q)] |h(R)] h
Q) = IR| < (1+¢) QI

<

(7.3) (1+ <)
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Roughly speaking, M(() consists of the cubes ) € A(Qy) for which
one has good almost-measure-preserving behavior for cubes which are
not too far from (). In this section we shall be concerned with the
idea that M(() should contain many or even “most” cubes in A(Qy).
This will be made precise in Proposition 7.8 below, after we account
for the cubes with small images in the next definition. The information
that Proposition 7.8 provides is somewhat simpler and weaker than the
earlier stories with stopping-time regions, and we shall consider these
matters further after the proof of the proposition.

Definition 7.4 (The class SZ). With 6 > 0 fized, as above, we let
ST denote the collection of cubes Q € A(Qo) for which there is a W €
A(Qo) such that Q C W and |h(W)| < & |W]|.

Lemma 7.5. Put ¥ = Jgesr @- Then
(7.6) [h(X)] < 0[] <6|Qo]
(at least if ST is not empty).

The second inequality in (7.6) is trivial, since ¥ C Qo by definition.
As for the first inequality, let {T%} denote the collection of mazimal ele-
ments of SZ. Thus every ) € ST is a subcube of some T, and the T}’s
are pairwise disjoint, by maximality. (This uses (2.17).) Maximality
also ensures that |h(T})| < & |T¢| for all £ (i.e., if this inequality did not
hold, then T, € SZ would be (properly) contained in a cube (in S7) for

which it did hold, contradicting maximality.) From these observations,
we have that X is the disjoint union of the 7}’s, and hence that

(7.7) AE) <Y (@) <Y 8T =5 [%).
12 12

This proves Lemma 7.5.
Proposition 7.8. For each ¢ > 0, the collection
(7.9) B = A(Qo)\(M(¢) UST)

is a Carleson set, with a constant that depends only on (, 6, A, n, and
the Ahlfors-reqularity constant for M.
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We shall derive this from propositions 5.5 and 6.13. To do this,
first choose positive numbers ¢ and 7 such that

(7.10) (I+o0)(1+7)* <1+,

and so that 7 is small enough compared to o for the hypothesis of
Proposition 6.13. These are the only conditions that we need to impose
on ¢ and 7, so that they may be selected in such a way as to depend
only on (, n, and the Ahlfors-regularity constant for M.

Using this choice of 7 and the value of ¢ fixed above, we can apply
Proposition 6.13 to get a certain family F; of stopping-time regions
contained in A(Qp) and a family {Q;};cr of subcubes of Q. Let Gq
denote the union of the stopping-time regions S in Fs, as in (6.11).

Lemma 7.11. A(Qo)\Gz g ST.

Indeed, if Q@ € A(Qp)\G2, then Q C Q; for some ¢ € I, by part
b) of Proposition 5.5. From f) in Proposition 5.5 we also have that
|h(Q;)| < 6|Q;|. This implies that () € SZ, from which Lemma 7.11
follows.

First Reduction 7.12. In order to prove Proposition 7.8, it suffices
to show that Go\\M(() is a Carleson set, with suitable bounds for the
Carleson constant.

This is an immediate consequence of Lemma 7.11.
Let G(o) be as in (6.10). Proposition 6.13 tells us that

(7.13) G2\G(0) is a Carleson set

(with suitable bounds). For each stopping-time region S € Fo, let Sy
be as defined in (2.59), i.e., as the set of cubes @ in S such that every
neighbor of ) lies in S as well. Thus

(7.14) U (S\Sa) is a Carleson set ,
SeFa

with bounds for the Carleson constant, because of Lemma 2.58 in Sec-
tion 2.58 and part e) of Proposition 5.5.

Second Reduction 7.15. In order to prove Proposition 7.8, it is
enough to show the following.
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Let () be a cube in G2 that satisfies

(7.16) Q € Sa for some S € Fs
and
(7.17) R € G(o) whenever R € A(Qo) is a neighbor of Q.

Then Q € M(Q).

To see that this is sufficient, notice first that the collection of cubes
@ € G2 which do not satisfy (7.16) is a Carleson set. This follows from
(7.14) and the fact that G2 is the union of the S’s in F», by definition
(6.11). Similarly, the set of @ € G2 which satisfy (7.16) but fail to
satisfy (7.17) is a Carleson set, because of (7.13) and Lemma 2.32 in
Section 2.6. (More precisely, we use (7.16) to ensure that every neighbor
of @ lies in G2, and then the “bad” cubes R associated to the failure of
(7.17) are accounted for by (7.13).) In short, the collection of exceptions
to (7.16) and (7.17) among cubes in G satisfies a Carleson condition.
If the assertion in the second reduction is true, so that the cubes in G4
which do fulfill (7.16) and (7.17) lie in M((), then we may conclude
that G2\ M () is a Carleson set, as required in the first reduction.

It remains to establish the assertion in the second reduction. Let
@ be a cube in G4 such that (7.16) and (7.17) hold. We want to show
that @) also satisfies conditions a), b), and ¢) from Definition 7.1. To do
this we simply read off the information that we have from propositions
5.5 and 6.13. Specifically, a) in Definition 7.1 is true because @ lies in
some S € Fa, by (7.16), and hence satisfies d) in Proposition 5.5. As
for b) in Definition 7.1, if R is a neighbor of @, then @ and R both
lie in the same stopping-time region S € Fa, because of (7.16). This
implies that R C Qg, by a) in Proposition 5.5, while (7.2) follows from
¢) in Proposition 5.5 and (7.10). This leaves ¢) in Definition 7.1. Let R
be any neighbor of () in A. Thus R C )y, as above, and @), R satisfy
(¢) in Proposition 5.5, i.e.,

LIMQ)I _ MER) :
Qr = qrp ST g

On the other hand, R also lies in G(o), because of (7.17). This means
that R satisfies (6.9), i.e.,

h(Q)]

(7.18) (1+7)

R R IR

(7.19) (1+o0) R 7
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Combining (7.19), (7.18), and (7.10) we get (7.3), as desired. This
proves that () satisfies each of the conditions a), b), and ¢) in Definition
7.1, so that the assertion in the second reduction is true.

This completes the proof of Proposition 7.8.

Let us compare the conclusions of Proposition 7.8 with the earlier
results with stopping-time regions. It will be convenient to use the word
“island” to refer to a subset of A(Qp) which consists of a single cube
Q € A(Qo) and all of the neighbors of @ in A(Qp). In the context of
Proposition 7.8, we are free to take the “neighborly” parameter A > 1in
(2.30), (2.31) as large as we want, so that the corresponding islands are
also as large as we want. No matter the choice of A, G3\M(() is always
small in the sense of a Carleson condition. However, these islands are
always “bounded”, e.g., they never involve more than a finite number
of scales or a finite number of cubes. By contrast, the stopping-time
regions in F» from Proposition 5.5 can generally be much bigger than
that.

To help make this precise, we begin with the following observation.

Lemma 7.20. Let S be a stopping-time region in A, and fix a point
x € Q(S). Then either T € S whenever T € A satisfies v € T and
diam7T < diamQ(S), or there are only finitely many cubes Q) € S
which contain x.

Indeed, suppose that T is a cube in A such that x € T'. Then either
T C Q(S) or Q(S) C T, because of (2.17). Under the assumption that
diam T < diam Q(S), we must have T' C Q(S5).

If T ¢ S, then no subcube of T lies in S, by (2.22). On the other
hand, any other cube which contains x must either contain 7" or be
contained in 7', by (2.17). Therefore, if T' ¢ S, then every cube @) € S
which contains x as an element also contains T as a subcube. This

implies that there are only finitely many elements of S which contain
x (using also (2.16) and (2.18)). This proves Lemma 7.20.

Now suppose that we are in the situation of Proposition 5.5. Let
{Q;}icr be the family of cubes mentioned there, and set

(7.21) D=Qo\|JQi-

el
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From f) in Proposition 5.5 we have that

22 [p(UJe)| s m@<syled =] Je

el

Y

using also the disjointness of the @);’s. If

(7.23) |h(Qo)] > 0 |Qol,

then we get that |D| > 0.

Given a stopping-time region S, let us write E(S) for the set of
points y € Q(S) such that T € S whenever T is a cube which satisfies
y € T and diam T < diam Q(S5).

Lemma 7.24. The set D is contained in the union of the E(S)’s,
S € F3, except possibly for a set of measure 0.

