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Jacobi-Eisenstein series of
degree two over Cayley numbers

Minking Eie

Abstract. We shall develop the general theory of Jacobi forms of
degree two over Cayley numbers and then construct a family of Jacobi-
Eisenstein series which forms the orthogonal complement of the vector
space of Jacobi cusp forms of degree two over Cayley numbers. The
construction is based on a group representation arising from the trans-
formation formula of a set of theta series.

1. Introduction and notations.

The theory of Jacobi forms was first organized systematically in
1985 in the textbook by M. Eichler and D. Zagier (see [4]). In the book
they provided a complete presentation of the readily known proof for
the Saito-Kurokawa conjecture, which asserted the possible existence of
a lifting from modular forms of degree one to Siegel modular forms of
degree two. Analogous theories on various domains was substantially
investigated with important results since then. Here we mention a few
among them. This author and A. Krieg jointly initiated the theory
of Jacobi forms on H x Cc (see [5], [6], [7], [8]), the product space of
upper half plane and Cayley numbers over the complex field C, and
he proved that there is an one-to-one correspondence between elliptic
modular forms of weight £ — 4 and modular forms of weight k£ belong-
ing to the Maafl space on Hs, the upper half plane of 2 x 2 Hermitian
matrices over Cayley numbers. On the other hand, Ziegler (see [16])
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considered Fourier-Jacobi expansions of Siegel modular forms and in-
troduced Jacobi forms of several variables on H,, x C"™, the product
space of Siegel upper half plane H,, and the vector space C*™ realized
as n x m matrices over C. A. Krieg also gave a general treatment for
another kind of Jacobi forms of several variables (see [14]).

In 1993, Kim constructed a singular modular form of weight 4
on the 27 dimensional exceptional domain (see [13]) by the analytic
continuation of a non-holomorphic Eisenstein series. Therefore it is
duely important to investigate Jacobi forms on Hs xCZ more thoroughly
since they appear naturally to be Fourier-Jacobi coefficients of modular
forms on the exceptional domain.

In this paper, we shall devolop the general theory of Jacobi forms
on M2 x CZ. In particular, we are able to decompose a Jacobi form
into an inner product of a vector-valued modular form and a vector-
valued theta series. By using the transformation formula of the vector-
valued theta series, we obtain a group representation ¢ of I's, which is
a discrete subgroup of the group of bi-holomorphic mappings from Ho
onto itself. After doing so, we are finally able to construct a family of
Jacobi-Eisenstein series by using this group representation .

As an application, we shall determine the Fourier coefficients of
singular modular forms of weight 4 and 8 explicitly, which paves a new
way to construct singular modular forms on 27 dimensional exceptional
domain via theory of Jacobi forms of degree two.The outcome of such
construction is similar to the outcome proved by A. Krieg (see [16]),who
applied the results in his joint work with Eie (see [6], [7]) to obtain an
alternative proof that a function with a Fourier expansion obtained
by Kim is indeed a modular form of weight 4. This work provides a
systemic and general approach to deal with the whole issue.

To describe Jacobi forms of degree two over Cayley numbers, we
need notations concerning Cayley numbers as well as the modular group
L.

Let F be a field. The Cayley numbers Cg over F'is an eight dimen-
sional vector space over F' with a standard basis e, e1, €3, €3, €4, €5, €4,
er satisfying the following rules of multiplication (see [1])

1) xeg = egx =z for all z in Cp,
2) e?z—eo,jzl,Z,...,Z and

3) €1 €2€4 = €2€3€5 = €3€4€ — €4€5€7 = €5€g€1] = €g€7€LY =
€7 €1 €3 = —€g.
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For z = Z;’:o zje; and y = Z;’:o yje; in Cp, we define the fol-
lowing operations on Cr.

: _ 7
1) Involution: © — = = zoeg — >_;_, Tj €;,

2) Trace operator: T'(z) =z + T = 2z,

3) Norm operator: N(z) =T =Zx = 237.:0 a:?, and

4) Inner product: 0 :Cp xCp — F, 0(z,y) =T(xy) =T (yT) =
7

2> im0 %Y
Note that we have the property: N(z+y) = N(z)+N(y)+o(z,y).

Denoted by o the Z-module in Cq, generated by «; (7 =0,1,2,.. .,
7) as follow

ap = €p , o1 = €1, a2 = €2, a3 = —€4,
1
a4:§(€1+62+€3—64), 04525(—60—61—64+65),
1 1
a6:§(—60+61—62+66), a7:§(—60+62+64+67).

Elements in o are refered as integral Cayley numbers. This module o
is denoted by .J in [3], it satisfies the following conditions:

1) N(z) € Z and T'(z) € Z for each x in the set,
2) the set is closed under addition and multiplication, and
3) the set contains ey.

