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A Regularity Theorem

for Curvature Flows

Lihe Wang

1. Introduction

The regularity theory of minimal surfaces and minimizers of other elliptic
functional is well known, due to DeGiorgi [DG], Federer and Fleming [FF],
Reifenberg [R] and F. Almgren [A]. However the only regularity theory of
evolutionary problem is due to K. Brakke [B] about mean curvature flow of
unit density surfaces. Here we prove a regularity theory for general surface
flows with a similar density condition (Section 2, Definition 9). The evo-
lutions that we deal with do not necessarily come from a gradient flow of
some functionals. This is the generalization of the paper [W2] where the
corresponding elliptic problem was studied.
The equations that we consider are the following

(1.1) V,— F(II,v) =0,

where V; is the normal velocity, II is the second fundamental form of a
surface S and v is its normal. We assume that F' is uniformly elliptic along
the solution surface and Lipschitz in v and linear in II. Precise definitions
of these terms are in Section 2.

The first example of this kind of equations is

(1.2) V, — F(ILv) =V, — trl,

whereas the corresponding solutions are the surfaces moving with their mean
curvature.

The main result in this paper is to show that S is regular if it is flat
enough and has density close to 1. One of the main difficulties is that the
area of S does not make sense.
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2. Basic definitions

We will use the notations introduced in [CW]. We will repeat the definitions
for completeness.

Let F be a function defined on symmetric (n+ 1) X (n+ 1) matrices and
R"MN\{0}. Let S be a surface. Let T, be the subspace perpendicular to v.

Definition 1 Let II be a 2-form on T,. Then an (n+ 1) X (n + 1) matriz
M is called a representation of II if

v Mv = I(v,v)
for any v L v.

Definition 2 Let M be a representation of a second fundamental form, v
be a normal vector and (e;, - - e,,v) be an orthogonal coordinate system. If
11 is represented in ey, - - -e,,v:

My - Miyp, Mgy

Mn—l—l,l Mn—l—l,n Mn+1,n+l

then we denote MV, the matrixz of the second fundamental form, the following
matrix

My - M,
Mn,l Mn,n

and let
|M[" = [M"].

We remark that MV is the matrix of the second fundamental form with
representation M and normal vector v, then |M?| = inf{|N|: N is a repre-
sentation of the second fundamental form represented by M }.

We will assume that F' is quasilinear in /7. Namely we assume that

F(II,v) = F(M,v) =tr®(v)M + f(v),
where we will assume that ®(v) and f(v) is C? in its variables.

Definition 3 We say a quasilinear F' is geometric if the following two con-
ditions hold:

(2.1) (P(v)v,e) =0,
for any v and e with e 1. v and

(2.2) F(II,av) =aF(II,v).
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Hence we have, for any unit vector v,
F(I11,v) =tr®(v)"M"® + f(v).

Remark 1. Condition (2.1) means that F depends only on the tangential
part of M, i.e., F depends only on the matrix of the second fundamental
form.

Remark 2. Condition (2.2) is an artificial one since for a solution sur-
face, (1.1) depends only on the unit normal vector. Hence condition (2.2) is
a convenient extension of the equation to vectors in the normal directions.
This extension simplifies our calculations.

Definition 4 F is called uniformly elliptic if for each a > 0,e L v, |e| = 1,
Aa > F(M + ae ® e,v) — F(M,v) > \a
for some fixed positive real numbers \, A > 0.
Definition 5 We say that F is Lipschitz in v if
|F(M,v1) — F(M,vq)| < Clvy —va|(1 + | M"| 4+ |M™2))

We will use the notations cl(D), D° and A€ to denote respectively the closure,
interior and compliment of D.

Definition 6 Let D be a bounded domain with non-empty interior. We say
S C 9D is a subsolution of (1.1) if the distance function d(t,z) = d(x, D(t))
18 a viscosity supersolution of

d; + F(—=D*d, Dd) < 0

in a neighborhood of S (exclude S). We say S is a supersolution if the dis-
tance to its complement, do(t, x) = d(x, C(D(t))) is a viscosity supersolution
in a neighborhood of S. We say S is a solution if it is both a subsolution
and a supersolution.

Theorem 2.1 For any bounded closed set G in R"!, the set D =: N{O : O
is an open set such that O N {t = 0} containing G and 00 — OG is a
supersolution for {t > 0} defines a solution (see [S]).

