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Abstract

We prove existence and uniqueness of solutions for the Dirich-
let problem for quasilinear parabolic equations in divergent form for
which the energy functional has linear growth. A typical example of
energy functional we consider is the one given by the nonparamet-
ric area integrand f(x,&) = /1 4+ ||€||?, which corresponds with the
time-dependent minimal surface equation. We also study the asymp-
totic behaviour of the solutions.

1. Introduction and preliminaries

Let Q be a bounded set in RV with Lipschitz continuous boundary 9. We
are interested in the problem

( Ou , :
5 = div a(z, Du) in Q=(0,00)xQ,
(1.1) u(t,z) = p(z) on S =(0,00)x 00,
L u(0,2) = up(z) in e,

where ug € L*(Q) and a(z,&) = Vef(,€), f being a function with linear
growth as [|£]| — oc.

A typical example of a function f(z,£) satisfying the conditions we need
is the nonparametric area integrand f(z,&) = /1 + ||£||?>. Problem (1.1)

for this particular f, that is, the time-dependent minimal surface equation,
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has been studied in [12] and [17]. Another examples of problems of type
(1.1) included in our case, are the following: The evolution problem for
plastic antiplanar shear, studied in [21], which corresponds to the plasticity
functional f given by

3] it el <1,

I =3 it Jlglh =1,

and the evolution problems associated with the Lagrangians:

f&) =

f(2,8) = /1 + ai;(2)6&;,

where the functions a;; are continuous and satisfy a;;(x) = a;i(2), [|€|]* <
aij(1)&& < C||€]? for all € € RY; and the Lagrangian

9(, &) = V14 22+ [I€]J,

which was considered by S. Bernstein ([8]). On the other hand, problem
(1.1) is studied in [14] for some Lagrangians f, which do not include the
nonparametric area integrand, but instead include the plasticity functional
and the total variation flow, that is, the case f(§) = [|£]|. Now, the concept of
solution given in [14] is the one obtained by considering the abstract Cauchy
problem in L?*(f2) associated to the relaxed energy, but the subdifferential
of the energy functional is not characterized. For the particular case of
the total variation flow, we give in [4] a different approach to the Dirichlet
problem. There, we studied the problem in the framework of the L!- theory,
and we characterized the subdifferential in L?(Q) of its relaxed energy (we
refer also to [3] where we treated the L'-theory for the Neumann problem
for the total variational flow).

In general, problem (1.1) does not have a classical solution. The aim
of this paper is to introduce a concept of solution of the Dirichlet problem
(1.1), for which existence and uniqueness for initial data in L*() is proved.
To do that we characterize the subdifferential of the energy associated with
the problem and we use the nonlinear semigroup theory. In a forthcoming
paper we will study the same problem in the framework of the L!-theory, as
we did with the Dirichlet problem for the total variational flow ([4]).

In order to consider the relaxed energy we recall the definition of func-
tion of measure (see for instance, [6] or [12]). Let g : @ x RY — R be a
Carathéodory function such that

(1.2) 9(@, Ol < MO+ El) ¥ (2,6) € 2xRY,
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for some constant M > 0. Furthermore, we assume that g possesses an
asymptotic function, i.e. for almost all z € () there exists the finite limit

(1.3) lim £ (x %) — . 6).

t—0t

It is clear that the function ¢°(x,¢) is positively homogeneous of degree one
in &, i.e.
°(x,56) = sg°(x, &) for all 2,€ and s > 0.
We denote by M(Q, RY) the set of all R¥-valued bounded Radon measures
on €. Given pu € M(Q,RY), we consider its Lebesgue decomposition
po=pt+

where u® is the absolutely continuous part of p with respect to the Lebesgue
measure Ay of RY, and u° is singular with respect to A\y. We denote by

1 (x) the density of the measure p® with respect to Ay and by (dp®/d|p|*)(x)
the density of p® with respect to |ul|®.

Given p € M(Q,RY), we define i € M(Q, R¥+1) by
i(B) = (u(B), A (B)),
for every Borel set B C RY. Then, we have
fi= i i = B+ = (1), DAy + (. 0).

Hence, we have

~5 s dﬂs (d'us ) s
Kol =18 ~51 70 B — a.e.
=l G = e ®)

For u € M(2,RY) and g satisfying the above conditions, we define the
measure g(x, u) on Q as

0 [ atwn= o des [0 (n @) du

for all Borel set B C 2. In formula (1.4) we may write (du/d|p|)(z) instead
of (dp’/d|p]*)(x), because the two functions are equal |u|-a.e.

Another way of writing the measure g(z,u) is the following. Let us
consider the function g : Q x RY x [0, +00[ — R defined as

(1.5) g(w, &,1) = t
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As it is proved in [6], if g is a Carathéodory function satisfying (1.2), then
one has

(16) [ stew = [ (@ 52 @) do,

where « is any positive Borel measure such that |u| + Ay < «.

Due to the linear growth condition on the Lagrangian, the natural energy
space to study (1.1) is the space of functions of bounded variation. Let us
recall several facts concerning functions of bounded variation (for further

information concerning functions of bounded variation we refer to [13], [22]
or [2]).

A function u € L'(Q) whose partial derivatives in the sense of distri-
butions are measures with finite total variation in €2 is called a function of
bounded variation. The class of such functions will be denoted by BV ().
Thus v € BV (Q) if and only if there are Radon measures p, . . ., puy defined
in €2 with finite total mass in 2 and

(1.7) /uD%pc&z—/gpd,ui
Q Q

for all ¢ € C°(?), i = 1,..., N. Thus the gradient of u is a vector valued
measure with finite total variation

(1.8)
|| Du ||= Sup{/ udivedr : o € C(Q,RY), |p(x)] <1 for z € Q}
Q

The space BV () is endowed with the norm
(1.9) Il llsv=Iwllze) + | Du |-

For u € BV (Q), the gradient Du is a Radon measure that decomposes into
its absolutely continuous and singular parts Du = D*u+ D*u. Then D% =
Vu Ay where Vu is the Radon-Nikodym derivative of the measure Du with
respect to the Lebesgue measure Ay. There is also the polar decomposition

—
D?u = D*u|D*u| where |D*ul is the total variation measure of D*u.

We shall need several results from [5] (see also [16]). Following [5], let
(1.10) X(Q) ={z € L=(Q,RY) : div(z) € L'(Q)}.

If z € X(Q) and w € BV(Q) N L>(2) we define the functional (z, Dw) :
C5°(2) — R by the formula

(1.11) < (z,Dw),p >= —/

wgpdiv(z)dw—/wz~Vg0dx.
Q

Q
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Then (z, Dw) is a Radon measure in €,

(1.12) /(Z,Dw) - / cVwde ¥ we WH(Q) N LEQ)

/ <z,Dw>' < [ 1wl < el [ v

for any Borel set B C ). Moreover, (z, Dw) is absolutely continuous with
respect to |[Dw]| with Radon-Nikodym derivative 6(z, Dw,z) which is a
| Dw|| measurable function from  to R such that

and

(1.13)

(1.14) /(Z,Dw) _ / 0(, Dw, z)|| D
B B
for any Borel set B C 2. We also have that
(1.15) ||9(Z, Dw, .)HLOO(Q’HD,LUH) S ||Z||Loo(Q7RN).
By writing

z- D%y := (z,Du) — (2 - Vu) d\y,

we see that z - D*u is a bounded measure. Furthermore, in [16] it is proved
that z - Du is absolutely continuous with respect to |D*u| (and, thus, it is
a singular measure with respect to A\y), and

(1.16) |z - D*ul| < [|2]|oo| D).
As a consequence of Theorem 2.4 of [5], we have:

(117)  If 2€ X(Q)NC(Q,RY), then z-D*u=(z- D*u) d|Dl.

In [5], a weak trace on 0f2 of the normal component of z € X(Q) is

defined. Concretely, it is proved that there exists a linear operator = :
X (92) — L*°(09) such that

() oo < 12l
Y(2)(x) = 2(x) - v(z) for all z € N if z€ CY(Q,RY).

We shall denote 7(z)(x) by [z, v](x). Moreover, the following Green’s for-
mula, relating the function [z, ] and the measure (z, Dw), for z € X(Q)
and w € BV (Q)N L>*(Q), is established:

(1.18) /ﬂw div(2) dz + /Q(Z,Dw) _ /m[z, Vlw YL
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Let g be a function satisfying (1.2). Then for every u € BV () we have
the measure g(x, Du) defined by

/Bg(:v,Du):/Bg(x,Vu(x)) dm+/Bg0(x,ﬂ(x)> d| D*ul

for all Borel set B C (). If we assume that 2 has a Lipschitz boundary, and
that g(x,&) is defined also for x € 02, we may consider the functional G in
BV (Q) defined by

(1.19) G(u) == /Qg(m,Du) + /m 9" (z, v(2)[p(z) — u(z)]) dHV T,

where ¢ € L'(99) is a given function and v is the outer unit normal to 9.
It is proved in [6] that, if §(z,&,t) is continuous on Q x RY x [0, +oo[ and
convex in (£,t) for each fixed z € Q, then G is the greatest functional on
BV () which is lower-semicontinuous with respect to the L'()-convergence
and satisfies

G(u) < /Qg(:c,Vu(:c)) dx

for all functions v € C1(Q) N WH(Q) with u = ¢ on 9.

The paper is organized as follows: in Section 2 we give the definition of
solution for the Dirichlet problem and we state the existence and uniqueness
result for this type of solutions. Section 3 is devoted to prove the existence
and uniqueness result. To do that, we study the problem from the point
of view of nonlinear semigroup theory. We characterize the subdifferential
in L2(Q) of the relaxed energy functional associated with the problem. In
Section 4 we give a weakened form of the maximum principle and we study
the asymptotic behaviour of solutions proving that they stabilize as t — oo by
converging to a solution of the steady-state problem. Finally, the Appendix
contains the proof of the approximation Lemma stated in Section 3.

2. The existence and uniqueness result

In this section we define the concept of solution for the Dirichlet problem
(1.1) and we state the existence and uniqueness result for this type of solu-
tions when the initial data are in L?(2).

