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Martin boundary for
homogeneous riemannian
manifolds of negative curvature

at the bottom of the spectrum

Ewa Damek, Andrzej Hulanicki and Roman Urban

0. Introduction.

Let M be a manifold and let £ be a subelliptic second order dif-
ferential operator on M. Positive L£-harmonic functions have been in-
tensively studied for many decades. In particular, if M has negative
curvature and L is coercive (i.e. there is a positive ¢ such that £+ ¢ 1
admits the Green function), the Martin boundary has been described
by A. Ancona [A], and earlier by M. Anderson and Schoen [AS] in the
case when L is the Laplace-Beltrami operator. If £ is noncoercive, the
situation is much more complicated, there are no results like in [A], so
various particular cases are of interest.

In this paper we treat noncoercive operators on simply connected
homogeneous manifolds of negative curvature. J. Wolf [W] and E.
Heintze [Hei] proved that such a manifold is isometric with a solv-
able Lie group S = N A, being a semi-direct product of a nilpotent Lie
group N and A = RT and, moreover, for a H € A the Lie algebra of
A the eigenvalues of Adgy|n are all greater than 0. Conversely, every
such group equipped with a suitable left-invariant metric becomes a
homogeneous Riemannian manifold with negative curvature.
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On S we consider a second order left-invariant operator

=0

such that Yp,...,Y,, generate S. Let m : S — A = S/N be the
canonical homomorphism. dm(L£) is a second order invariant operator
on RT, hence

dr(L) = (a0,)*> —yad, ,

foray € R —yad, is the A-component of Y and £ = L, is coercive,
if and only if v # 0.

Let p; be the semigroup of measures generated by £,. If v > 0,
then there is a unique (up to a constant) positive Radon measure v, on
N such that

fif *vy =vsy, t>0

[E]. For v > 0 the measure v, is bounded, while v is unbounded. The
measures v., 7 > 0 have been studied in various contexts [B], [E], [G],
[Ra], see also [D1], [D2], [DH2], [DHZ]. In particular, the bounded £.-
harmonic functions, v > 0 are described as v,-Poisson integrals [Ral,
[D1], [DH2] of L*°-functions on N. If v = 0, the only bounded L-
harmonic functions are constants but the unbounded measure v, gives
rise to non-trivial positive Ly harmonic functions.

Also v, plays an essential role in description of the Martin bound-
ary for £, (and £_,) both in the coercive and the noncoercive case.
However, while the first case can be deduced from Ancona’s theory [D2],
the latter requires new methods. This is the main topic of our study
here.

We make use of a probabilistic method introduced in [DH1] and
continued in [DHZ]. The essence of it is a decomposition of the diffusion
on S generated by a=2L into the “vertical component” generated by
(04)% — (v/a) 0, (Bessel process) and the “horizontal component” for
which the transition probabilities conditioned on a trajectory a; of the
“vertical component” satisfy some evolution equation (Chapter 3). The
idea of this decomposition is very intuitive and goes back to [M], [MM],
cf. also [K], [S], [Tay]. The available proofs of the properties of this
decomposition are either very sketchy or quite involved. We give here
a direct proof of it adapted to the situation of our interest.

The main aim of the present paper is to describe the Martin bound-
ary for £, for all ¥ € R. In addition, we find lower and upper pointwise
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bounds for v,. v, turns out to be the main building block for all mini-
mal positive L.

In the simplest two dimensional case, i.e. when S = “az + b’
the description of the Martin boundary is due to Molchanov, [Mo].
Indeed, his technique is based on properties of the Bessel process, as is
ours, only in the two-dimensional case the operator in the horizontal
direction can be made independent of the vertical direction which makes
the decomposition mentioned above superfluous, and all the arguments
are much simpler.

1. Preliminaries.

Let
(1.0) S=NaoA

be a solvable Lie algebra which is the sum of its nilpotent ideal N and
a one-dimensional algebra A = RT. We assume that

there exists H € A such that the real parts

(1.1)

of the eigenvalues of adg : N —— N are positive.

Let N, A, S be the connected and simply connected Lie groups whose
Lie algebras are N, A, S respectively. Then S = NA is a semi-direct
product of N and A = RT.

On S we consider a second order left-invariant operator

2
L= Y7 +Y,
j=0
such that Yy, ...,Y,, generate S. It follows from elementary linear alge-

bra that Y, ..., Y,, can be chosen in the way that Yi(e),..., Y, (e) € N.

The decomposition (1.0) is not unique, i.e. there is no canonical
choice of A. We put A = exp{tYy: ¢t > 0} and assume with no loss
of generality that the real parts of the eigenvalues of ady, are strictly
positive. Moreover, multiplying £ by a constant we may assume that
the real parts of ady, are large. Decomposing s € S as s = za, x € N,



260 E. DAMEK, A. HULANICKI AND R. URBAN

a = exp (loga)(Yp), we write
L] (wa) = £, ] (wa)
= ((CL aa)z —7a 8(1) f('ra)

(1.2) o
(D 2u(X)) + @u(X)) S (wa).

where @, = Adexp (loga)y, and X, X1,..., Xy, are left-invariant vector
fields on N and X1, ..., X,, generate N. We shall keep the subscript v
in £ in order to stress the role of the A-component of Y.

(1.1) together with the assumption on the length of Y imply (see
e.g. [DHZ]) that there are mq,mg > 2 and C > 0 such that

(1.3) [®ollwsn < C (@™ +a™),  a>0.

In N we define a “homogeneous” norm |- |. Let (-,-) be an arbitrary
fixed inner product in A/ and let

1
EV) = [(@@0.0.00T . IX] = VT
We put
lexp X| = |X] = (inf {a > 0 [|@a(X)[| > 1})7".

Since for X # 0

lim @4 (X)[| = 0,

Tim [[9,(X)] = oo,

and a — [|®,(X)]| is increasing,
it follows that for every Y # 0 there is precisely one a such that

Y =9,(X), I X|=1, Y|=ua.