As shown there, o is maximal among those modules with these
properties.

Let Ho denote the Hermitian upper half plane of degree two over
Cayley numbers. More precisely, it is defined by the following

Hy =17 = r1 Ti12 ), Y1 Y12 | .
Ti12 T2 Yo Y2 |
(1.1)

T1,%2,Y1,Y2 € R, Z12,9y12 € Cr, y2 >0, y1y2 — N(y12) > 0}-

Obviously, Hs is an open convex subdomain of C!°. The domain H, is
isomorphic to the tube domain over the “light cone” of dimension 10,
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the non-compact Hermitian space of SO(10,2) (see [2, p. 71]). See also
[5] or [6] for the details.

Given
7= [i “;] €My,
Wz
Z 1s invertible and
(1.2) I P S N Y
' _zz*—N(w) —-w oz 2-

Denoted by I's the discontinuous subgroup of the group of bi-holomor-
phic mappings from H, onto itself, which is generated by the following:

l)pB:Z—>Z+B,B:[? ;L],n,meZ,tEO,

— 0 1 1 t
: t _
2)tU.Z—>UZU,U—[_1 0} or [0 1],t€0,and
3)v:Z — —Z7L

We use (T, Z) to denote the inner product of two Hermitian ma-
trices T and Z; (T, Z) = t1 z + to 2* + o(t12, w) if

T — |:_t1 t12]

t12  t2
and
g_ |z w
T lw z*
Also we let
(1.3) Azz{{;l Ttn]:n,mEZ,tEO}.

2. Jacobi forms of degree two over Cayley numbers.

By a Jacobi form of degree two over Cayley numbers, we mean a
Jacobi form defined on Ho X C(%. Let £ and m > 1 be non-negative
integers. A holomorphic function f : He x C2 — C is called a Jacobi
form of weight k and indexr m with respect to I's if f satisfies the
following conditions:
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J-1) f(Z+ B,W) = f(Z,W) for all B € Ay,

J-2) f(ZIULLUW) = f(Z,W) for all U = E ﬂ or [_01 H

t € o,
J-3) f(=Z~1, Z7W) = (det Z)k exp (2 im Z~1[W]) f(Z, W),
J-4)

f(Z,W + Zq+ p)
=exp(—2mim ((Z,4'Q) + o(w1,q1) + o (w2, 42))) f(Z, W),

for all q, p € 02, and

J-5) f has a Fourier expansion of the form

21) f(Zzw)=>" > al,q) e (TDFolaw)tolaw)

q€o?  TcA,
T>a'q/m

w1

w2

Here for 7 = [_Zl le] € Hy and W = [
Z12 %2

} € CZ, we let

Z[W] = Z1 N(wl) + 29 N(wz) + 0'(212,11)1 mz) .

a A
% b
a>0,b>0and ab> N(XA). Also A> B if and ounly if A— B > 0.

From the above definition, we are able to decompose a Jacobi form
of degree two into an inner product of a vector-valued modular form
and a vector-valued theta series.

For 2 x 2 Hermitian matrix A = we write A > 0, to mean

Proposition 1. Let f(Z, W) be a Jacobi form of degree two with
Fourier expansion (2.1). Then

f(Z,w) = Z FQ(Z) ﬁm,Q(va)v
q:(o/mo)?
with _ .
BZ)= Y TS
T>q'q/m
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and

O q(Z, W) = Z exp (2mim ((h'h, Z) +o(hy,w1) +o(ha,ws))).

h=X\+q/m
\€o?

PROOF. Set p = q + m A with q ranges over all representatives of
(0o/m0)? and X ranges over 0 in the first summation of f(Z, W). Then
our assertion follows form (J-4) and a direct verification.

For each q =! (q1,¢2) € 0%, consider the theta series 9, (Z, W)
defined by

Imaq(Z W)=Y exp(rim((h'h,Z2)

(2.2) h=\+a/m
A€o?
+ O'(hl, wl) + O'(hz, ’wz))) .

Obviously, one has

(2.3) Omo(Z+B,W)=e2i@aB)/my  (z W), forallT €Ay,

and

(2.4) U q(Z [UUW) = I vq(Z, W),
1 0 0 1

forU—[t 1]01"[_1 0:|,t€0.

Here we shall prove the transformation formula between
Img(—Z7 27T W)
and ¥, ,(Z, W) for various p in 0?. We need the following.

