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Harnack’s inequality for

solutions of some
degenerate elliptic equations

Ahmed Mohammed

Abstract

We prove a Harnack’s inequality for non-negative solutions
of some degenerate elliptic operators in divergence form with the
lower order term coefficients satisfying a Kato type condition.

1. Introduction.

In this paper, we study the behavior of solutions of certain degenerate
elliptic equations Lu = 0, where L is the operator

L:=-% a%(aij(x) a%) +Zbi(a§) ai YV ().

i?j:

The coefficients a;; are real-valued measurable functions whose coefficient
matrix A(z) := (a;;(x)) is symmetric and satisfies

(1.1) w(@) [ < (A(2) €,€) < (=) [¢.

Here (-, -) denotes the usual inner product on R”, and v, w are non-negative
functions which will be described below.

Let us fix some notations that will be used throughout the paper. For
functions f and g, we shall write f < ¢ to indicate that f < Cg for some
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326 A. MOHAMMED

positive constant C. We write f = g if f < g and g < f. We shall use
Bi(x) to denote a ball of radius ¢ centered at x. Also, tB will stand for
the ball concentric with the ball B, but with radius ¢ times as big. Given
a locally integrable function f, we let f(B) denote the Lebesgue integral
of f over the set B. If f € Lioc(du), where du := ~v(z)dz is a weighted
measure, then we denote by

1
]i fayi(e)do = — /B f(@)y(x) dr,

the p-average of f over B. This average shall also be denoted by fg,~.
A non-negative locally integrable functions w on R™ is said to be in
the class As if there is a constant C' such that for all balls B,

(]{Bw(x)dx)(éﬁdw)gc.

A non-negative locally integrable functions v on R” is said to satisfy a
doubling condition if there is a constant C' such that v(2B) < Cv(B) for
all balls B. Here C is independent of the center and radius of B. We
denote this by writing v € D,. It is known that Ay C D..

It is also known (see [12]) that if v satisfies a doubling condition, then
it satisfies

v(tB) < Cytfv(B), and  w(B) < Cyt "™w(tB), t>1,

for some positive constants C1, Cs, k, and m. The latter condition is called
a reverse doubling condition.

Throughout the paper, we will require that w, and v satisfy the as-
sumptions stipulated below.

w and v are non-negative locally integrable functions on R™ that sat-
isfy the following conditions.

(1.2) weAy, veE Dy .

w and v are related by the existence of some ¢ > 2 such that

(1.3) s ju(By(z))\1/a w(Bg(x))\1/2
men) = Cam)

for some constant C' independent of x, s and t.

We shall use the notation o = ¢/2 so that o > 1. Note that when v
and w are positive constants, as in the strongly elliptic case, the value of ¢
in (1.3) is ¢ =2n/(n — 2), so that 0 =n/(n — 2).

0<s<t, zeR",
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Let now Lg be the principal part of L; that is

Ly :=— i %(aij(m) %) )

i,j=1

and let By be a ball in R” that will be fixed in the sequel. Under conditions
(1.2) and (1.3), S. Chanillo and R. Wheeden have established, in [4] the
existence and integrability properties of the Green function of Ly. Among
several important properties, they have shown that if G(x,y) is the Green
function of Ly on 2By, then for 0 < p < o,

(1.4) sup / G(z,y)Pv(zr)dr < .
yGBo 2By

Let B C By. In analogy with the way the usual Kato class is defined, we
introduce a class of functions K" (B) as

K"(B) = {h € Lioo(B) : lim n(h)(r) =0},

r—0+

where

n(h)(r) = Sup/ Gy, =) |h(y)| dy .
z€B J B, (x)NB
If L7 (B) denotes the usual LP space with respect to a measure p, and
B C By, then
L?,_,(B)C K"(B),

provided that p > o/(c — 1) (see [10]).
For notational simplicity, we shall use K for the function space K™ (By).

Remark 1.1. We should remark that when v and w are identically equal
to positive constants, as in the strongly elliptic case, the class of functions
K coincides with the usual Kato class (see [5] for definition). Also, if v
and w are constant multiples of each other, then again K is the same as
the one introduced in [7].

We will make the following assumptions on the lower order coefficients
b = (b1, ba,...,b,), and V of the elliptic operator L.

(1.5) blw™t, Vek.