To prove this, let N(z) denote the number of top cubes Q(S5),
S € Fs, such that z € Q(S), where x is an element of Q9. The average
of N(z) over @y is bounded, because of the Carleson condition e) in
Proposition 5.5 for the top cubes Q(S), S € F», and the identity (2.27)
in Section 2.5. In particular, N(z) is finite for almost all x.

Fix x € D with N(z) < co. We want to show that x lies in E(S)
for some S € F».

There are infinitely many cubes @ € A(Qp) which contain x, and
none of these cubes are contained in a @);, @ € I, by the definition (7.21)
of D. Thus all of these cubes are contained in stopping-time regions in
Fo, by b) in Proposition 5.5. If Sy € F» contains a cube @ with z € @,
then x € Q(Sp), and there are only finitely many possibilities for Sy,
since N(z) < o0.

Thus there is an .S € F3 such that S contains infinitely many cubes
which contain z as an element. This implies that z € E(S), by Lemma
7.20. This completes the proof of Lemma 7.24, since N(z) < oo for
almost every = € D.

To summarize a bit, the assumption (7.23) implies that |D| > 0,
and then Lemma 7.24 tells us that D is covered, except for a set of
measure 0, by the sets E(S), S € F;. In particular,

(7.25) [E(S)] >0,

for at least one S € Fs.
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When a stopping-time region S is infinite, so that E(S) # @, it
is already a lot larger than any single “island” (in the sense above),
at least in some directions. The islands never reach all the way down
to individual points in that way, i.e., containing all sufficiently small
cubes which contain a given point. When (7.25) holds, it means that
the stopping-time region S is much larger still, going all the way down
to a lot of points. Near points of density of E(S), there will even be
small cubes @ such that E(S) contains nearly all of A(Q).

What does this mean in the context of propositions 5.5, 6.13, and
7.87 In all cases, one has a lot of good behavior in terms of almost pre-
serving measure, and in about the same range of cubes (i.e., the cubes
in G9, modulo perhaps some Carleson sets, which one can consider as
small). The main difference is in the scale factors associated to the ap-
proximate measure-preserving behavior. In part ¢) of Proposition 5.5,
one has a single scale factor for each stopping-time region, while in the
context of Proposition 7.8, each island can have its own scale factor.

The latter is significantly weaker than the former. As one starts
with some cube () and shrinks down to individual points in (g, one
can pass through infinitely many islands, and although the change in
scale factors would normally be modest as one passes from one island to
another, one could still have infinitely many oscillations of definite size
over the infinitely many scales. In the context of Proposition 5.5 this
cannot happen nearly as much, and indeed the number of oscillations
is controlled by functions like N(z) above, counting the number of top
cubes Q(S), S € F, which contain x. As in the proof of Lemma 7.24,
this function is finite almost everywhere, and the Carleson condition
for the collection of top cubes gives quantitative bounds. One even has
exponential integrability for N (z), for instance, as mentioned in Section
2.5. (See Lemma 2.28 and the discussion which follows it.)

This type of quantitative control for the oscillations is completely
analogous to some applications of Carleson’s Corona construction, as
on [17, p. 348]. By contrast, the type of information provided by Propo-
sition 7.8 is closer in spirit to the Bloch space and the Zygmund class
in classical analysis. It is also similar to conditions like the WGL (weak
geometric lemma) and WALA (weak approximation of Lipschitz func-
tions by affine functions) discussed in [11]. See [11] for more about
“weak” conditions like these, versus ones more like Carleson’s Corona
construction.

Although Proposition 7.8 does provide significantly less informa-
tion than one gets from propositions 5.5 and 6.13, it is exactly what we
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shall need for the applications to finding big bilipschitz pieces, as in [6],
[19]. This is completely analogous to what happened in [19] (see also
[10]), i.e., “weak” conditions of approximation by affine mappings were
sufficient, even though stronger information is provided by Littlewood-
Paley theory (as in [14]) and Carleson’s Corona construction.

With this section we finish the treatment of almost measure-preser-
ving behavior in this paper. In the next section we review some general
criteria for finding big bilipschitz pieces, and we discuss applications
afterwards.

8. Weak bilipschitz conditions.

Roughly speaking, in “weak bilipschitz conditions”, one asks for
approximate bilipschitz behavior at most locations and scales, where
“most” is interpreted in terms of Carleson sets and packing conditions.
Before we give precise definitions, let us set some notation.

The notations and assumptions in Standing Assumptions 3.1 will
continue to be in force. Given a cube ) in M and a number A > 1, put

(8.1) AQ={zeM: dist(z,Q) < (A—1)diamQ}.

(This is the same as in (6.38), but we repeat it for convenience.)

If M has finite diameter, then let us agree to treat M itself as
a cube in A. For instance, if necessary we can add Aj;, = {M} to
the collections {A;};<j, from Section 2.3, or we can simply change
Aj,—1 so that it consists exactly of M. This will not cause any trouble
for (2.16)-(2.19), except perhaps for an adjustment to the constant in
(2.18).

Lemma 8.2. There is a constant b € (0,1/10), depending only on
n and the Ahlfors-reqularity constant for M, so that if x and y are
arbitrary distinct points in M, and Q) s the smallest cube in M such
that x € Q and y € 2Q), then

(8.3) d(z,y) > 10bdiam Q) .
This is easy to check. To put it another way, if diam @) is too large

compared to d(z,y), then one should be able to pass to a child @' of @
and still have x € Q' and y € 2@, in contradiction to minimality. This
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uses the fact that the diameter of Q' is not too much smaller than the
diameter of (), because of (2.18).

Standing Assumption 8.4. The constant b is chosen as in Lemma
8.2, and fized.

Let f be a mapping from M into another metric space (N, p(u,v)).
Given a constant k > 1, let BL(k) denote the set of cubes ) € A such
that

E=Hd(w,y) < p(f(2), f(y)) < kd(w,y),

(8.5)
for all z,y € 2Q with d(z,y) > bdiam (.

Definition 8.6 (Weakly bilipschitz mappings). A mapping f as above
is said to be weakly bilipschitz if there is a constant k so that A\BL(k)
15 a Carleson set.

This is taken from [10] (specifically, [10, Definition 3.5]).

If BL(kK) = A, then it is easy to see that f is bilipschitz with
constant k in the usual sense of (1.2). That is, given any pair of distinct
points x,y € M, one could take () to be the minimal cube such that
x € Q and y € 2@Q, and then apply (8.5) to get the bilipschitz condition
for this particular pair of points.

In general a mapping could have a (limited) amount of singularities
or folds and still be weakly bilipschitz, as in the examples discussed in
[10]. Conversely, if a mapping f : M — N is weakly bilipschitz, then
the following is true. Fix ¢ > 0 and a cube (). One can then find a
bounded number of subsets Fi,..., Fy of Q such that the restriction of
f to each F; is bilipschitz with constant k, and so that Q\J, F; has
measure less than €|@Q|. One can take £ to be bounded by a constant
that depend only on €, n, the Ahlfors-regularity constant for M, and
the Carleson constant for A\BL(k) in Definition 8.6.

This assertion is given in [10, Proposition 3.11]. It is really just
an abstraction of part of the argument in [19]. In the formulation in
[10] the metric spaces M and N were taken to be subsets of Euclidean
spaces, but this was not really needed. We shall say a bit about the
proof in a moment, but let us first give another version of the same
concepts which will be more directly applicable in this paper.

Fix a cube T in M, and suppose now that f is a mapping from 7T’
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into N. Let BL'(k) be the set of cubes Q € A such that @ C T and

k= d(w,y) < p(f(2), f(y)) < kd(@,y)

(8.7)
for all z,y € 2Q NT with d(z,y) > bdiam @ .

This is practically the same as before, except that we take the localiza-
tion to 71" into account.

Let D be a measurable subset of T, and let A(T, D) denote the
collection of cubes @ in A such that Q@ C T and QN D # & (as in
(2.23)).

Definition 8.8 ((7, D)-weakly bilipschitz mappings). Notations as
above. We say that f : T — N is (T, D)-weakly bilipschitz if there is
a constant k so that

(8.9) £ = A(T, D)\ BL (k)

satisfies a packing condition, i.e.,

(8.10) S Q1< Golrl,

Qeé&

for some constant Cy.

