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Path-wise solutions of stochastic
differential equations driven

by Lévy processes

David R. E. Williams

Abstract. In this paper we show that a path-wise solution to the
following integral equation

t
Yi— [ fdx. Yo—eexmt,
0

exists under the assumption that X; is a Lévy process of finite p-
variation for some p > 1 and that f is an a-Lipschitz function for some
a > p. We examine two types of solution, determined by the solution’s
behaviour at jump times of the process X, one we call geometric, the
other forward. The geometric solution is obtained by adding fictitious
time and solving an associated integral equation. The forward solution
is derived from the geometric solution by correcting the solution’s jump
behaviour.

Lévy processes, generally, have unbounded variation. So we must
use a pathwise integral different from the Lebesgue-Stieltjes integral.
When X has finite p-variation almost surely for p < 2 we use Young’s
integral. This is defined whenever f and g have finite p and g-variation
for 1/p+1/q > 1. When p > 2 we use the integral of Lyons. In order
to use this integral we construct the Lévy area of the Lévy process and
show that it has finite (p/2)-variation almost surely.
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0. Introduction.

In this paper we give a path-wise method for solving the following
integral equation

t
(].) Y:f:Y0+/f(Y:f)dXt, YOZCLERd.
0

when the driving process is a Lévy process.

Typically, a Lévy process, almost surely, has unbounded variation.
The integral does not exist in a Lebesgue-Stieltjes sense. However, the
integral still makes sense as a random variable due to the stochastic
calculus of semi-martingales developed by the Strasbourg school [14].

The semi-martingale integration theory is not complete though.
There are processes of interest which do not fit into the semi-martingale
framework, for example the fractional Brownian motion. An alternative
integral is provided by the path-wise approach studied by Lyons [11],
[12] and Dudley [3]. The basis of their papers is that of Young [21],
who showed that the integral

(2) /Otfdg

is defined in a Riemann sense whenever f and g have finite p and ¢-
variation for 1/p+1/¢ > 1 (and they have no common discontinuities).
For a comprehensive overview of the theory we recommend the lecture
notes of Dudley and NorvaiSa in the case p < 2, [4].

Recently in [15], a system of linear Riemann-Stieltjes integral equa-
tions is solved when the integrator has finite p-variation for some 0 <
p < 2. These results are contained in Theorem 1.1 where we allow
non-linearity of the vector field f. This is because our approach is an
extension of the method of [11], [12].

The approach that we follow distinguishes two cases. The first is
when the process has finite p-variation, almost surely, for some p < 2.
We use the Young integral [21]. In [11], (1) is solved when X} is a
continuous path of finite p-variation for some p < 2.

The second case is when the process has finite p-variation, almost
surely, for some p > 2. The Young integral is only defined when f
and g have finite p and g¢-variation for 1/p + 1/q > 1. So an iteration
scheme on the space of paths with finite p-variation does not work.
However, Lyons defined an integral against a continuous function of
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p-variation for some p > 2, [12]. The integral is developed in the space
of geometric multiplicative functionals (described in Appendix A). The
key idea is that we enhance the path by adding an area function to
it. If there is sufficient control of the pair, path and area, then the
integral is defined. The canonical example in [12] is Brownian motion.
The area process enhancing the Brownian motion is the Lévy area [10,
Chapter 7, Section 55]. We show that there is an area process of a Lévy
process which has finite (p/2)-variation, almost surely.

In order to solve (1) for a discontinuous function we add fictitious
time during which linear segments remove the discontinuities, creating
a continuous path. By solving for the continuous path and then re-
moving the fictitious time we recover a solution for the discontinuous
path. This is called a geometric solution. A second type of solution is
derived from the geometric solution which we call the forward solution.
Several papers, [8], [7], and [5], have used the geometric solution to an-
swer questions about continuity of solution for a stochastic differential
equation driven by a discontinuous path.

The first section treats the case where the discontinuous driving
path has finite p-variation for some p < 2. The second section treats the
case where the path has finite p-variation for some p > 2 only. The main
proofs of the second section are deferred to the third section. In the
appendix we prove the homeomorphic flow property for the solutions
when the driving path is continuous. This is used in proving that
forward solutions can be recovered from geometric solutions.

1. Discontinuous processes — p < 2.

In this section we extend the results of [11] to allow the driving path
of (1) to have discontinuities. The results are applied to sample paths of
some Lévy processes, those that have finite p-variation, almost surely,
for some p < 2. Throughout this section p € [1,2) unless otherwise
stated.

First, we determine the solution’s behaviour when the integrator
jumps. There are two possibilities to consider: the first is an extension
of the Lebesgue-Stieltjes integral; the second is based on a geometric
approach.

Suppose that the discontinuous integrator has bounded variation.
The solution y would jump

Yt — Yi— = f(ye—) (T — 24—) ,
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at a jump time ¢t of . If x has finite p-variation for some 1 < p < 2
we insert these jumps at the discontinuities of . We call a path y with
the above jump behaviour a forward solution.

The other jump behaviour we consider is the following: When a
jump of the integrator occurs we insert some fictitious time during which
the jump is traversed by a linear segment, creating a continuous path
on an extended time frame. Then we solve the differential equation
driven by the continuous path. Finally we remove the fictitious time
component of the solution path. We call this a geometric solution be-
cause the solution has an “instantaneous flow” along an integral curve
at the jump times. This jump behaviour has been considered before by
[13], [8] and [5].

The disadvantage of the first approach is that the solution does
not, generally, generate a flow of diffeomorphisms, [9].

In this section we prove the following theorem:

Theorem 1.1. Let z; be a discontinuous function of finite p-vartation
for some p < 2. Let f be an «-Lipschitz vector field for some a > p.
Then there exists a unique geometric solution to the integral equation

t
(3) yt:y0+/f(yt)d$t, yo:aERd.
0

With the above assumptions, there exists a unique forward solution as
well.