In their celebrated work [1], M. Aizenman and B. Simon used probablis-
tic methods to prove that non-negative weak solutions of —Au + Vu =0
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satisfy uniform Harnack’s inequality, where V' is a potential from the clas-
sical Kato class, and A is the Laplace operator. Later, F. Chiarenza,
E. Fabes and N. Garofalo developed in [5], a real variable technique to
prove Harnack’s inequality when the Laplace operator is replaced by a
uniformly elliptic operator in divergence form. Subsequently, these meth-
ods were used by several authors to derive Harnack’s inequality for more
general elliptic equations in divergence form. Using the techniques of [5],
K. Kurata proved in [8], Harnack’s inequality for non-negative solutions
of Lou+ b - -Vu+ Vu = 0, where Ly is a uniformly elliptic operator in
divergence form and |b|?,V belong to the classical Kato class. Harnack’s
inequality has also been derived for degenerate elliptic equations by several
authors. In the degenerate case, the following important works are worth
mentioning. In the absence of lower order terms and the case when v and
w are constant multiples of each other, Harnack’s inequality was derived
in [6]. In [3], where the unequal weights case was considered, the authors
obtain Harnack’s inequality for non-negative solutions of degenerate equa-
tions in divergence form without lower order terms. In [7], C. Gutierrez
considers the equal weights case with a potential V' from the Kato class K.
In this paper, the author sucessfully applies the methods of [5] to derive
Harnack’s inequality in the degenerate case. See also [9] for related results.
Our work here is largely motivated by the papers [3], [4], and [7]. Our main
result in this paper is Theorem 4.1 which establishes Harnack’s inequality
for functions naturally associated with non-negative solutions of the oper-
ator L. As the work here uses results obtained in [10], we will state these
results for easy reference and the reader’s convenience. The results in [10]
were motivated by the important works of S. Chanillo and R. Wheeden in
their papers [2], [3] and [4]. In Section 3, we will prove some mean-value
inequalities involving weak solutions of the opeartor L. To obtain these
inequalities, we adapt a combination of the methods developed in [5], and
[3] (see also [11]). In Section 4, Harnack’s inequality is proved. Here we
follow the paper [3] closely.

2. Preliminaries and background.

Let © C R™ be a bounded open set. Using a standard notation, let
Lip(Q) denote the class of Lipschitz continuous functions on the closure 2.
We say that ¢ € Lipg(2) if ¢ € Lip(Q) and ¢ has compact support con-
tained in 2. The following two-weight Sobolev’s and Poincaré inequalities
have been proved in [2].

Let w, v be non-negative locally integrable functions that satisfy (1.2),
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(1.3), and ¢ be the constant that appears in (1.3). Then, for a ball B,

@) (f 1firods) " <cippn(f (viPed) "L feLin®
and

(2.2) (]{9|f— fB,U|qux>1/q < C|B|1/”<fB\Vf]2wdx>l/2,

f € Lip(B).
In (2.1), and (2.2) the constant C' is independent of both the ball B
and f.
Now let us consider the inner product

au,p) = /Q<AVU,VQO> +/ngov, u, ¢ € Lip(Q) .

The completion of Lip(Q) with respect to the norm |lu := a(u,u)'/? is

denoted by H((2). Thus H((2) is formed by adjoining to Lip(f2) elements
{ur}, ur € Lip(Q2) such that {ux} is a Cauchy sequence with respect to
the norm || - || on Lipo(B)Q. If u,p € H(Q), with u = {ux}, ¢ = {px},

Uk, o € Lip(2), then a(uy, p) is convergent, and we define
a(u, ) = h’gn ao(uk, Pr) -

This turns H () into a Hilbert space with inner product a(u, ¢), and norm
|u|| :== a(u,u)/?. As a consequence of the inequality

/|Vu|2w+/u2v§ ||u||2,
Q Q

we see that, if u := {uy} € H(Q), then {ux}, and {|Vug|} are Cauchy
sequences in L2 (), and L2 () respectively. Therefore uy — u in L2(1),
and Vu, — Vau in L2(Q). We shall refer to u as the element in L2(£2)
associated with u € H(Q). (See [3], or [4] for details).

If ag(u, ) is the inner product on Lipy(€2) defined by

ao(u, ) = /Q (AVa, Vi), € Lipo(),

then the completion of Lipy(£2) under the induced norm is denoted by
Hy(Q2), and the inner product ag(-,-) extends to Hy(f2) by the same pro-
cedure used above to extend a(-,-) to H(2). The space then becomes a
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Hilbert space under this inner product and the norm |lullo := ao(u,u)/?,
U € HO(Q)

For future reference, we record the following inequality that can be
easily verified using the Cauchy-Schwartz inequality.

(2.3) ledllo S llelloe lollo + l@lloo lello, ¥, ¢ € Lipo(€2) .