In other words, f behaves roughly like a weakly bilipschitz mapping
from the perspective of the subset D. The substitution of the packing
condition (8.10) for the stronger requirement of being a Carleson set is
not serious, and fits better with the conclusion that we are about to
draw. It is also more compatible with the localization to (T, D) which
is being made anyway (i.e., which is already connected to focussing
on a particular location and scale). For that matter, one could always
replace D by a slightly smaller set to get a Carleson condition (and
even a bit more than that), by throwing away the (small) set of points
in D which are contained in a large number of cubes @ € £. (Compare
with (2.27) in Section 2.5 and the related remarks there.)

Proposition 8.11. Let f : T — N and D be as above, with f a
(T, D)-weakly bilipschitz mapping in particular. For each € > 0 there
exists a finite collection I, ..., Fy of measurable subsets of D such that

<el|T|

l
(8.12) ‘D\UFi
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and so that the restriction of f to each F; is k-bilipschitz, where k is as
in Definition 8.8, and where £ is bounded by a constant which depends

only on €, n, the Ahlfors-regularity constant for M, and the constant
Cy from Definition 8.8.

One might say that f : T' — N behaves roughly like a branched
covering on D, at least in measure-theoretic terms.

Proposition 8.11 is a minor variation on the themes of [19], [10],
but we shall sketch some of the elements of the proof for the sake of
clarity and completeness.

Given a cube Q € A, Q C T, let j(Q) denote the largest value of
J such that @ € A;. Let @ denote the union of the cubes R € Aj(q)
such that R C T and RN 2@ # @. (Note that this is slightly different
from the notation in (6.8), but only slightly.)

Define N(z) for z € T by

(8.13) N(z) = the number of cubes @ € & such that z € Q.

This is a measurable function, and Fubini’s theorem yields

(8.14) | Swae= ¥ 1@l

Qe&

as in (2.27) in Section 2.5. Here dz denotes H™-measure on M. Com-
bining this with (8.10) we get that

(8.15) / N(x) dz < C Co|T,
T

where C' depends only on n and the Ahlfors-regularity constant for M.
This also uses the properties (2.18) and (2.16) of cubes, from Section

2.3, i.e., to know that |@| < C'|Q)| for any cube Q.

Put
(8.16) Ex={ze€T: N(z)> A},
A > 0. Thus
8.17) By < S ),

A
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by (8.15) and the Tchebytchev inequality. In particular,
(8.18) |Ex| < e|T]

if A is large enough, i.e., A > ¢71C Cy. We choose \ once and for all so
that this is true, e.g., A\ = ¢~ 1C Cy + 1.

It suffices now to find sets F,...,F, C T, with £ bounded as in
the statement of Proposition 8.11, such that

2
(8.19) D\Exc |JF

=1

and so that the restriction of f to each Fj is k-bilipschitz. In other
words, (8.19) implies (8.12).
To get the bilipschitz condition, it is enough to show that

if x,y are distinct points in some Fj;, and if () is the smallest

8.20
(8.20) cube in A such that x € Q and y € 2Q, then Q € BL' (k).

This follows from the definition (8.7) of BL'(k).

The rest of the proof consists of a coding argument for decomposing
D\ E) into a bounded number of subsets F1, .. ., Fy, which satisfy (8.20).
The mapping f : T — N and the underlying measure theory play

no further role, and all that really matters are the cubes ) € £ =
A(T, D)\ BL'(k) and the information that

(8.21) N(z) <X,  whenz€ D\Ey.

The latter provides effective control on the way that the “bad cubes”
in £ can pile up around points that matter, i.e., the elements of D\ E}.
The required coding argument is practically the same as in [19], and it
is reviewed also in [10] (at the end of Section 2). We omit the details,
which involve only cosmetic differences from the treatments in [19], [10].

9. David’s condition.

Standing Assumptions 3.1 continue to be in force in this section,
with the Lipschitz mapping h : Qo — N in particular.

David’s condition is a slightly complicated assumption about A :
Qo — N, and implicitly about the metric spaces M and N, which is
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sufficient to enable one to find subsets of Qo of definite size (in terms
of measure) on which A is bilipschitz, with uniform bounds, at least if
one has a lower bound for the measure of the image of h at the start.
This was one of the main results of [6], for which an alternate proof will
be indicated in Section 10. In this section we shall show how almost-
measure-preserving behavior in h can be converted into weak bilipschitz
behavior (in the sense of Section 8) under the assumption of David’s
condition, which is a key portion of the argument described here.

The precise statement of David’s condition is given below. Note
that we use the notation Bps(x,r) and By (u,t) for balls in the metric
spaces M and N, respectively. Keep in mind that we are using |E| to
denote H™(E) for subsets E of both M and N.

Condition 9.1 (David’s condition). For every Cy; > 0 (perhaps large)
andy > 0 (perhaps small), there exist Cy > 0 (large) andn > 0 (small)

so that the following s true.
Let x € QQp and 5 < jo be given. Set

(9.2) Ti(z) = {Q € A;: QN Bu(w,C227) # 2}
Assume that T;(x) C Qo, and that

(9-3) A (T5(x))| = v |Tj(2)] -

Under these assumptions, we should either have that

(9.4) h(Tj(x)) 2 By (h(x),C127),

or that

there is a cube W € A; such that W C T (x), and
[RW)HW[™F > (1 + 2n) [Ty (2)) | T5 ()|~

—~~
©
ot

~—

Condition 9.1 is by no means true in a general way, and indeed
there are plenty of examples of Lipschitz mappings between Ahlfors-
regular spaces of the same dimension such that the mappings have
images with positive measure but are not bilipschitz on any subsets of
positive measure. See [12] for some examples and more information
about related topics. However, there are some significant situations in
which one can show that Condition 9.1 holds, as in [6], [11], [13].
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One of the basic scenarios for verifying Condition 9.1 is to take
N = R", and to show that if the condition failed, then M would have
a kind of topological degeneracy (in dimension n). Some methods for
doing this are given in [6], including the derivation of controlled defor-
mations in which a substantial piece of M is displaced into a set of lower
dimension. This is also discussed (and with somewhat more detail) in
[13, Section 9].

Condition 9.1 is given as item (9) on [6, p. 77|, and implicitly in
[13, Main Lemma 8.7]. A modestly different version comes up in [11,
Part II, Lemma 3.65]. Each of these formulations are slightly different
from the others, and from the one above, in terms of the setting and
background assumptions.

REMARK 9.6. As in [11, Part II, Lemma 3.65], it is sometimes con-
venient to weaken Condition 9.1 slightly by replacing (9.4) with a re-
quirement like

(9.7) By (h(w), CL27) \ h(Tj(2))] < a2,

where ¢ is a small number. This weaker version would work just as well
for our arguments as (9.4), at least if ¢ is small enough, depending on
n, L (the bound for the Lipschitz constant of h from Standing Assump-
tions 3.1), the Ahlfors-regularity constant for M, and the parameter §
which is fixed in Standing Assumptions 9.8 below. We shall explain
this further in Remark 9.56 (just after we use (9.4) in a proof).

Let now us turn to the main arguments of this section, in which
we assume Condition 9.1, and see what we can get from it.

Standing Assumptions 9.8. Let § > 0 be given, arbitrary, but fized.
This will be the choice of & that we shall always use for Definition 7.1,
and eventually for Proposition 7.8. Set

(9.9) T=35 and Cy=1.

We assume that Condition 9.1 is true, and apply it with these choices
of v and Cy. This yields positive constants Cy, n, which are now fixed
as well.

Given ¢ > 0and A > 1, let M(¢) = M 4(C) be as in Definition 7.1.
Remember that A is used for deciding when two cubes are “neighbors”,



434 S. SEMMES

as in (2.30), (2.31). In this section we shall generally write M4(()
instead of M((), to make explicit the dependence on A. Note that
M 4(¢) implicitly involves ¢ too, but we shall not worry about that too
much, since ¢ is fixed as above.

We want to show that if a cube @ C Qo lies in M4(C), and if
A is large enough and (¢ is small enough, then we have approximate
bilipschitz behavior of our mapping h : Q9 — N at the location and
scale of @), in the sense of (8.7). Our first task will be to establish some
lemmas which will give us access to the information in Condition 9.1
(i.e., showing that its hypotheses are met).

In this endeavor, we shall be free to take A as large as we want,
and ¢ as small as we want. In particular, they may depend on C5 and
7. The price for this will come in the Carleson constant when we apply
Proposition 7.8 at the end, in Section 10.

As before, we shall use the notation A(7T) to denote the collection
of cubes in A which are contained in a given cube T'.

