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Branching process associated

with 2d-Navier Stokes equation

Said Benachour, Bernard Roynette and Pierre Vallois

Abstract.  being a bounded open set in R?, with regular bound-
ary, we associate with Navier-Stokes equation in {2 where the velocity
is null on 02, a non-linear branching process (Y;; ¢ > 0). More pre-
cisely: E,,((h,Y:)) = (w, h), for any test function h, where w = rot u,
u denotes the velocity solution of Navier-Stokes equation. The support
of the random measure Y; increases or decreases of one unit when the
underlying process hits 0€2; this stochastic phenomenon corresponds to
the creation-annihilation of vortex localized at the boundary of €.

0. Introduction.

We consider here the 2d-Navier-Stokes (N.S.) equation in a boun-
ded open set 2 of R2. The aim is not the study of existence or unique-
ness for the solution, when the initial data or the boundary of ) are
smooth enough. We suppose that there exists a unique smooth solution
u of the Navier-Stokes equation, and we represent u and the vorticity
(w = rotu) through a stochastic model.

We firstly introduce two dual nonlinear differential systems. We
prove (see sections 2 and 3) that the (N.S.) equation is equivalent to
each of the former nonlinear reflected stochastic differential equations.
The nonlinear feature appears in two places:

e inside €2, through the singular kernel of Biot and Savart, defining
the mean velocity of the stochastic particle, when it moves in €2,
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e on the boundary of €2, via the local time; this process governing
the local behaviour of the particle when it reaches 0.

Since €2 is a subset of R?, the vorticity w is a scalar function.
Roughly speaking w(t,-) is the “density” of one of the two previous
diffusion processes taken a time ¢. (Corollary 3.4).

Secondly we define a branching process Y, having again a double
non linearity. By definition, Y; is a linear and random combination of
Dirac measures. w is expressed through Y as follows (¢f. Theorem 4.5)

Blh.v) =]

Q

h(z) Y (d:v)] - / h(z) w(t, ) dz
Q
h being a test function.

w(t,x) dx can be interpreted as the mean value at time ¢ of the
number of particles associated with Y, lying in a infinitesimal box lo-
cated at x, with area dx. We heuristically describe the dynamic of
branching of Y:

e a single particle moves in §2 as a diffusion process introduced in
the first step, all the particles being alive are independent,

e no particle is created when all of them lie in 2.

e Sometime (i.e. randomly), when a particle hits F' C 9f2 (respec-
tively FT C 0Q) the particle dies and give rise to two new independent
particles, (resp. the particle dies), where F'U FT = 9. The branching
mechanism taking on the boundary gives a stochastic interpretation of
the creation or disappearing of vorticity on 0f).

We conjecture that the nonlinear branching process can be ap-
proximated by a system of interacting particles. Our algorithm does
not coincide with those intoduced by A. Chorin ([C.M]).

Let in briefly detail the organisation of the paper:

e In Section 1, we study the connections between the Navier-Stokes
equation and the equation verified by the vorticity w.

e In sections 2 and 3, we prove the equivalence between the two re-
flected stochastic differential equations and the (N.S.) equation. More-
over we check that these diffusion processes are in duality.

e We detail in Section 4, the construction of the branching process
associated with the (N.S.) equation.

e We describe in Section 5, our open question concerning the simu-
lation of the nonlinear branching process through a system of particles.



BRANCHING PROCESS ASSOCIATED WITH 2D-NAVIER STOKES EQUATION 333

1. A first approach to the Navier Stokes equation.
1) In this paper, 2 will denote a simply connected, bounded open

subset of R?. We assume that the boundary 052 is smooth. The Navier
Stokes system in €2, with velocity vanishing at 0f, is

.
i) %—F(u-V)u:yAu—Vp,
ot
iii) (0, ) = uo(-),
L iv) u(t,z) =0, for all t > 0, for all z € 09).

u = (uq,usg) is the velocity (u is a two-dimensional valued vector field),
ug is the initial velocity, p denotes the pressure (p is a scalar function),
v is the viscosity of the fluid (v will be taken without loss of generality
equal to 1/2 in the sequel). As usual

_(Op Op
Vp = (ax’ay)’
divu—% %
- Ox oy’
*u  0%*u
A'LL— w 8—y2,

and

0

u-V=u —— +us —

Ox oy
Note that the first equation i) in the (N.S.) system has to be understood
as an equation in R?. Condition ii), i.e. divu = 0, means that the fluid
is incompressible.
We know that, if ug with divug = 0 and 0f2 are smooth, then (N.S.)
has a unique smooth solution defined on R* x Q ([La], [Li], [C-F]) if u

is C*>(Q2) and ([Ka], [Ko]) if ug is analytic.

2) In a first step we weaken iv) and consider

( 1
i) %—F(U-V)u: iAu—Vp,
iii) u(0,-) = ug ,

L iv) u-n(t,x) =0, forallt >0, for all z € 092.
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where n(z) denotes the normalized outer normal vector at z € 0f.
Since iv) in (N.S.) is stronger than iv) in (N.S.)’ the solutions of (N.S.)’
are not unique.

If w:R? — R we set

(1.1) Vi = (—Z—Z,ﬂLg—:).

Let us introduce the following operator K (K is the Biot and Savart
kernel associated with )

zwmazv;/G@zﬁmzma
Q

(1.2) —Q/wadwmww,

_ 9y Jo
v [ Gl rie ) ae

where z = (z,y) and G is the Green function of A on 2, i.e.

A,/ G(z,2") =6, (5, being the Dirac measure at z),
(1.3) G(z,2')=0, if 2/ € 9Q).
(1.4) G(z,7)=G(,z).

It is classical to replace the two-dimensional equation i) in (N.S.) (or
(N.S.)") by an equivalent equation where the unknown parameter will

be a real function w. w is called the vorticity associated with v and is
defined by

(1.5) w=rotu:= - — ——.

Recall that it is supposed that €2 is a bounded simply connected open
set.

Lemma 1.1. 1) Suppose u : Q — R? being a smooth function i) and
ii) below are equivalent

(1.6) i)divu=0inQ, u-n=0 in Q.

(1.7) ii) There exists w: Q — R such that u = Kw.
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In this case w = rotu.

2) a) Assume (u,p) is a solution of (N.S.)’, then w = rotu solves
the vorticity equation
. Ow

(1.8) i) E:%Aw—Kw-Vw, in 10, +oo[ x€2,

i) w(0,-) = rotug := wo .

b) Suppose that w is a solution of (1.8); then there exists p such
that (u,p) solves (N.S.)" where u = Kw.

PROOF. 1) Q being a simply connected open set, the condition divu = 0
implies the existence of a function 1 (the stream function) such that,

(1.9) u=V=y.

Obviously % is defined up to an additive constant. If we take a parame-
trization of 0€), we easily verify

u-n(t,z) =0, forallt >0, for all z € 90

(1.10
) if and only if (¢, z) = ¢, for all t > 0, for all x € 992.

1 is unique if we choose ¢ = 0.
We set w = rot u. By a straightforward calculation we obtain

(1.11) w=Ap.

Since v vanishes on 0f1, it can be expressed through w, via the Green
function

(1.12) w(t,z):AG(z,z')w(t,z')dz’.

(1.9) implies that © = Kw.

We now analyze the converse. Suppose that © = Kw. This means
that v = V19 when 1 is defined by (1.12). Hence, divu = 0 in
[0, +00[ x§2 and ¢ (t,z) = 0 for any (¢,z) € Ry x 9Q. Then the equiv-
alence (1.10) implies that u -n = 0.