Here we assume that €2 is an open bounded set in RN, N > 2, with
boundary 9 of class O, and the Lagrangian f : Q x RY — R satisfies the
following assumptions, which we shall refer collectively as (H):
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(Hy) f is continuous on © x RY and is a convex diffentiable function of ¢
with continuous gradient for each fixed = € ). Further we require f
to satisty the linear growth condition

(2.1) Colléll = C1 < f(x,8) < M([[]l + C2).

for some positive constants Cp, C7, Cy. Moreover, fO exists and
oz, =€) = fOx,€) for all £ € RY and all z € Q.

(Hy) f(x,€,1) is continuous on Q x RY x [0, +oc[ and convex in (€,¢) for
each fixed z € Q.

We consider the function a(z,§) = V¢f(z, ) associated to the Lagrangian
f. By the convexity of f

(22) a(xaf)(n_£> Sf(%’?)—f(l}f),
and the following monotonicity condition is satisfied
(2.3) (a(z,7) — a(z, ) - (- €) > 0.

Moreover, it is easy to see that

(2.4) la(z,&)| <M V(1,6 € Qx R,

We consider the function i : Q x RV — R defined by
Wz, &) == a(,§) - €.

From (2.2) and (2.1), it follows that

(2.5) Colléll = D1 < h(z, &) < MJ|E]]

for some positive constant D;.

We assume that

(Hs) h(z,&) >0 for all z € Q and & € RV, h? exists and the function h is
continuous on Q x RY x [0, 4+-o0].

We need to consider the mapping a* defined by

a™(z,€) = lim_a(a,t€).

Observe that

h(z,§) =a™(2,§) ¢ and  Collg]l < h°(z, &) < MJI¢]l.
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(Hy) a®(x,&) = Ve fO(z,€) for all £ £ 0 and all z € Q.

In particular, as a consequence of Euler’s Theorem, we have
o2,€) = a™(2,€) - € = (x,€),

for all ¢ € RY and all = € Q.

(Hs) a(x,&)-n < h%(x,n) for all ;7 € RN, and all = € Q.

Either from (Hy) or (Hs) it follows that a>(z, &) - n < h%(z,n) for all §,1 €
RV, € # 0, and all z € Q. Indeed, it suffices to replace & by t£ in (Hs) and
let t — 4o00.

Definition 2.1 Let ¢ € L'(99Q) and ug € L*(Q). A measurable function u :
(0, T)xQ — Ris a solutionof (1.1) in Q7 = (0, T)xQifu € C([0, T}, L*(2)),
u(0) = ug, u'(t) € L3(N), u(t) € BV(Q) N L*(Q), a(z, Vu(t)) € X(Q) ae.
t € [0,7T], and for almost all ¢ € [0,T] u(t) satisfies:

(2.6) u'(t) = div(a(z, Vu(t)) in D'(Q)
(2.7) a(z, Vu(t)) - D*u(t) = f°(x, D5u(t))

(2.8) [a(z, Vu(t)),v] € sign(¢ — u(t)) fO(z,v(x)) H ' —ae. on 0.

Our main result is the following:

Theorem 2.2 Let ¢ € L'(0R) and assume we are under assumptions (H).
Given ug € L*(Q), there exists a unique solution u of (1.1) in Qr for every
T > 0 such that u(0) = uo.

3. Strong solution for data in L?(2)

To prove Theorem 2.2 we shall use the nonlinear semigroup theory ([9]). For
p € LY (99) we define the energy functional associated with the problem
(1.1) @, : L*(Q) — [0, +o0] by

Polu) = /Qf<wu>+ P va)le - ) dHY

if u e BV(Q) N L*Q) and

P, (u) =400 ifue L*(Q)\ BV(Q).
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Note that, on the boundary, the integrand can be written in the form

ol v(@)le = ul) = o — ul f(z, v(x)).

Functional @, is clearly convex and has the form given in (1.19). Then,
as a consequence of the Anzellotti’s result ([6]) we have that @, is lower-
semicontinuous. Therefore, the subdifferential 0®, of @, i.e. the operator
in L?(Q) defined by

v € 0P, (u) <= P,(w) — Py(u) > / v(w—u) drv, Vwe L*Q)
Q
is a maximal monotone operator in L?(2). Consequently, the existence and
uniqueness of a solution of the abstract Cauchy problem

(3.1) { W (t) + 0Py (u(t) 30 €0, 00]

u(0) = ug ug € L*(Q)

follows immediately from the nonlinear semigroup theory (see [9]). Now, to
get the full strength of the abstract result derived from semigroup theory
we need to characterize 0®,. To get this characterization, we introduce the
following operator B, in L*(Q). (u,v) € B, <= wu € BV(Q) N L*(Q),
v e L*(Q) and a(x, Vu) € X () satisfies:

(3.2) —v = div a(x, Vu) in D'(Q)
(3.3) a(z, V) - D¥u = f(z, D*u) = f*(z, D*u)| D*ul,

(3.4) [a(z, Vu),v] € sign (¢ —u)f*(z, v(z)) HYN"' —ae..

Let (u,v) € B,, and w € BV (2) N L*(2). Multiplying (3.2) by w — u,
and using Green’s formula (1.18), we obtain

/Q(w —u)vdr = — /Q(w —u) div a(x, Vu) dr =

/Q(a(x,Vu),Dw — Du) — /m[a(x,Vu),y](w —u) dHNT! =

— /Q(a(:c,Vu),Dw) _/ e, V), | (w — ) AV

o0

_/Q(a(x,Vu),DU) —/ [a(z, Vu), v](p — u) dHN ' =

o0



144 F. ANDREU, V. CASELLES AND J. M. MAZON

:/Q(a(x,Vu),Dw)—/ (e, V), vl — ) 1

o0

— [ a(z,Vu)-Vude— | a(z,Vu)-Du— | |o—ulf(x,v(z)) dH ' =
Q Q oN

— /Q(a(a:,Vu),Dw) —/ la(z, V), v](w — @) dHN ' —

o9
~ [ b D)~ [ o= ul e vta)) aH
Q o9
Therefore, if (u,v) € By, we have that
(3.5)
/(w—u)v dw:/(a(I,Vu),Dw) —/ [a(x, Vu), v](w — @) dHV
Q Q o9

—/ h(x, Du) — lo —ulfOx, v(z)) dHN,
Q o9

for all w € BV (Q2) N L*().

Theorem 3.1 Let ¢ € L'(00Q). Assume we are under assumptions (H),
then the operator 0%, has dense domain in L*(Q) and

00, = B,.

We note that, in the particular case of the nonparametric area integrand
f(x,&) = /1 +]|£]]?, the characterization of the subdifferential of ®, given
in Theorem 3.1 coincides with the one given by F. Demengel and R. Temam
n [12], Theorem 3.1, where they used a different approach. More precisely,
they characterized the subdifferential by means of the duality method of con-
vex optimization introduced by R. T. Rockafellar in [19]. To prove Theorem
3.1 we need the following proposition.

Proposition 3.2 Let ¢ € L'(99). Assume we are under assumptions (H),
then L>(QY) C R(I + B,) and D(B,) is dense in L*(12).

We need to introduce the following sequence of auxiliar operators. For
1
© e W22(Q), let

W2AQ) :={ue WH(Q) : upa=¢ H" ' —aec}

For every n € N, consider a,(z,§) := a(z,§) + {/n. We define the operator
App in L2(9):

(u,v) € Any <= ue W A(Q)NL¥(Q),v e L*(Q),and
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/(w —u)v dr < / an(z,Vu) - V(w —u) de YV we W) Q).
Q Q

A similar proof to the one given in Proposition 1 of [4] give us the following
result.

Lemma 3.3 Let ¢ € W22(0Q) N L2(dQ). Then for every n € N the
operator A, , satisfies

L™(Q) C R(I + A,,).

We also need an approximation lemma similar to the one given by Anzellotti
n [7]. The proof of this lemma will be given in the Appendix.

Lemma 3.4 Let ) be an open bounded set in RN, N > 2, and assume that
o0 is of class C*. If v,u € BV(Q) and g € LY(99Q), then there erists a
sequence of functions v; € C*(Q) such that

(3.6) v;—g in L'(0Q),

(3.7) v — in LN/ (N=D(Q)),
38/\/1—|—|ij |2dx—>/\/1—|—|Dv |2dx+/ lg — v|dHN L,
(3.9 Vou,;(z) — Vu(z) Ay-a.e. in Q,

V,(x) . Do(z)
Vo(x)] [Do(x)]
Vu;(z) . Du(
V()] [Du(

(3.10) |Vvj(x)] — oo and |Dvl® a.e. in $,

(3.11) |Vv,(z)| — oo and

where |Du|*® denotes the part of the singular measure | Dul|® which is singular
with respect to |Dv|*,

oo g ) gl @)

HY " ae. in{z e Q:g(x)#v(x)}

Voi(e)  ula) -
Vo) Jolw) -

HYN"Y ae in{xeQ:g(x)=v(x),u(x) #v(r)}

The next Lemmas will be used to prove Theorem 3.1 and Proposition 3.2.

(3.13) |Vu;(z)| — oo and
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Lemma 3.5 Let ¢, ¢, € L'(09Q), ¢, — ¢ in LY(0). Let u,,u € BV (Q)
and z € X(Q) with div(z) € L*(Q). We assume that

(3.14) D) — B (u),
(3.15) a(z, Vu,) — 2 weakly® in L®(S),
(3.16) 2, v(2)]] < fOla,v(z))  a.e. in OQ,
(3.17) |2 D*u| < fO(x, D*u) as measures in <,

lim [ h(x, Du,)+ un — | fO(2, v(2)) dHN ! =
(3.18) "TJe o9
= /Qh(x,Du) + /asz lu — | Oz, v(x)) dHV L.

/Qh(m, Du) + /BQ lu — | fO(z,v(x)) dHV

. < /Q(Z,Du) +/m[z, V(o —u) dHN L

Then

(3.20) /Qz-Vu dx—/Qh(:U,Vu) dyc—/Qa(a:,Vu)-Vu dz
(3.21) 2 Du = f(x, D%u),

(3.22) 2, 0] €sign (p — ) fO(z,v(z))  HV"'—ae.