Lemma 9.10. Let R be a cube in A(Qo), with R € Aj, j < jo, and let
x be an element of R. If R € M4((), with A large enough, depending

only on n, Co, and the Ahlfors-reqularity constant for M (and not on
R or j), then Tj(z) C Qo.

This was one of the basic requirements in Condition 9.1 (just after
(9.2)).

To prove the lemma, fix R and € R, and let () be any cube in A;
which is contained in T)j(x). If A is large enough, depending on Cy, n,
and the Ahlfors-regularity constant for M, then Q and R are neighbors
in the sense of (2.30), (2.31). This is easy to see. Part b) of Definition
7.1 then implies that Q) C Q. (Note that ) and R have opposite roles
here from what they were in Definition 7.1, with R now the element of
M 4(C).) Since this is true for all such @), we have that T;(z) C Qo, as
desired.

Next we want to show that (9.3) holds in the basic situations of
concern.

Lemma 9.11. Let R be a cube in A(Qo), with R € Aj, j < jo, and
let © be a point in R. If R € M4((), with A large enough and { small

enough, depending only on n, Cs, and the Ahlfors-regularity constant
for M (and not on R or j), then (9.3) holds (with v = 6/2, as in (9.9)).
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Let R, j, and = be given as in the statement of the lemma. For each
cube Ry, let Ry be as defined in (6.8). We are interested in choosing
R so that

(912) R g Rl Q QO and El 2 T](x) .

Because T(z) C Qo, R1 = Qo satisfies these conditions, but we would

like to have Ry be smaller than that. In fact we can (and do) choose
R; so that (9.12) holds, and also

(9.13) diam R; < CCydiam R,

where C' depends only on n and the Ahlfors-regularity constant for M
(through the constants in (2.18)). That this is possible is easy to verify,
using the assumption T (z) C Qo, the definition (9.2) of T} (z), and the
definition (6.8) of Ry (which also relies on (6.7)).

If A is large enough, then R; is a neighbor of R. (See (2.30),
(2.31).) The assumption that R € M 4(¢) then ensures that

[h(Ry)| 1 [R(R)]
(9.14) 5 > (1+¢) T

as in (7.3). This is pretty good, but we need to account for the image
of Ri{\Tj(x) under h too, in order to get the desired lower bound (9.3)
for [M(Ty (o).

What does R1\T)(x) look like? Let us first check that

(9.15) Ry is a union of cubes in Aj.

Let j(R:) denote the largest integer such that Ry € Ajg,). By defini-
tion, *R; (as defined in (6.7)) is a union of cubes in Aj(g,). This is also

true of ]/%1, which is simply the intersection of xR; with )y, because
of the usual property (2.17) of cubes and the fact that Ry C Qo, as in
(9.12). (The latter implies that j(R1) < j(Qo).) Thus (9.5) holds with
j replaced by j(R;). This implies (9.15) for j itself, since j < j(Ry)
(because R C Ry), and using (2.16), (2.17) to say that cubes in Ay can
always be realized as unions of cubes in A; when j < k.

From (9.15) we conclude that

(9.16) ﬁl\Tj (x) is a union of cubes in A; .
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That is, Tj(x) is a union of cubes in A; by definition (see (9.2)), and
we know from (2.17) that distinct cubes in A; are necessarily disjoint.
This permits us to derive (9.16) from (9.15).

If A is large enough, again depending only on n, Cs, and the
Ahlfors-regularity constant for M, then every cube @) in A; with @ C

ﬁl is a neighbor of R. This is the last condition on A that we shall
impose. Since R € M 4((), we conclude that

(@) [n(R)]
Q] Rl

for all such @, by b) in Definition 7.1. (Note that the roles of R and @
here are again backwards from what they were in Definition 7.1. This
does not matter for (7.2), which is symmetric in () and R.)

Let Z denote the set of cubes @ € A; such that ) C I/i\’l\Tj(x).
Thus ﬁl\Tj («) is the union of the cubes in Z, by (9.16), and these cubes
are pairwise disjoint, because of (2.17). Combining this with (9.17) we
obtain that

(9.17) <1+ 5

BN @) < 3 hQ
QEeZ
(9.18) <(1+¢) |(7 Z
<1+ B R 1),

||

On the other hand, (9.14) implies that

©919) (10 S Rl < 0| < W )]+ IR \T )]

This yields

1 [h(R)] [h(1)|
(9.20) (1+¢)~ IR [Ba] < ATy ()] + (L4 Q) = R R\ (x)]

by (9.18). We can rewrite this as

L (1)]

R (1Ba] = (14 Q)? [RA\T;(2)]) < [W(T; ()],

(9.21) (147!t
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and then as

(0.22) (1+¢)" % (175(0)] — 2 + ) [RAT; @) < [h(T3(2))]
(9.23) Ba| = |T75()] + | Ro\T; ()

(because Tj(z) C Ry, as in (9.12).
We are assuming that R € M 4((), and this implies that

(9.24) [W(R)| > (1+ )~ o |R],

by a) in Definition 7.1. This permits us to simplify (9.22) to

(9:25) (14726 (|T5(2)| — (2¢+ ) [Ra\Ty(2)]) < [h(Ty(x))] -
Next, there is a constant C' > 0 so that

(9.26) [R\Tj(2)| < |Ra| < C|T5(2)]

where C' depends only on n and the Ahlfors-regularity constant for M.
To see this, let us first check that

(9.27) diam Ry < C'Cy 27,

for some constant C’ which depends only on n and the Ahlfors-regula-
rity constant for M. This follows from (9.13) and the fact that diam R
is bounded by a constant times 27, since R € Aj by assumption. (See
(2.18).) We also have that

(9.28) diam Ry < C"diam Ry ,

where C" depends only on n and the Ahlfors-regularity constant for M,
by the definition (6.8), (6.7) of Ry (and the usual properties of cubes).
Thus the diameter of Ry is bounded by a (geometric) constant times
C2 27, and (9.26) then follows from the definition (9.2) of T;(z) and the
Ahlfors regularity of M.

If ¢ is sufficiently small, depending on n and the Ahlfors-regularity

constant for M, then

(9.29) 1+ Q7 (T5(2)| = ¢+ ) [Ri\Ty(@)]) > 5 |T5(=)],
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because of (9.26). Plugging this into (9.25), we get that
1
(9.30) 5 0 T3 ()] < |1(T;(x))]

We chose v to be 6/2, as in (9.9), and so (9.30) is the same as (9.3),
which is exactly what we wanted. This completes the proof of Lemma
9.11.

The next lemma provides conditions under which (9.5) cannot oc-
cur (so that Condition 9.1 will lead us to (9.4)).

Lemma 9.31. Let R be a cube in A(Qp), with R € Aj, j < jo.
Suppose that x € R and that Tj(x) C Qo. Let Q be a cube in A;
such that Q C T;(x). If R € Ma(C), with A large enough and ¢ small
enough, depending only on n, Cs, 1, and the Ahlfors-reqularity constant
for M (and not on R, j, or Q), then

|h(Q)] |h(T())]
(9.32) o <O+ Spss

We can prove Lemma 9.31 using practically the same estimates as
for Lemma 9.11. Let R, 7, x, and () be given as in the statement of the
lemma. Thus

h(Q)]
Q]

as in (9.17), i.e., @ is necessarily a neighbor of R under the conditions

of the lemma, at least if A is large enough, and (9.33) follows then

directly from the assumption R € M 4(() and part b) of Definition 7.1.
On the other hand, we have that

030 1+ - o+ M e < g @),

< (140 B [n(R)]

(9.33) 7

because of (9.22) and (9.26). This constant C is the same as the one
n (9.26), and depends only on n and the Ahlfors-regularity constant of
M.

Combining (9.33) with (9.34), we obtain that
|h(Q)] 201 2 1 |h( J(x))|
(9.35) Dcarora-eeroorhzal,
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If ¢ is small enough, depending on n, 1, and the Ahlfors-regularity
constant for M, then (9.32) follows from this inequality. This proves
Lemma 9.31.

Lemma 9.31 has the effect of neutralizing the parameter n from
Condition 9.1, and we shall not have to deal with it again.
The next proposition gives the main conclusions of this section.

Proposition 9.36. There are positive constants k, Ay, and (1, de-
pending only on n, n, Cy, L (which is the Lipschitz constant for our
mapping h, as in Standing Assumptions 9.31), and the Ahlfors regular-
ity constants for M, so that the following is true.

