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An elliptic semilinear equation
with source term involving
boundary measures:

the subcritical case

Marie-Francoise Bidaut-Véron and Laurent Vivier

Abstract. We study the boundary behaviour of the nonnegative solu-
tions of the semilinear elliptic equation in a bounded regular domain €2
of RN (N > 2),

Au+u?2=0, in €,

U=, on 01},

where 1 < ¢ < (N +1)/(N —1) and p is a Radon measure on 0€2. We
give a priori estimates and existence results. They lie on the study of
the superharmonic functions in some weighted Marcinkiewicz spaces.

1. Introduction.

Let Q be a bounded domain in RY (N > 2) with a C? boundary
0€). Here we study the behaviour near the boundary of the nonnegative
solutions of the semilinear elliptic equation
(1.1) —Au =u?, in Q,
where 1 < ¢ < (N +1)/(N —1). By solution of (1.1) we mean any
function u such that u? € L] () and satisfying the equation in D’((2).

loc
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We denote by p(x) the distance from any point z € Q to 09,
and by B(z,r) the open ball of center z and radius > 0. Let G be
the Green function of the Laplacian in €2, defined on the set {(z,y) €
QxQ: z #y}. Let P be the Poisson kernel defined on Q x 99
by P(x,z) = —0G(x, z)/0On. We call M(Q2) and M (0N) the spaces of
Radon measures on € and 952, and M7 (Q2) and M™T(92) the cones of
nonnegative ones.

Observe that any nonnegative and superharmonic function U in
Q satisfies U € L{, (). From the Herglotz theorem, there exist some

unique p € MT(Q) and g € M+(9Q) such that U admits the integral
representation

(1.2) U=G(p)+ P,

where, for almost any x € €2,

(13) Gle)(x) = / Ga ) doy),  P(u)x)= [ Ple.2)dp(z).

o0

moreover [, pdp < +oco. Reciprocally, for any ¢ € M(£) such that
Jopdlel < +oo and p € M(9R), the function U defined by (1.2) lies
in L (), and satisfies

loc
—-AU =y, in D'(Q),

see for example [12]. We shall say that U is the integral solution of
problem

—AU =¢, inQ,
(1.4)

U=u, on 0.

Hence any solution v of (1.1) in Q satisfies [, pu?dz < +o0, and there
exists a measure g € MT(9Q) such that

—Au=u?, in 2,
(1.5)

u=p, on 0L,
in the integral sense. Our aim is to give a priori estimates for any solu-

tion of equation (1.1) near the boundary, and also to obtain existence
results for a given measure p on 0f).
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The problem with the other sign

Au=u?, in,
(1.6)

U=, on 01},

has been studied in [20] and [24] in the subcritical case 1 < ¢ < (N +
1)/(IN — 1), and in the supercritical case in [25]. Another approach
coming from the probabilistic point of view is done in [14], [15], [22],
which gives results in agreement with the previous ones in the case
1 < g < 2. It seems that the probabilistic techniques do not apply to
our case. Our approach has to be compared to the methods of P. L.
Lions used in [23] for the problem of an interior isolated singularity.
Our proofs lie essentially on the study of the superharmonic functions
in some weighted Marcinkiewicz spaces.

Let us recall some classical results for the interior problem for a
better understanding. Let xy € {2 and consider any nonnegative solu-
tion w € C?(Q\{xo}) of the equation

(1.7) —Aw = w1, in Q\{zo} .

When 1 < ¢ < N/(N — 2), one can give upper and lower bounds by
using Serrin’s methods of [28], see for example [4, Lemma 6.4]. The
precise behaviour of w was obtained in [23]. First w? € L{ () , and
there exists some v > 0 such that

(18) —A’w = ’wq -l- ’)/(50 5 il’l D/(Q) ,

from the Brézis-Lions Lemma, see [9]. Then the following estimates
hold near xg

(1.9) VE (20, 7) < w(x) <y E(zo, ) (14 0(1)),

when v > 0, where E is the fundamental solution of the Laplace equa-
tion. And the remaining term can be precised according to the val-
ues of N,q, see [23]. The function w can be extended as a function
w € C?(Q) if v = 0. Concerning the existence of solutions of (1.8)
for a given +, there exists some finite positive v* such that the equa-
tion (1.8) admits a solution w > 0, with w = 0 on 012, if and only if
v € [0,7*]. If ¢ > N/(IN —2), then v = 0, see again [23]. If moreover
q < (N +2)/(N —2), we have the estimate near xg

(1.10) w(z) < C |z — z0| 72/ @7V
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with C' = C(N, q), see [17] and [11].

Now let us come back to the boundary problem. As in [20] we
can define another concept of solution. Let Cy'*(€2) be the space of C'*
functions vanishing on 02 with Lipschitz continuous gradient. For any
¢ € M(Q) such that [, pd|p| < 400 and any p € M(IQ), we shall
say that a function U is weak solution of problem (1.4) if U € L'(Q)
and

(1.11) /QU(—Ag)dx:/di@— 9% .

o0 3n

for any & € C’é’l(ﬁ). In Section 2, we first verify that the integral
solution coincides with the weak one, and hence is in L'(£2). Then we
give regularity results of the general weak solution U of (1.4) in some
Marcinkiewicz spaces with a weight of the form p” (8 € R). They
lie on precise estimates of the Green and Poisson kernel. Up to our
knowledge, most of them are new, more especially as the measure ¢
may be unbounded, and can present an interest in themselves. They
are fundamental to obtain a priori estimates and existence results for
the problem (1.5), above all in the most delicate case N/(N —1) < ¢ <
(N+1)/(N-1).

In Section 3, we give an a priori estimate for the function G(P?(pu)),
for any p € MT(0Q):

Theorem 1.1. Assume that 1 < ¢ < (N +1)/(N —1). Then Pi(u) €
LY(Q, pdx) for any p € MT(09), and there erists a constant K =
K(N,Q,q) such that,

(1.12) G(PU(p) < K p(0Q)"~" P(p),  inQ.

This result is interesting from two points of view. Above all it
allows to construct supersolutions, hence to get existence results. Con-
cerning the a priori estimates for (1.5), setting u = P(u) + v, the
function v satisfies

v=Gul) <297 (G(PY(p) + G(vY)), almost everywhere in
hence any estimate on G(P%(u)) gives informations on wv.

In Section 4 we prove our main result, which is an a priori estimate
of any solution of (1.5) in terms of the solution P(u) of the associated
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linear problem. It lies on the results of Section 2. It also uses the esti-
mate (1.12), which in fact can be shown almost as a necessary condition
of existence of solutions, by using recent techniques of [8].