Before proving the theorem we recall the definitions of p-variation
and a-Lipschitz:

Definition 1.1. The p-variation of a function z(s) over the interval

[0,t] is defined as follows

el = ( sup S fe(te) — lten))

wem[0,t]
where [0, t] is the collection of all finite partitions of the interval [0, t].

REMARK. This is the strong p-variation. Usually probabilists use the
weaker form where the supremuin is over partitions restricted by a mesh
size which tends to zero.
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Definition 1.2. A function f is in Lip(«) for some o > 1 if

0
[ flloo < 00 and —f € Lip(a — 1), j=1,...,d.
(%Jj

Its norm is given by

: >1.
Lip(a—1) for @

d
A a
I lier 2 11+ 3 | 52
j=1

This is Stein’s [20] definition of a-Lipschitz continuity for o > 1.
It extends the classical definition: f is in Lip(«) for some a € (0, 1] if

|f(z) = fy)| < K |z —y|*,

/(@) — )l
|z — y|*

with norm

1/ lloo 4 sup
T£Y

1.1. Geometric solutions.

In this subsection we define a parametrisation for a cadlag path x
of finite p-variation. The parametrisation adds fictitious time allowing
the traversal of the discontinuities of the path z. We prove that the
resulting continuous path z° has the same p-variation that = has. We
solve (3) driven by z° using the method of Lyons [11]. Then we get
a geometric solution of (3) by removing the fictitious time (i.e. by
undoing the parametrisation).

Definition 1.3. Let x be a cadlag path of finite p-variation. Let § > 0,
for each n > 1, let t,, be the time of the n’th largest jump of x. We
define a map 7° : [0,T] — [0, T+ 0> .2, |7(t;)|] (where j(u) denotes
the jump of the path x at time u) in the following way

(®) (1) =146 it Xy <oy (0.
n=1
The map 7° : [0,T] — [0,7°(T)] extends the time interval into one
where we define the continuous process x°(s)
(t), if s =7°(t),

(5) 2°(s) = { @(ty) + (s = 7°(¢;))
() 07 ()T if s € [0(8;) T (tn)) -
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REMARKS 1.1. 1) (s, 2%), s € [0,7%(T)] is a parametrisation of the
driving path x.

2) The terms |j(t,,)|? in (4) ensure that the addition of the fictitious
time does not make 7°(t) explode.

3) In Figure 1 we see an example of a parametrisation of a discon-
tinuous path z, in terms of the pair (£(s),y(s)).

The next proposition shows that the above parametrisation has
the same p-variation as the original path, on the extended time frame
[0, 7°(T))-

X(9)

Y(9)

~
N
N
N
2
3
,
’
3

T

Figure 1. Parametrisation of a discontinuous path.

Let x5 be a discontinuous path of bounded variation (p = 1). De-
fine a map 7(s) inserting fictitious time for the discontinuities of x.
Define a parametrisation (¢(s),y(s)) in the manner of (5). (¢(s),y(s))
traverses the jumps of x during the fictitious time.
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Proposition 1.1. Let z be a cadlag path of finite p-variation. Let x°
be a parametrisation of x as above.

||x6||p7[0,Ts(T)] = ||z p,j0,17 » for all 6 > 0.

PROOF. Let 7y be a partition of [0,7°(7T)]. Let

Vis(mo) = ) e (t:) — «® (ti1) [P

We show that we increase the value of V,(my) by moving points lying
on the jump segments to the endpoints of those segments.

Let t;_1,%;,tiy1 be three neighbouring points in the partition
such that ¢; lies in a jump segment. Consider the following term

1 o 1 1
(6) |'/L.ti - xti_l |p + |'/L.ti+1 - '/L.ti |p -

We show that (6) is dominated by replacing xfi by one of ¢ and 2,
where [ and r denote the left and right endpoint of the jump segment
containing ¢;.

For simplicity we set a = xfifl, b=a?

. and c:x?. Let
LE&{c+kx: kec(0,1), c,x € R z £ 0}, a,b e RI\L.
Let the function f : [0,1] — (0, 00) be defined by
f(k)=|a—dP+|d—0bP, d=c+kx.

Then f € C?[0,1] and one can show that f” > 0 on (0,1) when p > 1.
To conclude the proof we move along the partition replacing ¢; which
lie in the jump segments by new points ¢, that increase Vs (mp). The
partition m( is replaced by a partition 7, whose points lie on the pre-
image of [0, 7°(T")]. Therefore we have

Vi (o) < Vs (mg) = Ve () -

Hence ||z w0, ()] = lzllp, 0,17

Theorem 1.2. Let x be a cadlag path with finite p-variation for some
p < 2. Let f be a Lip(vy) vector field on R™ for some vy > p. Then there
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erists a unique geometric solution y, having finite p-variation which
solves the differential equation

(7) dys = f(yz) day Yo =a € R".

PROOF. Let 2° be the parametrisation given in (5). The theorem of
[11, Section 3] proves that there is a continuous solution y° which solves
(3) on [0,7°(T)]. Then (s, ) is a parametrisation of a cadlag path y
on [0, 7).

The solution is well-defined. To see this, consider two parametrisa-
tions of x and note that there exists a monotonically increasing function
As such that

(Svm(ss) = ()‘Sv'TKS)'

1.2. Forward solutions.

In this subsection we show how to recover forward solutions from
geometric solutions. The idea behind our approach is to correct the
jump behaviour of the geometric solution using a Taylor series expan-
sion, c¢f. Lemma 1.1. The correction terms are controlled by

o0
Z |xti - xti_ |2 )
=1

which is finite due to the finite p-variation of the path .