2) a) For any smooth functions, w : R?> — R?, and ¢ : R? — R,
we have,

(1.13) rot (Vq) =0, rot ((w-V)w) = w-V(rot w)+ (divw) rot w .
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Let (u,p) be a solution of (N.S.)’. We take the rotational operator on
both sides of (N.S.)’ i), we easily obtain (1.8) i).

b) Let us suppose that w solves (1.8). We set v = Kw. Then
divu = 0, and u - n(t,z) = 0 for any ¢ > 0 and = € 9. The former
calculation tells us that

rot(%—(u-V)u—%Au) =0.

Hence there exists a function p such that

Ou 1
2w V)u—=Au=—Vp.
Fr (u-V)u 5 Au D

We have proved that u solves (N.S.)’.

We have now to characterize among the solutions w of (1.8), the
unique function such that u = Kw solves (N.S.), i.e.

(1.14) Kw-7(z)=0, for all t > 0, for all z € 092,
where 7(z) denotes the tangent vector at x € 0S).

Lemma 1.2. Let w be a solution of (1.8) and w = Kw. The four
following assertions are equivalent:

a) u(t,x) =0, forallt >0, for all z € 0N.

b) gn /Q G(z,2"Yw(t,z")dz' =0, forallt >0, for all z € 9.

c) h(z)w(t,z)dz = 0, for any bounded and harmonic function
h deﬁnedﬂon Q.

d) /Qh(t,z)w(t,z) dz = 0, for any h : Ry x Q — R verifying
%Ah:l:Kw-Vh:O.
PROOF. 1) Recall that u = Kw verifies (N.S.)’. Moreover

u-Tva;b-T:ivw-n:igd).
on
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Since 1) is given by (1.12), a) if and only if b) follows immediately.
2) Let h: R, x Q — R, such that Ah = aKw - Vh in ]0, co[x,

where « is a constant.
The Stokes formula and (1.11) tell us

/ h(t,z)w(t,z)dz
Q

= / h(t,z)Ap(t, z) dz
Q

_ o9 _ Oh
—/QAh(t,z)z/)(t,z)dz%—/Emhan ag;ban

B . oY oh
—a/QKw Vh(t,z)w(t,z)dz%—/a h P

o on o0 on’

We calculate the first integral by integrating by parts, we obtain,
/ (Kw - Vh)(t, 2) (¢, 2) d
Q

_ —/(whdiv (Kw))(t 2) dz—/(h(Kw-w))(t, 2)dz.
Q

Q
But 1 = 0on R, x99, div Kw = divu = 0 and Kw -V = V- Vi) =

0, as a result

/Qh(t,z)w(t,z)dz:/ h(t,-)g—z.

o

It is now clear that b) if and only if ¢) if and only if d).

We will say that u (or w) is a solution of (N.S.) if,

(1.15) u = Kw, w solving the vorticity equation (1.8),

(1.16) and wu verifies one of the four conditions of Lemma 1.2.
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2. The vorticity equation as a Kolmogorov equation.

Let u be the solution of the Navier Stokes system (N.S.), w denotes
the vorticity, w = rot u.
The operator

L(f) = 5 AF —u- V]

is the generator of a diffusion process D. If = R?, it is classical to
represent w through wy and D, the crucial fact being that w(t — s, Dy)
is a martingale.

Here () is an open, bounded, simply connected open set. We
suppose moreover that the boundary is smooth. Let us introduce
the following reflected stochastic differential equation driven by a two-
dimensional Brownian motion (By,t > 0), started at 0, and defined on
a probability space (Qo, (Ft)t>0, P)

(

XtT =z + B, — / w(t —r, X5 dr
0
(2.1) —/ n(XH*) dAL® 0<s<t,
0
| [ A=A, e,
0

u being a smooth function and 92 being of class at less C?, there exists
a unique strong solution (X%%; 0 < s < t) of (2.1), taking its values in
Q, for any t > 0 and z € Q (¢f. [P] or [SV]). Recall that n(z) is the
normalized outer normal vector at x € 0f).

The solution of (2.1) is denoted X, because we will see in Section
3 that there exists a process X such that X and X are dual processes.

The drift coefficient —u corresponds to the mean velocity of X if
Q1 = R2?, it is easy to check that

(2.2)  w(t—s,xg)=— lim E

h—04

jztam _)}t,:ﬂ
A 5] oses

Recall that if u is a solution of (N.S.)’ (the weak form of (N.S.)), then
u-n=0onR; x9N, and u solves (N.S.) if u-7=0on Ry x 9Q. If
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2 = Rx]0,+o0] (2 is not bounded), then 02 = {(z1,z2) : 22 = 0}.
We choose po(z1,x2) = 1. The analog of (2.2) would be

Po(Xth) — po(X&%) ‘]__]
h S bl

(2.3) (w-7)(t—s,20) = ’ILILI%)E

where 0 < s < t, x € 02. Our situation is more complicated._ The
function pg is replaced by the set V of velocity test functions. p: 2 —
R belongs to V, if p is of class C*° and

op, .
(2.4) a—n(z) =0, for all z € 092,
9p
(2.5) 9 # 0 almost sure on 02,

(26) Ap=0on{zeQ: d(z,00) <e}, for some € > 0.

We note that it is not possible to choose p such that (0p/07)(z) # 0 for
all z € 9Q. If (0p/0T) never vanishes on 952, dp/IT being continuous we
suppose without loss of generality that dp/0T > 0. Let v : [0,1] — 00
be a parametrization of 0€2. Since t — p(~(t)) is increasing, then
p(7(0)) < p(7(1)), this generates a contradiction with v(0) = ~(1).
Two objects play a crucial role in our approach. The first one is

(2.7) pol(s,m) = - (s.2), 520, z€dQ,

where ¢ is a positive constant such that w + ¢ > 0.
The second one is the stochastic process

(2.8) Zﬁ’x(s) = (w(t — S,X;’m) + c) exp (/ we(t =, Xﬁ’x) dfﬁ’””) ,
0

where 0 < s < ¢.
We are now ready to state the martingale property concerning w.

Proposition 2.1. Supposet > 0, v € Q and w is the vorticity solution

of (1.8).

1) a) (Z5%(s A €):0 < s < t)is a continuous local martingale
where

(2.9) E=inf{s<t: Xb% € 00 and w(t —s; XH%) =0} At.
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(We assume the convention inf ¢ = 400).

b) If ¢ is large enough (i.e. ¢ > Ciq), (Z8%(s); 0 < s < t) is a
square integrable continuous martingale, Cy o being defined as

(2.10) Cio=-—min{w(s,z): 0<s<t, ze€Q}.

2) For any positive t, x in Q and velocity test function p,

1 v b,z vt,x a.s.
(2.11) EE[,O(X(TMW — p(XZ") | Fz] =0,
with,
(2.12) T=inf{s<t: Xt € 00} At.

PROOF. 1) t and z being fixed, we denote for simplicity X = X% and
A= Ab",
We apply the It6 formula

w(t — s, X,) = w(t, :z:)—f—/ Vo(t —r, X,)dB, — / g_w (t —r, X,)dA,
0 0

n

s Ow 1
—|—/0‘ <—a—uvw+§Aw>(t_rgX’r’)dr7

where 0 < s < t. w solves (1.8), therefore,

w(t — s, X,) = w(t, z) +/ Vw(t —r,X,)dB,
(2.13) 0
—/sa—w(t—ri)d;{
0 an Y T T o

Let us introduce, for all integer n > 1
~ ~ 1 ~
(2.14) fnzinf{sgt: lw(t — s, Xs)| < — and Xseﬁﬂ}/\t.
n

{En}nzl is an increasing sequence of stopping times converging to E
We set

(2.15) Mo(s) = exp (/O oot —r.X,)dA,)
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Using again the It6 formula we get,

wlt — s A&, X(sANE)) Mo(s A &)

s/\gn . .
=w(t,z) + / My(r)Vw(t —r,X,) dB,
0

. /Os/\gn ( B ]/\\/[/0(7’) g_w (t—r X))+ Mo(r) (wepo) (t—, X})) dA, .

n
But dw/0n —w ¢ = 0, then

_ _ SNEn _
(2.16)  ZyT(sN&y) = w(t,x) + / My(r)Vw(t —r, X,)dB, .
0

Part 1) a) follows immediately.