We will work on orthogonal coordinate systems in R"*!. In particular, a
change of coordinates for the representations is simply: GT MG for some
(n+4 1) x (n + 1) orthogonal matrix G. Hence in a new coordinate system,
the equation is

Fo(M,v) =: F(GTMG,Gv).

The following lemma is evident.
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Lemma 2.2 Fg(M,v) is geometric, uniformly elliptic and Lipschitz in v.
All the corresponding constants are the same as those for F.

According to this lemma, we will drop the subindex G and not mention the
specific coordinate system if no confusion should arise.

Lemma 2.3 Suppose that S is a viscosity solution of (1.1). Let Sy be a flow
of surfaces such that Sy is outside S fort <ty and Xo € S(to) N Si(ty) and
Sy is smooth near (to, Xo), then at (to, Xo), S1 satisfies that

V > F(II,v),

where v is the normal pointing toward the inside of S(ty), V is the normal
velocity and II is the second fundamental form of Si.

Proof. See Soner [S] or [W2].

3. The Main Theorem

We need more notations. Let (e;---ep,e,11) be an orthogonal coordinate
system. We will use x to denote a variable in (e; - - - €,) and y in the direction
of €,41, t in the direction of time and X for (z,y). We will denote T, (ty, o) =

(to— 12, to] X {@ : |z — x| <1} Qr(to, o, y0) = (to — 72, to] X Tr(0) X (—r+
Yo, " + Yo). We will write T,. or @, if (t9, o) = 0 or (ty, Xo) = 0.

Definition 7 Let (e1 - - e, en11) be a coordinate system. Let S = 0D NQ;.
IfTy x (=1, —e+y) D=0, Ty x (e+yo,1) C D, then we say S is e-flat
i Qq in the direction e,y1.

Definition 8 Let e be a unit vector, then P, denote the projection of R
to et, the orthogonal compliment e.

Definition 9 (Multiplicity function and density) Let e,1 be a unit vector.
The multiplicity function of S is defined as, for a variable x in the perpen-
dicular direction of e,1,

m(t,x) =#{y: (t,z,y) € SNQ1}.
We say S has density less than 1+ 6§ at 0 in Q, if
(3.1) Ho({(tx) :m(t,z) > 13N T) < 0Hpia (T5).

If S has density less than 1 + 6 at 0 in Q, for all 0 < r < 1 we say it
has density less than 1 + 6 at 0. Here we have used H,.1 as the (n +
1)—dimensional Hausdorff measure. We define

hm 1I1f Hn+1 (S N Qr)
r—0+ Hn+1(Tr) ’

the n + 1 dimensional lower density of S at .
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We see that S is flat and has density 1 +  for some § small mean that S
is a single-valued graph except a small measure. We also remark that our
definition of density depends on the choice of the coordinate. However in the
case that S is a solution surface, the density-1 is mutually comparable with
different coordinates if the directions of the graph form a different angle.

Definition 10 We say S that is CY* in Q if it is CY* in x and CE in
time.

Theorem 3.1 (Main Theorem) If F is uniformly elliptic and C* in its
variables, then there exists g > 0 such that if € < ey, S is a solution of (1.1)
in Q1 with e-flat in the direction e, 1, and with density less than 1 + € at
0 with some direction €, |e,1 — €| < Ce?/3 < ?, then there are two C'*
surfaces S, and S_, with C** norm bounded by Ce, such that Sy is above S
and S_ is below S in the e, 1 direction and {S, = S_} has positive density
at 0.

Corollary 3.2 If a solution S satisfies the conditions at each point of S in
Q1 then S is a OV embedded surface in Q12

Proof. From the main theorem, at each point on the solution surface there
is a pair of C1® solutions. Clearly the lower envelop of all these upper C'**
surfaces would also C'** and coincide with the solution surface in a set which
has positive density everywhere. Hence the solution surface is the envelop
and hence the solution is an embedded C** surface. |

Corollary 3.3 Ifzg is a flat point of a mean curvature flow (i.e., F(II,v) =
trIT) S(t) and Hy1(SNTY) < (14 €0)Hns1(Th) then S is locally C** near
Zo-

Proof. This conclusion follows from the monotonicity formula which states
that the density is monotone increasing. [ |

Now, let us define a deformation of S by polynomials.