Theorem 1.2. Assume that 1 < ¢ < (N +1)/(N —1). Let p €
MT(09), and u be any nonnegative solution of (1.5). Then there exists
a constant C' = C(N, q,Q, n(0R2)), such that

(1.13) P(p)<u<C(P(p)+p),  inQ

(and u € C(Q) N CYH*(Q) for any a € (0,1) if u = 0).

More precisely, if u = o d, for some a € 02 and o > 0, then near
the point a,
(1.14) o P(8,)(z) < u(z) < 0 P(8,)(z) (14 O (J& — a|NH1-(N=Day)

This result applies in particular to any solution u of (1.1), such
that u € C(Q\{a}) and v = 0 on 9Q\{a}, since its trace is necessarily
of the form y = o4, for some 0 > 0. Notice also that in case ¢ <
(N +1)/(N —1), Theorem 1.2 extends some a priori estimates of [13],
[18] to the case of unbounded boundary data.

In Section 5, we use for proving our second main theorem, which
gives existence results.

Theorem 1.3. Assume that1 < g < (N+1)/(N—1). Let p € M+(0Q)
with p(0) = 1, and o > 0. Then there exists some finite positive o*
such that the problem

(1.15) Sy =

—Au=u?, in,
u=op, on 0f),

admits a solution if and only if o € [0,0%].

The existence of solutions for small o is a direct consequence of
Theorem 1.1. The existence of an interval [0,0*] is an adaptation of
some results of [8].

In conclusion, in the subcritical case we have completely extended
the results of an interior punctual singularity to any boundary measure
singularity. The next step, that is the study of the case ¢ > (N +
1)/(N — 1), is still open.
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Note added in proof. In the moment this article was in printing,
we received a preprint of H. Amann and P. Quittner [1], where they
consider more general problems with interior and boundary bounded
measures, and use duality methods. In case of problem (1.5), they
get a regularity result in W1=1(Q) for any € € (0,1), and prove the
existence of at least two solutions, under the condition ¢ < N/(N —1).

2. Regularity of the weak solutions.
2.1. About the Green and Poisson kernels.
Here we recall and complete some classical estimates for the Green

function and the Poisson kernel. For almost any y € €2 and z € 02, the
functions G(-,y) and P(-, z) are the integral solutions of

—AG(,y) =0y, inQ, ~AP(-,2) =0, inQ,
g(’y) = 07 on 39, 73(-72;) = 6Z , on 897

where 9,0, are the Dirac masses at points y € €2, and z € 0€Q.

Proposition 2.1. There ezists a constant cy = ey (N, ) such that:

i) For any (z,y) € Q x Q with = # y,

en o —yPN, if N >3,

2.1 y) <
2 9ey) {cz<1+|1n|x—y||>, N =2,

(2.2) G(x,y) < en plz) |z —y|" N,
(2.3) G(z,y) < cn p(z) p(y) |z —y|™,
CN%M—MQ_N, if N >3,
(2.4) G(z,y) < (o)
cz@(1+|ln|x—y| N, if N=2,

and

(2.5) VoG (z, )| < en |z —y| N,
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(2.6) V26 (z,y)| < en py) |z —y| 7,
(2.7) V.G(z,9)] < ex % oy

ii) For any (x,z) € Q x 04,

ey (@) |z — 27N < P(z,2)
(2.8) <en p(a) o — 27

S CN |-T - z|1_N7

(2.9) IV Pz, 2)| < en|lo— 27N,

Proor. But for (2.4) and (2.7), all these estimates are well known.
They are deduced from the explicit expression of G in an half-space,
and extended to any C? bounded open set. For the lower estimate of
(2.8), see [21]. Let us prove (2.4): it is a consequence of (2.1) and
(2.2). Indeed that is true in the set {p(y) < 2p(x)}. Now suppose
p(y) > 2p(x). Let z* € 9 such that |x — x*| = p(x). Then

ol 2 "~y a" — ] 2 ply) — ple) 2 P
hence (2.2) implies if N > 3
G(o,y) < ex L jo—y2N < g 2 e
|z — y| p(y)

thus (2.4) holds with a new constant cy; likewise if N = 2 . Similarly
(2.5) and (2.6) imply (2.7).

REMARK 2.1. Notice that (2.2) can be deduced from (2.1) and (2.5)
when N > 3. Indeed (2.1) implies (2.2) in the set {|z —y| < 2p(x)}.
Now suppose that |z —y| > 2p(z). Defining z* as above, we have
[z,2*) C Q, and from (2.5),

G(z,y) = 1G(z,y) — G(«7, y)]

<z -2 sup [ViG(t,y)l
te[x,z*)

<cnple) sup |y —t]'N <2V ey p(a) jo -yt
te[z,x*)
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since |y —t| > ly—x| -t —z| > |y — x| — p(x) > |z — y|/2. Hence (2.2)
holds. Similarly (2.2) and (2.6) imply (2.3) for any N > 2. And (2.6)
also implies the upper estimate (2.8), since P(x,z) = —0G(z,y)/0n
and G is of class C! in the set {(z,y) € Q x Q: x # y}. The estimates
(2.2), (2.5) and (2.6) are proved in [33] in the more general framework
of a Lyapounov open set. And (2.9) is proved in a C1'® open set in [26].

As a consequence we can compare the integral and weak solutions
of (1.4):

Corollary 2.2. For any ¢ € M(Q) such that [, pd|¢| < +oo and
any p € M(0), a function U is weak solution of problem (1.4) if and
only if it is given by the representation (1.2). Consequently, (1.4) has
a unique weak solution U in L'(2), and

(2.10) Ul < C( [ pdiel+ [ dial).,
Q o2
for some constant C = C(N, Q).

PRrROOF. By considering the positive and negative parts of ¢ and u, we
can assume that the two measures are nonnegative. Let us prove that
the integral solution U is a weak solution. The main point is to prove
that U € L'(Q2). From (2.2) and (2.8),

G(o.9) dedolu) < e [ ([ o=y do)plo) dilo

scfpw,
Q

with another constant C' = C(NV,§2), and

/mep(x,z) da dp(2) ch/Q (/89 o= = de) du(z)

SC/ .,
o0

(2.11)

(2.12)

hence U € L'(€) and

/QU(:J:)dng(/de(p—k/an,u).
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L1,5
Now for any £ € Cy>"(2), we have

G(x,y) Ag(w) € L'(Q x Q,dwdip(y))
Pz, 2) Aé(x) € L (Q x 09, dz du(z)),

from (2.11) and (2.12). Then U is a weak solution from the Fubini
theorem, and (2.10) follows. Reciprocally, if U is a weak solution of
problem (1.4), then —AU = ¢ in D’(2), and there exists a unique
measure i € MT(9Q) such that U = G(¢) + P(pz). Then U is a weak
solution for the problem with data ¢ and p. Hence for any & € C’é 1),

0& / o0&
Dap=| Zag,

which implies z = p. Then U is the integral solution of (1.4), and (2.10)
follows again.