In the case where the driving path has only a finite number of
jumps we note that the forward solution can be recovered trivially. It
is enough to mark the jump times of x and solve the differential equation
on the components where x is continuous, inserting the forward jump
behaviour when the jumps occur. It remains to show that the forward
solution exists when the driving path has a countably infinite number
of jumps. The method we use requires the following property of the
geometric solution:

Theorem 1.3. Let x be a continuous path of finite p-variation for some
p > 1. Let f be in Lip(cr) for some a > p. The maps (7¢)¢>0 : R —
R™ obtained by varying the initial condition of the following differential
equation generate a flow of homeomorphisms

(8) dry = f(m¢) day o = 1d, (the identity map) .
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We leave the proof of Theorem 1.3 until Appendix A. We note the
uniform estimate

(9) sup |y — | < O(T)]a —b].
0<t<T

The following lemma will enable estimates to be made when the geo-
metric jumps are replaced by the forward jumps:

Lemma 1.1. Let x be a cadlag path with finite p-variation. Let f be in
Lip(«) for some a > p. Let Ay; (respectively Az;) denote the geometric
(respectively forward) solution’s jump which correspond to Ax;, the i-th
largest jump of x. Then we have the following estimate on the difference
of the two jumps

1Ay; — Azifloo < K |Azyf?,

where the constant K depends on || f||Lip(a)-

PrROOF. Parametrise the path x so that it traverses its discontinuity
in unit time. Solve geometrically over this interval with the solution
having initial point a. Note that the forward jump is the first order
Taylor approximation to the geometric jump. Then

_ dys(a) 1 d?,(a)
(10) ui(®) = yola) ds ls=0 2 ds? ls=¢
1 d*y,(a)
— Zl(a’) + 5 d82 s—0 ’

for some 0 < # < 1. We estimate the second order term by

|z 751, - H REEN

ds?

(11) < 21V 1l 1 o AP
< Lisiz o 100
=9 Lip(a) tHo

Both ||V f|lco and || f||eo are finite because f is Lip(«) for some o« > p >
1.
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Theorem 1.4. Let x be a cadlag path with finite p-variation. Let f be
in Lip(«) for some o > p. Then there exists a unique forward solution
to the following differential equation

(12) dzy = f(z) dxy z0=a.

PrRoOOF. By Theorem 1.3 there exists a unique homeomorphism y which
solves

dyt:f(yt)dfﬁt, Yo =a,

in a geometric sense.

Label the jumps of = by j, = {j;}$2, according to their decreasing
size. Let 2™ denote the path made by replacing the geometric jumps of
y corresponding to {j;}?_; by the forward jumps {f(-) (Az;)}I,. We
show that the {2"},>1 have a uniform limit.

We order the corrected jumps chronologically, say {¢;}7_,. Then
we estimate the following term using Lemma 1.1 and the uniform bound
on the growth of y given in (9)

|2 (a) = ys(a)| < Z |Yts,s (22, (@) = Yty (Y1 (22, (@)
(13) < C(T) Z |25 (@) — ye, 11, (21, (a))]
< CZ(T)Ki |Azy|?.

So we have the uniform estimate
(14)

oo

12" = Ylloo < K(C3(T), IfllLipa)) > |1A2]* < o0, for alln > 1.

=1

We use an analogous bound to get Cauchy convergence of {z"},>1. Let
m,r > 1.

o0

127 = 2" |loo < K(C(T,2™), || fllLip() D |Azil*.

t=m-+1
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One notes that {C(T,2™)} are uniformly bounded, because of the
boundedness of C(T) = C(T,y) and the Lipschitz condition on f.

Therefore we have the following estimate

oo
" = e S L3 Aw

1=m-+1

This implies that {2} are Cauchy in the supremum norm because x
has finite p-variation (p < 2) which implies that Y7 ° | |Az;|* tends to
Zero as m increases.
REMARK. Theorems 1.4 and 1.2 combine to prove Theorem 1.1.
Corollary 1.1. With the above notation, z has finite p-variation.
PRrROOF. Let s <t € [0,T].

2t — 25| < [(2t — 2s) — (Yt — ys)| + |yt — v,

where (y; — ys) is the increment of the geometric solution starting from
zs driven by the path x; on the interval [s,T]. Then

(z—2) = (e —y)| <C D |Aw?  and |y —ysl < |

p,[s,t]
jz|[s,t]
which implies that
B P
o zlp <2 (0P (Y [Aa)’ 4 (el )
Jelis, 8
hence
(»=1)/p (P 2" p M
2l oy < 200/ (P (32 180i)" + llalll o.0y) < 00-
Jelo, 1]

1.3. p-variation of Lévy processes.

In this subsection we apply Theorem 1.1 to Lévy processes which
have finite p-variation, almost surely.
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Lévy processes are the class of processes with stationary, indepen-
dent increments which are continuous in probability. The class includes
Brownian motion, although this process is atypical due to its continu-
ous sample paths. Typically a Lévy process will be a combination of a
deterministic drift, a Gaussian process and a jump process. For further
information on Lévy processes we direct the reader to [1].

The regularity of the sample paths of a Lévy process has been
studied intensively. In the 1960’s several people worked on the question
of characterising the sample path p-variation. The following theorem,
due to Monroe, gives the characterisation:

Theorem 1.5 ([17, Theorem 2]). Let (X¢)¢>0 be a Lévy process in R
without a Gaussian part. Let v be the Lévy measure. Let 3 denote the
index of X¢, that is

(15) ﬁéinf{a>0; /

[y[* v(dy) < oo},
lyl<1
and suppose that 1 < 8 < 2. If v > (3 then

(16) P X[y <o0) =1,

where the y-variation is considered over any compact interval.

REMARK. Note that all Lévy processes with a Gaussian part only have
finite p-variation for p > 2.

Corollary 1.2. Let (X;)i>0 be a Lévy process with index 8 < 2 and
no Gaussian part. Let f be a vector field in Lip(«) for some a > p.
Then, almost surely, the following stochastic differential equation has a
unique forward and a unique geometric solution

aY; = f(Y)dX,, Yo=a.
PRroOOF. The corollary follows immediately from Theorems 1.5 and 1.1.
2. Discontinuous processes — p > 2.