Proof. By the convexity of f, we have
/ a(z,Vuy,) - Vu dr <
Q
,annd 7V dr — ,Vnd
S/Qa(as (. ua:+/f(:t u)x/f(x up,) dr
g/ (x,Vuy,) - Vu, dr + fo(x Duy,) + / tun — oul O (2, v(2))dHN
+ [ lon- ¢WxV(DMW”+/ﬂ%WUM
Q
— </ f(z,Vu,) dx—i—/fo(x,Dsun) + |un—g0|f0(x,1/(a:)))
Q Q 09
/ b D) do+ [, = ol o v(a) di

+ [ lon— @quu>ﬂwl + [ £ 90) do = @y (w).
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Letting n — oo, and using (3.14), (3.15) and (3.18), we obtain

/Z-Vudxg
Q

S/Qh(:z:,Du) +/m|u — | f(x, v(x))dHN ! + /Qf(a:, Vu)dr —®,(u)

= / a(x,Vu) - Vu dx.
Q
Now, since, using (3.16) and (3.17), we have

[z, V(e — )| < u— @l f(x, v(2)),
and
|z - D*u| < fO(x, D*u).
Hence from (3.19), we obtain (3.20), (3.21) and (3.22). [

Lemma 3.6 i) Let u,, € BV (Q) N L*(Q) and z € X(). Suppose that

(3.23) a(z,Vu,) — z weakly* in L°(Q,RY)

and

(3.24) div (a(z, Vuy,)) — divz weakly in L*(9).
Then

(3.25) [a(z, Vu,),v(z)] = [z,v(z)] weakly in L*(0N) and
(3.26) |z(z) - v(z)] < fOz,v(z)) ae in 0.

it) Let u, € WY(Q). Let a,(z,€) = a(x,£) + &/n. Suppose that

(3.27) llunlle s bounded in L*(Q),

(3.28) %\Vun] 0 in LX(Q),

(3.29) a,(z,Vu,) — z weakly in L*(Q,RY)

and

(3.30) div (a,(z, Vu,)) — div z weakly in L*(€).

Then

(3.31) [a,(z, Vu,), v(z)] — [z,v(2)]  weakly in WY/*2(09)* and

(3.32) I[z(z), v(2)]] < fox,v(z)) a.e. in O,
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Proof. Since both proofs are based on similar arguments, we shall only
prove ii). Observe that, if o € L?(Q, RY) and div(o) € L*(Q2), we can define
[0, v] using the integration by parts formula

(3.33) /m[o,y]@b:/gdiv(a)w—{—/ga-vw.

for all ¢» € W2(Q2). This is consistent with the classical notion of trace at
the boundary and it defines [0, 7] as an element of W1/22(9Q)*. According
to the assumptions (3.29), (3.30) we have that [a,(z, Vu,), v(z)] — [z, v(x)]
weakly in W1/22(9Q)*. In i), the analogous conclusion (3.25) follows from
the results in [5] and the fact that a(z, Vu,) is uniformly bounded in L>(€2).
In this case, the traces [a(x, Vu,), v(z)] are in L®(0).

To prove (3.32), again, we observe that [16] if ¢ € L*(Q,RY) and
div(c) € L*(9), then there is a sequence oy, € C°°(Q, RY) satisfying

(3.34) or — o in L2(Q,RY),
(3.35) divoy — divo in L*(Q).

We recall the construction in [16]. We use a partition of unity 6;, j =
1,2,..p, in Q with 0 < 6; < 1, §; € C°(RY), such that if the support of
6; intersects 02, then for some bounded open cone K; with vertex 0, every
x € 00N supp(f;) satisfies (v + K;) N Q = (), and for some r > 0, every
x € 00N (supp(d;) + B(0,r)) satisfies (z — K;) C Q. For each j, we choose
p; € CPRYN), 0 < p; <1, with [on pjdae =1, and let p;(x) = kN p; (k).
If 7 is such that the support of 6, intersects 0f), we choose p; such that
supp(pj) € K. Then we define

p
ok =Y ik * (00 x0).
j=1

As it was proved in [16], oy satisfies (3.34) and (3.35). As in the first part
of the proof, we have that

[ fowrte = [ foie

for all ¢» € W2(Q2). We shall use this observation for o = a,(z, Vu,).
Previously, we extend u, as a function in Wh?(R") such that ||, ||y12@y) <

C|tn||w1r2(q) for some constant C' > 0 depending only on € ([1]). Then we
define

a, x(z, Vu,) = Zp]k* ( a(z, Vu,)xa + 6; VU")
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Now, since a, ;(z, Vu,) € C®(Q), [anx(x, Vu,), v(z)] can be understood in
a classical sense. Let ¢ € W/22(9€)). We may write

/m[ank@ Viin), Z /a [pr (Ba(, V) xe), v(@)lu(e) +
"1

- /8 Lpyae (059 ua), ()} ().

j=1

By taking k sufficiently large, we may assume that all 6; used in the above
expression are such that supp(6;) intersects 0€2. We observe that

/mw a(z, Vi) ya), v(@)]|[(z)] <
§/ /pjyk(w— |ay,Vun Hw )| dy dx
/ / Pl — ) 8() £y, (@) () | dy da

o0

Since

Vun0j == V(Ungj) — unVHj,

we may write

| aas @9 @) -
= [ s ) @)~ [ (s (T, @) (o)
o0 o2

We estimate both integrals in the right hand side of the above expression.
First,

<

/a Vo (B v(@) (o)

< Ha—(m,k * (unb;)) H 0]l w2200
v W1/2.2(9Q)*

<Cllpj * (unb;)lwr2() [[¥llwi/2200)
<Cllpjr * (unbj)llwr2@my [Yllwrr2200)
<Cllunbjllwr2@m)l[¥llwi2200) < Clluallwizey)l[¥ w2200

<Cllunllwr2@) ¥ llnr2()
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for some constant C' > 0 (which may change from line to line). A similar
analysis proves that

< Cllunllwrzo) 19 lwr2()

’ /an (s % (VO;un), v(2)]()

for some constant C' > 0. Taking all the above into account, we obtain

/m[an,k@?v%),u(xw] <
/89 [ st = 06,0) e 1000 dy

— HunHW1 2@) [Yllwr2@)-

Letting k — oo, and taking into account the fact that 6; is a partition of
unity in 2 and our assumptions on ¢; and K, we obtain

C
| e V). vfa) w\ < [ 00, v(@) (@) dz+ = lunllwr 20y w20y

[2}9]

Now, letting n — oo, and using (3.27), (3.28), we obtain

(336) \ / Q[z,mw\ < [ Pt )]s,

for all ¢p € Wh2(Q). Now, since z € L*(Q) and div(z) € L*(Q), [z, V]
coincides with the trace given in the sense of Anzellotti ([5]), and, therefore,
[z,v] € L>®(09). Hence, from (3.36), we conclude that |[z(z),v(z)]| <

fo(a, v(x). _

Lemma 3.7 Suppose that any of the assumptions of Lemma 3.6 hold. More-
over we assume that

u, —u in L*(Q), ||u.|lpy is bounded
(3.37)
-D

and a(x,Vu,) = f%(x, D*uy,)
Then

(3.38) z(z) = a(z, Vu(z)) a.e. x €.
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Proof. Again, since both proofs are based on similar arguments, we shall
only prove (3.38) under the assumptions given in i) of Lemma 3.6. Let

0<¢eClQ) and ge C'(Q). We observe that
| éltate, 9, Dlus = 9)) = ae. V9) Dl )] =
- [ dlae. Vun) - a(e. Vo) - V(w, = )] do
+ [ olate. V) = a@, V) - D, — ).

Since both terms at the right hand side of the above expression are positive,
we have

| éltate. V). Dlw, =) = (e Vo) Dl = 4)) > 0
Since
| #tat. V). Dl = ) =
_ /Q div(a(z, Vi) )(un — g) dz — / (un — ga(z, Vi) - Vb da,

Q

we get

lim [ ¢(a(x,Vu,), D(u, — g)) =

Zi/idiv(zw(u —g) dr — /Q(u —9)z-Vo dr = /Q¢(57D(U —9)).

On the other hand,

i [ dale, Vo)D(u, —9) = [ dale. Vo)D(u - )

n—oo Q

Consequently, we obtain
[ el = ) - aln. VoD@ -g) 20, ¥0<oeCHQ).
Q

Thus the measure (z, D(u—g)) —a(x, Vg)D(u—g) > 0. Then its absolutely
continuous part

(z—a(z,Vyg))-V(u—g) >0 ae. in Q.
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Since we may take a countable set dense in C1(£2) we have that the above
inequality holds for all z € Q, where Q C Q is such that Ay (Q\ Q) = 0,
and all g € C*(Q). Now, fixed € Q and given & € RV, there is g € C(Q)
such that Vg(x) = &£ Then

(2(x) — a(2,€)) - (Vu(z) =€) 20, V&€ RY.

These inequalities imply (3.38) by an application of Minty-Browder’s me-
thod in RY. [ |

Proof of Proposition 3.2 We divide the proof in three steps.

Step 1. Suppose first that ¢ € C1(Q). Let v € L>(Q). We shall find u €
BV(Q)NL*(2) such that (u,v—u) € B,. That is, there is a(z, Vu) € X ()
satisfying

(3.39) (v—u) = —div a(x,Vu), inD'(Q),
(3.40) a(zr,Vu) - D°u = f(z, D’u), and
(3.41) [a(z, Vu),v] € sign (p —u) fO(z,v(z)) HY' —ae.

By Lemma 3.3, we know that for any n € N there exists u,, € W)*(Q) N
L>(Q) such that (u,,v —u,) € A, ,. Hence

(3.42) /Q(w — ) (v — uy,) dr < / a,(x, Vu,) - V(w — u,) dx

Q
for all w € W)*(Q).