We note that (w+ ¢)(s,y) > a > 0 for any (s,y) € [0,t] x Q, w+c
solves (1.8) and

O(w +¢)
on

the former proof tells us that (Z5%(s); 0 < s < t) is a local martingale
and

—(w—l—c)ng:O,

(2.17) Z8%(s) = w(t,z) + ¢ + /S Mc(r) Vw(t —r,X,)dB, .

We write
Vw

wHc

The function Vw/(w + ¢) being bounded on [0,¢] x €, making use of
localization we have

Vw = (w+¢)

E[(Z"(5)°] < (w(t,2) +0)* + K /O E((Zt"(r))?) dr.

Gronwall lemma implies F [(Zﬁ"”(s))ﬂ < (w(t,x) +c)%ef5, 0 < s < t.
This shows 1) b).

2) Let p be a function of class C*° verifying (2.4)-(2.6) (i.e. pis a
velocity test function). We apply the It6 formula to p

pX) = o)+ | Tp(XE)aB,

- ~ 1 ~
- [l = X p(RE) - 5 Ap(EE)) .



342 S. BENACHOUR, B. ROYNETTE AND P. VALLOIS

Consequently (for simplicity we write T for T).

vit,x vt,x
P(X(T+h)/\t) - p(XT )
(TH+h)At

— [ vz,
T

(T+h)/\t . . 1 .
- / (u(t —r, X5T) - Vp(XE") — = Ap(Xﬁ’“’)) dr,
T 2

1 vtz vit,x
E E [p(XEj’jr_Fh)/\t) - p(X;’ ) | FT]
(2.18)

1 (T+h)At _ _
=] / (1t —r. Xt%) - Vp(X)
R Bl

- %Ap()ﬁﬂ dr> ) ]—'T} .

On {T = t} € Fr, the integral is equal to 0, therefore the limit is
0. Suppose {T" < t}. Recall that Ap = 0 in a neighbourhood of 02,
u and Vp are continuous functions, then the almost sure limit of the
right-hand side of (2.18) is —u(t — T, X22%) - Vp(X%"). But on {T < t},
X5" € 00 then u(t — T, X1") = 0.

Applying the stopping theorem we get:

Corollary 2.2. Recall that En is the stopping time defined by (2.14).

Then
w(t,@) = Blw(t = s A&y, X (s 1 E))
(2.19) s/\£~n
. ex o j(v-t,:r dgt,:r
ep(/o eo(t — 1, X,7") )}
w(t,z) + = B|(w(t - 5, X17) + o)
(2.20)

- exp (/ gpc(t -7, )?ﬁ’m) dgi’m>] ,
0

¢ being larger than Cy q.
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We would like to define a self-contained nonlinear stochastic system
—we call it the Stochastic Navier Stokes system (S.N.S.)— equivalent to

the Navier Stokes system. Proposition 2.1, tells us that X is a good
candidate concerning the stochastic part. It remains to express the drift
term Kw through the underlying process X.

Let us detail the (S.N.S.) system and its three conditions (S.N.S.1),
(S.N.S.2) and (S.N.S.3). The unknown parameters are w, {(X%®; 0 <
s<t), (ALT;0<s<t),t>0,z € Q}.

(S.N.S.1) For any positive t and z in §, consider the following reflected
stochastic differential equation

Xt =z + B, — / Kw(t —r, X5 dr
(2.21) o
— / n(XH%) dAL" 0<s<t,
0

(2.22) / L gtrcpny dART = AL forall s € [0,1].
0

(At* .0 < s <t) is the local time of X** on the boundary.
Recall that Kw is the function defined by (1.2).

(S.N.S.2) The process (w(t —s AT, X"%(s AT))) is a martingale, for
any t > 0 and x € Q, where T is the first hitting time of the boundary

T=inf{s<t: X"(s) € 00}.

(S.N.S.3) For any ¢t > 0 and velocity test function p

1 v i,z v i,z a.s.
LB (XL )~ p(Re7) | F7) 5 0,
for any x in Q.

We just now state the converse of Proposition 2.1.

Proposition 2.3. Suppose that (S.N.S.) has a unique solution

(W, {Xb® A® . 0<s<t}, t>0, ze€Q),
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where w is smooth. Then u = Kw is a solution of (N.S.) equation (i.e.

verifies (1.15) and (1.16)).

PROOF. 1) w is bounded on [0,] x €2, therefore (w(t — s AT, Xt%(s A
T); 0<s<t))is a bounded martingale. By the stopping theorem,

(2.23) wlt,z) =Ewt—sAT, X" (sAT))], 0<s<t.
The infinitesimal generator of ((t —s; X4%); 0 < s < ) is £, with

_of

1
99 +§Af—u-Vf>(t—s,x).

Lf(s,w) = (
(2.23) implies that w is the solution to the Dirichlet problem in [0, ] x Q
associated with £. Consequently w solves the vorticity equation (1.8).

2) Let p be a velocity test function (recall that p is of class C*°
and solves (2.4)-(2.6)). We are allowed to use relation (2.18)

Ep(X3",) = p(X5") | Fyl

SHES

1 T+h _ _
=-2 E[/~ Kw(t —r, XH") -Vp(Xﬁ’“)dr’ff] ,
T

since for h small enough Ap(X5*) =0, T <r <T + h.

We take the limit A — 04, the functions Kw and Vp being boun-
ded, we have
(2.24) Kuw(t—T, )’5;’”) : vp()?;”ﬂ) =0, almost sure.
From part 1) of Lemma 1.1, we know that (Kw) -n =0 on [0,¢] x 0f.
Consequently (2.24) is equivalent to

OKw ~ Stay 0P

t,x
“on VAT

3 ()??Tf) =0, almost sure.
n

Since z belongs to , conditionnally to {T' < t}, the distribution of

(T, X%w) is absolutely continuous with respect to (1o 4 (u) du) ® A(dv),

where X denotes the Lebesgue measure on 9. Assumption (2.5) implies
0Kw

W(t —s,y) =0, for almost every (s,y) € [0,t] x 9.
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OKw/0On being a continuous function, the former condition is equivalent
to (0Kw/0n) (s,y) =0 for any s € [0,t] and y € 0. u is a solution of
the (N.S.) equation because Kw vanishes on Ry x 0.

REMARKS 2.4. 1) (S.N.S.2) reveals the nonlinearity of X inside €.
Indeed, (2.21) shows that X depends on w; and the martingale property
(S.N.S.2) involving w depends on X.

2) (S.N.S.3) implies that the tangential component u-7 of u = Kw
is equal to 0 on the boundary of 2.

3) A priori, 1) a) of Proposition 2.1 seems a stronger condition
than (S.N.S.2). We claim that these two conditions are equivalent.

We remark that ZJ°(t AT) = w(t — s AT, X:/TT)’ where T is

the first hitting time of 0f2, and T < E and { is the stopping time
defined by (2.9). Therefore if w solves the vorticity equation (1.8),
(ZE" (s A €); 0 < s <t) is a local martingale, then (S.N.S.2) holds.