The goal of this section is to extend (Corollary 1.2) to let any Lévy
process be the integrator of (1).
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One problem we have is that the Young integral is no longer useful
because we use a Picard iteration scheme which fails condition (2) when
p > 2. However, we can use the method from [12]. To define the integral
we need to provide more information about the sample path. We do
this by defining an area process of the Lévy process. Then we prove
that the enhanced process (path and area) has finite p-variation, cf.
Definition A.3.

We parametrise the enhanced process in an analogous manner to
(5) (adding fictitious time). Then we solve (1) in a geometric sense
using the method for continuous paths (p > 2) given in [12]. Finally,
forward solutions are obtained by jump correction as before.

Before enhancing (X;)¢>0 we give an example which shows that
there exist Lévy measures with index two. So a Lévy process does not
need a Gaussian part to have, almost surely, finite p-variation only for
p > 2.

ExaMPLE 2.1. One can define the following measures on R

v (do) & |o| 2 0 de, ol € ((k+1) 720D g =30 £

m (da) = i vp(de N Jp N (=Jg)) .

We show that 1 2 lim,, oo 7m is a Lévy measure. The integrability
condition

(17) /| PERCERE

must be satisfied.

/||<1 ]2 1) (dz) —2/0 Zx 1+1/kXJk x) dx

—3k
(k xl/k)?k+1)_3(k+1)

I
Ms

ol
Il
—_

k (k—3 o (k + 1)—3(1+1/k))

I
L

=
Il
—_

k (k—.?) . 2_3(1+1/k)k_3(1+1/k))

IA
[\]
[

>
Il
—_
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— 2 Z k—z (1 _ 2—3(1+1/k)k—3/k)
k=1

<CY k2
k=1

< 0,

where C' is some suitable constant. We take the limit as m tends to
infinity on the left hand side to prove (17).
Now we show that

(18) [ Jalntde) = .
|lz|<1
for all @ < 2. Fix a < 2. Define the following number
N 1
m(a):mf{k:a+g<2}<oo, as a < 2.

Let m > m(«). Then

[ lal (o)
lz|<1

1
> 9 j—3k(a+1/k=2) _ (1 o 1)=3(k+1)(at1/k-2)
= k_z%)(ole/k—Z)( (k+1) )

- 1
9 ko 4 1) -3¢+ (at1/k=2) _ .—3k(a+1/k—2)
2 TG ¢ )

Z ((k + 1)3(k+1)(2—(a+1/k)) o k3k(2—(a+1/k)))

m(a)

>
T 2-«
— 00, as m —» 00.

This proves that the index 3 of n equals two. Theorem 1.5 implies that

the pure jump process associated to the Lévy measure n almost surely
has finite p-variation for p > 2 only.

The following theorem gives a construction of the Lévy area of the
Lévy process (X¢)i>0. The Lévy area process and the Lévy process
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form the enhanced process which we need in order to use the method
of Lyons [12].

Theorem 2.1. The d-dimensional Lévy process (Xi)i>0 has an anti-
symmetric area process

o1 [t . . .
(A )Y = 5/ X, _o0dX)—X) odX,, 4,j=1,2, almost surely.
S

The proof is deferred to Section 3.

Theorem 2.2. The Lévy area of the Lévy process (Xi)i>0, almost
surely, has finite (p/2)-variation for p > 2. That is

2/p
sup ( E Aty b |p/2> < 00, almost surely
™
™

where the supremum is taken over all finite partitions = of [0,T].

The proof is deferred to Section 3.
Now we parametrise the sample paths of (X;)¢>0 as before (5).

Proposition 2.1. Parametrising the process (X;)¢>0 does not affect
the area process’ (p/2)-variation.

PRrOOF. The proof is similar to the proof of Proposition 1.1. One can
show that if A lies in a jump segment then

|As,)\ (p/2)+|A>\7t|(p/2), s<A<t,

is maximised when A is moved to one of the endpoints of the jump
segment.

With the parametrisation of the path and the area we can define the
integral in the sense of Lyons [12]. Consequently we have the following
theorem:

Theorem 2.3. Let (X;);>0 be a Lévy process with finite p-variation
for some p > 2. Let f be in Lip(«a) for some a > p. Then there exists,
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with probability one, a unique geometric and a unique forward solution
to the following integral equation

t
(19) Yt:Y0+/ FO)dX, . Yo—acRL.
0

REMARK. When constructing the forward solution it is necessary that
the sum

oo

D IAX,?

n=1

remains finite. This is guaranteed by the requirement on Lévy measures
to satisfy

/||<1(|:1:|2/\ 1) v(dz) < oo.

3. Proofs of Theorem 2.1 and Theorem 2.2.

For clarity, throughout this section we assume that the Lévy pro-
cess (X¢)¢>0 is two dimensional and takes the following form

(20) X, = B, +/| _ E i) —v(a).

That is, (X¢)s>0 is a Gaussian process with a compensated pure jump
process, whose Lévy measure is supported on (z € R? : |z| < 1).

Proposition 3.1. The d-dimensional Lévy process (Xi)i>o has an
anti-symmelric area process

’

o1t . : .
(Ast)”éi/X;_ong—be_odX;, i,7=1,2, almost surely.
S

For fired s < t we obtain the area process by the following limiting
procedure

n 2Mm-1
(A )Y = nli)ngo E E A almost surely,
m=0 g=1

odd



PATH-WISE SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS 311

(%]
where Ak,m

is the area of the (ij)-projected triangle with vertices
X (ut1)/2,m=1), X(Ug-1)/2,m-1)s X (Ukm),

where Uy, = s+ k2™ (t — ). Also we have the second order moment
estimate

(21) E[(47,)%] < C(v) (t - 9)*.