Definition 11 Let S; and Sy be two sets. We define addition of them in
eny1 direction as

S1® Sy ={(t,z,y) : y =11 + y2 for some (x,y1) € S1 and (z,y2) € Sa}.

Notice that if Sj is the graph of a function f;(z) and Sy is the graph of a
function fy(x), then S; @ S5 is the graph of f; + fo.
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Let P be a positive definite matrix with AMId < P < Ald, and let

hs(z.t) — 5(%:(;TP;1:—t),

1
Hs; = {(t,w,y):y25(§xTPx—t)},
Hs = {(t,x,y):y26+5(%xTPx—t)}.

We will use the deformation S @ Gy in our regularity theory.

Definition 12 Let S be a graph and v = (V',v,41) be its normal vector. If
Unt1 # 0, we define VS = —U:LI and call it the gradient vector. Moreover
we define GS = G(S) = (VS,S — VS - X), the parabolic Gauss map. GS is
a map from a subset of R"™ to R""2. We will denote GS(A) the image of

GS of the set A.

Definition 13 We say a set in R""2 with variables (x,y,t) is convez if it is
convex in (z,y) and increasing int. We say a function defined in R™ with
variables x and t convex if it is conver in x and decreasing in t. Suppose
T in R"? is a closed set. We denote T'(T) as its conver envelope, i.e.
the smallest convex set containing T and call the points in {(t,z,y) : T =
I(T)} as the contact points. For simplicity of the exposition, we will denote
L(S)N (T x (0,1)) as T(S).

Lemma 3.4 Let 6 > 2¢ and T be a convex set with Hs N Q1 C TN, C
H§ N Qy, where Hy and Hy are defined in the formula before Definition 12.
Then

(GH5)(Qy) € (GT)Qy, /z),
where G is the Gauss map defined in Definition 12.

Proof. Let u be the defining function of T". Suppose that (£, n) € (GT)(Q1),
that is, there is (fo, zo) € @y such that L(z) = h+¢- (x— o) is a supporting
plane of Hjs at (to,x0,n). We see that n = L(0). Noticing the fact that
|lu — hs||L~ < €, we have that L 4 ¢ will be a global supporting plane of w,
lLe.,

w > L in Q%,

U(tl,l'l) = L —+ GI

for some t; <ty and € < e. From the ellipticity condition of the Hessian of
hs, we see that |21 —xo| < /25 and [tg—t1] < %/ < §. Hence (11, 21) € Q\/%.

We also have S — VS x=n since L(0) = n and L+ € is a parallel translation
of L.
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4. The Main Estimates

We assume that S is an e—flat solution in (); in the direction of e, ;. In
this section, we show that if S is flat enough, then S is flatter in a smaller
neighborhood with respect to a tilted coordinate system. Before stating the
main estimates, let us show the following lemma first.

Let us assume that, the smallness conditions,

(4.1) |f(ens1)] <07,

Pl )

(4.2) <5,

i.e., the hyperplane S = 0 is almost a solution. We remark that this small-
ness is redundant after we blow up the coordinate. See Section 6.
Accordingly we may assume, from the ellipticity and smoothness of F,

F(M,v) = tr(FyM*) + O(|M||v — epi1| + |[v — ens1]?),

where F; = ®(e,41)** is a positive definite matrix with \Md < F; < Ald.
We will use the notation

(4.3) Lou = tr(F1D*u) ,
for the main part of the linearized operator of F.

Lemma 4.1 T(S @® Gs) is locally the graph of a CY' function function
from (e1,...,e,) to epyq:

or S@H(;

\DF(S@H5|+] ’+]D2 (S @ Hy)| < C6.

Moreover, if we take Hs = 5(%xTF1_1x —t), then
~V; + F(Ilsan,,v) < (n+1)8 + C6”.
Let S~ =T(S & Hs) — Hs, we have
0> -V, + F(Ils-,v).
Here C' is a universal constant.