Let us analyze the converse. Suppose that the (S.N.S.) system has
a solution. Hence w solves (1.8). Applying the It6 formula we have,

w(t — s, X5%) = w(t, z) + / Vw(t —r, XH*) dB,
0
ow

— [ = (t—r, XPT)dAL"
- Xl ddl
Recall that
10w
SOO_(,{) an7

using again the It6 formula we obtain,

Zé’x (s) =w(t —s, )A(:;S) exp/ wo(t —, )?ﬁm) d;ﬁ{m
0
=w(t,z) + / Vw(t —u, X5%)
0

- exp (/ oot — 7, Xb%) dgi’$> dB, ,
0

s belonging to the stochastic interval [0, E]

This proves that (ZE" (s A€); 0 < s < €) is a local martingale (i.e.
1) a) of Proposition 2.1 holds).
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We analyze the integrability of At®_ This plays an important role
in Lemma 4.2.

Proposition 2.5. For any § >0, t >0 and x € ,
(2.25) E [exp (0AL™)] < oo
Moreover, for any k,

lim sup E[A%*]=0.
=0 <k

e

REMARKS. 1) In dimension 1, for the reflected Brownian motion, recall

d
that the local time at 0, LY, has exponential moments, since LY @

V't |N|, where N is a centered, unit variance, Gaussian random variable.
2) A similar estimation can be found in [S.V.].

PROOF OF PROPOSITION 2.5. 1) Let A > 0 be fixed.
We choose 7 :  — R, a function of class C? such that,

(2.27) v(z)>1, for all z € Q.
il
. ) 91 () =2,

ii) v(x) =2, for any x € 092.

A straightforward calculation based on the It6 formula and (2.28) shows
that (Us; 0 < s < t) is a bounded martingale, where X, = X5%,
Ag = AL* and

(2.29) U, = v(X,) exp (VA,) — /O ) H(r)exp (A, dr

1 ~ - ~
H(r) = B Ay(X;) —u(t —r, X)) Vy(X5) .
v being of class C?, H(r) is a bounded process, then there exists a
positive constant k such that |H(r)| < k for any r in [0,¢]. (2.27)
implies that

H(r) <|H(r)| < ky(X,), forallrel0t.
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Let {1, }n>1 be a increasing sequence of stopping times, converging to
t such that gtATn <n.

We replace s by s AT, in (2.29) and we take the expectation, we
easily obtain the following inequality

(@) = EUshr,]

> BR(Xnr,) exp (Mo, )] — hE| /O (X exp (VAL dr]

We set a,(s) = E ['y()?s/\Tn)eXp (AZsATn)]. The former inequality is
equivalent to

an(s) <~v(z) + k:/s oy (u) du, for all s € [0,1].
0
Using the Gronwall lemma and (2.27) we conclude that
Elexp A Agar, ] < ~v(z) €.
We take the limit n going to infinity,
Elexp A A,] < y(z) e .
2) As for (2.26), we take vy : Q@ — R of class C?, such that

9%, 21, forall z € 99,

on
We apply the Ito formula and we take the expectation

B4 = B hole) — 20(Xe%) + [ Ch(r)dr,

h(r) = B[ Aqo(XE") — ut - r, K%) Vro(XE")]

Since 7y is of class C2, h is bounded, moreover the continuity of (¢, , s)
— X% implies that (2.26) is verified.

Before ending this section we prove some properties concerning
the distribution of X% (respectively fo (r, Xt)dAL) when X! is uni-

formly distributed on €.
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Notations. 1) A is the normalized Lebesgue measure on Q: \ is pro-
portional to the Lebesgue measure on {2 and A(2) = 1.

2) Let h: Q — R and F : C([0,t]) — R, we set
EpalF(X050< s < t)]

(2.30) _ / E[F(X'";0<s <t)]h(z)\dz).
Q

(2.30) is meaningfull if for instance h and F' are positive.

Proposition 2.6. 1) Suppose f : & — R and F : [0,t] x 0Q — R,
H :[0,t] x 992 — R are bounded Borel functions. Then, for any s in
[0, 1],

(2.31) E\[f(X1)] = /Q f(z) (dx)

(2.32) EA[/OS H(r, )?ﬁ)dﬁfﬂ] = %/Os ( ” H(r,x) d:z;) dr.

PROOF OF PROPOSITION 2.6. 1) The first identity is classical. Let L
be the infinitesimal generator of X and L

L(f):%Af+u~Vf.

L and L are symmetric with respect to the probability measure A\ (see
Section 3), therefore A is the invariant probability measure of X.

2) We analyze (2.32). Let g : [0,#] x @ — R be of class C2. We
apply the It6 formula and we take the expectation

Ex[g(s, X))

= /Qg((),:p) d\(z) — E\ [/OS g—i (r, X;) dgi}

/1 dg =
+F / —Ag(r,") —u(t —r,)Vg(r,-) + == (r,") ) (X) dr| .
AL (3800 —ute = )90 + G0 (XD
We use the former identity (2.31)

" 99

o (r, X)) dAD)| = Ay + 4o
0

‘|
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where

A = /Qg((),x) d\(z) — /Qg(s,:p) dA(z) + /08 ( . %(T, x) A(dac)) dr,

Ay = /OS (/Q (% Ag(r,x) —u(t —r,z) Vg(t,x)) )\(dac)) dr.

It is obvious that A; = 0.
We transform As through Stokes formula, and an integration by
parts,

dg

/ Ag(r,z) A(dz) = B (r,z)dx,
Q o0

/ u(t —r,x) Vg(r,x) Ndz) = — / g(r,x)divu(t —r,x) A(dx) = 0.
Q Q

(Recall that divu = 0). Therefore

EA[/Osg—i(r,)Zﬁ)dgﬂ = %/Os (/(992%(7“,30)6&) dr.

For any g, of class C2. (2.32) is a direct consequence of the monotone
class theorem.

3. Fokker-Planck interpretation of the vorticity equation.

Let w be the vorticity associated with u, u being the velocity solving
the Navier Stokes system. Recall that w solves (1.8).

We know that if D is a diffusion process with drift term b, and
coefficient of diffusion identically equal to 1, the density ¢ of D verifies
the Fokker-Planck equation
(3.1) g—f:%Aw—ngp—(divb)gp, t>0, xe€0.

Since divu = 0, if we choose u = b, we note that the vorticity equation
can be written as a Fokker-Planck equation.

If Q is equal to the whole space R?, w is the “density” of D, D
starting with initial distribution wp(x) dx

(3.2) /R W) w(t, ) do = / wo(x) E [h(D?)] dx,

R2
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where D? solves,
t

(3.3) Dy :ac—l—Bt—I—/ u(s, D?)ds.
0

B being a two-dimensional Brownian motion, By = 0.

In our context we guess that the underlying process associated with
w (or u) has to stay in Q. It is a well-known problem solved by adding
a local time process in the right-hand side of (3.3).

More precisely let X = ((X/%; s > 0),2 € Q,t > 0) be the family
of diffusions, with normal reflection

Xt — 24+ B, + / u(t +7, X0%) dr — / n(X57) dALT
(3.4) ’ "

S

n(y) is the normalized outer normal vector at y € 99, (AL%; s > 0)

is the local time process corresponding to a normal reflection at the

boundary. We know that X!* belongs to (1 for any (s,¢,z) in R? x Q.
The aim of this section is double. We prove that & and X are in

duality, X = ((X1*;0 < s < t); (t,7) € Ry x Q) being the family

of stochastic processes introduced in Section 2, and especially in (2.1).