If the action of A on N is diagonal, |- | is the usual homogeneous norm
on N. Finally, let

oq(exp X) = exp (loga) Ypexp X exp (—loga) Yy
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i.e. O, is the differential of o,.
The space Hp of bounded harmonic functions for £ is well known.
If v < 0, then bounded harmonic functions are constant. This is a

consequence of [BR] (¢f. also [DH2]). If v > 0, H;, is in one-one
correspondence with L°°(N) via the Poisson integral

(1.4) F(s):/Nf(s-x)mv(a:)dx,

where £ — s -« denotes the action of S on N = S/A ([Ra], [DH2)).
m~ is a smooth, bounded positive function with dv,(z) = m(z)dz
whence [, m(z)dxz =1 ([D]). Moreover [D],

(15) C (14297 <m(x) <C(1+a))"9"", =zeN.

For v > 0 the function m., is uniquely defined by two conditions

/va(x) do =1

P(za) = a=91m,(0,1(x)) is L-harmonic.

and

It turns out that the probability measure m., is also the basic
ingredient in the description of positive harmonic functions for all v €
R.

Let
(1.6) @ = Re Tr ady,
and
(1.7) Py(za) = a=% vy (041 (y~ "))

If v > 0, the family {P,},en and the function «” are all the mini-
mal positive £,-harmonic functions ([A], cf also [D2]). The proofs (as
well as the proof of (1.5)) are based on the Ancona’s potential theory
on manifolds with negative curvature. Since L_,f = a=7L(a”f), the
minimal positive £_,-harmonic functions are 1 and a™7Py(za).

The case v = 0 is essentially different, because Ancona’s theory
does not apply. To examine the Martin kernel we have to estimate
the Green function Gy for £y in another way. The final description of
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positive minimal Ly-harmonic functions, however, is very similar to the
case v # 0.

Let p; be the semigroup of probability measures with the infinites-
imal generator Ly and let 4 = p1. The Markov chain on N with the
transition probability

P(z,B) = fix64(B), reN, BCN,

is a Harris chain with the unique (up to a multiplicative constant)
positive Radon measure vy such that fi * vy = v, [E]. v has a smooth
density mg which is not integrable in contrast to m.,, v > 0.

The aim of this paper is to show

Theorem. The minimal positive Lo-harmonic functions normalized at
e are

the constant function 1

(1.8) 1
d P, =
and Py(za) -

a™ @i (0q-1 (y ')

Moreover, we have
(1.9) Cl1+|z))™@ <mo(z) <C A+ |z))79, z€N.

To prove the theorem we proceed in the following way. For v =
—2a < 0 we define a new operator

L, = a_2£7
which is not left-invariant on S. We study it on the space N x R*. How-
ever, it has some homogeneity with respect to the family of “dilations”
D.,7r>0o0n N x Rt
D, (z,a) = (o,(x),ra).

We have
(1.10) L,(f-D.)=7?Lf- D, .

Also L., commutes with the natural action of NV on N X R* on the left.
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The Green function G, for L, is given by

(1.11) G (x, asy, b) =/ p(, as g, b) dt
0

where

T, f(wa) = / F(y,b) pa(, @z, b) b2 dy db
NxR+

is the heat semigroup on L?(a?**1) generated by L, (see Theorem 5.6).
By (1.10)

(1.12) pr2e(T,a;5y,b) = T_Q_za_zpt(Dr—l (x,a); D,-1(y,b))
and so
(1L13)  Gylwasy,b) =222 Go(Dya(w,0); Dy (3,1)

The operator L7 conjugate to

Ly=024(1-7) a0 +a>) 2u(X;)* + a2 u(X),
7j=1

with respect to the measure a't2% dz da is

Ly=024(1-7)a 0 +a>) Du(X;)? = a7 u(X).
7j=1

Clearly,

p; (7, a5y,0) = p(y, b, a)
and
(1.14) Gz, a5y,0) = Gy (y, b 3, a) .

Although the case v = 0 is the most interesting for us, we keep the
assumption v < 0 to stress that our method works for all those cases. In
particular, we obtain new proofs of (1.5) and (1.7). (Again conjugating
the operator by a?.)

Let G be the Green function for £, v < 0. G, is uniquely defined
by the following two conditions

(1.15) LyGy(-3yb) = —dyp as distributions .
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(Functions are identified with distributions via the right Haar measure
a"ldadx.)

(1.16) For every yb € S, G,(,yb) is a potential for L., .
It turns out that
(1.17) Gy (@, a59,b) b~ = Gy (za;yb) .

Since the notions of potentials for L., and L, coincide, the only condi-
tion to check is (1.15). By Theorem (5.6) we have

/ G (. a3y,b) L2 (xr, a) a**+ dad = —$(y.b).
But

/G’7 (z,a;y,b) L1d(w,a) a?* T da dz
= /G7 (x,a;y,b) a2_7Li';¢(:1:, a)a~tdade
= /Gv(x, a;y,b) a " LIP(w, a) a tdadzx,
which shows (1.17).

Using (1.17) we describe the Martin boundary for £y (Theorem
6.3). The case v # 0 was described in [D2]. For that we heavily use
(1.13) to find appropriate estimates for Martin kernels.

(1.11) can be extended to b = 0 (see Lemma (5.2) and (5.5)) as the

limit of G (z,a;y,by), b, — 0. More precisely,

Gy (z,a;y,0) = biiglo G (z,a;y,by)
as Radon measures. Then
(1.18) m~(z) = G_y(z, 15¢,0), v>0.
(1.18) follows from the fact that

G_y(z,a5e,0) = a_Q_zaG_v(aafl (x),1;e,0)
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is L_.-harmonic. Hence a=“~2* (o, -1(z)) is L_,-harmonic, and so
a=? . (04-1(x)) is L£,-harmonic. But the last condition implies that
for every t

ﬁt*m’y:m’yv 7207

which uniquely determines m.,.
Hence, from estimates on G' we conclude estimates for m.,.

2. Bessel Process.

Let b, (t) denotes the Bessel process with a parameter o > 0, [RY],
i.e. a continuous Markov process with state space [0,400) generated
by A=0%+ (2a+1/a)d,, a > 0.