Let My := sup{||¢||oo; ||V|loc}. Then, taking w = u, — (u, — M;)" as
test function in (3.42), we obtain

/(un — M) (u, —v) dz <0.
Q

Hence,

/{ M}(un—M1)2 dr < /{ M}<un_Ml>(un_U) dx
Un > M1 Un > M1
- /(Un — M) (u, —v) dz < 0.
Q

Consequently, u,, < M; a.e. in €. Analogously, taking w = u,, + (u, + M)~
as test function, we get —M; < u,, a.e. in €2. Therefore,

(3.43) |tnlloo < My for all n € N.
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Taking w = wy € W2*(Q) N L>(Q) in (3.42), applying Young’s inequality
and using (3.43) we get

1
/a(x,Vun)-Vun dx+—/ Vu,|* do <
Q nJa
1
§/ a(z, Vuy,) - Vwg dx + —/ Vu,, - Vwy dz ~|—/(w0—un)(un—v) dx
Q nJa Q
21 1
< M, /|Vwo|2 dx —|——/|Vun]2 d:c—l——/|Vw0|2 dx + M
1
§M4+—/ V| de.
2n Q

Hence, by (2.5), we obtain

(3.44) / |Vu,| de < My ¥YneN
Q
and
1
(3.45) ﬁ/ |Vu,|> dv < Mg ¥n € N,
Q

Thus, {u, : n € N} is bounded in WH1(2) and, by extracting a subsequence
if is necessary, we may assume that u, converges in L'(2) and converges
almost everywhere to some u € L'(Q2) as n — +oo. Now, by (3.43) and
(3.44), we have that u, — u in L*(Q) and u € BV (2) N L>(Q).

Observe that by (2.4) and (3.45), {a,(x, Vu,) : n € N} is bounded in
L?*(Q, RY). Consequently we may assume that

(3.46) a,(z,Vu,) = z asn — oo, weakly in L*(Q, RY).

Given ¢ € C§°(Q2), taking w = u,, =1 in (3.42) we obtain
/ V(v —uy,) de = / a,(z,Vu,) - Vi dx.
Q Q
Letting n — 400, we obtain

/Q(U—u)wd"l?:/QZ-VQ/Jdim

that is,

(3.47) v—u = —div(z), in D'(Q)
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and

(3.48) div a,(z, Vu,) — div(z) weakly in L*(Q).
Since, by (3.45),

(3.49) %|Vun| 0 i I2(Q),

as a consequence of (3.46), it follows that

(3.50) a(z,Vu,) — z asn — oo, weakly in L2(2,RY).
Moreover, by (2.4) we may assume that

(3.51) a(r,Vu,) = z asn — oo, weakly* in L>=(2, RV).

Let us prove that

(3.52) lim a(z,Vu,) - Vu, de = /

(z, Du) — /aQ[z,V](u — ) dHN

By (3.42), we have

/(w — up)(v —uy,) dr + / a(z, Vuy,) - Vu, dr <
(3.53) @ ¢

g/a(a:,Vun)-Vw d:c—i—l/Vun-Vw dx
Q nJa

for all w € W2?(Q). By Lemma 3.4, there exists v; € C'(Q) such that
Vjigg = ¥ Vj — uin LY(Q). If we set w = v; in (3.53), taking the upper
limit when n — oo, we get

(3.54) /(vj —u)(v—u) dr+lim sup/ a(x,Vu,)-Vu, dr < / z-Vv; dx.
Q n—oo  JQ Q
Now, by Green’s formula we have

/z-ij de = —/div(z)vj dx—i—/ [z, V] dHN 1
Q Q

B
= /(U_U/)'Uj dx+/ [z, v]p dHN
Q o9

Hence, taking limit as 7 — oo and applying again the Green’s formula we
obtain that

(3.55) lim QZ -V, dr = /Q(Z,Du) - /m[z, v(u— @) dHN L

J—00



A PARABOLIC QUASILINEAR PROBLEM FOR LINEAR GROWTH FUNCTIONALS 1955

Letting j — oo in (3.54) , we have

(3.56) limsup/ a(z, Vu,)-Vu, dr §/
Q

n—00 QO

(Z,Du)—/m[z,u](u—go) dHN Y,

On the other hand,

/Qa(a:, Vu,) - Vu, de = / (a(z, Vu,) — a(z, Vv))) - V(u, — v;) do+

Q

+/ (a(z, Vu,) — a(z, Vvy)) - Vo; da + / a(x, Vv;) - Vu, dz >
Q 0

> / (a(z, Vu,) — a(z, Vv;)) - Vu; do + / a(z, Vv;) - Vu, dz.
Q Q

Hence

liminf [ a(z, Vu,) - Vu, dz > lim (/ a(x, Vu,) - Vu; dz
Q

n—oo 0 n—oo
- / a(x, Vu;) - Vu; do + / a(z, Vv;) - Vu, dx).
Q Q
If we consider the RV-valued measures fi,,, 1 on € which are defined as

pn(B) = Vu, dx

BN

w(B) = Du + / (¢ —u)y dHN?
BNQ BNOQ

for all Borel sets B C Q, we have

iy — [ weakly as measures in  §2.

Then, since a(x, Vu;(z)) € C(Q,RY), we have

lim [ a(z,Vv;)-Vu, do =

n—oo Q

= / a(z, Vv;) dDu+/ a(r, Vo) - v(p —u) dHN L
Q o)

Therefore, we have

lim inf/a(a:, Vu,) - Vu, de > /
Q

n—oo 0

z- Vv, dr — / a(x, Vv;) - Vu; dz
0

+ / a(z, Vu,) dDu+/ a(r, Vo) - v(p —u) dHN L,
Q o)
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Now, by Theorem 7.4 of [7], we have

lim [ a(z,Vv;) - Vu; doe =

Jj—0o0 0

—
:/ a(z,Vu) - Vu dx + / a*(z, D°u) - D°u
Q Q

+ /80 a®(z, (¢ —u)v) - v(p —u) dHN 1,

On the other hand, as a consequence of Lemma 3.4, we have

lim [ a(z,Vv;) dDu =

Jj—oo QO

J—00

= lim (/ a(z, Vv;) - Vu da:’—l—/a(x,ij)dDSu)
Q 0
—_—
= / a(zr,Vu) - Vu dx + / a*(z, D*u) - D*u
Q Q

and

lim | a(x,Vv;)-v(p—u) dHY !

i Jaq
:/ aoo(x, gp—uy) (o —u) dHN Tt =
e} o —u
:/ a®(z, (p —u)v) - v(p—u) dHN .
o0

Collecting all these facts, we obtain

lim inf/ a(zr,Vu,)-Vu, dr > lim [ z-Vu; dx
Q

n—oo J—7X J0

- /Q(Z,Du)—/m[z,y](u—go) dENL,

Combining this inequality with (3.56), we obtain (3.52).

Our next purpose will be to show that
[ D)+ [ o= ul e o) an
Q o9

:/Q(Z,Du)—/m[z,u](u—w) JENL.

According to [6], there exists a sequence {w;} C C*(2) N BV (Q2) such that
Wjlpa = ¥»

(3.57)

w; —u in LYQ), and @, (w;) — Py, (u).

J
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Now, by the convexity of f, we have

/ f(z,Vu,) dv S/ a(z,Vuy,) - Vu, dx
Q Q
- / a(z, Vuy,) - Vw; dx + / f(z, Vw;) dx.
0

Q

Thus,
D, (uy,) < / a(z, Vu,) - Vu, dr — / a(x, Vu,) - Vw; dz + &, (w;).
Q Q

Using (3.52), it follows that

lim sup @, (u,,) <

n—oo

g/(z,Du) —/ [z,v](u—) dHN"' = lim [ a(x, Vu,)- Vw; dv+ ®,(w;)
Q o9

n—oo 0

:/Q(Z,Du)—/m[z,y](u—go) dHN_l—/QZ'ij dz + Oy (w;).

Since
i [ Vuydo = tim (= [ div; dot [ ol an) -

:—/ div(z)u dx +/ [z, V] dHN :/(Z,Du) —/ [z, V] (u — @) dHN T,
Q o0 Q o0
letting 7 — oo in the above inequality, we obtain

limsup @, (u,) < lim @, (w;) = Oy (u).
j

n—oo — 00

Thus, by the lower-semicontinuity of @, we get

(3.58) P, (u) = lim Dy (uy).

n—oo

Now,
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Then, applying Theorem 3 of [18], it follows that

(3.59) / h(z,fi) = lim [ h(z, fi,) = lim [ a(z, Vu,) - V.

5 n—oo ﬁ n—oo 9]

JREIE

Since

s

b)) da+ [ 0o 2 @) de|

:témmvwﬂﬁm+/ﬁ%%5%@»ﬂD%

Q

=)

- / h(z, Du) + /8 e = ul (o vta) AV,

I
T o
>
=

= 2
e
S
=
QL
)
_|_
S—
>
—~
“H
=Y
==
_tl: v
&
=
=
_»

(3.57) follows from (3.52) and (3.59).
By (3.49), (3.50) and (3.48), applying Lemma 3.6 (ii), we get

(3.60) [2(2), v(2)]] < fO>x,v(x)) ae. in IQ.

Let v; € C'(Q) be a sequence such that v; — w in L*(Q) and [, |Vv;| —
| Dul|. According to (Hs), we have

|a(z, Vu,) - Vu;| < fo(x, Vu;).

Then, if ¥, ¢ € C1(Q), with 0 < < ¢, we have

‘ /a(m, Vu,) - Vu; ¢ dx
Q

sKyWLVdea

and, letting n — oo, we get

/z-ijwdx
Q

g/fo(:c,ij)w dz.
Q
Now, since

‘/Z~V1}jwdm
Q

Y

= ‘ — / div(z)vp dx — / vjz - Vi do
Q

Q
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letting 7 — oo we obtain that

(2, Du), )| = ’—/Qdiv(z)m/) dm—/uz-vw dx

Q

< }wa%meofsz¢f%m,Du»

Hence

(. Du)l.0) < [ o"(w. D).
Thus, we have
|(z, Du)| < f%(x,Du)  as measures in 2.
Then, the singular parts also satisfy a similar inequality,
(3.61) |z - D*u| < f%x, D’u)  as measures in ().