Lemma 1. For each h = (hy,hy) € CZ, A = diag[&1,&2], & > 0,
&5 > 0 one has

(h'h, A[U]) = ((UD) ('h°0), A),

1 t 1 0 0 1
forallU—[O 1]’[t 1] or[_l 0],tECR.
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PrRoOOF. It is obvious for U = [_01 H Here we prove the case
1t
U= 0 1]. We have

(h*h, A[U]) = & N(hy) + &2 0(t, hihs) + (€2 + &1 N(t)) N (he) -
On the other hand,
ha

Uh — [h1+th2] .

It follows

(UR) (*h*U),A) = & N(hi + t ha) + & N(ho)
=& N(hy) + & o(hi,th) + (E0 N(t1) 4+ &) N(ha) .

Hence our assertion follows form the fact that
O'(t, hl Eg) = T(t (hg El)) = T((t hz) El) = O'(hl, t hz) .
In exactly the same way, we prove the following.

Lemma 2. For h =' (hy,hy) € C2, V =t (v1,v2) € C3, A =

digfentl & > 0,6 > 0amd U = o 1] o[} ] eecs

one has

-1 1

T("hATH'T V) =T((hUH)ATH(T V).

Lemma 3. For positive integer m and q € o, let

Q9m7q(z, w) — ZeZ?Tim(N(t—i—q/m)z—f—U(t—i—q/m),w)) , (Z, ’LU) cH x CR .
t€o

Then fory > 0,v € Cr

ﬁm,q (2 y—l, E) — e—27rmN(11)/y <£)4 Z e_ZWyN(t)/m e—27ria(q/m—iv,t) )
Y m/ o=
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PrOOF. Let S be the matri)7< corresponding to the quadratic form in

gj (j = 0, 1, ey 7) of 2N (Zj:o gjOéj), i.e., S = (O'(Oéi, aj))0§i7j§7 and

¢, U be the representatives of ¢, v with the basis «q, a1, ..., a7. Then
ng,q(iy—l, E) = Y e 2mmIN (e my ™ o tha/m—iv/y)]

tco

e—Zme(v)/y Z e—TrmS[T‘,\—i-a‘/m—ii;\]y*l )

tezs

S is a positive definite symmetric integral matrix with det S = 1. By a
direct calculation, the Fourier transform of the function

f(:):) — e—TrmS[w-{—c’]\/m—ﬁ}\]y_l
is given by

) = (ﬂ)‘l ¢—2mi(@/m—i0,n) o= ryS~'nl/m
m

Here (a, 3) is the usual inner product of «, 3 in R®. Then the Poisson
summation formula implies that

’l9m,q (2 y_l, E) — e—2‘n'mN(v)/y (g>4 Z e_zwi(c’j/m_ii;’y) e_ﬂys_l[’fl]/m
’ m neZL’

— e—27rmN(v)/y <g)4 Z e—2‘n'yN(t)/m e—27ria(q/m—i'u,t) )

m
tco

Proposition 2. Suppose that 0y, (Z, W) is defined as in (2.2). Then
Omq(—Z2~ 127 W)
(2.5) = (det Z)* exp (2mim Z 71 [W))

1 .
" —s Z e—2mi[o(q1,p1)+0(g2,p2)]/m Orm,p(Z,W).

p:(o/mo)?

PROOF. It suffices to prove that (2-5) holds for Z =iY and W =iV
since both sides are holomorphic functions in Z and W. Let Y = A[U]

with A = diag[&1, &3] and U = [(1) ” Then

y-t= AU,
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It follows from lemmas 1 and 2 that
Imq(iY LYV
= Y exp(—2rm(b'h,Y ) +2rimT("h(Y™'V)))

h=X+q/m
A€o?
= Z exp (—2m m (hth, A7 [tU 1)

h=X\+q/m
A€o?

-1

+ 27rimT((tE) (A_l[tU V)

= Z exp (—27rm((tU_1h) (tEU_l)aA_l)

h=X\+q/m
A€o?

torimT((tRU™Y AT V).
Note that by Lemma 3, we have

Z exp (=27 m (h*h, A™Y) + 2rim T (*h(A1V)))

h=X+q/m
2

I
— Y
Mo

exp(— 27rmN<tj + ﬂ)§;1+27ria(tj + ﬂ,ﬂ))
j=1t;€o m m

<%)4 o= 2mm N(Uj) fg_l f; 6—27r.£jN(h,j)/m e—27ria(qj/m—ivj,hj)
7 o

I
.E“

<S
Il
—

4 _ = .
(flnfs) o 2rmA (V] Z o 2mm (W' A) = 2miT (") (a/m—iV))

he€o?

With a linear transformation h — *U~!h, it causes a change in the
Fourier transform of the corresponding function and yields

= Z exp (—27rm((tU_lh)(tEU_l)aA_l)

h=X+q/m
A€o?