We also come back to the interpretation of w as a “density” function.
We keep the same notation we have introduced in (2.30)

EpalF(X!;0<s<t)]

(3.5) _ / E[F(X5:0<s <t)] h(z) Adz),
Q

(36) EnalF(X!':s>0)] = /Q E[F(X5"; s > 0)] h(x) A(dr)

where h: Q@ — R and F : C(R,) — R are Borel functions. \ denotes
the normalized Lebesgue measure on 2. B
We begin with the duality between & and X.

Proposition 3.1. i) Suppose t > 0 and F : C([0,t]) — R be a Borel
bounded function, then

(37)  EAF(X2;0<s<t)=Ex\F(X{_,;0<s<1t).

t—s»
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ii) In particular if 0 = sg < 81 < --- < s, <t and fo,...,fn: Q2 —R
are bounded Borel functions we have

Exlfo(X5) fu(XE) - fu(XQ,)]

(3.8) - - =
= E)\ [fo(Xf_so) fl(Xf—sl) T fn(Xf—sn)] .

PROOF. The result is well-known if X or X are homogeneous Markov
processes. Here they are not, therefore we briefly indicate the main
steps of the proof. The monotone class theorem implies that it is suffi-
cient to verify (3.8). Using the Markov property and induction we can
reduce to n = 1. We set

§ = Ex[fo(X2) f1(X2)],

g: EA[fO(Xf—So) fl(j{v’f—sl)] ’
0=s9<s1 <t

Let (Ars)o<r<s (respectively (7\i,5)0<r<55t) be the non homogeneous
semigroup associated with X (respectively X?).
We denote by L, and L% the infinitesimal generators of A and A

Lef(a) = 5 AF(@) + u(r2) V()

1

Ly f(z) = 5 Af(z) = u(t = r,2) Vf(2),

for any f of class C? in Q, and verifying

of _

n 0, on 0f).
1) We claim that
(3.9) (9. Lef)a=(f.Li_yo)x,  0<r<t,
where f and g are of class C?,
of _ 99 _

6n_8n_0
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and
(3.10) (= [ 1) g(w) o).

We integrate by part, making use of Stokes formula

[ s@ Let@yas = 5( [ re)sgadns [ g o aﬂfan>

- [ 96 sla) divatr.a) d
- [ 1@ w2 Vaenas + [ ugr.

Since df/On, 0g/0n, ujsq and divu cancel, we obtain (3.9).

2) In this second step, we prove

(3.11) (F Rmaier®r = (Arsfighn,  O<r<s<t,
for any f and g of class C%, 3f/0n = dg/0n = 0.
We set
~t
Oé(h) = </\T,hf7 /\t—s,t—hg>>\ ) h € [Ta S] :

We take the derivative of «

~t =~ ~1
O/(h) = (Ln Ao f, /\t—s,t—hg>/\ - </\r,hf, Lt—h/\t—s,t—hg>>\
because

0 0 ~t ~ ¢
9 Aen [ =Ln Ao f and %/\t—s,t—h = —Li—nNy_si—p -

(3.9) implies that o/(h) = 0, for all h € [r,s]. Hence « is constant
a(r) = (£, Rispr9n = als) = (Araf )
3) We come back to § and 6. We have
6 = (fo: Nosy f1)x
BAlAXE )Ry e Jo(KEi)) = (1 Ry ((Riosy e fo)
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We apply twice (3.11),

~ ~t ~t
6= (1, fiy_s, e Jodn = (f1, Ni—s, e fo)x = (No,sy f1, fo)a = 0.
Propositions 2.5 and 2.6 admit a dual version.

Proposition 3.2. 1) Let f : @ — R and H : [0,t] x 9Q — R two
Borel bounded functions then,

(3.12) E\[f(X0)] = /Q f(2) \(de).

(3.13) EA[/Ot H(r,X?)dAS} - %/Ot( 0 d:c> dr,

(3.14) E\lexp (0AY)] < o0, for any 6 >0,
(3.15) lim sup E[AY*] =0, (cf. (2.26)).
u—0+ z€Q
0<t<k

We omit the proof of the Proposition 3.2.
Before stating the analog of Proposition 2.1, let us introduce
(H!)o<u<: the natural filtration generated by (X;—,; 0 < u <t)

u

(3.16) H,=oXy;t—u<v<t), H,=(H,.

v<u

Proposition 3.3. Suppose that t > 0 and w is a solution of (1.8).
1) a) For any h : Q — R Borel bounded function,

(h(Xf) Wit —sAEXO(t— s AE))
(3.17) :
-exp(/t (po(r,Xg)dAr>; 0§s§t>

—sNE

is a (Px, H') continuous local martingale, where @, is defined by (2.7)
and,

(3.18) ¢ =inf{s <t: w(t—s,X(t—5)) =0 and X°(t—s) € OO} At.



354 S. BENACHOUR, B. ROYNETTE AND P. VALLOIS
b) Ifc> Cpq (Craq is defined by (2.10)),

(h(Xt) (w(t — s, X°(t — 5)) + ¢)
(319 - exp (/t we(r, X?) dAQ) 1 0<s< t)

—S8
is a (Py,H!) square integrable continuous martingale.

2) The tangential component of the velocity of X° vanishes on the
boundary.
Let p be a velocity test function, then

]- a.s.
(3.20) = Exlp(X740) — p(X7) | Hp] == 0,
—Y+

where T is the H-stopping time,

(3.21) T=inf{s<t: X°(t—s)€c o0} At.

PROOF. For simplicity we write X; instead of X. We set, for any
c>0

Ze(s) = h(Xy) (w(t — s, X;_5) +¢)

(3.22) :
-exp(/ goc(r,XT)dAT>, 0<s<t,
t

—S8

fn:inf{sgt: w(t—s)X(t—s)Sl
(3.23) n
andX(t—s)EBQ}/\t, n € N.

{€,}n>1 is an increasing sequence of H'-stopping times converging, as
n goes to infinity, to &.

Let 0 <ug<u; <t,0<sg <81 <+ <58y <ug, ', T'1,..., T,
Borel subsets of R and

A — {Xt—s() E FOaXt—Sl 6 Fla PPN 7Xt—sn E Fn} .
Using the duality property (3.7) we obtain

E\[Ze(ur A &) 1a] = BEx[ZE(u A E,) 15]
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with A = {X! €Ty, X! €Ty,...,X! €T,}. Recall that Z! and &,

were introduced in (2.8), respectively (2.14).
We apply 1) a) of Proposition 2.1

E\[Zt(ur NE)15) = Ex[ZE(uo A E2) 15].

The duality property implies (3.17).

A similar approach and (2.18) estimate prove (3.19). As for (3.20)
we mimic the proof of (2.11).

Recall that {&,},>1 is the increasing sequence of stopping time,
converging to £. Using the stopping theorem and (3.12) we obtain:

Corollary 3.4. For any bounded Borel function h, t > 0 andn > 1,

we have
(h,w(t,~)>,\:/ﬂh(x)w(t,x) dA(x)
(3.24) = Bx[h(X{)w(t — &, X°(t ~ £,))
.exp(/t; polt, X2) dA?) |,

hy (Wt ) + ) = /Q h(z) (W(t,7) + ¢) A(da)
(3.25) = B[ X0y ([ ol X0 dn?)]

REMARK 3.5. 1) A priori we are not allowed to drop &, in (3.24) since
we do not know if

(Zo(s); 0<s<t)

= (h(XtO)w(t — 5, X%t — s5)) exp (/t; wo(r, X?) dAS) ;0<s< t)

is a (Py, H')-martingale.