Suppose that @Q is a cube such that Q C Qo and Q € Ma,((1).
Then Q also lies in BL'(k), where the latter is defined as in (8.7). (In
(8.7), one should replace T with Qq, and f with our mapping h.)

To prove this, let k£, A; be large, and let (; be small, to be chosen
soon. Let b be as in Lemma 8.2. Fix a cube Q € A(Qo) with Q €
M4, (¢1). Also fix arbitrary points z,y € 2Q N Qo (where 2Q is as
defined in (8.1)) such that

(9.37) d(z,y) > bdiam Q.
We want to show that, if £, A;, and (7 are chosen correctly, then
(9.38) p(h(x), h(y)) > k= d(z,y),

where p(-,-) denotes the metric on the target space N. Once we do this,
we shall be finished, because

(9.39) p(h(x), h(y)) < Ld(z,y)

holds automatically by the Lipschitz condition on A in Standing As-
sumptions 3.1. (Thus, to get (8.7), one should take k to be at least
L.

Let j(Q) be the largest integer such that @ € Aj(q), and let j; be
the largest integer at most j(Q) which satisfies

(9.40) Ty, () NTj(y) = 2.
It is not hard to see that

(9.41) 0<j(Q) —5n<C,
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for some constant C' that depends only on n, C5, and the Ahlfors-
regularity constant for M. (Note that b depends only on n and the
Ahlfors-regularity constant for M, as in Lemma 8.2.) This follows from
the definition (9.2) of T}(-) and the usual properties of cubes (especially
(2.17)).

Claim 9.42. If Ay is large enough, and (1 is small enough, de-
pending on n, Csy, and the Ahlfors-reqularity constant for M, then

1 (%), Tj, (y) € Qo and
(943)  A(T}, () 2 By (h(x),2),  W(T},(y)) 2 By (h(y),2").

To see this, let R, and R, denote cubes in Aj; such that z € R,
and y € R,. Let A, ¢ be positive numbers which are chosen large and
small enough, respectively, so that Lemmas 9.10, 9.11, and 9.31 hold. If
Aj is large enough, and (; is small enough, depending on these choices
of A and ¢ (which themselves depend only on acceptable parameters),
then we have that

(9.44) R Ry € Mu(C) .

This is not too hard to prove. Indeed, (9.41) and the fact that =,y €
2 () imply that R, and R, are neighbors of (), with a constant which
depends only on n, Cs, and the Ahlfors-regularity constant for M. Any
cube which is a neighbor of R, or R, is then a neighbor of @, but
with the “neighborly” constant increased in a controlled fashion. This
permits one to derive the requirements in Definition 7.1 for (9.44) to
hold from the corresponding features for ) coming from the hypothesis
that Q S MA1 (Cl)

Once one has (9.44), one can apply lemmas 9.10 and 9.11 to con-
clude that the “hypotheses” of Condition 9.1 hold for z, j; and y, j; (i-e.,
J1 instead of j). In particular, Lemma 9.10 implies that T3, (x), T}, (y) C
Qo, as asserted in Claim 9.42. The “conclusions” of Condition 9.1 then
imply that one of (9.4) and (9.5) must hold for each of x, j; and y, j;.
From Lemma 9.31 (applied to R, and R,) we know that (9.5) is not
possible in either case, and so we are left with (9.4) for both z, j; and
Y,71- In other words, (9.43) holds, which is exactly what we wanted.
This proves Claim 9.42.

From now on we assume that A; is at least large enough, and (3
at least small enough, for the purposes of Claim 9.42.
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Let us assume now that (9.38) does not hold, so that

(9.45) p(h(z), h(y)) < k" d(z,y).
We want to derive a contradiction.

Claim 9.46. If k is large enough, depending on n, Cy, and the Ahlfors-
reqularity constants for M, then

(9.47) h(Tj, () 2 B (h(y), 2" 71).

Note that there is an x on the left side of (9.47), and a y on the
right side. In other words, we can convert (9.43) into a condition of
overlapping images. This is quite straightforward. To derive (9.47)
from (9.43), we simply need to know that

(9.48) p(h(z), h(y)) <271,

On the other hand, d(z,y) < 3diam(@, since z,y € 2Q by as-
sumption (as stated at the beginning of the proof of Proposition 9.36),
and diam @ is bounded by a (somewhat large) constant multiple of 271,
because of (9.41) and the usual properties of cubes (namely, (2.17)).
Thus (9.45) implies that p(h(x), h(y)) is less that £~! times a constant
multiple of 27!, which ensures that (9.48) holds when k is sufficiently
large. This proves Claim 9.46.

From now on we assume that £ is large enough for Claim 9.46 to
work. We shall not need to impose any further conditions on &, so it

may now be chosen and fixed, once and for all.

Claim 9.49. If Ay is large enough, depending only on n, Cs, L, and
the Ahlfors-regularity constant for M, and if (; < 1 (say), then

(9.50) (T, () N (TG, ()] = ¢ |R(Q)],

where ¢ depends only on n, Cy, L, and the Ahlfors-reqularity constant
for M.

To prove the claim we use (9.43) and (9.47). Note that if N happens
to be Ahlfors regular of dimension n, then Claim 9.49 would follow
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immediately, and could be simplified slightly, but because we are not
assuming this we have to do a bit more work.

Let W € A(Qo) be a cube which contains x. If diam W < L~ 2711,
then we have that

(9.51) h(W) C By (h(z),271),

since h is L-Lipschitz by hypothesis (as in Standing Assumptions 3.1).
In particular we have that

(9.52) h(W) € h(Tj, (x)) N h(T;, (y)) ,

by (9.43) and (9.47).
On the other hand, we can choose W to be as large as possible
subject to the conditions above, and this ensures that

(9.53) diamW > ¢’ L=t 201

where C' depends only on n and the Ahlfors-regularity constant for M.
If A, is large enough, depending on n, L, Cs, and the Ahlfors-regularity
constant for M, then this implies that W must be a neighbor of (), using
A; for the neighborly constant in (2.30), (2.31). For this assertion we
also use (9.41) and the fact that z lies in 2Q), by construction. Because
Q € M4,(¢1), we may apply b) in Definition 7.1 to obtain that

|h(W)] _1 [R(Q)]
9.54 1 — .
(9.54) 2 (o) R
We can convert this into
(9.55) h(W)| > C" 1 Q)]

where C” depends only on n, L, Cy, and the Ahlfors-regularity con-
stant for M, because of (9.53) and (9.41). Claim 9.49 now follows by
combining (9.52) and (9.55).

REMARK 9.56. We mentioned before in Remark 9.6 that it is sometimes
convenient to weaken Condition 9.1 by replacing (9.4) with a condition
like (9.7), and that such a change would be innocuous for the purposes
of this section. Indeed, it is only in the proof of Claim 9.49 that this
modification would have more than a cosmetic affect. The crucial point
would come in (9.52); now we would only be able to say that h(W)
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minus a set of small measure is contained in h(7}, (x))Nh(T}, (y)). More
precisely, by choosing the constant a in Remark 9.6 correctly, one could
still say that at least half of A(WW) (in terms of measure) is contained in
h(T}, (z)) N h(T},(y)), and this would be perfectly fine for Claim 9.49.
One would simply have to change the constant in (9.50) slightly.

Let us be a bit careful about why one can choose a in this way
(i.e., with a depending only on the constants given at the beginning).
From a) and b) in Definition 7.1 we have the lower bound

(9.57) % > (14 a) s

| &1

As in (9.53), we also have a lower bound for the diameter of W, in
terms of a constant multiple of 27t. This leads to the lower bound

(9.58) \W|>cCcytL="2imm,

where Cy depends only on n and the Ahlfors-regularity constant for M.
Thus

(9.59) |h(W)| > Cyt gL_" 291

Therefore, if we choose a so that

(9.60) a <Oyt ZL_",

then we would be able to use (9.51) and (9.7) to conclude that
(9.61) h(Tj, (x)) N (T, (y))

contains at least half of the elements of h(W), in terms of measure,
instead of (9.52) as before. This type of condition on a is completely
acceptable, in that it depends only on the parameters that are given to
us in advance, rather than anything like C5 or n from Condition 9.1,
which would lead to circles in the argument. (The constant Cy does
come into the later estimates, as in the proof of Claim 9.49, but this
does not matter, because it is not connected to the choice of a.)