Proof. By the convexity, we only need to show the estimates for w(t,z) =
['(S@ Hs) at the contact points. We only need to prove it at the point where
the normal is e,, 1 since the proof for other points are the same after adding
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a hyperplane to the graph in order to reduce the general case to this case.
We also may suppose that the contact point is 0.
The estimates for the gradient come from the the convexity. Let p(r) =

supw. We need only to prove p(r) < Cér? for r sufficiently small.
oQr
Due to the convexity of w, we may suppose p(r) = w(—r?, re) for a vector

e with |e] = 1. Let us suppose e = e,. Hence, w(t, 2, z,) > p(r) for any 2/,
2, > 7 and t < —r? from the convexity assumption on w.

We prove it in two steps.

(1) inf w(—r?x) < Mér? for M = 2n\ + 1,

je|<Mr

(2)  p(r) < Cor* for some C.

We prove (1) by contradiction. Suppose infj, < w(—r2,x) > Mér?. Con-
sider now a large domain R = (—7%,0] X B ;;, and the test function
h = —dMt — §|z|?. Tt is easy to see that, for small r,

(a) L= (h) =h, — F(I1I,,v) < =4,
(b) h<0 for|z|=VMr,
() h< Mér* fort=—r?.
Hence, h < w < wu on 9,R and
L7 (h)<—-0<yg.
However, this contradicts the definition of S since
min(w — h) = (w — h)(0) =0.

(2) is also proved by contradiction. Suppose p > Cdr?.

We need only to show that w(—r2,0, —v/Mr) > §(M + 1)r%. By trans-
lating of the z-plane of the following test function, we show that infw >
(M + 1)6r?. Consider the domain

= (_TQ_KTQM; 1’ _T2)X{xl e <y K%}X(_T\/M—T,T\/MJM“).

Then, by taking K, C large and r small, the function

1

h=Cb(x, — (VM +1)r)* +6(t —r?) — %_—m\xq?
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will satisfy the same conditions as in (1). Hence u > h. So it follows that
w(—=r?0,—vVMr) > h(—r* 0, —/Mr) > (M + 1)r%.
The other assertions follow from Lemma 2.4.

Now, we go back to the proof of the main iteration.

Theorem 4.2 Let § = ¢3 and A = {(t,z) : I'(S & H;) = S @ H;s}. Then

gCe%.

[ERCARCN

Proof. Let P be the projection of R"" to y = 0. Let hs(t,z) = y =
6(327 Pz —t), where P is the inverse of the ellipticity matrix ®(e,1) of

F(M,e,y1) =tro(v)M + f(v)
Hence we have
F(M,v) = tr(P’lMe"“) + C(|M||v — ensa] + v — en+1|2) )

Comparing the volume of the image of () 1 under the map VG as in Theorem
4.2, we have,

G(Hs)(Q1) C G(I(S @ Hs))(Q,

§+Ce% )

Therefore,
1 5n+1
Tor p oz @1l = VOI(G(F5)>
< VOI(G(F(S ® H5)(Q,

< (=I'S @ Hj),det D*(T'S @ Hs)

+ce%))

IN

/ 1 <t7’PD2(FS ®Hs)—T(Sa® Hé)t)n+1
pang, o detP ntl

1
%+ch

(Here we used an inequality det B - det P < (%)”Jrl for P,B>0)

/ 1 (052+C’D]6|2+(n+1)5)n+1
PANQ det P n+1

1
+Ceb

<

(S

1

n+1
- m|P(A)ﬂQ1/2+CG%|(6+052) .

Hence “Aﬂ@l/g]—\Q%H < Cle|s. |
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5. Approximation by linear equations

We will use the density condition in an essential way in order to show that the
solution can be approximated by a linear function with some improvement
and the solution will coincide with a C1! function in a set a positive density.

Now, we have the crucial observation that I' ® —GYy is a supersolution on
A, almost everywhere. This is due to the fact that '@ —Gy is a supersolution
and second order differentiable almost everywhere.

We cannot use fully nonlinear operator as an approximation here, which
has been successful in [W1]. The reason is that we don’t have a potential
theory for fully nonlinear equations. However €5 estimates on the derivatives
ensure that the linear equation is a good approximation.

Lemma 5.1 Suppose that we are given on T1(0) two continuous functions
[0 7 satisfying =1 < f~ < f* <1, —fy +Af~ <K, f;" =Af* <K and
such that f~ = f* except on a small set A with |A| < n. Then there is a
linear function L and 0 < 3 < 1 such that

|F* = Ll < Ot + C(8, K)r'*,
where r < ri(n, 8, K). In particular, |VL| < 3.
Proof. Letting u = f™ — f~, we have
u — Au < 2K

and for any r > nﬁﬁ we have by Fubini theorem,

1
—/ u +/ u<Cn
l Jo.q t=—12

for some r > [ > . Let v be the solution of the backward heat equation,
—Ut — Av = d((t,l‘),@@l)
v = 0 ond,Q; andon {t=0}.