REMARK 2.2. Thus for any ¢ € M(Q) such that [, pd|e| < 400 and
any p € M(09), the problem (1.4) is well posed in L'(Q). We find
again in a very short way the result of [7] where ¢ is a measurable
function with pp € LY(Q2) and p € LY(99).

The lower estimate of the Poisson kernel (2.8) also shows that the
value ¢ = (N +1)/(N — 1) is a natural barrier for the problem (1.5):

Corollary 2.3. Assume that ¢ > (N + 1)/(N — 1). Then problem
(1.5) has no solution for a positive measure concentrated at some point

a € 0f).

PRrROOF. For any p € MT(9Q), if (1.5) has a solution u, then u >
P(u), but pu? € LY(Q), hence also p P4(u). Suppose that g > 0 with
supp ¢ = {a}, that means y = o, for some o > 0. From (2.8), we
have

/ Pi(4,) pdx > cj_vq/ |z —a| N ptT dy
Q Q
> 2_(q+1)cz_vq / |z — a|tt Ny
{zeQlp(z)2|r—al/2}

But the set {z € Q: p(x) > |z — a|/2} contains the intersection of a
cone of vertex a and angle 7/3 with a small ball of center a. Hence the
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integral is divergent, since ¢ > (N + 1)/(N — 1). Then we arrive to a
contradiction.

2.2. Regularity of G(¢) and P(pu).

Now we are going to complete the estimate (2.10) by much more
precise estimates of the functions G(y¢) and P(u) in Marcinkiewicz
weighted spaces, with a power of the distance p as a weight function.
Let us recall their definition. For any k£ € R with k£ > 1, and any pos-
itive weight function n € C(Q), we denote by L¥(Q,ndx) the space of
measurable functions v on {2 such that

1/k
vl Lk (@ de) = (/ |U|k77d:1:> < +oo,
Q

and the Marcinkiewicz space M*(Q,ndx) is the space of measurable
functions v on €2 such that

1/k
sup)\(/ ndx) < +00.
A>0 {z€Q: |v(z)|>A}

And for any k > 1, M*(2, ndz) is also the normed space of the v such

that
/ lv| 7 dx

0]l 3% (2,9 dz) = SUP 1-1/k
()

where the supremuin is taken over the measurable subsets w of {2 such
that [ ndz is finite. We have L¥(Q,ndx) C M*(Q,ndz). If n € L*()
(in particular n = p# with 3 > —1), then

< 400,

M*(Q,ndz) c L™(Q,ndx), for any m € [1,k).

If n =1, L*(Q,ndz) = L¥(Q), and M*(Q,ndx) = M*(Q).
Recall that the solution w of the interior problem (1.7) lies in
MN/(N_2)(Q) if N >3, and in L{ () for any p > 1 if N = 2, see [9].

loc
On the other part, from [20] and Corollary 2.2, for any nonnegative p €
L(092), the function P(p) lies in MN/N=D(Q)nMWN+V/N=1)(Q) pdx).

The following Lemma extends the techniques used in [2] and [20]:
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Lemma 2.4. Let v be a nonnegative bounded Radon measure on D =
Q or 022, and n € C(Q2) be a positive weight function. Let H be a

continuous nonnegative function on {(x,t) € @ x D : = #t}. For any
A >0, we set

(2.13) AN(t) = {z € O\{t) : H(z,t) > A},

(2.14) mx (t) = /A L

Suppose that for some C >0 and k > 1
(2.15) ma(t) < CA7F, for all A > 0.

Then the function

(2.16) r€Qv+— H(z /Hmtdu
is in M*(Q,ndx) and

(2.17) H || s (2. do) < (1 + %@ (D).

PROOF. Let w be any measurable subset of Q such that [ ndx is finite.
Then for any A > 0, and any ¢t € D,

/7—[ x, t)n(z)de < H(z,t)n(x) d:):+)\/n(:13) dz

Ax(t) w

with

400 too
/Ax(t) Hla, () do = _/A 0 dmq(t) = Ama(t) +/>\ mg(t) do

k
< ——CA'TR,
k—lC

Choosing A = ([ ndz)~*, we get

[twmtorie< (12 g1 0) [ na) "
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and by integration over D with respect to the measure v,

/H da:-//’l—[xt 2) d dv(?)
<1+%0) (D )(/wndx)l_l/k,

hence the conclusion.
Let us first complete the estimates of [20] for the function P(u):

Theorem 2.5. For any p € M(0R2), let W = P(u) be the solution of
the problem

—AV =0, nQ,
(2.18)

VU =ypu, on 0€).
Then
(2.19) ¥ e MWNFA/IN=D(Q pPdy),

for any B> —1, and
(2.20) V| € MND/N(Q pY dz)

for any v > 0. Moreover there exists constants C = C(2, N,3) > 0
and C" = C'(2, N,7v) > 0 such that

(2.21) [ prv+8) /8 =1) (0, p8 azy < C' 1] (0€2),

(2.22) IV | arvenrn @,pv dey < C il (092).

PROOF. FIRST STEP: ESTIMATE OF THE FUNCTION. We can suppose
that p is nonnegative. Let ( be a real parameter. We shall apply
Lemma 2.4 with

(2.23) D=0, n=p° v=p, and H(z,t)=P(zt).
From (2.8), for any ¢ € 02, and any A > 0, and any = € A,(¢),

A<enp@) |l —t|™ <enlz—t|N.
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Hence if g > 0,

ma(®) < [ pP do
B(t(ex /3)1/(N=1)

<

/ |z — t|° da
B(t,(en /X))
< OA-(NHB/(N-1)

If 8 <0, then

—tV\B
m,\(t)é/ pﬂdaxg/ (Au) d
B(t,(cn /A (N=1)) B(t,(cn /A (N=1)) CN

(en /X))
SC)\Q/ pV1HNB gy
0
< N WHB/(N=1)

under the condition 5 > —1. Then Lemma 2.4 gives (2.19) and (2.21).

SECOND STEP: ESTIMATE OF THE GRADIENT. Let ¢ € {1,..., N}. Here
we use Lemma 2.4 with
OP(w,t
(224) D=0, n=p', v=u, and ’H(a:,t):%.
Ty

From (2.9), for any ¢ € 02, and any A > 0, and any = € A,(¢),
A<enlz—t|™N.