+orimT((RU-Y AT V)
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— —1rtgr—1 —
—e 2rmA['U V](&l 52)4 m 8

Y exp(=2rm” ((UR)('R'T), A)

heo?

—%ﬂjﬁﬁiﬂcﬁ_ﬁ(%—wvj)

_ e—Zme’l[V] (det Y)4 m=8

: Z exp (— 2rm~t (h'h,Y)
heo?

—27ria(q—1 —ivl,h1> —27rz'a(q—2 —ivg,h2>> .
m m

Now set h = p + m A with p ranges over a set of representatives of
o/mo and X ranges over o2, the above is equal to. This proves our
assertion.

We then have the following result concerning a group representa-
tion of I's.

Proposition 3. There exists a group homomorphism ¢ : I'y —
U(m!®), unitary group of size m'®, determined by

A) ¢(pB) = dlag [6_27ri(qta’B)]q:(o/mo)2; B e A27

B) w(tU) = [SPA]p,q:(o/mo)? with

1, ifq=Up,
Sp,a =

0, otherwise,
forU:[l t] 07”[_01 é],teo, and

1 )
C) ’QD(L) = (627”[0(1)17q1)+cr(p2,q2)]/m)

. 2.
ms p,q.(o/mo)

PROOF. 1 is wholy determined by its images on the generators pg,ty
and ¢ of I's. Fix a set of representatives

41,42, .. .,qm16
of (0/mo0)? and let

O(Z,W) =" (Vg (Z, W), .., Omq 16 (Z,W)).
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As functions of W, the set of theta functions ¥y, 4,(Z,W) (j = 1,2,
..,m) have different Fourier expansions. Each Fourier coefficient of
Um,q;(Z,W) is a function of Z which depends, in particular, on the
corresponding ¢;. Therefore different Fourier coefficients for different
g; are linear independent (as functions of W). We conclude that the
set of theta functions ¥y, q,(Z, W) are linearly independent.
Form (2.3), (2.4) and (2.5), we let

O(Z +B,W) = (pp)O(Z,W),
O(Z[UL,SUW) = ¢(ty) ©(Z, W),

and

O(—Z 1 Z7'W) = (det Z)*exp 2rim Z7 [W]) () O(Z,W).

Then v has the properties A), B) and C) as asserted.

3. Jacobi-Eisenstein series.

As shown in Proposition 1, we are able to decompose a Jacobi form
of degree two into an inner product of a vector-valued modular form
and a vector-valued theta series. Now with the properties (2.3), (2.4),
(2.5) of the theta series defined in (2.2), we can characterize a Jacobi
form as a vector-valued modular form.

Proposition 4. Let q1,q92,...,q,16 be a set of representatives of
(o/mo)? and

(3'1) F(Z) =* (FQ1(Z)7F(12(Z)7'"7qu16(Z))7
(3.2) O(Z,W) =" (Vrm,a, (Z: W),y Omq, 16 (2, W)

with Uy, o(Z, W) as defined in (2.2) and

Fo(Z)= 30 olf,q)emmaams,

TeAs
T>q'q/m

Then the following statements are equivalent:
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A) f(Z,W) =t F(Z)-O(Z,W) is a Jacobi form of weight k and
index m with respect to I's.
B) F(Z) satisfies the following conditions:
1) F(Z+ B) =v¢(pp) F(Z) for B € A,,

2) F(ZU]) = (ty)F(Z) for U = [(1) ” or {_01 H teo,

and

3) F(—Z71) = (det 2)k=*4 (1) F(2).
PRrOOF. It is a direct consequence of (2.3), (2.4) and Proposition 3.
Corollary. For positive integer k > 4, the correspondence
F(Z) — F(Z)910(Z,W)

establishes an one to one correspondence between modular forms of
weight k—4 on Ha and Jacobi forms of weight k and index 1 on Ha x C2.

Now we use the group homomorphism @ to construct a vector-
valued modular form corresponding to a Jacobi form of degree two.
Let j(g, Z) be a factor of the determinant of Jacobian matrix of g € 'y
at Z € Ho determined by the following:

1) j(pp,Z) =1 for all B € Ay,

. 1 ¢ 0 1
2)j(tU,Z)—1f0rallU—[0 1] or [_1 0],t€0,

3) j(v, Z) = det (—Z), and
4) 3(91 92, Z) = j(91,92(Z)) j(92, Z).
Also let T'9 be the subgroup of T'y generated by pp and ty7, B € A,
1ot 0 1 e
U = [0 1] or [_1 0],756 o. For each q € o* with q'q = 0
(mod m), we define
Ek,m(Za W; q)

(3.3)
= (Eq,(h (Z)7 Eq,% (Z)v RN Eq,qmlﬁ (Z)) ) @(Zv W)
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with

(3.4) Eqp(Z)= ) (M, 2)* * g p(M),
M:T'5 /T

where

(3.5) Y(M) = (Yq,p(M))q,p:(0/mo)? -

The series in (3.4) converges absolutely and uniformly on compact sub-
sets of Ho if k > 22. Here we shall prove that the vector-valued modular
form corresponding to Ej ., (Z, W;q) satisfies condition B) of Proposi-
tion 4. Consequently, Ey, ,,(Z, W;q) is indeed a Jacobi form of weight
k and index m for k > 22 and q'q =0 (mod m).