Then v is C** and v > 0 in Q. In particular, we have |[Vv| < C. Letting
v(z,t) = v(7tx,17%t), we have

0
/ v(uy—Au)dzdt :/ (Ut—Av)uda:dt—/ vud:z:—i—/ / u@dsdt
1 1 {t=—12}nQ1 -2 J8B; on

Hence,

112/ d((t,x),@@l)ugC(%/ u+/ u) + CK.
i 0z Q1 t=—12
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Therefore, we have

C
][ u < n—l + Cr’K.
Qi/2 !

Now we use the local maximum estimates on u, we have

Cn

= T Cr’K.
T.n

supu <
Qr/4

Taking r = n%ﬂl, we have

supu < C’nn%r4 K.
Qr/4

By a covering of (); we have
u < CU%HK

in Ql,nn—lzx'

Let w be the solution of

—wy +Aw = max(—f, +Af7,—K)
w = f- onaQ%.

We have —K < —wy + Aw < K < —f" + Af* + 2K. By the maximum
principle, we have w > f~. We also observe that

suplu — 4] < sup [ = 1| +C( [ w= 1) = A f)I)
3 Q

0,
s }

Hence we have,
sup|w — fT| < Cyrei + CKpaet.,
Q1

2
The lemma follows from the interior estimates for w,

w— L| < Crtte,
w1 < .

Corollary 5.2 The same conclusion of the above lemma holds in T% if the

Laplace operator of f* is replaced to a uniformly elliptic operator with con-
stant coefficients.
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Theorem 5.3 (Main Regularity) Suppose that S is €; flat in Q1 in the
direction of e,+1 and has 1+ €5 density at 0 with respect to € and | — e 1| <
?. Then there are €y, 0 <11 <1, 0 < a < 1 and surfaces ST and S~ such
that S is, in the coordinate system e, eri™®-flat in Q,, with respect to e
direction for some |e — e 1| < Ce and S = ST =S in Q% except a set of

measure C(e5 + €3).

Proof. Let S~ =T'(S® Gs5) — Gs and ST = —(I'((—S5) & Gs) — Gs). Let

f_(l‘): F(SEBG(;)—G(;’ f+<x):_F((—S)@G5)—G5‘

€ €

The graph of € f~ coincides with S except a measure of Ces. Notice that the
graph of f* is also a graph in the direction of € since |e — e, 11| < Ce. We
can see that the projection of the set {S =graph of ef*} to el has measure
less than cos(angle(eny1,e))Ces. By the density condition that S is a single
valued graph in the direction e except a set of measure €5, we have that
S =graph of ef* = graph of €f~ except a set of measure

(cos(angle(en1, e)))’lc’[eé + €ar] .

Therefore f~(x) = fT(x) on a set in T, except a set of measure Ces + €.

Hence f~ and f* satisfy the conditions of Corollary 5.3. Therefore there
exists a linear function L such that

1= = Lll ey < C(e8 + e3) 7 + Cri+P,
That is,
||efjE —€L||po(r) < C’e(e% + 62)”+L2 + Cer't?

Let e be the direction perpendicular to the graph of €L and let (e, ..., €,,¢€)
be a coordinate system. Scaling back, in this coordinate system, for each
(z,7) on the graph of S* we have

1
7] < Cer'™ + Ce(el + €)™ < Jrie=rf*e
for ry sufficiently small and o = —llr?—fl. Clearly, we can take € and €, small

enough such that ST =S5~ =S in T,, in 3|T,,|, i.e., density 1. Then S is
757 flat in the direction e. The theorem follows. [
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6. Final Iteration

Applying the main regularity theorem, we obtain that S is C® at 0 in the
sense that, for some r > 0, there is a coordinate system such that S is flatter
in ), in that coordinate system. Moreover S coincides with a C1 graph in
every neighborhood with positive density at 0.

We will repeat the construction of ST and S~ in a small scale in 7,,,. We
show, in Lemma 6.4, that the new approximate surfaces of S, in a smaller
cube, has larger contact set, which actually contains the contact set of a
large scale.