The transition function with respect to the measure y?**1dy is
given by ([RY])

pt(xvy)
(2.1)

1 —z? — g2 Ty 1
S 2 - . Ia(_> ? f 7 07
c(a) — exp ( 1 ) 26) @y or z,y >

c(a) (2t) (@D exp (_y) : forz =0, y >0,

(5"

N9
La(x) _];)k!F(k+a+1)

where

is the Bessel function [L]. Therefore, for £ > 0 and B C (0, +00)

P, (ba(t) € B) = /B P, )y dy

The Bessel process appears as the vertical component of the diffusion
generated by L., v = —2«. The aim of this chapter is to recall the
basic properties of the process b, (t). The proofs are rather standard,
we sketch them briefly for reader’s convenience.

Lemma 2.2. Let Q2 be the space of trajectories of the Bessel process
ba(t). For by € Q and A > 0 define 0x(ba)(t) = VA bo(t/N). Assume
that by (t) starts from x. Then:
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i) for every A > 0, by = Ox(bo)(t) is the Bessel process (with a
parameter «) starting from VA x,

ii) for every A >0, x >0,

Ey,fo0N=E/, [-

The Bessel process b, on RT started at z > 0 satisfies the following
stochastic differential equation [RY, p. 416],

ba(t):a:+ﬁ(t)+(2a+1)/0 bal—(s)ds,

where ((t) is the one-dimensional Brownian motion started at 0. Con-
sequently, we have

Palba(s) <A< Polba(s) <A and  Pufb(s) < A < PalA(s) < Al
Also, by the comparison theorem [RY, p. 364],
a < o then for all s > 0, by(s) < ba (), almost everywhere ,
whence
ba(s) < |Bn(s)], where n = [2a] + 3,

and (3, is the n-dimensional Brownian motion.

Lemma 2.3.

<N < e—sW/A)
P, [orgsa%(t Bal(s) <A <e

Indeed, Let ¢ = Py[B4(1) < 1]. Then ¢ < 1 and

< < <
Palmax ba(s) < A< Pyl ax ba(s) < 1]
[t/3°]
< Eg H Py, (k) [ba (1) < 1]
k=0

< glt/¥)

< emEW/A)
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Lemma 2.4. There exist constants ci,co such that for every R > 0
and for everyt > 0,

PR( inf by(s) < E) < cle_c2R2/t.
s€[0,t] 2

Indeed,

. -IZ . li 2
o<« < —c2R7/t
PR[séI[})f,t] bals) < 2] PR[séI[})f;t]ﬂ(S) < 2] =ac

Lemma 2.5. There exist constants c1, co such that for every x > 0,
for every A > 0 and for everyt > 0,

P,(sup by(s) >z+ ) <c¢y eme2N/t,
s€[0,t]

Indeed, for n = 2] + 3

Po( sup ba(s) >z +A) <Py(sup Buls) >z +A) <cpe ¥/t
s€[0,t] s€[0,t]

Lemma 2.6. Let £ > 0. There are constants 6, c1,co > 0 such that for
every a > 0 and A > 0,

' (3 —cgATS
Pa< ba(s)ds<A> <cre
0

PROOF. Given positive 9, we have

Pa(/lbﬁ(s)ds<A)

< Pu( sup bu(s) < 24°)
s€[0,1]

+ Py sup ba(s) > 2A° [{s: ba(s) > A%} < Al_‘s‘g) .
s€[0,1]

By Lemma 2.3,

Pa( sup by(s) < 2A5) < e A
s€[0,1]
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To estimate the probability of

Q={ sup ba(s) >24° |{s: ba(s) > A%} < A17%¢},
s€[0,1]

we define the stopping time 7 = inf {s : b, (s) = 24°}. Then by Lemma
2.4,

ber (0

A20—1406¢

P,.(Q) < Eana(T)( inf  by(s) < )> <cre @

s€[0,A1—9¢]
We choose § such that 26 — 1+ & < 0.

Corollary 2.7. Let £ > 0. Then

1 —-D/2
sup Ea(/ bs,(s) ds) < 400.
0

a>0

PROOF. Since by the previous Lemma

1 ! 1
Pa< g/ b (s) ds < —) < ey
n+1 0 n

we have

1 —-D/2 s
‘E < D/2 —C2n
Ea</0 be,(s) ds) < E (n+1)7"%e < 400.

n

3. Solution of a heat equation on the product N x RT.

In this chapter we give an analytic proof of the decomposition of the
diffusion on N x RT into its components. Using it we find a convenient
formula for the solution of the heat equation

(Ly —0p)u(t,z,a) =0.

For a multi-index 8 = (B1,...,0k), 3j € Z" and a basis Xy, ..., X, of
the Lie algebra A of the Lie group N we write

X8 =xP ... XPn
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For £k =0,1,...,00 we define
CF={f: XPfec C(N), for |8] <k+1}
and
Ck ={fecCk: wli_)n;OXﬁf(x) exists for [B] < k+1}.
For k < oo the space CF is a Banach space with the norm

I fller, = Z IXP flley -

1BI<k

Let
Loy = 0072 ( D0 (@o (X;))? + Lo (X))

For a continuous function o : [0,4+00) — [0,+00) = A let {U(s,1),
0 < s < t} be the (unique) family of bounded operators on Cy, = C%
which satisfies

i) U%(s,s) =1,

i) U°(s,r)U(r,t) =U%(s,t), s <r <t

iii) 0sU%(s,t)f = —Lo(s\U%(s,1) f, for every f € C,
iv) ;U7 (s,t)f = U (s,t) Ly f for every f € Cu,
v) U%(s,t) : C2 — C2.

U?(s,t) is a convolution operator U?(s,t)f = f * p°(t,s), where
p?(t,s) is a probability measure with a smooth density. By ii) we have
pe(t,r) *p°(r,s) = p°(t,s) for t > r > s. Existence of U%(s,t) follows
from [T].

Let dW,, be the probability measure on the space C([0, +o0), R"),
for the Bessel process b, (t) = b;.

For f € C°(N) we define

u(t,x,a) = /U”(O,t)f(x,a(t))dwa(a)

=E,U°(0,t)f(z,0(t)).