Proposition 5. For k > 22 and q € o? with q'q = 0 (mod m), the
Jacobi-FEisenstein defined in (3.3) and (3.4) is a Jacobi form of weight
k and index m.

PROOF. Let E(Z;q) be the vector-valued modular form corresponding
to Bk, (Z,W;q). Then *E(Z; q) is the g-th row of the matrix function
defined by

G(Z)= 3 (M2 ().

M:T5 /T

Note that
Y(peM) = ¢(pp) Y(M)
with
Y(pp) = diag [6_zm(qtq’B)/m]q:(0/m0)2 .

Thus the function G may depend on the choice of coset representatives
of T'y/T'9. However, its g-th row is independent of the choice since
q'q@ =0 (mod m) and

e~ 2@ @B)/m _ 1 forall B Ay .
From the group properties of I'; and the cocycle condition of 7,
J(M,K(Z)) = j(MK,Z)j(K,Z)™",  M,K €Ty,
we conclude that

'E(K(Z);q) = j(K,Z)* "' E(Z;q) p(K 1),
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for all K € I'y. Since ¢ (K) is unitary, it follows that
E(K(Z);q) = j(K,Z)" 9 (K) E(Z;q).

4. Jacobi cusp forms.

A Jacobi form f of weight k£ and index m with the Fourier expan-
sion

f(Z7 W) - Z Z CL(CT’7 q) ezTri[(T’Z)'i‘U(‘h:wl)'i‘U(QQ,wz)]
T>qtq/m q€(o/mo)?

is called a Jacobi cusp form if it satisfies the further condition

_ : Lo\
(4.1) a(T,q) =0, if det (T— —q q) =0.

Let *(Fg(Z))q:(o/mo)? and *(Gq(Z))q:(o/mo)? be vector-valued modular
forms corresponding to Jacobi forms f and g of weight £ and index
m, respectively. For integer k > 22, when at least one of f and g is a
Jacobi cusp form, we define the inner product of f and g by

@2 (o= [ LS R GaZax ay

q:(o/mo)?

where I';\H2 is a fundamental domain of Ho under the action of I'y
and dX dY is the usual Euclidean measure on Hs

dX dY = dxy dxo drs dyy dys dyo

Z:[_Il $12]+i[_y1 y12].
T12 T2 Y12 Y2

Note that (det Y)~1°dX dY is an invariant measure on Hs.
With the inner product as given in (4.2), a Jacobi cusp form is
orthogonal to a Jacobi-Eisenstein series of the same weight and index.

Proposition 6. Let f be a Jacobi cusp form of weight k and index m
and Ey pm(Z,W;q) be the Jacobi-Eisenstein series defined in (3.3) for
q'q@ =0 (mod m). Then for k > 22,

<Ek,m7f> =0.
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PROOF. Let
t(FQ(Z))q:(o/mo)2

be the vector-valued modular form of f and «(7,q) be the Fourier
coefficient of f. Then we have

Fo(Z)= Y o(T,q)eiT—aa/ma),
T'>q'q/m

For q'q = 0 (mod m), we have q*q/m € Ay and for all T > q*q/m

/ e—27ri(T—qtﬁ/m,X) dX =0,
JREQ)/Az

where jﬂéz) is the set of 2 x 2 Hermitian matrices over real Cayley
numbers. Thus it follows

/ (det V)" F (Z)dXdY =0,
FS\HQ

since we are able to construct a fundamental domain with its real part
given by J{» /Ay on Hy for I'Y. Hence

/ (et V)1 3" (M, )/ Fy(M(Z)) dX dY = 0.
P2z M:T, /T

In light of the formula
FoM(2)) = ) J(M, 2" pqp(M) Fy(2),
p:(o/mo)?

we get, our assertion.

Next we shall count the number of different Jacobi-Eisenstein series
defined in (3.3). For m = p”, by the proof of [10, Proposition 5], we
have

#{q € (o/mo)?: q'q=0 (mod m)}

v v—1
_ p&/( P — p37—5> .