Now, by (3.58), (3.51), (3.60) and (3.61), the assumptions of Lemma 3.5
are satisfied, and we have

(3.62) / z-Vu dr = / h(z,Vu) dx = / a(z, Vu) - Vu dz,
Q Q Q

(3.63) 2 D*u = fz, D%u),
(3.64) [z,v] € sign (p —u) fO(x,v(z)) HN=1 —ace.

Moreover, since the assumptions of Lemma 3.7 hold, we have that
(3.65) z(z) = a(z, Vu(x)) a.e. x €.

Observe that (3.39) follows from (3.47) and (3.65); (3.40) is a consequence
of (3.62), (3.63) and (3.65); and (3.41) follows from (3.64) and (3.65). This
concludes the proof in the case ¢ € C1(Q).

Step 2. Suppose now we are in the general case, that is, ¢ € L'(092). Take
p; € CH(Q) such that p; — ¢ in L'(9Q). Given v € L*®(Q), from the Step
1, there exists u; € D(B,,) such that (uj,v —u;) € B,,. Hence, we have

(3.66) —div(a(z, Vu,)) = v — uj, in D'(Q),
(3.67) a(z,Vu;) - D*uj = f%(z, D?u;),

(3.68)  [a(x, Vu;),v] € sign(p; — u;) fO(z, v(x)) HN-1 —ae.
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By (3.66), (3.67) and (3.68), we get
/a(:z:, Vu;) - Vu; dx + / fO(x, DPuy)
) Q

(3.69) + [ el [ s

o9 Q

= / u;v da;—l—/ (a(z, Vu;) - v)p; dHN .

Q o9

From (3.69), using Young’s inequality and (2.5), we obtain that

1
CollDusl +Co [ 13 = wlflav(@) a7+ 3 [ G <o vjen
o0 Q

for some constant C' > 0. It follows that there exists u € BV (Q2) N L*(Q),
such that

u; —u  weakly in L*(Q2),

(370) in L9(Q) for all 1 <
u; —u in L(Q) for a <4< g7
Hence,
(3.71) /u2 dx < limsup/ u? dzx.
Q j—oo Jo

After passing to a subsequence, if necessary, we may assume that

(3.72) a(z,Vu;) = z as j — oo, weakly* in L>=(Q, RY)
and
(3.73) —div(z)=v—u in D(Q).

According to [6], Fact 3.3, there exists a sequence {wy} C C*(Q2) N BV (Q)
such that wgpn = ¢,

(3.74) wy —u in L*(Q)  and @, (wy) — P, (u).

Now, by the convexity of f we have

/f(:c,Vuj) dx §/ a(x, Vu;) - Vu; dx — / a(x, Vu;) - Vwy, dx
Q Q

Q

—l—/gf(x,Vwk) dx.
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Thus, having in mind (3.66), (3.67) and (3.68), we get
P, (uy) :/f(a:, Vu;)dz + | fO(z, Duj) —|—/ lu; — ;| fO(z, v(x)) dHN
Q Q B
§/ [z, Vwy) dw—}—/a(m,Vuj)-Vuj dx+/f0(m,DSuj)+
Q 0 Q
+/ luj — ;| Oz, v(x)) dHN — / a(z, Vu,) - Vwy, do
o9 Q
§/ f(z, Vwyg) dz + /(v — uj)u; do
Q Q

+/ [a(x, Vu;), v])p; dHY ' — / a(z, Vu,) - Vwy, dz.
o0 Q
Using (3.71) and (3.72), it follows that

lim sup @, (u;) = limsup @, (u;) <

J—00 Jj—oo

g/f(a:,Vwk) dm—l—/uv dx—/u2 dx—l—/ [z,u]gdeNl—/z-Vwk dz
Q Q Q 80 Q
S/f(x,Vwk) dx—l—/(v—u)u dx+/dw(z)wk dx.
Q Q

Q
Hence, by (3.73), letting &k — oo, we arrive to

lim sup @, (u;) < klim P (wi) = Py (u).

Jj—00
Thus, by the lower-semicontinuity of @, we get

(3.75) D, (u) = lim Dy (uy).
j—oo
Applying Theorem 3 of [18] as in the Step 1, it follows that

im [ oD+ [ s = o] £ v(a) di
o0

Jj—00 Q

:/Qh(x,Du)—l—/m lu — | f(z,v(z)) dHN

On the other hand, by Green’s formula, (3.66), (3.67) and (3.68), we have
/ h(x, Duy) +/ luj — ;| Oz, v(x)) dHN
Q o9

:/Q(a(x, Vu;), Du;) +/ [a(x, Vuy), v](¢; — u;) dHN

o

:/uj(v—uj) dx—i—/ [a(z, V), v]g; dHY L.
Q )

(3.76)
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Since [a(z, Vu;),v] = [z, v] weakly* in L>(092), letting j — 400, and using
(3.76), it follows that

[ .t [ gl vla)) an
Q G)
< / u(v — u) da:+/ [z, V] dHN 1
0 o0
= /(z,Du) +/ [z, V](p — u) dHN L.
Q )
Now, by Lemma 3.6 (i), we have
[2(2),v(@)]| < f>z,v(z)) HY'—ae in Q.
Moreover, as in the Step 1, we get
|z - D*u| < f%(x, D’u) as measures in Q.
With this and using Lemma 3.5, we obtain
(3.77) / z-Vudr = / h(z,Vu) dz = / a(z,Vu) - Vu dz,
Q Q Q

(3.78) z - D%u = fxz, D%u),
(3.79) [z,v] €sign (¢ —u)fO(z,v(x))  HY!'—ae.

As in the Step 1, to get that (u,v —u) € B, we only need to prove that

(3.80) div z = div a(z, Vu), in D'(Q),
and
(3.81) [z,v] = [a(z, Vu), V] HN"' —ae. on 09.

Now, by (3.66), (3.70) and using Fatou’s Lemma, we are able to adapt the
proof of Lemma 3.7 obtaining that z(z) = a(z, Vu(x)) a.e. in  and this
implies both (3.80) and (3.81).

Step 3. To prove the density of D(B,) in L?(§2), we prove that C5°(Q2) C

2
D(Bw)L @ Let v e C5°(Q). By the above, v € R(I + =B,,) for all n € N.

Thus, for each n € N, there exists u,, € D(B,,) such that (u,, n(v—u,)) € B,.
Consequently, we have a(z, Vu,) € X (), n(v —u,) = —div(a(z, Vu,)) in
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D'(©2) and

/Q(w — un)n(v —u,) dz =
:/Q(a(x,Vun),Dw) —/ la(z, Vi), v)(w — @) dHN

o
- / h(z, Du,,) —/ | — un| fO(z, v(z)) dHN .
Q )
for every w € BV (Q) N L*(Q). Taking w = v, we get
/(U—Un)2 dx _1 </ a(z, Vuy,)-Vou dx —/ [a(z, Vu,), v](v — @)dHN™
Q n\Ja

—/Qh(x,Dun)— mgpunfoa(z,y(x)) dHN—1>
S%(/Qa(x, Vi) - Vo do — /aﬂ[a(x,Vun),y](v _ o) dHN—l)

M
S—(/ |V dm—{—/ v — ] dHN_l).
n Q Zig)

Letting n — oo, it follows that u, — v in L*(Q). Therefore v € D(BS(,)L @
and the proof is complete. [

Proof of Theorem 3.1 First, we prove that B, C 09,. Let (u,v) € B,
and w € W1?(Q). Then, by (2.2), and applying Green’s formula we get

/Q(w —u)v dr = —/Q(w —u) div a(z, Vu) dz

- /Q (a(x, V), Dw — Du) — /B [ata, V). vl — ) BN

:/Qa(rcvvu)-Vw dx—/ga(x, Vu) - Vu d:p—/ﬂa(x, Vu) - D*u
- /8 ) la(z, V), v](¢ — u) dHN !

S/Qf(x,Vw) dx — /Qf(x, Du) dx — , lo — u|fO(z, v(z)) dHN !
=d,(w) — Py (u).

Suppose that w € BV () N L?(2). According to [6], Fact 3.3, there exists
a sequence w, € W}*(Q), with w, — w in L*(Q), and ®,(w,) — Py (w).
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Then, by the above inequality, we have

/(wn —u)v dr < Oy, (wy,) — Py (u).
Q

Now, letting n — oo, we get

/Q(w —u)v dr < Oy,(w) — Dy(u),

and therefore, (u,v) € 0D,,.
Since B, C 0%, and, by Proposition 3.2, L>*(Q) C R(I + B,), we

have 0®, = B—¢L2(Q). To finish the proof we only need to prove that the
operator By, is closed. Let (u,,v,) € B,, and assume that (u,,v,) — (u,v)
in L*(Q2) x L*(2). Let us prove that (u,v) € B,. Since (u,,v,) € By, we
know that a(z, Vu,) € X () is such that

(3.82) —v, = div a(z, Vuy,), in D'(Q),
(3.83) a(z,Vu,) - D%u, = f°(z, D%u,),
(3.84)  [a(z,Vu,),v] € sign (p —u,) fO(z,v(z))  HYN"!—ae.
Multiplying (3.82) by u,, and applying Green’s formula we obtain
- / Up vy, d :/ [a(z, Vu,), v dHY ! — / h(z, Duy,)
Q o9 Q
— | o —ualfO(x,v(x)) dHY

o0

Hence,
(3.85) /h(:z:,Dun) < / Up vy dx +/ [a(z, Vu,), v]p dHY L.
Q 0 Gl)
From (2.5) and (3.85), we have
C’O/ |Du,,| dv — D1 AN(Q2) < [ h(z, Du,) dx
Q

<

S— 55—

Up Uy dx —i—/ [a(z, Vuy,), v]p dHN L.
o0
Hence,

(3.86) / |Du,| dx < M, VneN.
0
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Therefore, u € BV (Q) N L*(2). On the other hand, since ||a(z, Vu,)||e <
M, we may assume that

(3.87) a(z, Vu,) — z in the weak® topology of L>(Q,R"),

with ||2]lcec < M. Moreover, since v, — v in L*(Q2), we have that v =
—div(z) in D'(R2). By the definition of the weak trace on 0% of the normal
component of z, it is easy to see that

(3.88) la(z, Vu,),v] — [z, V] weakly™ in L>(09).