We note that if wy is analytic, w is also an analytic function defined
on Ry x Q ([Ko]). Therefore {(t,z) € Ry x 9Q : w(t,x) = 0} is a finite
union of C'° curves. X being a nice diffusion process, it does not visit
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this set: for any ¢ > 0, almost surely, w(t, X,) # 0 for all » € [0,¢].
Hence,

(3.26) / loo(r, X,)|dA, < 400, almost sure.
0

We conjecture that

(3.27)  (h,w(t,-))» = Ex [wO(Xg)h(Xf)eXp (/Ot o(r, XS)dAT)] .

2) Following the convention (3.6) we rather write the former iden-
tity

329 {holt D = Faoa 3D 00 [ ol x0)a4,)].

Recall (see Lemma 1.1) that u can be expressed through w via an inte-
gral

u(t,z) = Kw(t,x) = /QViG(x,z)w(t,z) dz,

G being the Green function of A on 2. Therefore we have the formal
expression of u

(3.29) u(t,z) = Eyyoa [ViG(m, Xt) exp (/Ot wo(r, X;) dAT>] :

We point out that the right-hand side of (3.29) is a double integral with
respect the probability measure A ® P. It seems difficult to check that
this integral is convergent in some sense.

Let us define the stochastic differential system (S.N.S*.) based on
x:

(S.N.S*.1) Suppose z € Q. Let us consider the following reflected
stochastic differential equation in 2,

X% —x + B, + / Kw(r, X% dr
(3.30) o
—/ n(X%%) dA%* s>0,
0

(3.31) /0 1 yoocoq) dADT = A2 5 >0.
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Kw being defined by (1.2).
(S.N.S*.2) For any h :  — R Borel bounded function,

t

((h(XtO)w(t—sA& Xo(t—s/\ﬁ))exp</ po(r, X7) dA?) ;0<s< t>

t—sAE

is a (Py, H') continuous local martingale, where ¢, is defined by (2.7)
and ¢ by (3.18).

(S.N.S*.3) Let p be a velocity test function,

1 a.s.
= Balo(X7n) — p(X7) | HE] = 0,
—04
where T is defined by (3.21).
We are able to state a second stochastic system equivalent to the
(N.S.) one.

Proposition 3.6. Suppose that (S.N.S*.) (= (S.N.S*.1) + (S.N.S*.2) +
(S.N.S*.3)) has a solution (w,{(XL*;0 < s < t),(4AL";0 < s <
t);t >0, x € Q} w being a smooth function; then u = Kw is a solution
of the (N.S.) equation. Conversly if u = Kw solves the (N.S.) equation,
then the (S.N.S*.) system has a unique solution.

PrOOF. It is a direct consequence of duality (Proposition 3.1) and
Proposition 2.3.
4. Branching particle system associated with the Navier-

Stokes equation.

1) Heuristically (see the Remark 3.5) w(t,-) can be interpreted as
a density function

t
(h,w(t,))x = Euwg-a [h(Xt) exp (/ wo(r, X) dAT>] .
0
If the sign of g is constant and negative, w(t,-) is truly the density

of X, starting with initial “distribution” wq - dA, and killed with the
multiplicative functional

exp t(po(r,Xr)dAr;tZO :
(0]
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Here (g is not negative. To take into account the sign of ¢, a branching
particule system Y is very adapted. We keep in mind that ¢ < 0 (re-
spectively ¢g > 0) corresponds to disappearing (respectively creation)
of mass.

More precisely we know that Y takes its values in the set of finite
linear combinations of Dirac measures

Ny
=1

where ol belongs to N, Y, is an element of ).
Then if h : 2 — R is a bounded Borel function, we set

Ny
_h(z)dYi(z) = >_arh(Y).

(12) v = [

The aim of this section is the construction of a branching particle system
Y such that

(4.3) (h,w(t,-))x = E[{h,Y1)].

w appears as the mean value of the density of particles (V) associated
with Y.

2) We follow the introduction of branching particle system given by
Dynkin [D] and we adapt directly the general definitions to our context.
Such a system is based on three ingredients:

a) a Markov process ((XZ'; s > 0), x € Q, t > 0) coming from
(3.4),

b) a positive continuous additive functional C' of X,

c) an offspring distribution p = (p,(t,7);t >0, z € Q),>1 on N,
indexed by R, x €2: for any n, p, is a non negative Borel function and

(4.4) > paltz)=1.

n>0

We denote by « the generating function associated with (p,(t,x); ¢t >
0, € Q)

(4.5) at,z,u) = an(t, x)u", u € [0,1].
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It is supposed, that

(4.6) B(t,x) = Z npn(t, x) is bounded .
n>0

The description of the branching particle system Y with parameters X,
C' and p (we note for simplicity Y = (X, C,p)) is easy to understand.
Suppose that the system starts with on particle located at = € Q. We
choose & an exponential random variable with parameter one, inde-
pendent of X. The dynamic of the initial particle is given by X up to
the first branching time U; = inf{s > 0: Cs > & }. At time Uy, the
particle dies and a random number Ny, of new particles spring from the
ancestor particle, according to p. The conditional distribution of Ny,
given the past up to time Uy, is (p, (U1, Xv,); n > 0). The Ny, parti-
cles move independently off each other, as X, up to a second branching
stopping time. A new branching occurs, and so on.

3) Let X, C and p be the parameters of Y.

We denote by (Y5*; s > 0) the branching particle system starting
with one particle at x € Q, with dynamic (X%%; s > 0) and offspring
distribution (p,(t +s,7); s >0, x € Q),>1 and

(4.7) W(t,z;s) = Elexp (—(h, Y"))],

for any (s,z) € Ry xQ, h: @ — R, Borel positive bounded function.
W solves the basic equation (see [D, (1.5)])

Wit z;s) = E[/ alt+r, XE W(u, X" s —1))dC,
0

(4.8)
+ Elexp —h(X1™")], s>0,
where
(4.9) at,z;u) = a(t,z;u) —u = an(t,x) u" —u,
n>0

where t >0, x € Q, u € [0,1].
4) We are interested by

(4.10) v(t,x;8) = E[(h,Y}")], 5>0,
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h being a positive and bounded Borel function.

Obviously (h, Y ") > 0, however we do not know if this positive
random variable has a finite expectation. We are interested by branch-
ing processes Y such that,

(4.11) sup E[(h,Y}")] < 40,
z,0<s<t

for all h Borel positive bounded functions. It is clear that previous
assumption is equivalent to

(4.12) sup E[(1,Y}™")] < 0.
z,0<s<t

We remark that (1,Y} %) is the number of particles still living at time
s.

Proposition 4.1. Let Y be a branching process with parameters
(X,C,p). We suppose that (4.11) holds. Then the function v defined
by (4.10) solves the “integral” equation

(413) v(t, v 8) - E[/OS(ﬁ(t +, Xﬁ’m) - 1) U(ta Xi’m; S — T) dCr

+ E[h(X7)],

where h is a positive and bounded Borel function and 3 defined by

(4.14) B(s,x) = Z kpi(s,x) < 400,
k>0
and verify
(4.15) sup f[(s,x) < +00.
x,s<t

PROOF OF PROPOSITION 4.1. Since ¢t > 0 and = € Q are supposed
to be fixed we write X (respectively Y, v) instead of X** (respectively
Y4 v(t,x;-)). Let a be a positive number, and W the function defined
by (4.7), where h is replaced by a h

W (s) = B [exp —a (h, Y2)]
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Applying the dominated convergence theorem and (4.11), we have,

9
da
On the other hand, (4.15) and (4.11) imply,

W(s)la=o = —E[(h, Y5)].

oa
sup |9 (4w w)| <1+ sup 8(r,) < +oo,
z,u,r<s Uu z,r<t+s
ow
sup |—— (7“)‘ < sup FE[(h,Ys)] < +o0
x,r<s Oa z,r<s

Since W solves (4.8), we are allowed to take the partial derivative with
respect to a, in (4.8). If we choose a = 0, we obtain immediately (4.13).