(4.3)
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Set

Ny =% {q € (0/mo)?: ¢'q=0 (mod m)),

(4.4) 2q=0 (mod m)}.

By (4.3) and an elementary consideration yield

1, ifm=1 (mod 2),
(4.5) Ny, =4 2240, if m=2 (mod 4),
65536, if m =0 (mod 4).

Now fix a particular set of representatives of (0/m0)? as follow

iy« Ars Ar41s - - 5 Artsy —Ar41 0005 —Urts
r=Np, r+2s=m,

with 2q; = 0 (modm) for 1 < j < r and 2q; # 0 (mod m) for
r+1<1<r+s With the above as an index set of (0/m 0)?, we have
the following

Proposition 7. Let ¢ be the transform Z —s —Z~'. Then

[Er 0 01
Y =10 0 E,|.
Lo & o]

where By is the identity matriz of size | X [.

PROOF. Let Sp 4 be the entry of (:?) = ()9 (1) at (p,q) position.
Then
Sp.q = % Z e2rilo(pr,ri)+o(p2,r2)l/m 2milo(ri,q1)+o(r2,q2)]/m
r:(o/mo)?

_ 1 § : 627ricr(p1+q1,r1)/m § : e27ria(p2+q2,r2)/m
m16
r1:0/mo r2:0/mo

{1, if p1 +¢1 =0 (mod m) and py + g2 =0 (mod m),

0, otherwise.
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Thus our assertion follows.

Proposition 8. For any M € 'y, )(M) appears to be the form

AT‘ HT‘S HT‘S
FST BS GS
FST GS BS

where A, is a matrixz of sizer Xr, Bs, G5, are matrices of size s X s, Hy
15 a matriz of size r X s and F,. is a matriz of size s X r. In particular,
one has

w—q,p(M) = Yq,~p (M) .

Proor. It follows from (M) commutes with (:?) = 9 (ty) with
U= —E.

Proposition 9. For any q € o with q*q =0 (mod m), one has

Ek,m(Zv W _q) - Ek,m(Za W q) .

PROOF.

Eym(Z,Ws—a)= Y J(M,Z2)"" Y $_qp(M)Unp(Z, W)

M:T5\I'9 p:(o/mo)?

= Z J(M, Z)4_k Z wq,—p(M) 19m,P(Z7 w)
M:T'2\I'9 p:(o/mo)?

= > QM2 Y Pap(M) D, p(Z,W)
M:T'5\I'? p:(o/mo)?

= > QM2 Y Pap(M) D p(Z,-W)
M:T2\I'Y p:(o/mo)?

- Ek,m(Zv _W; q)

= Epm(Z[—E2], (-E2)W;q)

By (4.3), (4.5) and the previous proposition, we then have
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Proposition 10. The total number of different Jacobi-Eisenstein series
s given by

vp(m) vp(m)—
(4.6) %(m8 H ( Z T — Z 1p3T_5> + Nm> .
p|lm 7=0 7=0

where vy(m) is the valuation defined by v,(m) = « if p® is the highest
power of p dividing m.

The set of Jacobi-Eisentein series is the orthogonal complement
of the vector space of Jacobi cusp form which is denoted by Jp  (I's)
with respect to the inner product (4.2). By realizing Jacobi cusp, forms
as vector-valued cusp forms, we are able to compute its dimension via
Selberg trace formula as we had done in [10, Appendix]|: For k£ > 22

dim Jy, ,,(T2) = c(k) / (det Y)k—14
T2\H2

(4.7) Y e (55 z- @)
GO, 2)" " trace ($(M)) dX dY
where

o D(k—4)D(k—8)

o) =2 o) Tk 13)

The leading term in (4.7) is the total contribution from =+ identity of
['5, which is given by

(4.8) I(£E) = c(k) /F » (det V)" dX dY (m'® + (g.c.d. (m,2))'°).

Of course, the formula (4.7) is still far away an explicit dimension for-
mula for the vector space Jp , (I'2) since we only know the contribution
from + identity. However, we can use it to compute explicitly the con-
tribution from a particular conjugacy class of I's and hence obtain an
approximate formula for dim J . (T's).
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5. Application to singular modular forms.

Let Jr be the set of 3 x 3 Hermitian matrices over real Cayley
numbers. Jr consists of matrices of the following form

51 r12 I13
(5.1) X =|ZT12 & 23|, £1,62,63 € R, 12,713,723 € Cr .
T1z3 T2z &3

For X € Jg as given in (5.1), we define

a) tr (X) =& + & + &3,
b)

det (X) = &1 &283—&1 N(w23)—&2 N(213)—€3 N(212)+ 1 (212 223) T13) ,

and

c)

;KxX:aW—wuxy¥+%@NXV—u@P»E

€283 — N(wa3) w13T23 —&3%12 T12%23 — 213
= 223713 —&3T12 &1 &3 — N(z13) Tiaw13 — &1 223

To3Tiz —&2T13 Ti3Ti2 —E1T23  &1&2 — N(z12)

Note that X is invertible if and only if det X # 0. In this case the
inverse is given by

X—].