Now, we prove the convergence of the energies. According to [6], Fact
3.3, there exists a sequence w; € C*(Q) N BV (), with Wjgn = ¢, Wj — U
in L'(Q2), and ®,(w;) — P, (u). Moreover, looking at the proof of Fact 3.3

in [6], we have that, w; = wj 4+ w3 with le|89 = ujpq and w; — u in L'(Q),
2
w

Tion = @~ Wos, w? — 0in L'(Q2), and, using [5], Lemma 1.8, we have that

/Q(z, Duwj) — /Q(z, Du).

By the convexity of f and taking (3.83) and (3.84) into account we have

B, () = [ fa. V) do -+ [ £ D) + [ =l (ol arr ™

< / a(z,Vu,) - Vu, dr — / a(z, Vu,) - Vw; dr + / f(x,Vw,) dx
Q Q Q
+ / a(z, Vuy,) - D’u, —l—/ [a(x, Vu,), V(¢ — u,) dHN
Q )

- /Q (a(z, Vu,), Duy,) — / a(z, Vuy) - Vw; dz + @y (w;)

Q

+/8Q[a(x, V), V(¢ — up) dHY ! = @, (w;) —/Qa(a:, Vu,) - Vw; dz

- /de'v(a(:v,Vun))un dx —|—/ [a(z, Vu,), v]p dHY !

o

=, (w;) —/Qa(a:, Vu,)-Vw; dx —l—/ﬂvnun dx —l—/m[a(a:, Vuy,), v dH .

Hence, by (3.87) and (3.88), it follows that

imsup @, (1,) < @, (5) = [ (2. D) + |

n—oo (9]

uv dac—l—/ [z, V] dHN™?
00

= 0.fw)— [ 0w - [Dud)— [ divudes [ vl am

o0N
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— B (w;) — /Q (2, Du') + /Q div(z)w? di + /8 [ udi /Q div(2)u dz.

Letting 7 — oo, we have that

lim sup @, (u,) < Py (u) —/ (2, Du) —i—/ [z, v]u dHN —/div(z)u dx
n—0o00 Q 0N Q
= Oy (u).
Finally, by the lower-semicontinuity of ®,, we obtain

(3.89) P, (u) = lim Dy (uy,).

n—oo

If we consider the RV-valued measures fi,,, 1 on € which are defined as

mB) = [ Dut [ o-want
BNQ BNoQ

w(B) = Du + / (¢ —u)vy dHN 1
BNQ BNAQ

for all Borel sets B C ), we have

i — [ weakly as measures in (2.

Moreover,

Hence, (3.89) yields

i [ o, i) = /f

n—oo

Then, applying [18], Theorem 3, it follows that
[y = fim [ )
a n— Jg

= lim [ h(z, Du,)+ lun, — @l fO(x, v(z)) dHN L.
n— Jo Ge)

Since

L) = [ w0+ [ o= ul vty an,
Q Q o0
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we have
/ h(z, Du) + o —ulf(z,v(z)) dHN ' =
Q o0
(3.90)
= lim [ h(x, Du,)+ [t — 0| f(z, v(x)) dHN
e Ja o0
Now, since
lim [ h(z, Du,) + / [y, — 0| f(z, v(x)) dHN 1
n—o Jo o0

= lim [ a(z,Vu,)- Vu, dr + / Yz, Duy,)
Q

n—oo 0

+ /m [a(x, Vu,), v](¢ — uy,) dHN

= lim [ (a(z, Vu,), Du,) +/ [a(x, Vu,), v](¢ — u,) dHN

n—ee Ja N

= lim [a(z, Vuy,), v]p dHYN ' — / div(a(z, Vuy,))u, dx

n—oo Jon Q

:/89[Z,V]g0 dHNT — / div(z)u dx

:A@Dw+lgam2—wwﬂ*,

we finally obtain
/VwaDw+- o — ul (e, v(a)) dHN
(9] o0

:/Q(Z,Du)+/m[z,u](<p—u) dHNL,

Again, by (3.87) and (3.88) we can apply Lemma 3.6 obtaining that

(3.91)

(3.92) [2(2), v(2)]] < fO>x,v(z)) ae. in OQ.
Moreover, acting as in the proof of Proposition 3.2, we get that
(3.93) |z - D*u| < fO(x, D*u) as measures in ().

167

Hence by (3.89), (3.90), (3.91), (3.87) (3.93) and (3.92), we can apply Lemma

3.5, to obtain
(3.94) / z-Vu dr = / h(z,Vu) dx = / a(z, Vu) - Vu dz,
Q Q Q

(3.95) 2 D*u = f%z, D*u),
(3.96) [z,v] € sign (p — u) fO(x,v(z)) HN=1 —ace.
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Now, using Lemma 3.7, we have

(3.97) div z = div a(z, Vu), in D'(Q),
and
(3.98) [z,v] = [a(z, Vu), V] HN"' —ae. on 05.

Since v = —div(z) in D'(Q?), taking (3.97) into account, we get
v = —div(a(x, Vu)), in D'(Q),
and, using (3.94), (3.95) and (3.97), we get
a(z, Vu) - D°u = f°(z, D*u).
Finally, by (3.96) and (3.98) we get
[a(x, Vu),v] € sign (¢ —u)f°(z,v(z)) HY ' —ae.

Therefore, (u,v) € B,.

Proof of Theorem 2.2 Let (S(t))s>o be the semigroup in L?*({2) generated
by the subdifferential of ®,. Then by the nonlinear semigroup theory ([9]),
given ug € L*(Q) = D(0®,), u(t) = S(t)uo is the only strong solution of
problem (3.1). Thus, by Theorem 3.1, we have that for almost all ¢ €
0, +o00], u(t) € D(B,) and —u'(t) € B,(u(t)). This concludes the proof. W

4. Behaviour of the solution

We have the following weak form of the maximum principle.

Theorem 4.1 Suppose u; and uy are two solutions of (1.1) corresponding
to initial data uy g and ug g in L*(Q) and boundary data 1 and @q in L' (09),

respectively. If
U > Uz and Y1 > Po,

then uy > us.

Proof. For almost all ¢ € [0, 400, we have u}(t) € L*(Q), u;(t) € BV(Q)N

L3(Q2), a(z, Vu,(t)) € X(22), and

(4.1)  uh(t) —u)(t) = div[a(x, Vus(t)) — a(z, Vuy(t))], in D'(Q),

(4.2) a(x, Vu(t)) - Du;(t) = fO(x, Déuy(t)),

(4.3) [a(x, Vuy(t)),v] € sign(p; — ui(t)) fO(z,v(x)) HN"! —a.e.ondf.
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Multiplying in (4.1) by (us(t) —ul(t))+, integrating in 2, and using Green’s
formula, we get

3 | a0~ us(0)) ] do =

odt

_ / div[a(z, Vua(t)) — a(z, Vur (1))] (us(t) — wi (8) " da
(4.4) ¢

_ /Q (a(z, Vus(t)) — ale, Vus (1)), D((us(t) —w(8) )+
+ /m[a(x, Vus(t)) — a(z, Vu (1)), v] (ua(t) — ul(t))Jr dHN 1,

Now, by the chain rule for BV-functions ([2], [14], Lemma 1.2), there exists
a scalar function n(t), with 0 < n(t) < 1, such that

| {ale. V) = ae. un (). D (watt) = () ")) =
= /{ § }(a(x,Vu2(t)) —a(z, Vuy (1)) - (Vua(t) — V(1)) da+

+ /Qn(t) (a(z, Vua(t)) — a(z, Vui (1)) - D*(uz(t) — ui(2)).

Observe that, by the monotonicity of a, (Hs) and (4.2), we have that

(4.5) /Q (a(z, Vus(t)) — alz, Vu (1)), D (us(t) — ui (1)) > 0.

On the other hand, since ¢ > 9, from (4.3), it is easy to see that
(4.6) / [a(z, Vua (1)) — a(z, Vuy (t)), V] (ua(t) — ul(t))+ dHYN' <.
o9

From (4.4), (4.5) and (4.6), it follows that
1 [d +72
- /Q [(uslt) — ea(0))*] dw <01
Since uy 9 > ug, we have u; > uq, and the proof is concluded. |

We shall now prove that the solution u(t) stabilizes as t — 400 by
converging to a solution of the steady-state problem. To do that, we follow
the proof of Theorem 4.2 in [17].
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Theorem 4.2 Suppose ug € L*(Q) N BV (Q) and ¢ € L®(0Q). Then the
solution u(t) of (1.1) converges ast — +oo to some limit w € B_'(0) in the
following sense:

u(t) — w strongly in L'(Q) and weakly in L*().

Proof. Since B, is the subdifferential of ®,, by a classical result of Bruck
([10], Theorem 4), to prove the weak convergence in L?(Q), it is sufficient
to prove that @, attains its minimum in L?(2). In fact, let {u,} be a
minimizing sequence for ®,. Without loss of generality, we may assume
that u, € BV () N L*(2). Now, by approximation we may assume that
u, € WHH(Q) N L*(Q). Denote by J : R — R the truncature function

—lleplle if 7 < =llollo
J(r) = ro i r] < lefle
@l i 7> [|]]oc-

If we take wy, := J o uy,, w, € WH1(Q)N L>®(Q), and using that |J'| < 1, we
have

Bwn) = [ 1.V dot [, =l v(o) an =

:/ f(z,Vu,) dr + |J ou, —Jop|fx,v(z)) dHN ! <
{lunl<llelloo} Gi9)

< /Qf(x, Vu,) dr + /m |un — | fO(x, v(x)) dHNTL.

Thus, {w,} is still a minimizing sequence for ®,. Moreover, this sequence is
bounded in W1(Q) N L>°(€), hence, relatively compact in L'(£2). We may
extract a subsequence converging in L'(§) to some w € L'(2) N BV(Q).
Therefore,

@,(0) = inf @, (u)

Then, by Bruck’s result ([10], Theorem 4), there exists w € B;'(0), such
that u(t) — w weakly in L?*(€2). Finally, we prove the strong convergence in
LY(Q). Since (u(t), —u/'(t)) € 0P,, using [9], Lemma 3.3, we have

d%CD@(u(s)) = —/Qu'(s)2 dz <0,
hence,
Py (ut) < Pyp(ug) ViE>0.