(3.1)
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Theorem 3.1. Let v = —2« and let u = u(t, x,a) be the function on
N defined by (3.1). Then

Lyu(t,z,a) = Ou(t,z,a), on Rt x N x Rt
u 18 continuous and

(3.2) u(0,z,a) = f(z,a), when t — 0.

PRroOOF. First, we prove that u = u(t, z,a) defined in (3.1) is a solution
of the integral equation

t
(3.3)  alt,w,a) = By f(z, b)) + / EoL(be_s) u(s, o, by_) ds.
0

To do this we observe that E,L(bi—s) u(s,x,b;—s) is finite. Let Y7,
..., Y, be a fixed basis of A'. Then

¢, X; = a{(a) Yi+---+ oz%(a) Y, ,

where o?’s are continuous functions and |o (a)| < C (a™ +a™?). More-
over,

Y, / [ n 1% (5,0) (. 0) AW o (0)
and

Vili [ £ 57(5,0)(2.0.) AWa(0)
are bounded for x in a compact set. We have

L(a) u(s,z,a)
_ L(a) / (0, 8) f(x, o) AW o (o)
~ L(a) / Fin 7 (5,0)(z, o) AW, ()

34 =a Y al()ol(a) Vi Vi / £ w7 (5,0) (2, 08) AW, ()
7,k

LY al(a) % / Fin 7 (5,0)(x, o) AW, ()
7,k
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and, by the above remarks
(3.5) L(a) u(s,z,0)| < C (™ +a™).

where
m3 = min {my, ma,2m, 2mz, my +mz} —2 >0

and
myg = max {my, ma,2my,2my,m; +mg} — 2.

It follows that E, L(bt—s) u(s,x,bs—s) is finite. Indeed, by (3.4) and
(3.5), proceeding as before (i.e. replacing a by b;_,) we obtain

|Bo L(bs—s) u(s,z,bs_s)| < CEg (b2, + b)) .
Now we calculate
E,L(bi_s) u(s,x,bi_s)

:/L(bt_s)u(s,x,bt_s)dWa(b)
_ / L(biy) / U7 (0, 5) f(2,0) AWy, (o) AW 4(b)
_ / / L(be—s) U(0,5) f(,05) AW, _, () dW o (b)
_ / L(be—s) UP(t — 5,t) f (2, b) dW o (D) .
By (3.6), and the Fubini’s theorem we obtain
/0 By L(by) u(s. . by) ds

_ //t L(be—s)U(t — 5,8) f (2, by) ds AWa(b)

but

/0 L(bo_s) UP(t — 5,8) (0, be) ds = UP(0, £) f(x, by) — F(, br)
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Indeed by iii) we get

iUb(t— s, t) fx,by) = —

ds U ( t)f(l.vbt)

d

d_ t—s
—(=L(be—s) U°(t — 5,1) f(,by))
L(bi—s) UP(t — s,t) f(,by) .

Therefore,

t
/ E,L(bi_s) u(s,x,bi_s)ds
0

/ (0,1) f (2, by) AW (b) — / F (. be) AW o (b)
u(t,x,a) — By f(z,bt) .

Now we are going to prove that u is a solution of the differential equation
(3.2). Since u is a solution of (3.3) we have

u(t + h,z,a) —u(t,z,a)
h
E,f(x,b —E,f(z,b 1 [t
e f( t+h)h f( t) + E/ (Ea,L(bt+h—S) 'U;(S,:E, bt+h—3)
0

—E L(bi_s)u(s,x,by_s))ds

1

t+h
+ E / EaL(bt+h—s) ’U,(S, Z, bt+h—s) ds.
t

Let A be the infinitesimal generator of the Bessel process i.e.

20+1

A=02+ Dy -

Letting h to 0 we get
Opu(t,x,a)

t
— AE, f(x,b) + A / B, L(be_s) u(s, o, br_s) ds + L(a) u(t, z, )
0

in a sense of distributions.
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On the other hand, since u is a solution of (3.3) thus
Lu(t,z,a)
= (L(a) + A) ult, 2, a)

= Layult,,a) + A(Baf (x,b) + /Ot EoL(bis) uls, 7, bi—) ds)

t
— L(a) ult,z,a) + AE, f(, by) + A / By L(be_)u(s, 2, by_s) ds
0

So u is a solution of (3.2).

Theorem 3.2. Let
1f(w.0) = [ UP(0.0) (.00 AW o).
Then {T;} is a semigroup.

PROOF.
Ty(T,f) (@, a) = / UP(0, $)T,f (, bs) AW o (b)
= / U0, s) / U(0,t) f(x,0,) dWy,_ (o) dW 4 (D)

= /Ub(()7 s) Ub(s, s+t) f(x,bsyt) dW 4 (b)

_ / UP(0,5 +1) (2, byss) W o (D)

= s—l—tf (aj ’ a) )
where in the third equality we have used the Markov property.

4. Estimate of the evolution kernels by the Nash inequality.

Let X, Xq,...,X,, be as in (1.2),

L, = a_z(Z((I)an)2 + (I)a(X)> )

J=1

A = iX},
j=1
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and
A=Ay+ X.

Let o : [0, +00) — [0, 4+00) be a continuous function such that o(t) > 0
for ¢t > 0, and p?(t,s,x) = p?(t,s)(z), s <t be the evolution generated
by the operator Ly ;) + 0.

The aim of this Chapter is to prove the following estimate for
p?(t,0,z):

Theorem 4.1. For every compact set K C N, which does not contain
the identity element e of N, there exist positive constants Cy, Cy, mg,
my and n < Q such that for every x € K and for every t,

p?(t,0,2) < C ( /t o—2(1-Q/n) (u) du) /2 exp (_ A(CO2 t)) ’
0 ;

where

A(s,t) = / (™2 (u) + 0™ (u)) du .

The main tool in the proof of the above theorem is the Nash in-
equality (see e.g. [VSC])

(42) I <O AL IFIE" = Bof D) A"

for all f € C§°(IV), where d is the local dimension of (N, Xy,..., X,,)
and D is the dimension at infinity of (N, Xy,...,X,,) n is any num-
ber satisfying d < n < D(see [VSC]). Let Q¢ be the heat semi-group
generated by Ag. Then

(Qulloispe <c{ 0 ifES1,
PILI=L= =2 4=D/2 iy > 1,

(Theorem IV.4.1 in [VSC]) and so (4.1) follows by the Nash theorem
(Theorem I1.5.2 in [VSC]). Since we can make () arbitrarily big (see
1.6), £ = —2(1 — @/n) is positive.