PRrOOF. We define A, ;(n)

2" -1

Asi(n) = % Y XV (un) = XD(5)) (X (upr1,0) = XP (urn))
k=0

— (X (urn) = X (5)) (XD (ups1,0) = XD ()

2" -1

- E -Bkmv
k=0

where By, ,, is the (signed) area of the triangle with vertices

X(s), X(ugm), X(uk+1n)-

By considering the difference between A, ;(n) and A, (n + 1) we see
that

Bok n+1 + Bokt1n+1 — Brn

is the area of the triangle with vertices

X(ugn), X(ukt1n), X(U2kt1,n41),

which we denote by Ay, ,,. We re-order A, ;(n)

n 2M_-1

1
Asy(m) =5 > D (X(ukm) = dim)
m=0 =1
odd
(X (wrs1y/2,m—1) — X(Uk-1)/2,m—1))
1 n 2M_-1
::5 j{:-Akﬂnv
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AL

where di, m = (1/2) (X (U@t1)/2,m—1) + X (Uk—1)/2,m—1))- The conver-
gence to the area process is completed using martingale methods.
Let §n = 0(X(ugn): k=0,...,2"). Then

Lemma 3.1.

(22) E[X (uk,m) | Sm—1] = di,m almost surely.

PROOF. For ease of presentation we let
Ur £ X (ugm) — X (Wg—1)/2,m—1) »
Uz 2 X ((ut1)/2,m—1) — X (tr,m) -

Then

E [X(U’k,m) - dk,m | Sm—l]

= E[X (ur,m) — di,m | X (Uk—1)/2,m—1)» X (U(kt1)/2,m—1)]

1
=3 E[U; — Us | X (u—1)/2,m—1) X (U(kt1)/2,m—1)] -

Using the stationarity and the independence of the increments of X we
see that U; and U,y are exchangeable, that is

P(Uy €A, UyeB)=P (U, € A, Uy € B), for all A, B € B(R?).
The exchangeability extends to the random variables
(Ui | X (u(r—1)/2,m—-1)» X (U(k11)/2,m—1)) » i=1,2.

We deduce that

E[U; — Uz | X (ug—1)/2,m—1), X (U(ks1)/2,m—1)] = 0.
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Returning to the proof of Proposition 3.1, we compute the variance
of Ay . This will be used to show that

sup E[A; ¢ (n)?] < o0,
n>1

E(A2,,)
= E((XD (wpm) — di,) (U + US)

2 1 1
~ (X g n) = diy,) (U +0;7))°)

E[(UM - 0 + o) - w - ) (oM + uiM))?

i

= B[OV UP)? - 200 uP U U + (U U]

W

=M+ @)+3).

We use the independence of the increments and Itd’s formula for dis-
continuous semi-martingales to compute (1), (2) and (3).

(1) =E[U"U)?] = E[(UM)E[USY)?).

By applying It6’s formula and using the stationarity of the Lévy process
we find that

B ==z (t-s? [

|x1|2 v(dz) / |x2|2 v(dz) .
|z| <1 |z| <1

Another application of [t0’s formula gives
(2) = 2E[U1" U3 UY U]
= 2E[UY UMIE[U;? U]
2
= 272t (1 _ 5)? (/ Ty Ty V(dx)) .
lz]<1
Collecting the terms together we have the following expression

E[A ] = Co(v) 277 H (8 — ),

where

Co(v) & (/|w|51 1|2 v(da) /mg 2|2 v(d) — (/|w|§1xla;21/(da;)>2>.
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Now we estimate the following term

n 2M-—-1

E(A2, 0] =E[( Y 3 Axw) |,

m=1 g—1
odd

which through conditioning and independence arguments equals

n 2M—-1

a PIPIEH

m=1 =1
odd

n 2M—-1

=Co(v) Y DY 272t (t—s)?

m=1 k=1
odd

co 2M—1

< Co(v) Z Z 27 2mHL (f — 5)2

m=1 g=1
odd

£ Ov) (t—s)?.

We use the martingale convergence theorem to deduce that, almost
surely, there is a unique limit of A, ;(n). Furthermore the last calcula-
tion implies that there is a moment estimate of the area process given
by

E[A7,] < C(v) (t —5)*.

We note that there is another way that one could define an area
process of a Lévy process. One could define the area process for the
truncated Lévy processes and look for a limit as the small (compen-
sated) jumps are put in. Using the above construction one can define
AS 4 for a fixed pair of times, corresponding to the Lévy process X°©.
With the o-fields (). ¢ defined by

B LG(X0: §>¢), fore > 0,
we have the following proposition:

Proposition 3.2. (A ;)0 form a (&°)-martingale.
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PrOOF. Let n > ¢ > 0. By considering the construction of the area
given above for the truncated processes X" and X° we look at the
difference at the level of the triangles A} = and Af ..

B[4}, — Ay, | ©7]

=E (A4}, + (X, —dj,)® (lek+1)/2,n—1 - X(nk—l)/2,n—1)
+ (Xlg,n - dz,n) Q@ (X(nk,j—l)/Z,n—l B X(nk,s—l)/2,n—1) | 671) ’

where the superscript 7, € signifies that the process is generated by the
part of the Lévy measure whose support is (¢,7n]. Using the spatial
independence of the underlying Lévy process we have

=E[A ]+ EI(X, = di)] @ (X on1 = X1y /2m-1)
+ (X = i) OBIX G0 201 — XG0y /2.0-1))
=0.
With the uniform control on the second moment of the martingale

E[(AS,)?] < C(v) (t—s)>,  foralle >0,

we conclude that A, converges almost surely as ¢ — 0.
The algebraic identity

1
(23) AS,U — AS,t + Atyu + 5 [XS,t7 Xt,u] ) S < t < u,

for the anti-symmetric area process A generated by a piecewise smooth
path X extends to the area process of the Lévy process. This is due to
(23) holding for the area processes A° of the truncated Lévy processes
Xe©.

Proposition 3.3. The Lévy area of the Lévy process (X;)i>o0 has finite
(p/2)-variation for p > 2, almost surely. That is

2/p
sup (Z |Aty_ 1t |p/2> < 00, almost surely,
4 T

where the supremum is taken over all finite partitions = of [0,T].
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ProoOF. In Proposition 3.1 we constructed the area process for a pair
of times, almost surely. This can be extended to a countable collection
of pairs of times, almost surely. In the proof below we assume that the
area process has been defined for the times

k27", (k+1)27"T, k=0,1,....,2" -1, n>1.