Thus, {u(t) : t > 0} is bounded in BV (2), and therefore relatively compact
in L'(). The result follows. [
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5. Appendix

In this appendix we prove the approximation Lemma. Before giving the
proof, let us construct a substitute for the distance function to the boundary
d(.,00). That construction would be unnecessary if 92 would be of class
W2 ([7]). We follow the proof of Lemma 5.1 in [7] for C* domains.

If 09 is a manifold of class C', then there is some € > 0 such that for
all points y € € such that d(y,2) < € there is z € 9Q and t € (0,¢) such
that y = z — tv(z), v(z) being the outer unit normal to 9 at z ([11]). In
other words, O == {x € Q: 2z =y —tv(y),y € 9N, t € (0,e)} is open.
Then there is a function D € C*(Q) such that D = 0 on 9, D > 0 on
and VD(z) = —v(z) for all z € 0Q. This is a consequence of Withney’s
extension Theorem ([15], p.48, [13], p.245). Indeed, since

r—Yy

| |—>0 as T,y —p, T #Yy, 1,y € 09,
r—y

v(y)

by Withney’s Theorem , we know that there exists a function D e C'(Q)
such that D = 0 on 9Q and VD(z) = —v(z) for all z € 9Q. Now, let y € 00

and t € (0,¢). Using the mean value theorem, we know that

D(y —tv(y)) = D(y) — tVD(y — sv(y)) - v(y) = —tVD(y — sv(y)) - v(y).

Since D € C'(Q), we have

D(y —tv(y)) = t(1 +w(t))

where w(t) = o(1) as t — 0+ and is the modulus of continuity of VD.
Without loss of generality we may assume that € > 0 is such that w(t) < 3
for all t € (0,¢). In particular, we have that

(5.1) D(z)>0  forall z € Q°.

We shall modify D so that the modified function is > 0 in Q. Let €
C([0,00)), n(t) > 0, for all t € (0,00), n(t) = o(t) as t — 0+4. Let €y be an
open set, ; C Q, with smooth boundary 9Q; C ¢ such that 0 < §—n(d) <
D(z) < 8 +n(8) for all z € 09 for some § > 0. Let €, be an open set with
smooth boundary such that Q) C Q; and n(8) < d(9Q;,08%) < 2n(J), where
d(0Qy,080) = inf{|z —y| : © € 0, y € 0Q}. Let dyg, be the distance
function to 9€, > 0 in €2, negative outside. Let daa,n = pn * daay, Pn
being a positive regularizing kernel. Observe that ||[Vdaq, ullec < 1. We may

choose n large enough, and Q, such that Qy C Qf, 7(8) < d(0Q,08,) <



172 F. ANDREU, V. CASELLES AND J. M. MAZON

277(5), 0 < d@g/gm < 77((5) in aQQ, and daﬂé,n > 0 in . Let Bl’g = \Q—Q
Then, using again Withney’s extension Theorem, there is a function R €
C'(B,2) such that R = D—¢ and VR = VD on 9Qy, and R = dooyn, VR =
Vdsayn on 98y. Moreover, ||V R||o is bounded by a constant depending on

D] o000, | docy nlloc,602 IV D||oo.00: Vdaqy o600, and

|D(x) — 6 — dpoyn(y)| _ 20(5)
sup <
€90,y ’33 - y’ 77(5)

=2.

We define D : Q — R by

D = D in{y,

D = R + (S in BLQ,
D = daQ/wn + 0 in Q_2

Then D € CYQ), D =0o0n dQ, D > 0 on Q and VD(x) = —v(z) for all
x € 0L

Proof of Lemma 3.4 We may think that v and v are extended as BV
functions in RY in such a way that

(5.2) /aQ|Du| - /aQ|Dv| —0.

We consider a family of radially symmetric positive mollifiers

Tj

1 T
nj:—Nn(—>7 n=>0, /n(i)dﬂﬁzly 7 L0+,
and we set

(5.3) z; =1j * (v + %)

Clearly, we have z; € C'(Q) and obviously we have
(5.4) zj — v in LNW-D(Q).

Also, from (5.2) it follows that

(5.5) /le—i_ |Dzj(x)|?dx H/Q\/de.

This implies, by the Theorem of convergence of traces for BV functions that

(5.6) zilon — v]eq 1n L'(0Q).
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By the Theorem of differentiation of measures ([7]), we obtain
(5.7) Dzj(x) — Vu(z) Ay a.e. in Q.

Indeed, since Dz; = n; * Dv + %nj x Du, this is a consequence of the four
following limits

(5.8) li]m nj *Vul(x) = Vou(z) Ay ae. in

(5.9) lijm [n; * (Dv)°](z) = (Dv)’(z) =0 Ay a.e. in
(5.10) li;rn % [n; * Vul(z) = Vu(x) lijm% =0 Ay a.e. in§,
(5.11) li]m % [ * (Du)®l(x) = 0 Ay a.e. in Q,

since (Du)®, (Dv)* are singular with respect to Ay and |Vu(z)| < oo Ay a.e.
in €2. In the same way, using the Theorem of differentiation of measures, we
have

(5.12) lim [n; * Vo](z) = 0 |Dv|® a.e. in
j
(5.13) lim[n; * Vul(z) = 0 |Dv|® a.e. in €,

J

(5.14)  lim[n; * (Du)*|(z) = 0 |Dv|® a.e. in ,
j

5.15 limln-* Du)*|(z) = Dusaxliml:O Dv|® a.e. in €,
i J

J

where (Du)®**, (Du)®* denote the absolutely continuous and singular part of
(Du)® with respect to (Dv)®, and we obtain

. Dz(x) , Dz;(x) Dv _
5.16) lim —2—- = lim = = () |Dv]® a.e. in €.
10 D, )]~ Ty (o)) 1Dl
Similarly
(5.17) lim |Dz;(z)| = lim|[n; * | Dv|*](z)] = c0 |Dv|® a.e. in €.
J J

Next, we prove that for a suitable choice of the numbers 7; one has

. Dz;(x) Du
(5.18) lim — J = (x) |Dul* a.e..
i (1/9)[n; * | Dul}(x)  |Dul
Assuming this, it is easy to prove that

. Dzi(x) Du
5.19 lim J =
(519) " D2()] ~ [Du]

() |Dul** a.e..



174 F. ANDREU, V. CASELLES AND J. M. MAZON

Indeed,
Dz =y Dule) + <1+ Du(a)
= 1y Vola) £+ (D0)'(a) + <05+ V)
45+ (D) (@) + <y % (D)™ (z).
Since n;*Vu(z) — 0, n;*(Dv)*(z) — 0, %nj*Vu(:E) — 0, %nj*(Du)S“(x) — 0

| Du|**-a.e., we see that (5.19) follows from (5.18). To prove (5.18) we observe
that

Dzj(x) B [n; * Dv](z) [nj * Duj(x)
G20 7y 1Dul1) ~ W)y 1DelI(a) Ty [Pl ()
Since
[7; * Duj(z)  Du ul5® ae
521) g IDa=](e)  Tou] ) 1P e
it is sufficient to prove that
[ * Dol(z) a5 ae
(5.22) T D \Duf* ace..
To prove (5.22), we define
[n- * Dv(x)

(5.23) ar(x) = 0+ Du=](2)

Since Dv and |Du|*® are mutually singular, then
a-(x) — 0 |Dul* a.e..
Thus, if we consider the sets
E(r,j) = {x € Q:a(z)| > Ji?},
for any fixed j € N we have
lim [ Dul*(E(7,7)) = 0.
For each j € N, there is some 7; such that

SS - 1
IDul**(B(7.5)) < 55



A PARABOLIC QUASILINEAR PROBLEM FOR LINEAR GROWTH FUNCTIONALS 175

that is

uquerJMA)h>}><%

This easily implies that

lim ja, (z) =0, |Dul* a.e

J—0o0

which is exactly (5.22). Moreover, we may choose 7; such that %[7];' *
| Du|**](z) — oo |Du|*® a.e.. From this, and (5.18), it follows that

(5.24) |Dzj|(x) — oo |Dul* a.e

We observe that up to know we have not used neither the hypothesis on the
regularity of €2 nor the regularity of g.

We observe that the functions z; that we have constructed satisfy some
of the requirements of the Lemma but not all of them, in particular, (3.6),
(3.8), (3.12), (3.13) have yet to be satisfied. For that, we construct suitable
correction functions o; and p; around the boundary and we shall define

Vj = %+ 05+ Py

Let g; € C*(9R) be such that g; — ¢ in L*(992). We shall construct the
sequence of functions o; € C1(2) such that

(5.25) = gj —zj on S,
(526) /|O‘J|N i — 0,

(5.27) (z) = 0 if D(z) >¢;+e2,
(5.28)

/¢ Do; — /w-l/(g—v)dHN_1
oN
for all ¢ € C(Q, RY),

oi| — v — N-1

6200 [1Do) = [ jo—glam,

(5.30) |D(cj+z)(z)] — oo HNlae inT={zxed:g(x)+#v(z)}
and

Doy +5)x)  gla) -
(5:31) Do, + ) @] lgla) =

HYlae inT={xe€d:g(x)+#v(x)}
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Construction of o;.

For each number ¢ € (0,ey) we consider a function h.(t) : [0,00) — [0, c0)
such that

h. € C'(]0,00)),
B <0, B(0) =1,

h.(t) is not decreasing,
ho(0) =1, h(t) =0 for t > e+ &>

Let {€,}5°, be a decreasing sequence of numbers such that

2e1 < g9 < 1, hmsj:()
J

Now, let G € Wh(Q) such that Gjpq = g. Since g; € C'(99), we may
consider a function G; € C*(2) which is an extension of g;. We may assume

that G; — G in L'(Q2) and /Q VG| — /Q |IVG|. We define
(5.32) 0; = [Gj(x) = 2(@)]he; (D (@),

Clearly, o; € C1(Q),
oj =g; —z on 0,

and, if D(z) > &; + €7, then h.;(D(z)) = 0, and, therefore
0 ([L’) =0.