Lemma 4.2. Let (X, C,p) be the parameters of a branching process 'Y .

We suppose,

(4.16) E*exp (0 Cy)] < +00,
for any x € Q, s,t >0, and 6 > 0, and

(4.17) pr(s,z) =0, if k> 3.

Then (4.11) holds.

PROOF OF LEMMA 4.2. 1) Let 7 be the right inverse of C: 7, = inf {s >

0, Cs > t}. By a changing of time,
—t,x

(4.18) (LYP") =(1,Y,7), s>0,

where Y is the branching process associated with (X,.,t,p).
Assumption (4.17) tells us that

(4.19) (1,Y0") < ps .

Where (ps; s > 0) is the Yule process (each particle lives an expo-
nential time and then splits into two particles). It is well know ([AN,
p. 109]) that p, is geometrically distributed with parameter e”*, b being

a positive constant

Plps=k+1)=eb (1 —e bk, k>0.
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Therefore
(4.20) E(p?) < 2e%s.
2) We set N, = (1,Y)").
We have,
E(N;) = Z E [Nsl{TnSS<Tn+1}] :
n>0
Moreover,

E(NS 1{'rnSSSTn+1}] <K (NTn+1 1{52%}) < (E [(N

Tn+1

)] P(s > )Y
On the one hand, (4.18), (4.19) and (4.20) imply

E[(N

Tn+1

)2] <FE [P%H] < 220D
On the other hand,
P(s>7,)=P(Cy>n)=P(?“ > ') <e M E[fCs]| <e M B (7Y

f being a positive number.
Let us take § = 3 b, making use of (4.16), we obtain

P(s>1,) < Ce3",

As a result
sup F (Ng) < C"(Z e_b(”/Q)) < 00,

x,s<t n>0

(4.12) (or (4.11)) follows immediately.
We now investigate uniqueness in (4.13).

Lemma 4.3. Lett > 0, and h be a bounded and positive Borel function.
We suppose that (4.15) holds and

(4.21) lim sup E*'(Cy) = 0.

s—0+ z€Q

Then there exists at most one bounded function v solving (4.13).
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PrOOF OF LEMMA 4.3. Suppose that v; and vy are two bounded
solutions of (4.13). We set v = v; — va. Then

(4.22)  w(t,x;s) = E[/S(ﬁ(t +r, X5 — Do(t, X", s —r)dC, |,
0

(4.15) implies that,

A:=1+ sup f((s,x) < +00.
x,s<t

Consequently, (4.21) implies that, there exists 0 < g < ¢ such that

1
sup EY(C,) < =, for any s <t .
T€Q 2\
We come back to (4.22)
1
sup ot 73 8)| < A sup [o(t,259)]) —= .
z,s<t, x,5s<tg 2\

Since v is bounded, the former inequality says that v(¢, z; -) vanishes on
[0, to].

By the same way, v(t,x;-) = 0 on [to,2t9] N [0, t].

This shows by induction that v(z,¢;-) = 0 on [0, t].

5) Let (Xi®;8 >0), 2z € Q, t > 0) be a diffusion process,

taking its values in €2, and C' be a continuous, non-decreasing additive
functional, vanishing at 0 verifying (4.16) and (4.21).

We introduce a new additive functional based on a Borel function
a:Ry xQ—R

(4.23) C@(s) = / la(t + 7, X2®)[dC,,  s>0.
0

It is supposed

(4.24) sup |a(z,s)| < +o0.
x,s<t

Consequently,

(4.25) CW(s) < \Cy, foralls<t,
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where \; is a positive constant, independent of z. We define the off-
spring distribution p(®) associated with a

pP(tx) =0, ifk#Oork#£2,
(4.26) pga)(t,x) =1, if a(t,z) <0,
P (ta)y=1, ifa(t,z)>0.

In other words,

(4.27) P\ (t,x) = Lia(t,2)<0} 00 + L{a(t,z)>0} 02 -

Theorem 4.4. Let Y be the branching process, Y = (X, C’(“),pﬁl)).
We suppose that (4.16) and (4.21) hold. Then for anyt >0, x € Q, h
Borel, positive, bounded function

(4.28) E[h(Xf;’m)eXp ( /O Calt 4, Xﬁ’l’)dCTﬂ — E[(h, Y1)

PROOF OF THEOREM 4.4. 1) Let t > 0, z € Q and h > 0 be fixed. We
set

(4.29) v(t,x;s) = FE [h(Xﬁ””) exp (/OS a(t +r, X5H") dC’T>]
and
(4.30) v(t,z;s) = E[(h,Y}")].

(4.16) and (4.25) imply that C(®) also verifie (4.16).
Obviously (4.17) is realized, therefore Lemma 4.2 tells us that YV
verifies (4.11). Applying Proposition 4.1, v solves

oftszss) = B [ (000 +r.x7) - 1)
0
(4.31) o(t, X055 = 1) dC | 4+ B R(XE7)],

B (s,2) =S kp (s,2).

k>0
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but
B (s,2) =1 =2 La(sa)>0y — 1 = sgn (als, z)),
dC = |a(t + 7, X")|dC,

(4.31) can be reduced as follows,

(4.32) vitzis) = E[/O a(t +r, X" )v(t, X" s — ) dCr]
+ E [h(X:)].

2) Suppose that v solves (4.32).

We have already remarked that Y verifies (4.11), then v is bounded.

C(®) has the property (4.21) (it is an easy consequence of (4.25)
and (4.21)).

Applying Lemma 4.3, we can conclude that v = v. This means
that (4.28) is verified.

3) We have to prove that v solves (4.32).
We set

S
p= E[/ at +r, X)) o(t, X", s —r)dC,.| .
o
Using the definition of v, and Markovian notations,

][ttt
0

BN e ([ e+ u X0 ac)]ac]
0

A straightforward application of the Markov property gives

p=E[ [ alt+rx07) n(XL7)
0

: <exp (/O_ at+r+u, X507 dcw)) dcr} .

It is convenient to introduce the following multiplicative functional,

M, = exp </r a(t +u, X5*) dCu> .
0
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We have

M, = M, exp ( / Calt 4 u, X5 dCu>

S—T
= M, exp (/ a(t +r+ u, XZ’L) dC’u+r> : r<s,
0

dM, = a(t +r, X*) M, dC, .

Hence

p = B[MA(X")( /0 8 @ )],

1
M

But v(t, x;s) = E[Msh(X5")], then v verifies (4.32).

p = BIMI(XE") (1= 57)| = EIMA(XE)] = E[h(XE7)).

We are now able to prove that w+c can be interpreted as the “den-
sity” of a branching process Y.,w denoting the solution of the (N.S.)
equation. We apply the Theorem 4.4. We have to define the underlying
process and the functions a,p and C.