The proof follows the method of estimation used in [6]. To estimate
the area process for two arbitrary times u < v we split up the interval
[u,v] in the following manner:

We select the largest dyadic interval [(k — 1) 27™T, k27" which is
contained within [u,v]. Then we add dyadic intervals to either side of
the initial interval, which are chosen maximally with respect to inclusion
in the interval [u,v]. Continuing in this fashion we label the partition
according to the lengths of the dyadics. We note that there are at most
two dyadics of the same length in the partition which we label [{1 j, 71 ]
and [l g, 72,5 where r1  <l3 ). Then

[u,v] = U U [Lite> 1] -
k=1i=1,2
We estimate A, , using the algebraic formula (23).

All,m)

T2, m
“ 1
= Z Z Ali,k;Ti,k+§ Z Z (Xra,k: _Xla,k7XTb,j_le,j) :
k=1i=1,2 1<a<b<L2 1<j<k<m

Noting that

Z Z |(X7’a,k - Xla,kvXTb,j - le,j)|

1<a<b<2 1<j<k<m
= Z Z |(X7“a,k - Xla,k) ® (Xrb,j - le,j)
1<a<b<2 1<j<k<m
- (X"’b,j - le,j) ® (Xra,k - Xla,k)|

Z Z |X7’a,k - Xla,k| |X7’b,j - le,j|

1<a<b<21<j<k<m

(Z Z |X7“i,k - Xli,k|>27

k=1i=1,2

IN

IN
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we have the estimate

|Au,v|p/2 < 2(p/2)—1<(§: Z |Ali,k,”’i,k|)p/2

k=1i=1,2

1 oo
+ 5(2 Z |X7"i,k - Xli,k|>p> .

k=1i=1,2

(24)

Using Holder’s inequality, with p > 2 and v > p — 1, we have

|Au,v
> (p/2)—1 /2
< 9(p/2)—1 —v/((p/2)-1) V-
((;n ) n=1 (1221,2 o ,k>
(25)
+ %(Zn_’)’/(p—l)>p—l Zﬂ[*y( Z |Xri,k . Xli7k|>p)
n=1 n=1 i=1,2
< Cl p, Zn'y Z |Ali,ka7"i,k|p/2
1=1,2
+ Ca(p,y Zrﬂ S X, — X, P
1=1,2

One can uniformly bound |A, ,[P/? for any pair of times u < v € [0, 7]
by extending the estimate in (25) over all the dyadic intervals at each
level n, that is,

|Au'u|p/ <Cl p vy Zn72|Allk,nk|

n=1
+C2 p, anyzpfnk Xllk|p-

If the right hand side is finite, almost surely, then the area can be
defined for any pair of times.

The (p/2)-variation of the Lévy area can be estimated by the same
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bound.

[e’s) 2m
Supz |A |p/ < Cl p7 Z Z liksmi ke |p/2
n=1 =1

(26)
00 2"
+ 02 p7 Z Z |X7"i,k - Xli,k |p .
n=1 =1

We use (21) to control the first sum
B4, PP < C(t—sP?,  forp<4.

So we have

oo on ~ on
]E[ Z n’ Z At i |p/2] <C Z n’ 2(2_" T)P/?
n=1 i=1 ] P

- C Z nY 2—n(p/2)-1)

n=1
< 00, forp > 2.

This implies that the first term in the right hand side of (26) is almost
surely finite. Now we consider the second term of (26).

Lemma 3.2.

2n 1
Zn’y Z | Xk+1)2-n1r — Xp2npf <00, almost surely.
n=1

Before proving the lemma we recall a result of Monroe, [16].

Definition 3.1. Let B; be a Brownian motion defined on a probability
space (Q,F,P). A stopping time T is said to be minimal if for any

stopping time S < T, B(T) @ B(S) implies that, almost surely, S =T.

Theorem 3.1 [16, Theorem 11]. Let (M);>o be a right continuous
martingale. Then there is a Brownian motion (2, &, By) and a family
(T;) of &;-stopping times such that the process By, has the same finite
distributions as My. The family Ty 1s right continuous, increasing, and
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for each t, Ty is minimal. Moreover, if M; has stationary independent
mcrements then so does T;.

REMARK. It should be noted that the stopping times 7} are not gen-
erally independent of B;. However, in the case of a-stable processes
0 < a < 2 one can use subordination to gain independence of the
stopping times, [2].

PRrROOF OF LEMMA 3.2. Let (73);>0 denote the collection of minimal
stopping times for which

x,9p .
The proof will be completed once it has been shown that

00 2" —1
(27) Zn"’ Z | B ((k+1)2- 1) — Bre2—m)|P <00, almost surely .
k=0

n=1

The following inequality holds because Brownian motion is (1/p")-Hol-
der continuous, almost surely, for p’ > 2

(28)  [Brtuarn) — Bt [P < Olrtisrn) = 7(ten) 7

for all K =0,...,2" — 1, and for all n > 1, almost surely, where tj, ,, =
E2="T and 2 < p' < p.

[17, Theorem 1] shows that the index of the process 7(s) is half
that of the Lévy process. Therefore, with probability one, 7(s) has
finite (1 + ¢)-variation for all § > 0.

Theorem 3.2. If 7 is a minimal stopping time and E(B,;) = 0, then
E(r) = E(B2).

Consequently the process (7¢):>0 can be controlled in the following
way

(20) Elr] = E[B2] = E[X?] =t /| el e,

where v is the Lévy measure corresponding to the process X;. From
(29) and Theorem 3.1 we note that the process 7; is a Lévy process
whose Lévy measure, say u, satisfies the following

/lep,(da:)<oo.
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From this result we deduce that the process 7, almost surely, has
bounded variation. From [18, Theorem 5] we note that there is a posi-
tive constant A such that

P(r, < At, forallt >0)=1.