PROOF OF THEOREM 4.1. We start with some integral estimates on
fxp7(t,s).

Let 0 < ¢ € C(N), suppyp C By(e) and [¢ =1 (r will be fixed
later). Let n(z) = 7x@(z) where 7 is a left invariant Riemannian metric
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on N. There exists a positive constant C such that if Y7,...,Y,, is a
fixed basis of A/ then

(43) @)l <C, MYin@|<C, forij=1,...,n

[H]. Moreover,

(44 ()< / (r(ey™) + 7)) o) dy < () + .
and

(4.5) n(e) = /T(y‘l)w(y) dy <.

Tm () = min {m, 7(z)} .

Then there exists a positive constant C' such that for every m, (4.3),
(4.4) and (4.5) hold with 7, and 7, instead of n and T respectively.
We have

(4.6) (05 (f #p7 (8, 5), ™) = =(f * p°(t, 5), Ly (5)e*"™))

(4.6) is obvious, if instead of e we put e’ ), where ¢ € C§°(N).
So to conclude (4.6) we take the sequence 9); = ¢ oag,; for ¢ € C§°(NV)
such that 1(0) = 1 and a; — 0. Since o4, () — e for every x € N
and, by (1.3), |®4,;(X};) ¥| — 0, we obtain (4.6) as the limit of

05 (f P (¢, 5), €1 1bj) = =(f * p7 (2, 5), Loy () (e 1)5)) -
Therefore, by (1.2) and (4.3),

as(f *pa(t7 8)7 eanm)
< Clata?)o™*(s) (0™ (s) +0™(s))* (f #p7(t, 5), ™)
+Cao™(s) (6™ (s) + 0™ (s)) (f xp (L, 5),€2m).

Thus

as(f*p"(t, S)veanm) 2 ms(g o™ (g
(Frpo(ts),com) = Clata) (@) +0™(s),
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and so
(f *p7(t; 5),e*™™) < (f,e*™ ) exp (C (a + o) A(s, 1)),
where
t
A(s,t) = / (c™2(u) + o™ (u)) .
Therefore,

(p7 (t,s),eM) < em(€) exp (Ca+ a?)A(s, b))
< e exp (C(a+ a?)A(s,t)).

Now for m — oo (4.4) and (4.5) yield

(7 (t,5),e°7) < (7 (1, 5), ")

(4.7)
< e®exp (C (a + a?)A(s, 1)) .

The next step is the Nash inequality for L,. Applying (4.2) to f oo,
we obtain

a QU | f20F2N < 0 amQ L, f, f) a4 | F
= —Cam ORI £ f) 1
Thus
(4.8) IFIZE 2 < —Ca®O=Im (Lo f, ) |10 -

Now we proceed similarly as in the case of semigroups (e.g. [VSC]).
For a function 0 < f € C2°(N) such that [ f =1 we define

fs(x) = f*p7(L,s)(x), hs(z) = ||fs||%2 .

Then

_8shs — _as(fsvfs)
=2 (LU(S)fS7 fs)
< —2 0 gm20R/M) (g || 1, | 202/

— —C 72070/ (5) p1 2.
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(By (4.7) we may exchange d; with the integral.) So
—Qshy h7172M < —C 72170/ ()

Hence

u=t

t t
—/ Ouhy hy 172" du = ghf/" < —C/ o 21=Q/M) (y) du

s u=s s

Thus :
g(ht—z/n _ hs_z/n) < —C/ 0_—2(1—Q/n)(u) du .

S

Since ht_z/n > 0,

t
—g h;2m < —C/ o~21=Q/m) (y) du

S

and so

t —n/2
107 (6 8) 2 = 1202 < O [ o200 wyau) ™

Therefore,

¢ —n/4
||pg(t, 5)||L2 < C(/ 0.—2(1—Q/n)(u) du)

S

1p7 (@, 8) | < [lp” (&, w2 [[p” (u, 5) | 2

(4.9) < C( /; o=201-Q/m) () du)

. (/5 5 —2(1-Q/m) () du) e

S

—n/4

Taking & such that

¢ t
/ O_—2(1—Q/n)(u) du = / 0—2(1—Q/")(U) du
(4.10) ’ ‘

1 st
5/ 0_2(1_Q/")(u) du

S
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we obtain

¢ —n/2
I )l < 0 [ 0720w du)

s

By the subadditivity of the metric 7, estimates (4.7) and (4.9) we have
pcr (t, 0, x) eom—(:n)
< 1l (1 )12 7 (5, O (0 (1 8), €)% (0 (5, 0), €227) /2

< C(/t o =20=Q/m) (y) du)_n/4(/s =21/ () du)‘"“
5 0

49 oxp (C' (a + a2) A(s, 1) exp (C (o + a2) A(0, 5))
e [loeamma) ([ e )

et exp (C (a4 a?)A(0,1)) .

Now for the s such that in the last product the first two factors are
equal we obtain

pa (t, 0, l’) eaT(w)

< C’(/t o2(=Q/m) () du)
0

If a =e7(x)/A(0,t), then

—n/2
e*" exp (C (o + o®)A(0,1)) .

—n/2

t
p?(t,0,z) < C(/ o20=Q/m) () du)
0

derT(x)
$OxXP ( A(0, 1)

Ce’(x) st(x)) .

+Cer(x)+ A(0.1) A(0,1)

Now our assumptions on K imply that we may neglect C'e 7(z) and we
can find 7 such that r < 7(x)/16, x € K. Moreover, we assume that
Ce < 1/4. Then

2 (£,0,2) < C< /Ot o M w) d“) ey <%;(f))>
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and the proof is completed.

Theorem 4.11. Assume that
(4.12) A<o(s) <A, forse[r,r+1T].

Given 0 < Ty < Ty < T and a neighborhood B of e, we can find C > 0
independent on r such that

(4.13) p(r,r+1t)>C, forzeB, 0<Ti <t<Ty<T,
and any o satisfying (4.12).