6) Let ((X1%;5>0);2 € Q, t > 0) be the family of diffusions
defined by (3.4).

e ¢ denotes a constant, ¢ > Cy . (Recall that_C’tyg is defined by
(2.10) and w(s,x) + ¢ > 0 for any s € [0,t] and x € Q).
e We define the function a as follows
ow

(4.33) a(s, ) = (i) (5,2) Liscon)

w—+c
e p is the offspring distribution based on a (cf. (4.26)),

(4.34) pr(s,z) =0, ifk#0ork#2oraxz¢god,

(4.35) po(t,x) =1, if g—w(t,x) < 0and z € 092,

n

(4.36) pa(t,z) =1, if g—w(t,x) >0 and x € 0.
n
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We will say that (s, ) is a annihilation (respectively creation) point
of the vortex if z € 9Q and (Ow/0n) (s,x) < 0 (respectively (Ow/0On)
(s, ) 2 0).

e C(@) coincides with A(®), where A is the local time process asso-
ciated with X (see (3.4)), namely

1

— a4
w(r, Xp") + ¢

¥ 0w
4. (@) — / ——(r, XL
(4.37) Cs ; )an(n 7

Before stating the main result of this paper, we recall a notation (see
for instance (2.30))

(4.38) Enal(f,Y)] = / h(x) E [{f,Y2)] A(de).

where h and f are two Borel and positive functions, A is the normalized
Lebesgue measure on 2, (Y*; s > 0) is the branching process starting
at &, associated with X**, C, and p).

Theorem 4.5. Lett > 0, ¢ > Cyq, w be the vorticity solution of the
(1.8) system. Then

(4.39) Ewoteyal(h, Ys)] = /Qh(x) (w(s,z) + ¢) A(dx) ,

for any s <'t, and h Borel and positive function.
PrROOF OF THEOREM 4.5. We apply Theorem 4.4
E[h(X>*)M] = E[(h,Y2")],  s<t,

where h > 0 and

M = exp (/OS <w i . g—:) (r, XB’I)dAg’”:) :

We multiply the former equality by (wo(z)4+c), we integrate with respect
to A(dz), wo + ¢ being non-negative, we have

Bty r[(h YV = Elwo ey a[R(XT)M] .
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Let v be equal to the right hand-side of the previous identity. Using
duality (cf. Proposition 3.1), we have

¥ = Exl(wo+¢) (Xg) h(X) My] = /Qh(SE)E[(wO-FC) (X9") M) A(dx) .

Obviously M, = M., M(wo + c) (X2) = Z37(s), (Z5%(r), 0 <7 < )
being the process defined by (2.8), then

)= /Q W) B (257 (s)] A(de)

But (Z5%(r); 0 < r < s) is a martingale (¢f. 1) b)), Proposition 2.1),
therefore, B B
E[Z22%(s)] = E(£22°(0)) = w(s, ) .

This achieves the proof of (4.38).

REMARK 4.6. We have proved,

E(wo+c)~>\ [<h7 Y5>]

(4.40) s
- E(""O""C)')\ [h(Xg) exXp (/0 (pc(ra XB) dAr>] )
where
1w
Pe = w4+con

5. The particle algorithm associated with the branching pro-
cess.

In sections 3 and 4, we suppose that the solution u (or w) of the
(N.S.) system is given, and then we defined two nonlinear stochastic
processes X and X , and a branching process Y. We proved that v and
w can be expressed through X, X and Y. In this nonlinear context, it is
classical [McK] to introduce a particle algorithm having the propagation
of chaos property. Our closed formulas allow us to guess the dynamic of
the particle system associated with the (N.S.) equations. Unfortunately
we are not able to check the convergence. We are convince that is it
interesting to write it out, it will appear as a program.
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1) Let N > 1 be a fixed integer (N will go to infinity later). Recall
that ug is the initial data in (N.S.), and wy = rot ug.

a) X¢,..., X}V denote N independent and equidistributed random
variables taking its values in €2 with common density

1
/ (wo(@) +7) dz
Q

(wo +7),

where 7 is a constant, supposed to be large enough. In particular
wo(z) +7v >0, for all x € Q.

b) We define the underlying system of particles, up to the first
branching time in the McKean’s sens.

X = (XZ’N; t>0;1<i<N)is the ﬁN—values diffusion solving
the (linear) reflected stochastic differential equation

t
XN =Xl + B! +/ un (s, X5N) ds
0

t
(5.1) —/ n(XM)dAY ,  0<i<N,t>0,
0

t
0

n denotes the outer normal of NN, (B?; 1 < i < N) are N indepen-
dent two dimensional Brownian motions and Bj = 0, independant of
(X¢;1<i<N).

The function uy will be defined in c¢). It corresponds to some
approximation of u.

c¢) Let un be the empirical measure,

N
1
(5.2) pn(t) = N ;5)(#’” )
Recall (Lemma 1.1) that

(5.3) u(t,z):/gvj G(z, 2" w(t,2")dz,
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G being the Green function of €2 (see (1.3)).

If ¢t is small (lower than the first branching time) the branching
process Y; reduces to dx¢, therefore pun(t) is a good candidate to ap-
proximate w(t, x) dz.

We set

At 2) = /vz (2. 2) (8, d2")]
(5.4) 1
- < ZE [ Gz XiNY]

Unfortunately z — 7+ G(z, 2') has a singularity at z = 2/, therefore
we regularize uy, by replacing uy by uy * Vy, where Vy(z)dz con-
verges (in R?) to &y (choose for instance, Vn(z) = N2V (Nz), V > 0,
fRQ x)dxr =1,V of class C*°, with compact support)

N
(5.5) un(t,z) = Vy *Un(t =%Z Vv v G, X0V ) (2)].

Hence uy is C°, and x — un(t,r) is of class C?, therefore the 2N-
dimensional stochastic differential equation (5.1) has a unique and
strong solution. It is meaningful to set

(5.6) WN =Totuy .

2) The first branching time.

a) Let &1,&,...,&n be N independent, and exponential random
variable (with unit parameter), independent of the previous system of
particles. The first branching time T is defined as follows

(5.7) T =inf{T,: 1<i< N},

(5.8) T, =inf{t>0: /Ot (wN+7‘awN )(s, X1y dAY > &}

b) Suppose that T'= T;,. Then XF?’N € 09). We have the alterna-
tive

(5.9)— an(T, X2N) <0,

(5.9)+ an (T, XNy >0,
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where

1 &uN
wN+7vy On

(5.10) an(s,z) = ( )(s,:p) ,

ay is some approximation of a, a being defined by (4.33).

i) In the negative case (5.9)— according to (4.34)-(4.35), the par-
ticle i¢ is killed at time T' = T;,. The N — 1 remaining particles start
afresh ’ '

(XN, X BN et LN X N

and move as (5.1) with drift coefficient ug\}),

N
5.11) WO, 2) = % S B Vi + vt GG XY (2)].

i#io

1) . . . ..
ug\,) is associated with the empirical measure

(1) RS
' () = % > Sy
i
Note that the factor of normalization is 1/N and not 1/(N — 1).

We define as in (5.2) the second branching time and the branching
dynamic.

ii) If (5.9)+ holds, the particle iy dies and has two descendants.
Then the N + 1 processes move after T', as previously.

After having generated N —1 or N +1 particles, a second branching
time is defined by the same way.

3) Conjectures. We claim that the offsprings of one particle (for
example, the first one), Yy coming from the former procedure converges
in law, as N goes to infinity, to the branching process Y.

Another open question is : can we take v = 07 In this situation we
introduce in the algorithm signed particles. Particle 7 is said positive
(respectively negative) if wo(Xg™) > 0 (respectively wo(XiY > 0), the
density of Xé’N being equal to

|wo ()|

| o@lds
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The sign SS’N of XZ N remains constant, for any time t. uy is replaced
by the signed measure,

N
1 i N
pn(t,-) = N E_l S Oxin

When Q = R?, Marchioro and Pulverenti [MP] has introduced signed
particles in order to take into account the non-positivity of w.

If v = 0, is this algorithm converging?
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