From the above bound and using the fact that 7 has stationary inde-
pendent increments one can show

P(7(tktrim) — T(tkn) < Altkgin —ten) = A27" [ T(tgn)) = 1,

2" —1

P(( () (rltesrn) = Tltin)| < A27M) = 1.

n>1 k>0
Returning to (28) we see that
Br(tyir,0) = Britw) P < Cl7(tkgr,n) — T(ten) PP < CA2—0/P)

which implies that

o] 27 -1 o]
va Z |Br((k+1)2-2T) — Brga—n7) |’ < CAZTﬂ?_"(p/p’_l) <00,
k=0

due to p’ being chosen in the interval (2, p).

This lemma concludes the proof that the bound in (26) is finite,
which shows that the area process, almost surely, has finite (p/2)-
variation.

In this section we have proved that the area process exists and has
finite (p/2)-variation when (X;);>0 has the form (20) To prove theorems
2.1, 2.2 we note that a general Lévy process has the form

Xi=at+ By + L + Z AX,, almost surely .

0<s<t
|AX,[>1

So, we need to add area corresponding to the drift vector and the jumps
of size greater than one. However, this part of the Lévy process has
bounded variation and is piecewise smooth so there is no problem defin-
ing its area. Similarly, it has, almost surely, finite (p/2)-variation.
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A. Homeomorphic flows.

In this section we give a proof that the solutions, generated by (1)
as the initial condition is varied, form a flow of homeomorphisms when
the integrator is a continuous function. The proof modifies the one
given in [12] for the existence and uniqueness of solution to (1). The
main idea is that one uniformly bounds a sequence of iterated maps
which have projections giving the convergence of the solutions with
two different initial points and bounding the difference of the solutions.

First, we need some notation.

Definition A.1. Let T (RY) denote the truncated tensor algebra of
length n over RY. That is

n

TR £ PR

1=0

where (R4)®° = R and T (R?) denotes the tensor algebra over R?.

Let A =[0,T] x [0,T]. A map X : A — T(R?) will be called
a multiplicative functional of size n if for all times s <t < w in [0, T
the following relation holds in T (RY)

Xst X Xtu - Xsu
and XS(?) =1.

A map X : A — T(RY) is called a classical multiplicative func-

tional if t — Xy = Xéi) s continuous and piecewise smooth and

(30) x® = // dXy, - dX,,
s<ur < <u; <t

where the right hand side is a Lebesgue-Stieltjes integral. We denote the
set of all classical multiplicative functionals in T™ (R?) by S (R?).

Definition A.2. We call a continuous function w : A — R™ a control
function if it is super-additive and regular, that 1s,

w(s,t) +w(t,u) < w(s,u), foralls <t <wel0,T],
w(s,s) =0, for all s €10,T].
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Let X be a path of strong finite p-variation. Then we can define the
following control function

p

w(s,t) 2 || X ilsit] -

Definition A.3. A functional X = (1, XM, ..., X™) defined on
T (RY) where n = [p] is said to have finite p-variation if there is
a control function w such that

w(s,t)i/P

5(,)

for some sufficiently large 8 and z! £ T'(x + 1).

(31) |X§i)|§ , forall (s,t) e A, i=1,...,n,

Theorem A.1 ([12, Theorem 2.2.1]). Let X™ be a multiplicative
functional of degree n which has finite p-variation, with n = [p] ([p]
denotes the integer part of p). Then for m > n there is a unique
multiplicative extension X (™) in T(m)(Rd) which has finite p-variation.

REMARK. The above theorem shows that once a sufficient number of
low order integrals associated to a path X; have been defined, then the
remaining iterated integrals of X; are defined.

Definition A.4. We call a multiplicative functional X : A — T (R?)
geometric if there s a control function w such that for any positive
e there exists a classical multiplicative functional Y (¢) which approzi-
mates X in the following way

st — 1Is ¢ S WS, ' s =1,...,n=|p|.
(Xt — Yar(6))P] < e w(s, 1)P i=1 [p]

We denote the class of geometric multiplicative functionals with finite
p-variation by Q G(R?)P.

EXAMPLE A.l. Let W; be an R?-valued Brownian motion. Then the

following functional W defined on T(?)(R?) belongs to QG(R*)? for any
p > 2.

(32) Wst é (1, Wt — WS, // , OC”/VYu1 o quZ> ,
s<ul<uz<
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where odW, denotes the Stratonovich integral. It should be noted
that if one replaced the Stratonovich differential in (33) by the Ito6
differential then one would not get an element of  G(R?)?. This is due
to the quadratic variation term which occurs in the symmetric part of
the area process

w = / / AW, dW,, .
s<uy<u2<t

It was shown in [19] that one had sufficient control of the above func-
tional to generate path-wise solutions to stochastic differential equa-
tions driven by a Brownian motion. This control was derived from
a moment condition in the same spirit as Kolmogorov’s criterion for
Holder continuous paths. The moment condition was verified for the
above area by the use of known stochastic integral results, though one
could also derive it from a construction depending on the linearly in-
terpolated Brownian motion.

There are two stages to defining the integral against a geometric
multiplicative functional. The first gives a functional which is almost
multiplicative (see [12] for definition). The second associates, uniquely,
a multiplicative functional to the almost multiplicative functional.

Theorem A.2. There is a unique geometric multiplicative functional
Y which we call the integral of the 1-form 6 against the geometric mul-
tiplicative functional X. We denote this by

t
szt é/ Q(Xu) 0X.

Corollary A.1. One has the following control on the p-variation of Y

(33) ‘(/St9(Xu)5x)(i)‘ < M i=1,....[p,

5(,)

where C depends on p, ||0]|Lip(y), 7> A, B, L and [p].

The estimate is derived from estimating both the almost multi-
plicative functional and the difference of it from the integral.