ProOOF. Although we have an evolution here, not a semigroup, the
proof of (4.12) is the same ([SS, p. 106-108]). It is based on the Poincaré
inequality and upper bound estimates we have just proved. Let p, be
the optimal control metric defined by the vector fields a=2 ®,(X),. ..,
a2 ®,(X,,) and let B, , = {z € N: py(z) <r}. Then

z€R

win [ (f@) = sPdo< [ @) = faP o

Br,a
(4.14)
< 0r2/ V(@) de,
B/2)r,a
where,
1 m
fria = W/B fly)dy and IV fI? :Z(Xj)2.
ma r,a j=1

The constant C' does not depend on a,r. (4.14) implies

win [ 17(@) = o V(@) do = [ 17(0) = fu, o[ Vo (o) do
(4.15)

§0r2/|Vf(x)|2\Ifa,2T(a:) di |

where

/ () o () dy

frer™ / Var(y)dy
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and ) ()12
— Pal\T .

Vor(r) = (T> » Woale) <1,

0, if pa(z) =7,

and ¢ does not depend on a. Having (4.15) we follow the argument on
[SS, p. 106-108).

5. Green function for L,.

Let
th(.i?, a) - EGUG(Ov t) f('ra O-t)

be the semigroup of operators generated by L.. Since

[EoU?(0,8)f (2, 00)] < [|fllzo and E,U?(0,8)f(z,0¢) = 0 for f >0,

p¢(x,a;-, ) such that

for every x € N, a > 0, t > 0, there exists a probability measure

Tif(z,a) = / f(y,0) pi(z, a; dy, db) .

N xR+

Moreover, p;(z,a;-,-) € L*(N x R, dx ® a***1da). Indeed,

07 0.0 o)) < 1 (00 s ([ ot ar) "

Therefore,

17 20)] < (Bl (0.0 0) (Ba [ 15w o0) )

< ¢(a,t) (Ballp” (t, 0122 az)) 1 1| L2 (dr@aze+1day

because for a fixed t the kernel (2.1) is bounded as a function of space
variable. By (4.9), Lemma 2.2 and Corollary 2.15, E, ||p? (¢, 0)”%2(@) <
oo and so, for every t, x, a,

pe(z,a;-,-) € L*(N x RY, de ® da** ' da) .
Now a standard argument shows that for fixed x € N, a > 0,

(5.1) (L* — 0y)p.(z,a;-,-) =0.
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We want to have (5.1) also for a = 0.

Lemma 5.2. Given f € C°(N x Rt x RT), we have

lim pe(w, a;y,b) f(y,b,t) dyb>* T dbdt
a—r

(5.3)
/pt x,05y,b) f(y,b,t) dyb** 1 dbdt .
PROOF. We rewrite (5.3) as

lim E,U° (0,1) f(z,0(t), t) = EoU? (0,1) f(z, (1), 1)

Since the trajectories are continuous, it is enough to show that
U?(0,t) f(x,o(t),t) is a continuous function of the trajectory . For an
arbitrary fixed 7" > 0 let

d(o,0') = sup |o(t) —d'(t)].

tE[O,T]
We have
U (5,t) f(z,0(t),t) — U (s,t) f(z,0(t),t)
(5.4) =U%(s,t) f(z,0(t),t) — U(s,t) f(z,0'(t),t)
+U(s,t) flz,0'(t),t) — U (s,t) f(z,0(t),t)
and

U7 (s,t) f(w,0(t),t) = U’ (s,t) f(z,0'(t), 1)l
<sup|f(z,0(t),t) = f(z,0'(t), )],

x,t

which clearly tends to 0 if d(o,6") — 0. The second term in (5.4) can
be written as

U (s,t) f(z,0'(t),t) — U (s,t) f(z,0'(t),1)
= / U?(s,7) (L(oy) — L(a2)) U (r,t) f(z,0'(t),t) dr.

It also tends to 0, because for £ > 0

t

lim o8 — 0’| =0,
ol—o 0
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which completes the proof of Lemma 5.2.

Now we are ready to study the Green function for L. in greater
detail. Let

(5.5)

The previous lemma, applied both to L. and L%, says that p;(z,a;y,b)
is well defined also for a > 0, b > 0 or for a > 0, b > 0. Therefore

Gy (z, a3y, b)Z/ pe(x, a;y,b)dt.
0

G (z,a;y,b) is defined for arbitrary =,y in N and a? + 5% > 0.

Theorem 5.6. G is the Green function for L.. More precisely,

(5.10)
(5.11)

(5.12)

In particular,

(5.13)

(5.14)

G’Y('7 ';yvb) € Llloc(N X R+) ’
LVG’Y(W Y, b) = _5(y,b) y

G~ (-, y,b) is a Ly-potential,

G’Y(mv as -, ) € Llloc(N X R+) )
Lva(xv as -, ) - _5(w,a) )

G (w,a;-,") is a L2 -potential.

LG (x,05-,) =0 on N x R,

L,G,(+,9,0)=0 on N x Rt .

Finally, given ¢ > 0, there exists C > 0 such that

(5.15)

whenever |z] < e, 0<a<e¢e, |y =1,b<1orly <e 0<b<e,

C™ ' < Gy(z,a;y,b) < C,

|z| =1, a < 1, respectively.
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PROOF. Since the heat semigroup p; (z, a;y, b) corresponding to LY is
given by p;(z,a;y,b) = pt(y, b; x, a) it is enough to prove (5.10)-(5.12).
First we notice that

/ Tip(z,a)dt < oo, for ¢ € C°(N x RT).
0

Indeed, if ¢ < 1 then [T;¢(z,a)| < [|§|l~ and the beginning of the
proof of Lemma 5.1 shows that

/oothﬁ(:r,a) dt < oco.
1

To prove (5.11) we write

/ / LG (a4, b) By, b) dy b2+ db
R+ JN

(5.16) :/ / /pt(x,a;y,b)L7¢(y,b)dybzo‘“dbdt
R+ JRt J N
to
—tm [ [ ey ) L)) dype e,
t1—0 J¢, R+ JN
to—00

because (5.16) is absolutely convergent. But

(5.17) / / pi(z,a;y,b) Lyg(y,b) dyb**+ db = 0,Ty(w,a) .
R+ JN

Moreover,
lim Ty, ¢(x,a) = —¢(x, a)
t1—0

and by (4.9), Corollary 2.7, Lemma 2.2

bt < 0B [k as)

which tends to 0, when ¢ — co. This proves (5.11) and (5.13). To show
that G (z,a;-,-) is L}-potential we consider an L%-harmonic function
h satisfying

0 <h(y,b) < Gy(x,a;y,b)
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and apply T to it. Then, on one hand side
T h(z,c) = h(z,c),

and on the other,
10 < [ prer(aaine)dt— 0, for (0) £ (@.0).
0

Hence h = 0. (5.15) is a direct consequence of the next Lemma.