- detX(XXX)'

Also we set

rank X =1, if and only if X #0, X x X =0,
rank X =2, if and only if X x X # 0, det X =0, and
rank X = 3, if and only if det X #0.

We supply Jg with a product defined by

1
(5.2) XoY=z(XY+YX),
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where X Y is the ordinary matrix product. Then Jr becomes a real
Jordan algebra with this product. Define an inner product on Jr by

(5.3) (X,Y)=tr(XoY).

Finally, we let ® be the set of squares X o X of elements of Jz and RT
the interior of ®. The exceptional domain in C27 is then defined by

(5.4) H={Z=X+iY: X, Y €T, Y ERT}.

Set Jo = Jr N M3(0). Here Ms(0) is the set of 3 x 3 matrices over
integral Cayley numbers. For 1 <14, j < 3, let ¢;; be the 3 x 3 matrix
with 1 at the 4j-position and 0 elsewhere. When i # j, t € Cr, we let
Uij(t) = E + te;;, E being the 3 x 3 identity matrix.

The group of holomorphic automorphisms G of ‘H is a Lie group of
type Er (see [1]). Let I' be the discrete subgroup of Gg generated by
the following automorphisms of H:

)e:2Z — —2Z71
2)pp:Z — Z+ B, Be J,, and
3) tUZZ%Z[U]:tUZU, U:Uij(t), t €o.

Let k be an even integer. A holomorphic function f defined on
‘H is a modular form of weight k with respect to I' if it satisfies the
following conditions:

a) f(=27") = (det (~=2))*f(Z), and
b) f(ZIU]+ B) = f(Z) for all B € J, and U = U;5(t), t € o.

In particular, from b), a modular from f on A has a Fourier ex-
pansion of the form

f(Z) — Z a(T) 2mi(T,2)

TeRNT.

[ is a singular modular form if a(T) = 0 unless det T' # 0.
Baily (see [1]) considered the Eisenstein series

(5.5) E(Z)= ) 2!, ZeH.
v€T'/To
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Here T’y is the subgroup of I' generated by pp, ty with B € J,, U =
Uij(t), t € 0. j(v,Z) is the determinant of the Jacobian matrix of v at
Z and it has the following properties:

1) j(ps,Z) =1 for all B € Jg,
2) j(tv, Z) =1 for all U = U;4(t), t € 0, and
3) i(1, Z) = (det(—2)) "%

For any positive even integer [, the series in (5.5) converges ab-
solutely and uniformly on any compact subset of H. Hence Ej is a
modular form of weight 187 with respect to I' on H and has a Fourier
expansion

(5.6) E(Z)= ) a(T)e™ 7).
TeJ.NK

Baily proved that the Fourier coefficients a;(T) of E;(Z) are rational
numbers and concluded that the Satake compactification of 7 /I" has a
biregularly equivalent projective model defined over the rational num-
ber field (see [1]).

In 1993, Kim considered the non-holomorphic Eisenstein series (see

[13])
Eps(Z)= ), itn2)*litv. 2)7,
v€T'/To
where £k is a positive even integer, s € C with k+Re s > 18, and j(g, %)
is a factor of j(g, Z) with

j(g,Z) :j(gvz)_ls'

He proved among other things that as a function of s, Ej 4(Z) has a
meromorphic analytic continuation in the whole complex plane. Fur-
thermore, Ey40(Z) and Eg¢(Z) are singular modular forms of weight 4
and 8, respectively. Here we shall determine explicitly the Fourier co-
efficients of these singular modular forms with our knowledge in Jacobi
forms of degree one and degree two.

Proposition 11. Let E4(Z) be a modular form of weight 4 on the
exceptional domain with the Fourier expansion

(5.7) E«(2)= ) a(T)em 7).
TeJ.Nk
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Then a(T) = 0 wunless rankT < 1. If a(0) = 1 is given, then for

rankT =1
a(T) =240 ) d°,
dle(T)

where e(T') is the largest integer d such that d='T € J,.

PROOF. Let -
SOO(ZI) + Z ()Om(Z:b W) eZwimzs
m=1
be the Jacobi-Fourier expansion of F4(Z) with

4=, .
tW z3

Then ¢y (Z7) is a modular form of weight 4 on Ho, hence it is a constant
multiple of f4(Z;) as constructed in [6] since the modular forms of
weight 4 has dimension 1. Note that a(0) = 1, it follows ¢o(Z1) =

fa(Z1) and a <1(;1 8) is given by 240 Zd|E(T1) d3ifdet Ty = 0, Ty # 0.