Then if v > 0,

mA(t)S/ p? da:S/ lz—t|Y do < C A~W+I/N
B(t,(cn /X)) B(t,(cn /A)M/N)

Hence if v > 0, the function

@) = [ D au

lies in MWN+M/N(Q. pYdx). But Q; = OP(u)/0z; from the derivation
theorem, so that (2.20) and (2.22) hold.
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Let us now give precise estimates of G(¢). They are one of the
keys of Theorem 1.2.

Theorem 2.6. For any ¢ € M(Q) such that [, p*d|p| < +o0, with
a €(0,1], let ® = G(p) be the solution of problem

—AP=¢p, n,
(2.25)
¢ =0, on 0S2.
i) Then if N > 3,
(2.26) ® € MWNFTO/WN=242) () s dy)

for any B € (—N/(N + a —1),aN/(N —2)) if a # 0, for any 0 €
(=N/(N —1),0] if « = 0. In any case, there exists some C = C(Q2, N,
a,3) > 0 such that

(2.27) 10| g /241 (@ poany < C / P dlo).
Q

If N =2, and « € (0,1],
(2.28) ® e M=/ pP dx),
for any B € (=2/(1 + «),+00) and € > 0 small enough; if « =0, then
(2.29) d € MP(Q, pP dx),
for any B € (—=2,0] and p € (max {1, —f}, +o0); with similar continuity
properties in those spaces.

i) For any N > 2,

V| e M(N-I-V)/(N—l-l—a)(Q, p? da)

2.30
(2:30) ot c ‘]\/_[(NJFV)/(N—1-|r04)(Q7 p7 dz),
p

for any v € [0,aN/(N = 1)) if o € (0,1), any v € (0, N/(N — 1))
a=1,andy =0 ifa =0, and there ezists some C' = C(Q, N, a,7y) >
such that

if
0

P
. — <’ « .
(2:31) H|V¢’| * p HM<N+v>/<N1+a>(Q,pvdm) =¢ _/Qp dle]
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PROOF. FIRST STEP: ESTIMATE OF THE FUNCTION. Here also we can
assume that ¢ is nonnegative. Let o € [0, 1] be fixed, and [ be a real
parameter. We have

G(p)(z) = /Q gp(f(’yy)) P (y) de(y) -

We shall apply Lemma 2.4 with

G(z,t) .

(232) D=Q, n=pP, v=p>p, and H(:):,t):pa(t)

i) First assume N > 3. From (2.1) and (2.2), for any z,t € Q with
x #t,

G(w,t) < en o —t| M= (p(t) Jo — 11~ N)"

(2.33) i N
< on p*(t) o — 1 :

Moreover, from (2.1) and (2.4),

Gla,t) < ey o — t~N)1-a) (% 15— t|2—N)a
(2.34) ) p
<en? () |z —t]27,
p*(x)

and from (2.2) and (2.3),

G(z,t) < en (p(@) & =t =N) =) (p(2) p(t) & — 2] =)
(2.35) N L Nea
< ey p(x) p*(t) | — | :
Then for any A > 0, and any = € A)(t), from (2.33)
(2.36) A<en |z -t

and from (2.34) and (2.35),

A
(237) p%(x) < e — PN and p(z) > o — N
A CN
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First suppose that a > 0 and 8 > 0. Then

ma(®) < [ o du
B(t,(cn /A (N=2+a))

ey (R 7)o

(CN/)\)I/(N—%—a)
< C)\—ﬁ/cx/ 7“N—l—(N—Z)ﬁ/oc dr
0
< O N WNHB)/(N=2+a)

under the condition § < aN/(N — 2). Now suppose that § < 0. Then

my(t) < / pP dx
B(t,(cn /)L (N=2+a))

A IR
= /B(t,(cN/)\)l/(N2+oe)) «EW—“N i ) o

(CN/)\)]'/(N72+(X)
<C )\ﬁ/ pN=1H(N=140)8 g,
0

< O A-N+B)/(N=2+0)

under the condition f# > —N/(N — 1+ «). Hence Lemma 2.4 applies
and gives the estimates (2.26) and (2.27) for ®.

ii) Now assume N = 2. Then (2.33) and (2.34) are replaced by
(238)  G(a,t) <o (L4 [Infz —t| PO (p(t) |2 —t]71)7,
p*(t)
p* ()
and (2.35) is still valid. Then (2.36) and (2.37) become

(2.39) G(z,t) < c

(1+ |Infz —t[]),

(2.40) A< eale— (1 + e — 1] )0,
(2.41) p“(z) < %(1 + |ln|z —¢t||) and p(x) > A |l — t|' e,
C2

First suppose a € (0,1]. Notice that (2.40) and (2.41) imply for any

e>0,
—a—¢ o C€ —€
ASCelz =770, p¥) < et
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with C. = C.(N,Q,¢), since € is bounded. If § > 0, then
a0 < | o du
B(t,(C. /AL (ate))

C. _\la
S/B(t,(cs/ww“))((TM_“ ) dz

so that for any small ¢ > 0,
ma(t) < C! )\—(24-5—5)/047

with C! = C'(Q,a, B,¢), hence & € MCH8=e)/2(Q pBdx). In case
£ <0, we find

ma(0) < | pf du
B(t,(C. /A (ate))

(CE/A)l/("‘JFE)
< C., )\ﬁ/ pltA+a)B gy
0
< O \P-(H(1Fe)B)/(ate)

with C! = C’(Q, a, f,¢), under the condition f > —2/(1 + «), hence
the same conclusion holds. Now suppose « = 0 and —2 < 8 < 0.
Observe that the condition (2.40) implies |z — t| < Cq e~/ with for
example Cq = e (1 + (diam Q)?). Then from (2.41),

ma(®) < [ p? de
B(t,Cg)e*)‘/CQ)

CQQ_)\/Cz
< C')\ﬁ/ 18 dr
0
<O N e~ (B+2)N/c2
<A,
for any p > — 03, hence ® € MP(Q, pP dx) for any p € (max {1, —3}, +o0).