To finish the proof of Proposition 9.36, we want to use Claim 9.49
to get a contradiction. The basic idea is that the substantial overlap in
(9.50) is incompatible with the approximate preservation of measure,
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in much the same way as in the discussion at the beginning of Section
6.

Much of the argument will be similar to the one in the proof of
Lemma 9.11. We begin by choosing a cube ()1 such that

(962)  QCQCQy and Ty (x),Tj(y) CQr,

where @ is defined through (6.8) and (6.7). The cube Qq already
satisfies these conditions, but by choosing (); as small as possible we
can guarantee that

(9.63) diam @, < Cdiam @,

where C' depends only on n and the Ahlfors-regularity constant for M.
One does not need C' to depend on Cs — although that would not really
matter — because the requirement that 773, (x) and 7}, (y) be disjoint, as
in (9.40), ensures that the diameters of T}, (x) and T}, (y) are not too
large compared to the diameter of (). This also uses the definition (9.2)
to know that  and y are roughly in the middle of T}, (z) and T}, (y),
so that the distance between x and y controls the diameters of Tj, (x)
and T}, (y) up to a bounded factor. (A key occurrence of Cy is in the
choice of ji, as in (9.41), which goes in sort of the opposite direction
from the choice of @Q1.)

From (9.62) and (9.63) it follows that @, is a neighbor of @, with
constant A, at least if A; is large enough. Since @ € M4, ((1), we
may apply c¢) in Definition 7.1 to get that

L M@ M@0l

(9.64) (1 + Cl) |Q| < |@1|

We would like to get an upper bound for |h(@1)| which contradicts this
lower bound.
From (9.40) and (9.62) we know that T}, (x) and T}, (y) are disjoint

subsets of @1. Set
(9.65) E =1\ (T}, (2) UT}, (v)) .-
Thus

(9.66) h(Q1) = h(E) U h(Tj, (z)) U (T}, (y)) ,
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and
(9.67) [h(Qu)] < [A(E)|+[A(T5, ()| +h(Ty, ()|~ A (T, ()T, ()] -

(Compare with (6.5).)
By definition, T}, (z) and T}, (y) are unions of cubes in Aj . (See
(9.2).) Let us check that

~

(9.68) ()1 is a union of cubes in Aj, .

Let j(Q1) denote the largest integer such that Q1 € Aj,). Thus
7(Q1) > 7(Q), since Q1 D @, as in (9.62). We also have that

(9.69) Q1 is a union of cubes in A

by the construction of Qy in (6.8) and (6.7). (Strictly speaking, we use
here the fact that Q1 C Qo, to know that j(Q1) < j(Qo), where j(Qo)
is the largest integer such that Qo € Aj(,).) Since j(Q1) > j(Q), as
noted above, and j(Q) > ji, as in (9.41), we have that j(Q1) > j1. Thus
(9.68) follows from (9.69), by the usual properties of cubes (namely,
(2.16) and (2.17)).

Since Tj, (x), T}, (y), and ()1 are all unions of cubes in Aj,, and
since the cubes in A, are pairwise disjoint by (2.16), we conclude that
E is also a union of cubes in Aj,.

Let U(X) denote the collection of cubes W € Aj, such that W C

X, where X is T}, (), T}, (y), Q1, or E. Then

\W(E)| + [h(T}, ()] + [h(T}, (y))]
(9.70)
< D> M+ D W)+ D W),

WelU(E) Wel(Ty, (x)) weu(Tj, (v))

since E, Tj,(x), and Tj, (y) are each given by the union of the cubes
in U(E), U(T},(x)), and U(T}, (y)). On the other hand, the collections
UE), U(T},(x)), and U(T}, (y)) are pairwise disjoint, since E, Tj, (x),
and T}, (y) are pairwise disjoint (by (9.65) and (9.40)). We also have
that

~

(9.71) UQ1) =UE) VU(T;, (z) VU(T) (y)) -
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In other words, every cube W € Aj; which is a subset of @1 must
also be a subset of one of E, Tj (x), and T}, (y). This uses the fact
that Q is the union of E, Tj, (x), and Tj, (y) (by (9.65)), the earlier
observation that each of E, Tj (x), and T}, (y) is a union of cubes in
Aj,, and the pairwise-disjointness of cubes in Aj, . Because of (9.71)
and the disjointness of the union in (9.71) we may convert (9.70) into

(9.72) IR(E)] + (T3, (2))] + [R(T5 ) < Y Th(W)].

WeU(Qy)

If A; is large enough, depending on n, Cy, and the Ahlfors-regularity
constant, then the cubes W € U(Q1) are all neighbors of ), with neigh-
borly constant A;. (This is the last time that we impose a condition
on Aj, and so it may now be chosen and fixed, once and for all.) This
permits us to apply b) in Definition 7.1 to get that

h(Q)]
QI

[h(W)]

(9.73) W

< (1+¢)

for all W € U(Q1). Thus (9.72) leads to

(0.74) [h(E)|+|h(T;, ()| + h(T) ()] < (14+¢1) 'ﬁg” S W,
Weu(@l)

The cubes W in U (Ql) are pairwise disjoint, since they allliein Aj , and

they are also subsets of Ql, by definition of U (Ql) Thus we conclude
that

h(Q)]
Q]

9.75)  |WE)|+ [M(Tj, ()| + [A(T5, (y))| < 1+ C) Q-

Combining (9.75) with (9.67) yields

©76) @) <0+q)] |(Q|>' 3] — (T3 (2) N T3 (9)
We can also apply (9.50) to get that
(0.77) @) < 1+ ) MG i)

Q]
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where ¢ depends only on n, Cs, L, and the Ahlfors-regularity constant
for M.
Let us rewrite (9.77) as

[h(Q1)]

A QI IMQ)I
1

S(l‘i‘(l) —C

9.78 =
O Qo

Putting this upper bound together with the lower bound in (9.64), we
obtain that

_1 [M(Q)] h(@Q) Q)]
This is equivalent to
(9.80) (1+¢) P <+¢G) —c@—' .
Q1]

(Note that |h(Q)| > 0, since @ € M4, (C1). See a) in Definition 7.1.)
On the other hand,

(9.81) Q11 < D|QJ,

for some constant D which depends only on n and the Ahlfors-regularity
constant for M, by (9.63) and the usual properties of cubes (i.e., (2.18)).
Thus (9.80) leads to

(9.82) (1+¢G)'<(1+¢)—cD™t.

This gives us the desired contradiction if we choose (; small enough,
depending on ¢ and D. In other words, ¢ D~! is a positive number of
definite size, depending only on n, Cy, L, and the Ahlfors-regularity
constant for M, and since we are free to choose (7 as small as we want,
depending on these parameters, we may choose it so that (9.82) is not
true.

This completes the proof of Proposition 9.36. We shall make use
of it in the next section.
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10. A summarizing theorem.

Again the provisions of Standing Assumptions 3.1 are in force.
Thus M and N are metric spaces, with M Ahlfors-regular of dimension
n, {A;}j<j, is a sequence of families of cubes in M, as in Section 2.3,
Qo is a fixed cube in M, and h : Q9 — N is an Lipschitz mapping with
norm at most L. Also, we use |A| to denote n-dimensional Hausdorff
measure of A, whether A is contained in M or N. (To some extent one
could allow other measures besides Hausdorff measure, as in Remark
3.5.)

Theorem 10.1. Notations and assumptions as above. Suppose also
that Condition 9.1 holds. Let 6 > 0 be arbitrary, but fized, and set

(10.2) ST, ={WeA: WCQo, |h(W) <8§W|}.
Also put
(10.3) D=qQo\ |J w.
wesSI,
Then
(10.4) [h(Qo\D)| < §1Qo\D| < 0[Qo

(at least if Qo\D # @), and h is (Qo, D)-weakly bilipschitz, in the
sense of Definition 8.8. The constants for the (Qo, D)-weak bilipschitz
property may be taken to depend only on n, L, &, the Ahlfors-reqularity
constant for M, and the constants Cs, 1 in Condition 9.1, associated
toCy=1andy=10/2.