On the other hand, ¢,,(Z1, W) is a Jacobi form of weight 4 and
index m on Ha x CZ. By Proposition 13, we are able to decompose
om(Z1, W) into

Y Fy(Z1) 9mq(Z1, W)

q:(o/mo)?
with

T . t—
)= Y af, 2)eneatama,

m
TeAs 1
T>q'q/m

By Proposition 4, we know that

F(Zy) =" (Fo(Z1))

q:(o/mo)?

is a vector-valued modular form of weight 0. It forces that Fiq(Z7) is a

constant and hence
(rg )
al ,_ =0
q m

unless 79 = q'q/m. This proves a(T) = 0 unless rank 7" < 1. For
T € J, withrank T' = 1, we are able to reduce T" to Ty = diag [¢(T'), 0, 0]
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by a finite number of operations ' — T'[U|, U = U;5(t), i # j, t € o.
Thus
a(T) = a(Tp) =240 > d°.
dle(T)
Next we are going to give a relation among Fourier coefficients of the
modular form of weight 4.

Proposition 12. For each positive integer m and q = *(q1,q2) € 02,

let t_
_ [q q/m q]
= —
q m
and
240 > A, ifTET,,
Gn(q) = dle(T)
0, otherwise.
Then
1 .
(5.8) Gm(q) = — Z e2milo(q1,p1)+0o(g2,p2)]/m Gp(p).
p:(o/mo)?

PrOOF. It follows from the fact that G = (G, (Q))q:(o/mo)2 1 the
vector-valued modular form corresponding to ¢, (Z1, W), the m-th
Jacobi-Fourier coefficient of F4(Z). Thus G must satisfy the condi-
tion B of Proposition 4. In particular one has

(5.9) G=v()G.

This is precisely the identity (5.8) in vector form.

REMARK. Indentity (5.8) was proved in [10] directly from the definition
of G, (q) and it implies that

om(ZL, W)= > Gu(@)VImq(Z1, W),  (Z1,W) € Hy x CZ,
q:(o/mo)?
is a Jacobi form of weight 4 and index m. With ¢,,(Z1, W) as the

m-~th coefficient, we are able to define a holomorphic function on the
exceptional domain as

E(Z) = fi(Z1) + ) om(Z0, W) e’™mes

m=1

[Zl w
7 =

— ceH.
tW 23]
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With the theory of Jacobi forms on H x C¢ as well as Jacobi forms on
Ha x CZ, we are able to verify that

(5.10) E(-Z7Y = (det 2)*E(Z2).

See [10] or [15] for the details. Consequently, we provide another way
to construct the singular modular form of weight 4 on the exceptional
domain.

Note that E%(Z) is a modular form of weight 8. Indeed it is a
singular modular form of weight 8 and its Fourier coefficiets can be
determined explicitly by the following proposition, given in [15].

Propositon 13. Let
E}(Z)= > bT)em A,
TeJoN

Then b(T) = 0 unless rankT < 2 and

(v o))

(1, ifTy =0,
480 Y d', if det Ty =0, Ty £0,
= dle(Ty)
240480 Y d" Y d}, ifdetTy #0.
\ d|6(T1) d1|det(d—1T1)

PROOF. The Fourier coefficient a(T) of E4(Z) has the property that
a(T) = 0 unless rank 7" < 1. It follows

BT = Y a(Ty)a(Ty)

T +T>=T

is zero unless rank T' < 2. Let
Po(Z0) + D m(Z1, W) e2im=
m=1

be the Jacobi-Fourier expansion of EZ(Z). Then

_ n 0 omi(Ty,Z,) _ 1s 2(|%1 O
Yo(Z1) = Z b({o 0})6 _AIEEOE‘l 0 M|/

Ti1€A>
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which is a modular form of wieght 8 and hence it is equal to (f4(Z1))2.
But (f4(Z1))? is the only modular form of weight 8 which is also in the
Maaf} space, its coefficients satisfy the Maafl condition. So it suffices to

Ty O : _(n O _(n t
knowb({o 0:|>W1thT1—<0 0>0rT1—<f 1>,n—N(t)7é0.
Note that

b<|:1(;1 8:|> = #{hl,thOZ|h2tﬁl+h2th_2:T1}.

For T; = <8 g), we have

b([Tol gD = #{a,beco| N(a)+N(b):n}:480%d7.

On the other hand, for 77 = [? ” , we have

b(ﬁ} 8D:240-480 >

d|(n—N(t))
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