SECOND STEP: ESTIMATE OF THE GRADIENT AND OF ®/p. In the
same way, we take

D=1Q, n=p", v=pp, and
(2.42) 0G(z,t) 1 Gz, t) 1
Mol =5 w0 MOT50 #0
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As above, for any N > 2, from (2.5) and (2.6), for any z,¢t € Q with
x #t,

(2.43)

‘89
or;
and similarly from (2.2) and (2.3),

< en (e fo— 1,

(2.44) g;a)@ < en p(0) Jo — ¢V
And from (2.5) and (2.7),
(2.45) ‘agax, ‘ <cn Za((?) lz — ¢t

and similarly from (2.2), which is symmetrical in z and y,

);
g('T?t) < (t) |.T—t|1_N.

p(x) P“(ﬂf)

Then for any A > 0, and any = € Ax(t), from (2.43) and (2.45), or from
(2.44) and (2.46),

(2.46)

Aenlo =t and  p%(w) < S o -tV

First assume that o > 0 and v > 0. Then

ma(®) < [ o d
B(t,(cn /M) (N=14a))

ey (R 7)ot

(cN/)\)l/(N 1+a)
< C)\—'y/a/ TN—l—(N—l)'y/a dr
0
< O A~ WNHN/(N=1+a)
under the condition v < aN/(N — 1). Then Lemma 2.4 applies if

v>a—1, that is v > 0 in case « = 1. Now assume o = v = 0. Then
we get directly

ma(t) < / dz < CA\~N/N-1)
B(t,(cn /) (V=1)
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Hence the functions ®/p and

Ri(x) = /89 %ﬁ;y) de(y)

lie in MW+N/(N=1+e) () »Y dx), and satisfy

P
H;‘i‘|R1|+"'+|RN|H <C’/p“d|¢|-
Q

M(N+'Y)/(N—1+04) (Q, p'de) -

In order to obtain (2.30) and (2.31), it remains to prove that 0G(y¢)/0z;
= R; in D'(2). The result is true when ¢ € L°°(2): in that case,
following the proof of [19, Lemma 4.1], we have G(p) € C(Q) and
0G(p)/0x; = R; in . In the general case where p € M™(Q) with

/p“dso<+oo,
Q

we consider a sequence of nonnegative functions f,, € L>°(2), bounded
in LY(Q, p®dx), converging weakly to ¢, Then the sequence {G(f)}
converges in L'(Q) to G(p) from (2.10). And {0G(f,)/0z;} converges
in L1(Q, pdx) to R;. Hence dG(p)/dx; = R; in D'(2), and in fact in
LiI-OC (Q)'

REMARK 2.3. As a consequence, we get estimates of ¥ and & in
weighted Sobolev spaces. Recall that for any & > 1, and any real

Y
WHE(Q, p7 dz) = {v € LF(Q, p"dz) : |Vu| € LF(Q, p7 dx)},
endowed with the norm
HUHWL"(Q,p’de) = ||U||Lk(Q,p‘de) + || [V ||Lk(Q,p’Ydac) ;

and Wy"(, p¥dz) is the closure of D(Q) in WLk(Q, p?dz). From
[16], it is also given by

Wy (Q, p7 de) = {u e LF(Q, p? % dx) : |Vu| € LF(Q, p7 dx)},
if k#~+1, and

Wol’k(Q, pYdx) = {u e LF (Q,p’y_k<ln <%>)_k dx) :

V| € LE(Q, p7 da:)},
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if k=~ + 1, where R > max {e?, diam Q}. And
Wy (Q, p? dz) = WHF(Q, p7 da) ify+1<0ory+1>k.
Then one verifies that, for any p € M(992),
(2.47) U = P(p) € WH3(Q, p7 dz),

for any v > 0 and s € [1,(N +)/N). And for any « € [0,1] and any
¢ € M(Q) such that [, p®d|p| < 400,

(2.48) b = G(p) € Wy (9, p7 da)
for any v € [0, Na/(N — 1)) if @ € (0,1), any v € (0, N/(N — 1)) if
a=1,and y=01if « =0, and for any s € [1,(N +7v)/(N — 1+ «)).
And P and G map bounded subsets into bounded sets in those spaces.
For any measure ¢ € M(Q), one finds again the well-known result
® = G(p) € Wy ¥(Q) for any s € [1, N/(N — 1)).

If & € (0,1), we can improve the estimates (2.26) and (2.30) by
using nterpolation in weighted spaces. These results will not be used

in the sequel, but they deserve to be mentionned.

Theorem 2.7. Assume that o € (0,1). Then for any ¢ € M(Q) such
that [, p®d|p| < +o0, and any N > 3,

(2.49) G(p) € LINTAIIN=240)(Q pF ),

forany p € (—N/(N — 1+ a),aN/(N —2)), and

@50) G sroapean <C [ o dlgl
And for any N > 2,

(2.51) IVG ()| + @ e LINEN/(N=14) () Y dar)
for any v € [0,aN/(N — 1)), and

G(p) )
. R < @
252 [ IVe@I+ =2 L <€ /Q o dlgl.,
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hence
(2.53) G(p) € Wy MEVETIHD(Q pY ),

for any v € [0,aN/(N — 1)), and

@50 Gy veov-rio @y < C [ 97 dlel.

PROOF. For a given k > 0, and any ay, s € [0,1] and f3; , > k+a;—N,
vi > a;—1, for i = 1,2, and any 6 € (0, 1) we can verify that the spaces
of interpolation are given by

[LY (9, p™t dx), LY(Q, p** dx)]g = L* (2, p® dx),
[MWN+B)/kran)(Q P dg), MN+P2)/(k+e)(Q P2 )],
= MWN+B)/(k+0) () p B da)

where «, 3 are given by the relations

1 1—-6 0
(2.55) a=1-0)a;+0as, - = + —
p n p2
N+ Bi N+p
2.56 = d _ _
(2.56) P o o P=%Ta

From the Marcinkiewicz theorem, if a transformation maps continu-
ously L'(, p* dx) into MN+B:)/(ktei)(Q pPi dg) for i = 1,2, it also
maps continuously L'(€2, p®dz) into LINTA/(k+)(Q B dx), see [29)].
Let us show that the estimates (2.49) and (2.51) can be obtained by in-
terpolation of the estimates (2.26), (2.27) and (2.30), (2.31) for ;3 =0
and as = 1, with the exception of the case f = 0 for (2.51). First take
k= N — 2, and observe that

B € ( N a,-N)

' N—-1+a; N—-2
(2.57) if and only if

1 c (N—2 N—1+ai)

pl N ? N ?
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so that from (2.55) and (2.56), if 8; € (—-N/(N —1+«;),a;N/(N —2)),
then

N aN)

(2.58) B€<_N—1+a’N—2

Reciprocally, for any « € (0,1) and f satisfying (2.58), taking a; = 0
and as = 1 and defining p by (2.56) with k = N — 2, we set,

1 N-2+4+«
= = .f—<4
4 D2 b, lp_ N 9
1 1 o 1 1+1—a f1>N—2+a
—:———, _— = — s 1I — _—,
o p N p2 P N P N

Then p; and po satisfy (2.57), and we can interpolate between these val-
ues, with 31, B given by (2.56). Thus G maps continuously L (€2, p®dz)
into LN+A)/(N=2+)(Q 5B dzx) and (2.50) follows on L (£, p* dz). Now
take k = N — 1, replace (31, B2, B by 71, ¥2, v in (2.56): now

N+ N+«
2.59 = T d _ Nty
(2:59) =N "1re M O PT N 114
Observe that
1 N -1
2.60 =0 if and only if — =
( ) T y ” N

(2.61) 7o € [0, %) if and only if  — e (N_ L 1] :

so that from (2.55) and (2.56), if v € (0, N/(N — 1)),

(2.62) ve (o,a N]\i 1) .