In particular, for each ¢ > 0 one can find measurable subsets
Fi,....Fy of D such that

l
(10.5) D\ FE| <<l
=1

and so that the restriction of h to each F; is bilipschitz, with £ and the
bilipschitz constants bounded by quantities which depend only on € and
the parameters mentioned above.
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Note that

L

(10.6) ‘h(Qo) \ J r(#)

=1

< (Ln€+5) |Q0|7

because of (10.4), (10.5), and (2.3). This is like the situation in [19]; the
h(F;)’s account for all of h(Qg) except for a subset of small measure.
If h(Qo) itself is of small measure, then Theorem 10.1 does not really
contain any information, but as soon as the measure of the image is
of definite size, one obtains substantial subsets of )y on which A is
bilipschitz, as in [6].

To prove the theorem we basically only have to concatenate pieces
from the previous sections. The inequality (10.4) is quite automatic,
and we have done this type of calculation several times before. (See
Lemma 7.5, for instance.) For the weak bilipschitz condition, choose k
as in Proposition 9.36. Let BL'(k) be as in Section 8 (see (8.7)), and
let A(Qo, D) denote the collection of cubes in M which are contained
in M and which intersect D. We want to show that

(10.7) A(Qo, D)\BL' (k) is a Carleson set,

which is slightly stronger than needed for Definition 8.8.
According to Proposition 9.36,

(10.8) M, (¢1) € BL (k)

when A; is large enough and (; is small enough (and with suitable
bounds). To establish (10.7), it is therefore enough to show that

(10.9) A(Qo, D)\ M4, (¢1) is a Carleson set .

This we can get from Proposition 7.8. (The A-parameter was left im-
plicit in Proposition 7.8, i.e., we used the notation M(() instead of
M 4(C).) More precisely, Proposition 7.8 provides a Carleson condition
for

(10.10) A(Qo)\(Ma, (1) UST),

where SZ was defined (in Definition 7.4) to be the set of cubes Q C Qo
such that Q@ C W for some W € SZ;. If Q is a cube in A(Qo, D), then
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QQ intersects D, and therefore cannot be contained in some W € S7,.
Thus

(10.11) A(Qo, D)\ M4, (1) € A(Qo)\(Ma, (¢1) UST),

and so (10.9) follows from the Carleson condition for (10.10).

This proves that h is (Qo, D)-weakly bilipschitz in the sense of
Definition 8.8, and with suitable bounds. The last part of Theorem
10.1 follows directly from this and Proposition 8.11. This completes
the proof of Theorem 10.1.

REMARK 10.12. Let us mention a simple extension of the preceding
theorem and proof. We want to “weaken” Condition 9.1, by allowing
some exceptions which are controlled by a packing condition, in the
following manner.

Let Qo be a fixed cube in M, as in Condition 9.1, and let B be a
collection of cubes in A which are also subcubes of (). These will be
the set of “bad” cubes for Condition 9.1. Given a point z € @)y and an
integer j < jp, we shall allow the pair (z,j) to be “excused” from the
provisions of Condition 9.1 if there is a cube ) € B such that

(10.13) there is a W € B such that z € W and W € A .

To prevent this from happening too often, we ask that B satisfy a
packing condition of the form

(10.14) > W< C Q.

weB

We should be a bit more careful here about the role of B in Condition
9.1. We allow B and the constant C’ in (10.14) to depend on C; and
v, but not on anything else. In other words, B and C’ are in roughly
the same category as C; and 7, and should be given at the same time.
The rest of Condition 9.1 remains the same as before, except that the
pairs (z,7) which satisfy (10.13) are excused from the conclusions of
Condition 9.1. One could rephrase this by treating (10.13) as a third
alternative, in addition to the two (9.4), (9.5) that are already there.
If Condition 9.1 is weakened in this manner, then the conclusions of
Theorem 10.1 still hold, and with essentially the same proof. The main
point is that Proposition 9.36 should be modified, to say that the cube
Q in the statement of Proposition 9.36 either lies in BL'(k), as before,
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or is a neighbor of a cube in B, for a suitable choice of constant A in
the neighbor-conditions (2.30), (2.31). This choice of A may depend
on Cs, as well as n and the Ahlfors-regularity constant for M. With
this adjustment, Proposition 9.36 is derived in practically the manner
as in Section 9. The only difference comes in the justification of Claim
9.42, which is where Condition 9.1 was used. Now the weaker version of
Condition 9.1 would imply that either the given cube () is a neighbor
of a cube in B (for a sufficiently large neighbor-constant A), or that
the same conclusions as in Claim 9.42 are true, so that the rest of the
argument can be finished in the same way as before. (In particular,
Condition 9.1 was not employed again after Claim 9.42.)

For the proof of Theorem 10.1, one would then replace (10.7) with
the requirement that A(Qo, D)\BL' (k) satisfy a packing condition, and
one would replace (10.8) with

(10.15) BL'(k)\M 4, (¢1) satisfies a packing condition .

The latter is what one would get from the modified version of Propo-
sition 9.36, and it is sufficient for the conclusions of Theorem 10.1, for
the same reasons as before.

As usual, one should not be too concerned with the difference be-
tween Carleson and packing conditions here, and indeed in practice the
set B of bad cubes could well be a Carleson set anyway. One could also
consider weakenings of the packing condition, as may be appropriate in
some circumstances, but this is easy to analyze and we shall not pursue
it here.

11. Some technical extensions.

In this section we would like to record some modest refinements of
the assertions in this paper, concerning the Lipschitz condition on our
initial mapping h : Q9 — N from Standing Assumptions 3.1.

Instead of the Lipschitz condition (3.2), consider the requirements
that
(11.1) h: Qo — N be continuous

and

(11.2) H™"(W(E)) < L"H™(E),  forall EC Q.
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Each of these properties holds automatically when h is Lipschitz with
constant L, using (2.3) to get (11.2). (For (11.2), one might also be in-
terested in different measures besides Hausdorff measure, as in Remark
3.5).

Notice first that Lemma 2.4 works for mappings which satisfy
(11.1) and (11.2) instead of being Lipschitz. Indeed, all that one really
needs for Lemma 2.4 is that the given mapping send compact sets to
compact sets (which follows from continuity), and that sets of measure
0 are sent to sets of measure 0 (which is a special case of (11.2)).

With (11.1) and (11.2) instead of the Lipschitz condition (3.2) for
h, the statement and proof of Proposition 3.6 go through exactly as
before. The main points are that one still has (3.12), now by fiat, and
that Lemma 3.16 continues to work under these conditions. Specifi-
cally, (3.19) in Lemma 3.16 still follows from (3.18), by (11.2), and the
finiteness of |f(Q)| mentioned just after (3.22) also follows from (11.2).
(In the context of the proof of Proposition 3.6, Lemma 3.16 was always
applied with the mapping f taken to be h, and with the cube @ a
subcube of our original cube Qy.)

None of this should be considered surprising, as Proposition 3.6
relies only on very general principles, in which the mapping A plays
little role. (One really only uses h to get the subadditive measure
E — |h(E)| for subsets of M.)

Similarly, the extension of Proposition 3.6 to propositions 4.2 and
5.5 does not involve h at all, beyond what is incorporated into Propo-
sition 3.6 already, and so they also work in this more general setting.
In Proposition 6.13, the mapping h does participate slightly, but only
for subadditivity of £ — |h(F)| again. This does not take place un-
til the last parts of the proof, after all of the initial reductions. For
Proposition 7.8 the mapping h plays essentially no active role either,
and the proof in effect provides merely a different view of some of the
information given in Proposition 6.13.

To summarize, we have that the statements and proofs of Propo-
sitions 3.6, 4.2, 5.5, 6.13, and 7.8 work just as well with the Lipschitz
condition (3.2) for h replaced with (11.1) and (11.2). Actually, we never
even need (11.1) here. It is nice to have, for the sake of measurability
of the images, as in Lemma 2.4 and its extension mentioned above, but
one does not really need measurability for these propositions. This is
because Hausdorft measure H™ is defined as an outer measure on all
subsets of N, and subadditivity of E —— |h(FE)| is all that was ever
used for these propositions. (Measurability of the images is needed for
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the interpretation of measure-preserving behavior mentioned near the
beginning of Section 6, concerning approximate disjointness of images
of disjoint sets, but this did not enter into the proofs of the proposi-
tions. It does play a role in later applications, as in (9.67) in the proof
of Proposition 9.36.)

For the work in sections 9 and 10, it is important to have Lipschitz
control on h, and not just (11.1) and (11.2). However, the nature of
this control can be weakened, as in the following notion.