Lemma 5.18. Given & > 0, « > 0, D > 0, ay > 0, there is C such
that ifa < a1, 0<b<1,0<n<1, then

00 t -D/2
/ E, ( / bs,(s) ds) e~c/A0)
0 0

(b=, + 1) T L bo () eo—n,banyy dE < C

where A(0,t) is defined in Theorem 4.1 and p(A) = [, r***+tdr.

PROOF. Assume first that ¢ > 1. Then, by the Markov property, it is
enough to estimate

(5.19) /100 Ha < /ot/2 bile) ds)

: N([b -1, b+ 7’])_1 Eba(t/2) 1{0'alO’a(t/2)€[b—n,b+n]}(0-a) .

—D/2

But by (2.1) and Lemma 2.3

Ey, (t/2) L{ow: ou(t/2)elb—n.bin)} (0a) < O p([b—n, b+ 1))

On the other hand by Lemma 2.2
t/2 —-D/2
E, / vs,(s) ds
(f, thas)
1 —-D/2
— p(H/DD/2 ~(1+¢/DD/2 ﬁ< /0 b (5) ds) ,

Now, Corollary 2.7 implies that (5.19) is dominated by a constant for
every a, b, n.
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Let t < 1. First we notice that for every M, c > 0 there is C' such
that e=/* < C' oM for every x > 0. Therefore, it suffices to estimate

1 t ¢ —-D/2 1
[ B[ #6as) T AO 0 mlB b)) L, oo
0 0

where
A(0,1) = / (b= (5) + b (5)) dis,

Since

A(O,t)M§C<</0tbgw3(3)dS>M+(/Otbgw(s)ds)M)’

we are left with

I= /OlEa</0tbg(s) ds>_D/2(/0th”(s) ds)M

(b=, + )7 b 0y efo—n,btn)y (Ba) §m; >0,

and so, in view of the Schwartz inequality, we are to estimate

1 t -D
11:/ Ea(/ bg(s) ds) L(ba:ba(t)clo—nb+n)} (Do)
0 0
and

1 t 2M
I, = /0 Ea( /0 ba (s) ds) Lt b (0l b+n1} (ba) -

By Lemma 2.2 and Corollary (2.15),

1 -D
I, =t~ (+&/2)D E, /i (/ bs,(s) ds)
0
“Lipn: ba (E[b—n)/VE (b)) (Pa)
1/2 _D
<tUHAIPE 4 ( /0 b (s) ds)

"B (1/2) Yow: 0 1/2)€10-m) /VE (b+m) v} (O)
< C /AP0 (b — b+ 1))
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Let Q_1 = {ba : supyepo,1]bal(s) < a1} and

Qm:{ba:a1+m< sup ba(s)§a1+m+1}, m=0,1,2,...
s€[0,1]

Then

e ¢ . 2M
L= ) Ea(/o b (8) dS) 1o, (ba) L, b, (t)eb—n,b+m]} (Do) -

m=—1

We treat the cases m = —1,0,1 and m > 2 separately. For m = —1,0,1
we have

t 2M
Ea(/o b (s) dS) la_,ue0ue; (ba) Lo, be (t)efb—n,b+n1} (D)
< OPMI (b —n, b+ 1)) .

Let 0 <oy <1/2, A= (302 ,27")"! Then

n=1

co 2"—1

Qm C U U Qm,n,kv

n=1 k=1

where

Qm,n,k: {ba: ba(ﬂ> —ba((k_l)t) S mA}'

on on onoy

Indeed, since b, (t) < 2 and sup,e(g 4 ba(s) > 2, we can always find n
and k < 2" such that by € Qy, 5, k. Therefore, by Lemma (2.6),

t 2M
Ea(/o bLnj(S)dS) 10, ..« (o) b, : b, (t)elb—n,b+n]} (ba)

M (ay +m+ 1M Bolg,, o (ba) Ep, (ke /2n)
Lo, sa(t—kt/2")€[b—n,b+77]}(Ua)
< CM1= gy 4+ m+ 1)2Mm5 9n (49 y(1h — g b+ 1)
“Eo Ep, (k—1)t)/27) How: 0a(t/27)>mA 2071 10, (0)} (Ta)
< CM1=a (g 4o 4 1)2Mms gn(ite) y((h — . b+ 7))

o m?2 A2 on(1-201) )

$exP (_ t
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Hence,
I < CtM= 1 (b —n,b + 1))

and finally,

1
I< C/ t~(AHE/DD/D+M—a=L gt Lo,
0

Now we pass to the lower estimate for the Green function. Let
ly| =1, n > 0 and let ¢, be a family of smooth functions with the

properties: supp ¢, C {z € N : |y~ 'z| <n}, ¢, >0, [¢y(2)dz = 1.
Finally, let ¢, (-) = p([b— 1,0+ )™ 1pp—p b (-)-

Lemma 5.21. Given a1 > 0 and a compact set K C N, there is ¢ > 0
such that for everya < a1, 0<b<1,0<n<1,

Aﬁ%U%ao¢4@¢4%@»ﬁzc, reK.