Reciprocally, for any « € (0,1) and -~ satisfying (2.62), taking a; = 0
and ay = 1 and defining p by (2.59), we set

1 11—«
1 N-1 1 p p
D1 N P2 o
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Then p; and p, satisfy (2.60), (2.61), and we can interpolate between
these values, with 1, 2 given by (2.59). Hence (2.51) and (2.52) follow
on LY(Q, p®dx) when v # 0. In case v = 0, we interpolate between
a; = a—¢€ and as = a + ¢ for € > 0 small enough, with v; = v, =0,
and get again (2.51) and (2.52).

Now consider any ¢ € M(Q) such that [, p*d|p| < +oo. Then
there exists a bounded sequence of functions f, € L(£, p*dz) con-
verging weakly to ¢. The sequence {G(f,)} is bounded in W;*(f)
for any s € [1,N/(N — 1+ «)), from (2.48). After an extraction
it converges to some function ® strongly in L*({2) and almost ev-
erywhere in 2. Then @ is a weak solution of problem (2.25), hence
® = G(p). Moreover {G(f,)} is bounded in LIN+A/(N=2+2)(Q) 0 dx)
for any g € (-N/(N—1+a),aN/(N—-2)). And {|VG(f,)|} is bounded
in LNV+N/(N=1+0)(Q p7 dz) for any v € [0,N/(N —1)). Since those
spaces are reflexive, we get (2.49) and (2.50), (2.51) and (2.52) by going
to the weak limit after a new extraction. Then (2.53) and (2.54) follow.

REMARK 2.4. Let us mention that the result ® € W,*(Q) with s =
N/(N —1+ ) can be proved by duality, see [12]. Notice that the value
of s given in [12] is not correct, due to a small error in the parameters
of the Sobolev injection.

REMARK 2.5. Assume N > 2. From (2.48), we deduce that
G is compact from L'(Q, p®dx) into LP (2, pP dx) ,
for any o € (0,1], 8 € (-N/(N+a—1), Na/(N —2)) or a = 3 =0,
and p € [1,(N +B)/(N +a —2)) and p > —f. It comes from the
compactness of the Sobolev injection
Wy (Q, p7 dz) C LP(Q, p” da)
when 1 < s <p < +4ooand N/p—N/s+1>0and (N+3)/p— (N +
0, we

v)/s+1> 0, with v+ 1 # s, see [27]. In the case a =1 and 3
find again a result cited in [10].

2.3. Application to the problems 1.1 and 1.4.

Combining theorems 2.5 and 2.6, we deduce regularity results for
the problem (1.4). In particular, taking o = 1, we get the following:



500 M.-F. BipAUT-VERON AND L. VIVIER

Corollary 2.8. For any ¢ € M(Q) such that [, pd|e| < +oo and any
p € M(0R), the solution U of problem (1.4) satisfies

(U € MWVEB/(N=1)(Q), pB dz),
N
— - ) >
foranyﬂe( 1’N—2>’ if N >3,

Ue LFQ,pPdr),
L forany B € (—1,40) and k € [1,24+ ), if N =2,

(2.63)

VU| € MONV+/N(Q, pdz),

N
— ), if N >2
for any v € (O’N—1>’ if N > 2,

(2.64)

(hence U € Wy*(Q, p¥ dz) for any v € (0, N/(N —1)) and s € [1,(N +
v)/N)). And in any case,

(2.65) U prenvrm/08v-1) (0, p8dzy < C(/de|90| + |N|(39)) ;
if N > 3,
266 11Ul an < C( [ pdiel+ D)
if N > 2.

This gives an interior regularity result for problem (1.5):

Corollary 2.9. If1 < g < (N +1)/(N — 1), then any solution u of
(1.1) is a classical solution in ).

Proor. Applying Corollary 2.8 to u we get in particular
we MV WN=-1Q pdzr), if N>3

(and u € M3=5(Q, pdz) if N = 2). Then u? € L (Q) for some ko > 1,
since ¢ < (N +1)/(N —1). If N = 2, then from Schauder estimates,
u € C®(Q). In case N > 3 and ky < N/2, we can make a usual
bootstrapp: from the L? regularity theory, u € W 2ko (2), hence from

loc
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the Sobolev injection u? € Lﬁ)lc(Q) for k1 = Nko/q(N — 2ky) > ko,

since ¢ < N/(N — 2). By induction u? € LF» (Q) for

loc

kn—1 1
2. ky = N [
( 67) ¢ N—2k_, > 1

till k, < N/2. But if &k, < N/2 for any n € N, then k, — £ =
N(q—1)/2q < 1, which is impossible. Then changing slightly k¢ if
necessary, we find some ng € N such that k,, > N/2, hence u € C*° ().

3. Estimate of G(P?(pu)).

Now we assume that 1 < ¢ < (VN +1)/(N — 1), and we prove
Theorem 1.1. First observe that for any p € M™*(9Q), we have P(u) €
MW+D/(N=1)(Q, pdzx) from Theorem 2.5. In particular,

P(p) € LH(Q, pdu),
since ¢ < (N +1)/(N — 1), hence G(P4(u)) is well defined and lies in
LY(Q) from Corollary 2.2. And P(u) € C°(2), since P is continuous,
hence also G(P?(n)) € C°(Q).
We first consider the case where y = §, is a Dirac mass at a point

a of 09, hence P(u)(-) = P(d,)(-)P(-,a). Here we can give a more
precise estimate near the point a:

Theorem 3.1. Assume that 1 < ¢ < (N +1)/(N —1). Let a € 01,
and let W = G(P4(d,)) be the solution of

(3.1)

—AW =Pi(-,a), in,
W =0, on 0f).

Then there exists a constant C = C(N, 2, q) such that

(3.2) W(z) < CP(z,a)|z—aNH1=-O-Da  4p Q.