We now state two lemmas which help prove that the solutions of
(1) are homeomorphic flows when the initial condition is varied.
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Lemma A.1. Let X be in QG(R%)? controlled by a regular wy. Let
f: R* — hom(R% R") be a Lip(y) map for some v > p. Let Ys(tz),
i = 1,2 denote the element in QG(R™)P which solves the rough integral
equation

Y = / FYO)sx,

with initial condition Yo(i) =a;, t = 1,2. Let W be the multiplicative
functional which records the difference in the multiplicative functionals
Ys(tl) and Y,s(t2). Then

; , +)(#/p)
(34) | < o wls: ) i > 1,

where 0 = |a; — az|, w = C wy, the constant C depends on p, | flILip(v)

B, v. The bound holds for all times s < t on the interval J = {u :
w(0,u) < 1}.

Lemma A.2. With the assumptions of Lemma A.1 one can estimate

the difference of the increments of Ys(tl) and YS&Z) for any pair of times
0 < s <t which satisfy w(s,t) <1 as follows

(S, t)(l/p)

m&”—n&”|s9exp< <w<o,s)+w<o,s)<l/p>>>“’ i
5(;)
b

1
o(,)

p
In particular for any t > 0 one has

(35) Y =¥ < Jar — as| C(1) .

Now we can prove that the solutions form a flow of homeomor-
phisms as the initial condition is varied.

PrROOF OF THEOREM 1.3. The continuity of solutions follows from
Lemma A.2. It remains to show that the inverse map exists and is con-
tinuous. This can be checked by repeating all the previous arguments
using the reversed path (X;_,)o<s<: as the integrator.

The induction part of the proof of Lemma A.2 will require the
following lemma about rescaling:
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Lemma A.3 ([12]). Let X be a multiplicative functional in TPD(R?)
which is of finite p-variation controlled by w. Let (X,Y) be an extension
of X to TP)(RY @ R™) of finite p-variation controlled by Kw. Then
(X,0Y) is controlled by

max {1,"?/'K : 1<k <i<[p]lw,

where ¢ € R. In particular, if ¢ < K~PV/P < 1 then (X,¢Y) is
controlled by w.

Proor or LEMMA A.1. We set up an iteration scheme of multiplicative
functionals which we will bound uniformly, by induction. A projection
of the sequence proves that a Picard iteration scheme converges to the
solutions of (1) starting from a; and az. Another projection shows that
the difference of these solutions is bounded.

Let ¢ > 0 and n > 1. Let Vs(tl) be the geometric multiplicative
functional given by

Vs(tl) A (ZS(;)(l)’Ys(tl)(l),Ys(tl)(o)7 ng)(l), n(t2)(1),ys(t2)(0), Ws(tl)vg_let)

(/tf(al)éX - al,/tf(al)éX,al,/tf(ag) 0X — ao,

t t
[ #lax)xX.aa, [ gan) - flaz) X, 7X).
The iteration step is a two stage process. Given V(™) we set
Pim+1) _ / K (VY gy m)

where k%" is the 1-form on ((R*)®7 & R?¢) given by
kgn(al, Ceey ag) (dAl, ceey dAg)
= (a19(az, a3) dAs, dA3 +n~"dA1,dAs, a4 g(as, ag) dAs,
dAg + 1" "dAy, dAs, 07" g(as, as) dAg, dAsg) .

g(x,y) is the 1-form appearing in [11, Lemma 3.2] which satisfies the
following relation with respect to f

Fi@) = Fiy) =) (e =) g7 (z,y).

J
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V(m+D) s well defined because g and kg are both Lip(y) for some
v>p— 1.

We define V(™+D to be the geometric multiplicative functional
obtained by rescaling the first and fourth components of V(™+1) by ep
and the seventh component by e.

The uniform bound on the iterates (V (™)),,~; will be obtained by
induction. X is controlled by a regular wg so there exists a constant C'
such that V(1) is controlled by w £ Cwy. Suppose that V*) (k < m)
are controlled by w. From (Corollary A.1) there is a constant C; such
that V(m+1 is controlled by C7w. If we choose ¢ > 0, n > 1 such that
e < CrPVP and e < C7PVP then Lemma A.3 implies that V(m+1) is
controlled by w, completing the induction step.

The uniform control on the iterates V(") ensures the convergence
of {Y®(m)} 1 to the solutions of

v, = fv\hdx,, Y9 =a,i=12.

Through the definition of {#W (™)}, 51, the sequence at the level of
the paths will converge to the scaled difference of the two solutions
0= (Y® —YM). For s,t in J one has

i w(s,t)/P :
|9Ws(t)|§727 Z:]_,...,[p],
5(,)!
p
which implies that
i : J1)i/P '
|W§t’|gezu, i=1,...,[p.

o)

PrOOF OF LEMMA A.2. We define the following set of times
(36) to =0 and t; =inf{u>tj_1: wtj_1,u) =1},

forall j € {1,...,n(s)}, where n(s) £ max {j : t; < s} and t,,(5)41 = s.
We solve the differential equation starting from s and use (34) to
show that

o (s, )17

;)

(WE| < K(s)

Y
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where K(s) is an upper bound on the supremum over all the possible
differences of the paths |YS(1) - Y8(2)|, at time s. The bound K(s) is
derived recursively by considering the analogous upper bound for the
difference of the solutions to the differential equation over the time
interval [t;_1,t;] given below

|Y;5(¢1) Y(2)| < |Y(1) Y(2) |+ W,

tzl

1 9 (t Lt )( /p)
s|1@5>1—1@5’1|<1+ i ,

which implies that

w(tj1,t;)/7)

;)

K(tj)gK(tj_1)<1+ ) j=1,...,n(s)+1.

Therefore

s) 1/p)\ " (k/p)
1,t) P\ w(s, ) R/P
[WE| < K(t)" ||( UR T ) -

O o)
( t) P w (b, s) P
exp< (g j- 1(p)!(/)+ (;(;)):/)))

w(s, £)(k/D)
5(5)!

noting that w(t;_1,¢;) = 1 and using the sub-additivity of w we obtain

Y

< 0% ex L(w(o,s) w(ovs)(l/p)))w_
(e ()

By considering the above bound at the level of the paths (k = 1) and
repeatedly using the triangle inequality one deduces (35).
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