Proor. Let d,D be positive numbers which will be chosen later. We
consider the set

Q=14by: sup bu(s) <D, inf  by(s) >d;,
{ se[OI,)t] ( ) s€[t/4,3t/4] ( ) }

and we estimate
2
/( Eq@y # p°(t,0)(2) La(ba) p([b— 1,04+ 1) " 1. b0 0y elp—n,o4n1} (ba)

from below. We have

oy * p°(t,0)(x)
— [ (6 5) @8 (5 5) ¢ a0 (5.0) W) dedy.

In view of (4.7), we choose a compact set K; such that for b € Q and
1<t<2,

/Kl%*pb(t,%>(z)dz26>0, ‘/Iflpb(§70>(y)dy26>0,
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where ¢ = €(A). Then, by Theorem (4.11) there is C = C(D, d, K, K)
such that or ¢

P(55) e 20
for z,y e Ki,z € K, b, € Q,1 <t <2. Therefore we are left with
I=p([b—nb+n)""Po(ba: ba €balt) € [b—n,b+1))

2 Ealisup, o005 ba(s)<Dasint e r/s,00/5) ba(5)>d} (b)) p([b—n,b+n])~"

t
P, 30 0a(s) < D. 0a(3) € b= n bt

provided Dy < D. Notice that if d < b,(2t/3) < Do,

p(lb—n,b+ 1) 7" P (2e/3) (%(%) eb—nb+ n]) > C =C(d,Dy).

But, proceeding as in the proof of the previous theorem we see that

_ t

(b=, b+n) " Po,arys)( sup oa(s) 2 D, o(5) € b—n.b+n))
s€[0,t/3]

< e—c2(D—D2)*

Therefore choosing D and D- appropriately we have

_ t
u([b=n.b+1) " Py ary0) ( sup 0als) < D, oa () € lb—n, b))
s€[0,t/3]

> C(d7D7D2)7
for 1 <t < 2. Hence for D, < D>,

I>C(d,D,D,) Eol{p,:sup,c 0.5 ba (5)<D1,ba (t/3)>2d}

P inf o,(s) > d, o(8) < Dy) .
ba(t/S)(seﬁat/s]U (s) > 865[(1)17%)/3]0 (s) < 2)

By Lemmas 2.12 and 2.13

P inf o 2 d’ <D
ba (t/3) ( sefgl;t/g]o. (S) - SES[(I)I;E)/?’] B 2)

>1_P inf o, d) — P . D
> "a(t/3)(sefél,t/3]“ (s) < d) b“(t/?’)(ses[élf/s]a (s) > D)

>1—c e—c2d’ _ c1 ¢~c2(D2—D1)?

>C>0



MARTIN BOUNDARY FOR HOMOGENEOUS RIEMANNIAN MANIFOLDS 289

provided d and Dy — D; are large enough. Finally,

Pa(ses[(l)l,?/s] bo(s) < Dy, ba(é) > 2d>

>1- P“(seﬁélf/z] bo(s) > Dy) — Pa(ba(é) <2d)

_ 2 _ 2
>ce 2t el >0>0,

for sufficiently large D;.

6. Estimates of the Poisson kernels and the Martin boundary.

(5.15) and (1.13) imply immediately the following estimates for
My .

Theorem 6.1. Let m, be the Poisson kernel of L., v > 0. Then there
exists a constant C., such that

O3 (2l + 1707 < my (@) < Oy (Jo] +1) 7977,
for x € N. In particular,
C™ (Jo| +1)7 < myg(x) < C(Jo] +1)79,
forz € N.

PROOF. Theorem 5.6 says that there is a positive constant C, such
that

(6.2) C;l < G_4(z,a5e,0) < C,

if || = 1,a < 1. Let © = 0,(y), || =a > 1, ly| = 1. By (1.18), we
have
m(z) = G_y(z71, 1;€,0)
=G_,(04(y), 1;¢,0)
=a" 9G4 (y.a7 e, 0)
= |$|_Q_7G—7(yv a';e,0),
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and the proof is completed.

Now we consider the case v = 0, i.e. we look at the operator L.
The next theorem gives description of the Martin boundary for L.

Theorem 6.3. The Martin boundary for L = Ly consists of the fol-
lowing functions:

a) the constant function 1,

1

b) Py(l.a’) = mo(e)

a~?ing (041 (y 1)) -

All of them are minimal.

PROOF. By (1.17) we may use G to write the Martin kernels. Assume

that G( ; )
. T, @3 Yny bny
1 — 7 =K
000 G(e, L Y br) (#0)

and |y,| — oo or b, — oo.
Let r, = max {|y,|, b, }. Then

G (x, a3 Yn, bn) =1, @ G(o,-1(z), rla; 0,=1(Yn), rolby,).
We take n such that
1
|ar;1(x)|<1, e < — .
Since |0, -1 (y,)| = 1 and 7, b, < Lor o,-1(y,) < 1and r,,'b, = 1, by

Theorem 5.4 and the Harnack inequality for L*, there is a constant ¢
independent of z,a such that

Therefore K(x,a) is bounded and so must be constant (see [BR]).
Now we assume that y,, — yo and b,, — 0. First we prove that

. Gz, a3y, be) . Gy 'z, aje,by)
A4 1 =1
(6.4) o0 Ge, Ly, by) oo Gle, Lie,by)
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i.e. that

-1 .
(6.5) lim CWa 72 ai€,bn)

=1.
n—00 G(yo_lx, a;e, by,)

Notice that for n sufficiently large (depending on z,a), 7(y,'x,a;

Yo e, a) < 1. Hence by the Harnack inequality

|G(y;1$7 a;e, bn) - G(y()_lxv ase, bn)|

1

S G(y()_lxa ase, bn) T(y; €, a; y()_lmv a) .

and (6.5) follows. We have
G(z,a5e,b,) = a9 Gog-1(x),1;e,a7'by,).
Therefore when b,, — 0,

lim G(z,a;e,by) = a9 G(og-1(2),1;¢,0) = a9 m(og-1(x))

b,—0
and so

: G(l’, a; evbn) _ 1 —-Q v _
b}zlgo G(e,1;e,b,)  mole) @™ Mo (041 (7)) = Pelwa).

1 is minimal because the only bounded £-harmonic functions are con-
stants, P, is minimal if and only if P, is minimal. Hence all of them
are minimal.
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