Now,
/|Uj|N/(N_1) :/ oYV S/ Gj() — z(a) [V
Q QQEJ' 925]-

where, for any € > 0, we denote
Q. ={r€Q:D(x) <e}.

The functions G, z; being independent of €;, we may choose £; > 0 small
enough such that

1
/ 1Gy() — (@) VN < L,
Qo J

Hence
/ |0, [N D 0 as j — oo
Q
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Let v € C(Q,RY). Since

Voy(2) = V(G; — 2)@)he, (D@)) + (G; — %) (@)L (D(x)) VD (x),
we have
/@D -Vo,(x dx—/@b (r) — Vzj(x))he,(D(z))dx
+ [ (Ga) = 5@)ite) - Vih (D))o
-/ V@) (T6,(0) = T3 (o)t (D)

+ / (Gj(x)—z(x))¢(x) - hL (D(x))VD(x)dz.
Q

422
5] +Ej

Again, since |h.| <1 for all € > 0, a proper choice of €; guarantees that
| 0@ (V6ya) = Vaa)h, (Dla))dz — 0
Qs'+52.
itej

as j — oo. Now, by our choice of G;, (5.5) and a proper choice of ¢;, we
have that

(5.33)
(Gj(x) = zj(2))(x) - b (D(2))VD(x)dz — [ 4 -v(g—v)dH ",

L o0

Indeed, using the change of variable’s formula ([13], p. 118, [20], p. 96),
| (G = 5@)0a) -1, (D@) D)

— ej+es A . L L(y) o
= @) = st (D) e e

i 2 N Y VD(y) N-1
=i+ [ (G = =) K (D) gt )

for some \; € (0,¢; + 532-) by the intermediate value Theorem. Now, since
G, zj do not depend on our choice of ¢;, by choosing ¢; — 0+ sufficiently
fast, we obtain(5.33). Hence

/¢ -Voj(z)dr — ¢ v(g — v)dHN !
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as j — o0. In particular, we have

(5.34) lim.inf/|VJj(x)|de/ lg — v|dHN L,
i Ja o)

On the other hand, we have

| o@lar< [ VG @) = Vol

4.2
+6j

+/Q Gj(@) = 2 (@)Ihe, (D@)]IV D(x)|da.

12
s] +sj

Again, a suitable choice of €; guarantees that

/Q IVGj(xz) — Vzj(x)|de — 0

sj+aj

as j — oo. Similarly, the properties of G;, z; and a choice of €; imply that

/Q |G(x) = 2;(@)[ |, (D(2))|IV D () |dr — /asz l9(@) — v(@)|dHY .

5]-+sj

Hence
limsup/ ]Voj(:c)]dxg/ lg(z) — v(z)|dHN 1.
J Q o0

This, together with (5.34) proves that

(5.35) 1im/ |Vo;(z)|dx :/ lg — v|dHN !
7 Ja o0
Finally, since
Doj+ Dzj = VGjhe,(D) + Vzi(1 = he (D)) + (Gj — 2)h (D)V D,
we may write on 0f)
(5.36) Doj+ Dzj = VG — (Gj — 2)h,,(0)v().
Hence, on 0f2, we have

Doj+ Dz VG = (G —2z)h (0)v  £,VG; + (G — z)v

|Doj+ Dzl [VGj = (Gj = z)hl (O] |g;VG;+ (G — 2)v|’
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Now, choosing ¢; such that ¢;VG; — 0 as j — oo, we obtain that

Do; + Dz; g(x) —wv
- v(x)
|Doj+ Dz| - [g(x) — v(z)]

(5.37)

HYVae inT = {z € d0: g(zx) #v(zx)} Next, a proper choice of ¢; in
(5.36) guarantees that

(5.38) |Doj(z) + Dzj(x)] — oo

HN-1ae inT.

Next, we construct a sequence of functions p; € C1(Q) such that

(5.39) pj = 0 on 012,
(5.40) [ln# =

Q
(5.41) pi = 0 it D(z) > 42

for some ¢; > 0,

(5.42) / |Dp;| — 0;
Q
for HN=1 -a.e. x € T, there is jo(z) such that

(5.43) Dpj(z) =0 for all j > jo(z);

(5.44) if we set v; = z; + 0; + p; then (3.13) holds.
Construction of p,.

For all § > 0 consider a function ¢ : [0,00) — [0, c0) such that

¢
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We define ( : 02 — R

(@) —g(@) ey ey e Ll
645) ()= 14 Tu@) —gl) I T andgle) #ulm

0 elsewhere

Let ¢; be a sequence of functions in C'(99Q) converging to ¢ in L'(99).
Now, we may assume that ¢ is the trace of a function © € WH(Q) and
¢; are traces of functions ©; € C*(Q) such that ©; — © in L'(Q) and
Jo |DO;| — |, 1DO]. Let d; be a decreasing sequence of positive numbers
that converges to 0 and consider the functions

(5.46) pi(x) = 6;(x)¢s; (D(x)).

Clearly, p; € CY(Q), pj(z) = 0 if z € 9Q. Also (5.41) holds. Since, by our
choice of the functions s, we have

(5.47) ls(t)] < 20.

/|Pj\N/(N1) < 25,-/ [SHRGR
Q Q

which tends to 0 as j — oo, which proves (5.40).

Now,

Our purpose now is to choose the functions ¢; such that (5.43) holds.
For that, we consider the sets

Nt ={z€00:((z) =1},
N™={z€0Q:((x)=—-1},
N=N"UN".

We consider increasing sequences of compact sets Kj+ C Nt K ; © N
such that

lim HY"Y(N*T\ K) =lim HY (N~ \ K;) = 0.
J J
We consider also decreasing sequences of open sets Gj+ DO NT, G, 2 N~
such that
hjm HY"YGF\NT) = h]m HY"Y(G; \N7) =0.

Now, we take functions ¢, {; € C'"'(0Q) with values in [0, 1] such that

1 in K
(5.48) G (z) = { 0 o o0\ G
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1 in K
A4 “(x) = J
(5.49) (@) { 0 in R\ G5,
and we set
G=G -G
The functions (; satisfy
1 in K\ Gy
(5.50) Glr)=<¢ 0 in 0N\ (Gj U Gj_)
-1 in K\ GJ.
Moreover
(5.51) li]mHN‘l(Tﬂ (GFuG;)) =

Recall that the functions ©; are extensions of (; to (2. Now,

Vpi(x) = VO,;(x)vs, (D(z)) + 6;(x)¢5, (D(z)) VD(z).

If x € 092, then

Vpj(x) = =6,(z)¢5,(0)v(z).
Now, using (5.51), for almost all x € T' = {z € 9Q : g(z) # v(x)}, there
exists jo(z) € N such that (j(x) = 0 for all j > jo(x). Hence, also

Vp;(x) =0 forall j > jo(z).

Next

/Q Vol < 2, / V6, + 16, IV D / 16, (D())|da
52

IN

4
25, [ 1V, + [0V DIy [ do
Q J Q52

Now, for j large enough

dHN 1
dx—/ / / / dHN "M (z)d\ < C63
/ D=)] |VD D=)]

where C' depends on Per(052). Hence

[ 190 <25 [ 96,1+ 118,11V DllAC:
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Now, choosing d; we may guarantee that

/|ij\—>0 as j — 0o.

Q

Since

VUJ‘ = VGjhsj + VZJ(l — h&‘]-) + (Gj - Zj)hlej (D)VD + V@jl/)gj + @jl/):;j VD,
on 0f), we have

(5.52) Vw;(x) = VG;(x) = (Gj(x) = z())hL, (0)v(x) — 6;(x)5, (0)v(x)

and we may write on 0f2
Vo, VG; = (Gj = z)h
|V IVG; = (G — z)h
5,VG, — 6,(G; —
10,V G = 0;(Gj — 2

(0)v — ©;¢5 (0)v
(0)v = ©;45,(0)v|
)he
)

/
W (O — 6,0,45, (0)
L, O — 0,003, (O]

Now, we choose §; such that ;VG; — 0, §;(G; — z;)h.,(0) — 0, as j — oo,
we obtain that

Vo, g(@)

Vol Jg(x) —
HY 1 ae. on {z € 0Q : g(x) = v(z),u(z) # v(z)}. By choosing §; to
converge sufficiently fast to 0, from (5.52), we obtain that

V()] — o0
HN"Vae on {x €90 : g(x) =v(x),u(zr) # v(z)}.

Let us now check that v; = z; 4+ 0; + p; satisfies the required properties.
Since v; = g; on 01, (3.6) follows immediately. The property (3.7) follows
from (5.4), (5.26) and (5.40). To check (3.8), let v € CY(Q,RY), ¢ =
(Y1, ..., ¥n) and ¥y 41 € CHQ,R). Using (3.6) and (3.7), we obtain

lim /Q [ﬁ;@bi(x)Divj(x) + ¢N+1(x)]da:
— —lim /Q div v (@)o; (x)da + /a vl /Q U (2)dz
:—/dew(x)v(;c)dwr/mgw-udﬂfv1+/Q¢N+1(:c)d:c
= [0 Do@) + dwnr@lde + [ (9= van

o0N
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Now, because of the lower semicontinuity of the total variation with respect
to weak convergence, we have

/ 1+]Dv]2+/ lg — v|dHN ! gliminf/\/le\vade.
Q o0 J Q

On the other hand, since

1+ Vdexg/ 1+ Vz?dx%—/ Va-dx+/ Vp;ldz,
/Q\/ Vo 14 195pde s [ (Vajar+ [ 95

using (5.5), (5.29) and (5.42) we obtain that

limsup/\/1+|va|2dx§/ 1+|Dv|2+/ lg — v]dHN 1,
j Q Q o0

This proves (3.8). Now, using (5.7), (5.27) and (5.41) we obtain (3.9). Next,
we observe that (3.10) is a consequence of (5.16), (5.27) and (5.41). In the
same way, (3.11) is a consequence of (5.19), (5.27) and (5.41). We observe
that (3.12) follows from (5.31) and (5.43). Fina lly, (3.13) has already been
proved. [ |
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