Lemma 6.1 Suppose that S is € flat. Then, for x| < 2, (z,y) is a contact
point of I'(S & Gs) iff there is a hyperplane L such that S is above L & (—Gy)

and tangent to L & (—Gs) at (z,y).
This is evident.

Lemma 6.2 Under the conditions of theorem 5.5, for integersk =0,1,2, ...
there are linear functions Ly, unit vectors ey, surfaces S, and S; defined
in Q,x(0) such that

ler — exa| < Crfe,

Sk = Ski1, where S = Sk in erf,

k

S is er™™ ) _flat in ey, direction.

Moreover,
- + o .

except a set of measure less than %|Tr;f|.

Proof. The existence of Si follows from Theorem 5.5. We prove the rest
by induction. Suppose that the lemma is true for k.

Let S = TS, where Tj,(t, ,y) = (r2*t, r¥z, r¥y). Now S satisfies a scaled
equation

Vi — F(ILv) = 0,
where the scaled equation is given by F (M,v) = r*F(X v). We can check
directly that F/(0,e,.1) = 7 F(0,e,11) and F (0, e,1)v = r¥OF (0, e,41)v.
So the smallness conditions are satisfied.

Hence S satisfies the condition of Theorem 5.4, such that there are S+
and L such that S is r#%e-flat in @, with respect to & direction for some
[e—eny1| < Ceand S = ST = 57 in Q1 except a set of measure C(rkee)s te,.
Let S,:C'E+1 = Tk_lgi. The lemma follows. [ |
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Corollary 6.3 There is a direction € such that |e,11 — €| < Ce and S is
C'erlf(Ha) in Q ka+e)(0) in this coordinate system.

1
Proof. Clearly e, converges to a unit vector € with |ey — é| < Cer’f(lm).
The flatness follows from this. [

Lemma 6.4 Suppose that (t,z,y) € Q% is a contact point for I'(S @& GE%).
Then (x,y) is also a contact point for I'(S@.G 3 ), provided |e,11—e| < Ces

o

1
is sufficiently small. That is (x,y) is also a contact point for the next smaller
scale.

Proof. From Lemma 6.3, we need only to show that, if S is above L +
1e32T Pz for [VL| < C€5 then we have that S is above

L/ + LQZU/TP/.CE/
2r¢

for some I/ and . .
—Ild< P <=-Id
AT T

and the coordinate system (e, ...,e,,,,) and e/, ; = e. However it is clear by
tilting the coordinate a little bit and by noticing that the curvature of the
polynomial is bigger than that in the unit scale. |

Lemma 6.5 (Gluing of barriers) There are two surfaces Sy such that
Sy =S in Q1 — Q%TIfJA and and Sy is in between Si and S,irl wherever
they are both defined. Moreover the sets of {S = St} is bigger than the
contact set of Sy in each Qr and Sy is Ct* at 0.

Proof. The proof is elementary as soon as we observe from Lemma 6.4
that S~ is below S, in @,,. We only give the construction in Ql\QT%.
We can do the same for other scales. Let n be a smooth function such that
0<n<1ln=1inQ\Q:2 andn=0in @1,2. Now let

2

Sy =nSt +(1-n)S5.

We can see that S. = 57 in Q%\QT% at the contact set of S& from Lemma

6.4. The 'Y regularity of Sy follows from the convergence of the coordinate
system. [



A REGULARITY THEOREM FOR CURVATURE Frows 113

Proof of the main theorem. First we may assume 4.1 and 4.2 hold by
expending the coordinates. Consider S = T(S, where

To(z,y) = (7t e7x,€7y) .

Now S satisfies the conditions, with a different ¢, of Lemma 6.1 in @Q; with
the equation 3
V — F(I1,v) =0,

where F'(M,v) = r’fF(TMk, v). The main theorem follows by taking S_ = S’Nk_
1

for Qr;f\QTsz and S, = S;j for Q,,;f\QTsz, where Sj, is the modification
given by Lemma 6.3. |

Remark on further regularity. As soon as we know S is a local C'h®
graph, further regularity follows from [W1].

We also remark that, similar regularity theorem hold if F' depends on X.
We will prove a similar evolutionary equations in a forthcoming paper.
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