Definition 11.3 (Pseudo-Lipschitz condition). Let M, N, and Qo be
as usual, in Standing Assumptions 3.1. We shall call h : Q9 — N
pseudo-Lipschitz with constant L if h is continuous on Qq, and if there
1s a subset Y of Qo such that the restriction of h to'Y s Lipschitz with
constant L, and such that

(11.4) H™(M(Qo\Y)) = 0.

In other words, h is L-Lipschitz on Y, and h is completely degen-
erate on (Q9\Y, in the sense of (11.4). This comes up naturally in some
situations, where one starts with some mapping and tries to “clean it
up” by collapsing portions that are not essential (e.g., which are not
needed for some topological purpose). In doing this it may not be con-
venient or possible to keep track of the Lipschitz behavior of the given
mapping on the whole domain, but, as in the pseudo-Lipschitz property,
one may not need a bound on the parts where collapsing takes place.

If h: Qo — N is pseudo-Lipschitz with constant L, then it auto-
matically satisfies (11.1) and (11.2), the latter by (2.3) and (11.4). In
particular, Propositions 3.6, 4.2, 5.5, 6.13, and 7.8 continue to hold in
these circumstances.

We want to extend the results of sections 9 and 10 to the case
where h : Qo — N is pseudo-Lipschitz with constant L as well. Let
us first make some observations about Section 8, and weak bilipschitz
conditions.

Let M and N be as usual (in Standing Assumptions 3.1), and fix
a cube T in M. Also fix a measurable subset S of T'. Instead of a
mapping f : T — N, as in Section 8, let us take f to be defined only
on S. (If it happens to be defined on all of T, then we simply forget
about the part that is not in S.)

Fix a constant b > 0 as in Lemma 8.2, and let £ be a number
greater than 1. Define BLj (k) to be the collection of cubes @ € A such
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that Q C T and

K= d(w,y) < p(f(2), f(y)) < kd(z,y)

(11.5)
for all z,y € 2Q N S with d(z,y) > bdiam Q.

This is the same as (8.7), except that we restrict ourselves to points z,
yin S.

Definition 11.6 ((T, D, S)-weakly bilipschitz mappings). Given a
measurable set D C T, we say that f : S — N is (T, D, S)-weakly

bilipschitz if exactly the same conditions hold as in Definition 8.8, ex-
cept that BL' (k) is replaced with BLy(k).

Iff:S— Nis(T,D,S)-weakly bilipschitz, then exactly the same
conclusions as in Proposition 8.11 are true, except that the F;’s should
now be subsets of DN S, and the D in (8.12) should be replaced with
D N S. This can be proved in practically the same manner as before,
except that now one only worries about points in S. More precisely,
the choice of “bad set” E) of points to remove can be made in exactly
the same manner as before, in (8.16). One then wants to show that

(11.7) (DN S)\Ey

can be covered by a bounded number of sets F; on which f is k-
bilipschitz, as in the statement around (8.19). As before, to get the
bilipschitz condition, it suffices to choose the F;’s so that (8.20) holds.
Thus one only needs to choose the F;’s so that they cover (D N S)\E\
and satisfy (8.20) (and so that there are only boundedly many of them),
and this can be accomplished through exactly the same kind of coding
argument as for Proposition 8.11.

Let us now proceed to the material in sections 9 and 10. We use
the same notations and assumptions as before, including the ones in
Standing Assumptions 3.1, except that h : Q9 — N is now required
to be pseudo-Lipschitz with constant L, instead of the usual Lipschitz
condition (3.2). Let Y C Qo be as in Definition 11.3. We may as well
assume that Y is relatively closed in g, since otherwise we can simply
replace it with its relative closure.

We do not change the formulation of David’s condition (Condition
9.1) in this context, and we also keep Standing Assumptions 3.1 as they
are. The weakening of David’s condition described in Remark 9.6 would
also work fine here.
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The statements and proofs of lemmas 9.10, 9.11, and 9.31, carry
over to this context without trouble, in much the same way as for
propositions 3.6, 4.2, 5,5, 6.13, and 7.8 before. For this the pseudo-
Lipschitz condition could be replaced with (11.1) and (11.2) (or just
(11.2)).

For Proposition 9.36, one should be a bit more careful. In the
statement of Proposition 9.36 one should replace BL'(k) with BLy(k)
as defined above, around (11.5). (For the definition of BLj(k), one
should now take the cube T to be Qg, f to be h, and S to be Y.)

The proof of the modified version of Proposition 9.36 begins the
same way as before, except that x and y should be chosen in 2Q NY,
rather than 2@ N (g. The pseudo-Lipschitz condition on h still gives
(9.39) in that case, since z and y lie in Y.

Proceeding with the earlier proof, the choices of j(Q) and j; remain
the same as before, and one can derive Claim 9.42 from lemmas 9.10,
9.11, and 9.31 in exactly the same manner as in Section 9.

For Claim 9.49 we have to be a bit more careful. If N happens to be
Ahlfors regular of dimension n, then there is nothing to do, and Claim
9.49 would follow directly from Claim 9.42. Without that assumption
we can try to argue as before, but now (9.51) need not be true, since
we only have a pseudo-Lipschitz condition for h. Instead of (9.51) we
have that

(11.8) h(WNY) C By(h(z),271)

because h is L-Lipschitz on Y. This is practically as good as (9.51),
since

(11.9) hWAY)| =0,
by (11.4), and therefore
(11.10) |h(WNY)| = |h(W)].

From here the argument for Claim 9.49 is nearly the same as in Section
9. One should replace W in the left side of (9.52) with W NY, but
the measure-theoretic computations do not change, because of (11.10).
(Similarly, the considerations of Remark 9.56 extend to the present
circumstances as well.)

The rest of the proof of Proposition 9.36 carries over without much
incident, and indeed would work under the assumptions of (11.1) and
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(11.2) in place of the (stronger) pseudo-Lipschitz property. The one
slightly delicate point is that for this part of the argument we do need
the measurability of the images of measurable sets under h (for (9.67)),
and so we do use now the continuity condition (11.1).

This takes care of the material in Section 9. As for Section 10,
Theorem 10.1, goes over with only minor adjustments. Specifically,
instead of the (Qg, D)-weak bilipschitz property for & in the conclusions
of Theorem 10.1, one would get (Qo, D, Y)-weak bilipschitzness, in the
sense of Definition 11.6, and with the same estimates as before. In (10.5)
one should replace D with D NY, as in the variant of Proposition 8.11
for (T, D, S)-weak bilipschitzness discussed above (in the paragraph
containing (11.7)). These are the changes that one should make to
the statement of Theorem 10.1, and then the proof is almost exactly
the same as in Section 10. One simply has to use BLy(k) (from (11.5))
instead of BL'(k), and employ the versions of propositions 7.8, 8.11, and
9.36 adapted to this context (i.e., with the pseudo-Lipschitz condition
instead of the Lipschitz condition).

Thus Theorem 10.1 can be extended to the case where h is pseudo-
Lipschitz with constant L instead of Lipschitz. Note that the inequal-
ity (10.6) does still work in this case, i.e., without having to replace
D with DNY, since |h(Qo\Y)| = 0 (as part of the pseudo-Lipschitz
condition, as in (11.4)). In particular, given a suitable lower bound for
|h(Qo)|/|Qo|. we may conclude that there is a subset of @@y of definite
size on which h is bilipschitz, and with uniform bounds.

Of course David’s method in [6] also works perfectly well in this
context. (Since we happen to be here, though, it is convenient to go
through the verifications for the arguments described in this paper.)

REMARK 11.11. As one last comment, let us mention that if NV is
Ahlfors regular of dimension n, then one could simplify these extensions
slightly, as follows. One might as well split the issue of the upper
bounds in the bilipschitz conditions off from the lower bounds, and
just concentrate on the latter. If one does have upper bounds, as in
the pseudo-Lipschitz condition, one can simply add that on afterwards,
separately.

In concentrating on the lower bounds on the bilipschitz conditions,
one should drop the upper bounds from most of the hypotheses and
conclusions in the various statements. Thus, instead of weak bilipschitz
conditions in Section 8, one would work with similar conditions which
involve only lower bounds in (8.5), and (8.7), and only lower bounds
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in Proposition 8.11. Analogous changes would be made to Proposition
9.36 and Theorem 10.1. With these modifications it would be enough
to use (11.1) and (11.2), rather than the pseudo-Lipschitz condition (at
least if NV is Ahlfors regular of dimension n, to avoid trouble with Claim
9.49 in the proof of Proposition 9.36.)
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