PROOF. From (2.8), we can majorize PI(-,a) by

PU(x,a) < c& p*() [¢ — a| N < ey ple) |z —a| NI
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Then for any x € Q, from (1.3),
/Q z,y) Py, a )dy<cN/ G(x,y) ply) ly—al = "Ddy.
Now from (2.2) and (2.3),
W) < p /f z,y) dy,
where

f@y) = ly—al~ Ve —y| =Y min{|z —yl, |y — al},

since p(y) < |y — a|. Now we divide Q in three parts

0, = QmB( |;a|),

szﬁﬂB(a, |x;a|),

= O\ (21 UQy),

and integrate separately on each part. In the sequel C' denotes constants
which only depend on N, q and Q. In £y we have |z —a| < 2|y — af,
and

flay) dy < / ly — a| VD4 | — 1N gy

Q]_ Ql

< 2(N—1)q |$ o a|—(N—1)q/ |.T - y|1—N dy
B(z,|x—a|/2)

< Cle—al'~W-be,

In Qo we have |z —a| < 2|z — yl, and

fla,y) dy < /Q ly — a[ "NV | =N gy

<oV a N / ly — al'= Vs gy
B(a,|z—al/2)

lz—al/2
< C|a:—a|_N/ pN=(N=1)q g,
0

Qs

< Clz—alt~W-1a,
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since ¢ < (N +1)/(N —1).
In Q3, we have |z —a| < 2min{|y — al, |y — x|}, hence |y — a| <
3|y — x|. Then we get

flay) dy < / ly — WD g N gy

Qg QS

<3 [yl bagy
Q3

400
<C p=(N=1)q g,
N |z—al/2
< Cle—al'~W-be,
Then
W(z) < Cp(x) |z — a =1,

and from the lower estimate of the Poisson kernel (2.8) we deduce (3.2).
Now we come to the general case.

PROOF OF THEOREM 1.1. Let p € MT(9Q). We can reduce to the
case pu(0Q2) =1 by linearity of P and G. From (1.2), we have

P@) = [ Pla2)duz) = [ PEI@ ). .
o0 o0
Then from the Jensen inequality,
Pl(p)(z) < [ PUo,)(w)dp(z),  inQ.
oQ
And from the maximum principle,

G < 6( [

o0

PIG) () du(2)) = | G @) du(2).

o0
Hence from (3.2),

GPU ) (@) S C | Plz,2) e — 2N D0 dp(z)
o2

<SCP(p)(z),  inQ,
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since N+1— (N —1)g >0 and Q is bounded.

4. A priori estimates.

Here we study the behaviour of the solutions of (1.5) for a given
measure g € M7T(99). First notice as in [13] that for any ¢ > 1, for
any solution u of (1.5), ||u?||z1(q,pds) is majorized independently of wu:
we have the estimate

(4.1) |ull| 21 (0,pdw) < C (14 pu(092)),

with C' = C(N, ¢,2). Indeed consider a positive eigenvector ®; for the
first eigenvalue A; of (—A) with Dirichlet conditions on 9€2. Since w is
a weak solution of (1.5), we have

P
/u(—A@l)dJE:/\lfu@ldxzfuqd>1d$+/ Qdu7
Q Q Q aq On

hence from Young inequality

1 o
/Uq(l’ldxé —/uq¢>1d:p+(2)\‘f)1/(q_1)/<I>1da;+/ b‘dﬂu
Q 2 Ja Q s ! On

which implies (4.1), since C~1p < &; < C~1p in Q, for some C =
C(N,Q) > 0.

Now we prove Theorem 1.2. We follow the technique of the interior
problem, given in [23]. Once we have obtained the estimate (1.12), the
proof goes quickly in case ¢ < N/(N — 1). The main difficulty comes
when ¢ > N/(N —1): in that case we really need the precise estimates
of G(p) and P(p) in Marcinkiewicz weighted spaces, proved in Section
2.2. We begin by the easiest case.

PROOF OF THEOREM 1.2.

i) THE SIMPLE CASE: ¢ < N/(N —1).
Let p € MT(99), and let u be any nonnegative solution of (1.5).
Let us set

(4.2) u=P(p)+o1,
where v; = G(u?). Now

(4.3) we MNWN-D(Q), if N >3, we M*¢(Q), if N =2,
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from Corollary 2.8. Since ¢ < N/(N —1), u? € Lk () for some ko > 1.
Now u? < 2971 (P4(p) 4 v¥), hence from the maximum principle and
from the estimate (1.12),
v <2971 (G(PY(p)) + v2) < C1 (P(p) +v2),
where ve = G(v{), hence

u < Cp (P(p) +02).

By induction for any n > 2, we can define the solution v, = G(vi_,)
of problem

—Av, =0l _;, inQ,
v, =0, on 0L},
such that
Un < Cp (P(R) + V1), u < Cp (P(p) + vnt1) s

where C,,,C! only depend on N,q,Q and p(09). And v, € LF+(Q)
with &, given by (2.67), hence there exists some ng = no(N, q) such
that v,, € CY(£2). Then

(4.4) u < C (P(p) 4 Ungt1) 5 in Q.
with v,,4+1 = 0 on 0f2. Hence there exists a constant Cy > 0 such that
(4.5) Ung+1(z) < Cy p(z), in Q,

and Cp depends on N, q,Q, u(0€) and ||uf||11(0,pde), from the conti-
nuity properties given in Corollary 2.8, hence Cy = Cy(N, g, 2, 1(092))
from (4.1). Then (1.13) follows from (4.4) and (4.5). If g = 0, then
u € C*(Q) from Schauder estimates.

In case p = 09, for some a € 02 and o > 0, we get more precisely

from Theorem 3.1
v1 < 2971 (0T G(PY(6,)) + v2) < C1 (P(8,) | — aNTL=N=Da 440y,
By induction we find

Un < Cn (G(P(0a)) + vnt1) < Cp (P(da) |7 — a|N+1_(N_1)q + V1)
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and
u < P(8,) + CJ (P(0a) [w — a|VHI=V=D0 4y ),

Then we deduce (1.14).

ii) THE cAsE: N/(N —1)<g¢< (N +1)/(N —1).
Let p > 2 be some fixed integer such that

1
]_?<N+1_(N_1)q'

Now for any n € [0,p], let 8, =1—n/p € [0,1]. Now we start from the
fact that

we MW/ WN=-1Q pdz), it N >3,

(4.6)
u € M37¢(Q, pdx), if N =2,

from Corollary 2.8. Let vy = u, hence

N + Bo

Ug e L™ (Q, pﬁO da?), with 1 < T < m .

Here again we define vy by (4.2), and v; < u. So that we can define
vy = G(v}) in L'(Q). From Theorem 2.6, we have, for any N > 2 and
e > 0 small enough,

vy € L(N+,3)/(N—2+ﬂo)—6(9, pPdz),

for any 8 € (—1, N/(N —2)). Taking =61 =1—1/p € (0,1), we get

N + 51
(N=2+00)q’

since N+ —(N—-2+4+0y)g=N+1—(N—-1)g—1/p > 0. For any
n < p, assume by induction that v,—; = G(vf_,) in L'(€), and that

(4.7) vl € L™ (Q, pPrdx), with 1 <r; <

N+Bn—1
(N_2+/8n—2)q,

vl ¢ Lr"—l(Q,pﬁ"—1 dx), with 1 <r,_1 <

n—1

then we can define v, = G(vi_;) in L}(Q), and we get

= L(N+ﬁ)/(N—2+ﬁn71)—€(Q7 pPdz),
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for any 5 € (—-1,8,-1N/(N — 2)). Taking f = (3, > 0, we have
(N+pB,)—(N—=2+p,-1)g>(n—1)(¢g—1)/p > 0, hence

N+ fn

4.8 vl e L™ (€, Prdx) | with 1 <r, < i
(4.8) (€2, p7 da) N2+ 4 1)¢

Now in case n = p, we have 8, = 0. This proves that vl € L"»(Q),
with r, > 1 and we are reduced to the first case: there exists an integer
no = no(N, q) such that v,,1, € C°(2). We deduce (1.13) and (1.14)
as above.

In this proof we have used the estimate (1.12). In fact it is not
really needed for getting a priori estimates, since we require that the
problem admits a solution: the existence assumption in turn implies a
condition of type (1.12). Adapting the arguments of [8] for the interior
nonhomogeneous problem

—Au=ul+f, inQ,
u=20, on 0,

with f > 0, we get the following:

Lemma 4.1. Let ¢ > 1 and p € MT(0Q). If the problem (1.5) admits
a solution, then

(4.9) G(Pi(p) < —— P(p), in Q.

PROOF. We can assume g # 0. For any v,w € C?(Q) with v positive
and harmonic, and any concave function F' of class C? on the closure
of the range of w/v, we have

(4.10) —A(vF(%)) > F'(E)(—Aw), in Q.

v

Suppose that problem (1.5) admits a solution u. Then we apply (4.10)
with v = P(p) and w = u > v, and

, on [1,400).



508 M.-F. BipAUT-VERON AND L. VIVIER

It comes

and

U 1
(P () < P(u) F (i) < —— Pln).
from the maximum principle.

REMARK 4.1. In the supercritical case ¢ > (N + 1)/(N — 1), any
solution u of (1.1), such that v € C(Q\{a}) and u = 0 on IQ\{a},
satisfies necessarily v = 0 on 02, from Corollary 2.3. Considering the
known behaviours for the problems (1.7) and (1.6), one can ask if an
estimate of the type

u(z) < C p(x) |x — a|~(a+D/(a=1)

is true near the point a, at least if ¢ < (N + 1)/(IN — 3). The question
is entirely open.

5. Existence results.

Here we study the existence of solutions of problem (1.15). It is is
based on the estimate of G(P?(u)), which gives supersolutions.

PROOF OF THEOREM 1.3.

FIRST STEP: EXISTENCE OF SOLUTIONS FOR SMALL o. Let p €
M (0Q) with p(02) = 1 and o > 0. The function o P(p) is a subso-
lution of (1.15). We search a supersolution of (1.15) of the form

y=o0P(p)+aG(P(op))

with ¢ > 0, and
aPl(op) > y?.

Since ¢ < (N +1)/(N — 1), from Theorem 1.1, there exists a constant
K = K(N,,q) such that

(5.1) y<o(l+ac?'K)P(u), in Q,
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and y is a supersolution as soon as a'/? > 1+ ac? ' K. As a conse-
quence, taking the best value a = (¢/(q — 1)), if

(5.2) o< (¢K)~Y(e=h) -1
q

Y

then S, has a solution.
SECOND STEP: INTERVAL OF EXISTENCE. Let
A={0>0: S, has a solution} and o" =supA.

Then from (4.9),

(53) @) G € = Pn, .
hence ¢* is finite. For any ¢ € A, S, has a solution wu,. For any
T € [0,0), uy is a supersolution of (1.1) such that u, > 7 P(u), hence
S, has a solution u, < u,. Then A is an interval. At last, let us show
that Sy« has a solution: let {0, } be an increasing sequence with limit
o*. Now u,, is a weak solution of S, ; we use as a test function the
unique solution & > 0 of problem ¢ = G(£1/9), introduced in [8], and

get

/Quc,n (—A¢€) dx:/QuUn ¢l dy

(5.4) ”

:/ug Edx — oy, —du.
Q a0 On

And 0§/0n < 0, hence
1 -1
[t cao< o [t cdnr 20,
Q qJ q

so that {ug } is bounded in L'(Q2, pdz). And u,, < o*P(u) on 9.
Now {u, } is bounded in MN/N=1(Q) N MWN+D/N=1)(Q pdz), from
Corollary 2.8. Then we can go to the limit in the weak formulation of
Sy, and construct a weak solution of S,-.
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REMARK 5.1. Replacing K by K, = ||G(P%(u))/P(p)|| 5o (02), We can
estimate o* from (5.2) and (5.3)

* — — q_]' — —
o € |(gK,)~HU I)T,((q—l)Ku) V=)

REMARK 5.2. Now assume ¢ > (N +1)/(N — 1). We shall say that a
measure g € MT(0Q) with p(0Q) = 1 is admissible if

P4(p) € LY, pdz)
and p satisfies the condition (1.12) for some K > 0.

Then in the same way Theorem 1.3 applies to any admissible measure.
Moreover, for such an admissible measure, following the techniques of
[8], for any o € [0,0*), we can construct a solution u, of S, satisfying
the a priori estimate

(5.5) oP(p) <u; <CP(p), inQ,

for some constant C' = C(0). Indeed let 7 € (0, 0*) such that S, admits
a solution u,. Let us apply the inequality (4.10) with v = 7 P(p) and
w = u,; > v, and

q—1
F(s) =3 (1+€ Sq_l)_l/(q_l) and g = (Z> —]_7 on [1, +OO) 9
o

so that F(1) = o/7 and F'(s) = F(s)/s?. We obtain

—A(UF(U—T>) ZF'(U—T>(—AUT):(UF(U—T))(I, in .
v v v
Hence z = v F(u,/v) is a supersolution of (1.1). Then
z>o0P(p), in 2, and z = o p, on 0L,
and S, has a solution
Uy < z < e Y@= p(y),
so that u, satisfies (5.5). Now for any 7 € (0,0*), S; admits a solution

ur. Choosing 7 = (0 + 0*)/2, we deduce that u, satisfies (5.5) with
C(o) =0* (0 +0*)/20)7~1 —1)~1/@=1) At last considering as above
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an increasing sequence {o,} with limit o*, we prove that S,- admits a
solution wugyx.

An open question is to describe precisely those admissible mea-

sures.
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