As a consequence of the Sobolev’s inequality (2.1), the Hilbert space H(f2)
is seen to be continuously embedded in H(f2).

For u € H(Q2) we say that u > 0 on €, if up, > 0 for all k£ and some
{uy} representing u. If u > 0 on 2, then w > 0 almost everywhere on Q.

We now recall some results that will be needed in this paper. The
reader can find proofs of these results in [10]. We will use the numbering
A.1, A.2, etc to label these results.

The first Lemma is a slight extension of Lemma (2.7) of [4], and we
will use it repeatedly.

Lemma A.1. Let u = {ur}, p = {px} be in H(Q). If {(x} is a bounded
sequence in L>°(Q) that converges pointwise almost everywhere to ( €

L>(Q), then

[V Vo6 — [(avi e, ask— .
Q Q

As a consequence of this Lemma, we see that

ao(u, ) = /Q (AVE.VE),  upe HlQ).

The following embedding lemma is useful in the subsequent development
(see [10] for a proof).

Lemma A.2. If f € K, and B CC By is a ball of radius r, then for any
u € Hy(B) the following holds.

/ @2 de < n(f)(37) / (AVE, Vi) .
B B

Let us now consider the general elliptic operator

Mu := —div(A(z)Vu+c(z)u) + b(z) - Vu+ V(x) u,
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where, in addition to (1.5) we also assume that |c|?w™ € K. With M,
and its adjoint operator

M*u = —div(A(z)Vu + b(z)u) + c(z) - Vu + V(z) u,

we associate the bilinear forms D(-,-) and D,(:,-) as follows. Fix a ball
B CC By of radius r, and let us define

D(u, ) := /B(AVu,Vgp> +c(z) - Vou+b(z) Vup+Vuyp,

and D, (u,p) := D(p,u) for all u,¢ € Lipg(B). Observe that by Holder
inequality and Lemma A.2, it follows that

(24)  [D(u, ) = ao(u, @) SO(r) [lullo llello, ¢, u € Lipo(B),

where
9(r) = (n ([P w32 + (n (b w™)(B 7)Y +n(V)@3r).
Therefore, we get

(2.5) [D(u, 0)] S (1 +9(r)) lullollello, ¢, u € Lipo(B).

Thus if v = {ug}, ¢ = {pr}, uk, pr € Lipo(B) are elements of Hy(B)
then the above inequality shows that {D(ug, )} is a Cauchy sequence
and hence limg D(ug, o) exists. Therefore we define

D(u,p) = h,gnD(Uk:,SOkz)-

Having defined D(u, ) for u,o € Hy(B), the inequality (2.5) still holds
for any wu, ¢ € Ho(B). As a result of this inequality we see that for a fixed
u € Hy(B), the map ¢ — D(u, ) is a continuous linear functional on
Hy(B).

By Lemma A.2, it can also be shown along similar lines that

[D(u, )| < Clull lello ,

for any ¢ € Lipg(B), and u € Lip(By). The constant C' here depends on
the distance of 0B to 0By. Consequently D(u, ) can be defined as the
limit of D(uy, pr) whenever u = {uy} € H(By), and ¢ = {¢r} € Ho(B).
Furthermore the inequality |D(u, )| < C'||ul| ||¢|lo holds for u € H(By),
and ¢ € Hy(B).
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Using (2.4) one obtains (1 — C9(r)) ||ul|3 < D(u,u) for u € Lipg(B),
and some constant C. Therefore for sufficiently small ro, and all 0 < r < rq
we have

lull§ S D(u,u)u € Ho(B),

so that D(-,-) is a coercive bilinear form on Hy(B).
Given f € K, we shall say that u = {u,} € H(By) is a weak solution
of Mu = f in B if

D(u,p) = /stZ, for all ¢ = {¢r} € Ho(B) .

Similar statements and definitions hold for the adjoint operator M* and
the associated bilinear form D,(-,-).

The following two Remarks will be useful at several stages in our
subsequent proofs.

Remark 2.1. If f € K, and B CC By is a ball, then by Lemma A.2, the

map
@H/ fo
B

is a continuous linear functional on Hy(B). Therefore, by the Lax-Milgram
theorem there is a unique element u € Hy(B) such that

Dlup)= [ 7. weH(B).
B
The same remark holds for the bilinear form D, (-, ).

Remark 2.2. Let f € K, and u = {uy} € H(By) be a weak solution of
Mu = fin B. If {vy} is a bounded, weakly convergent sequence in Hy(B),
then

lim (D(uk,vk)—/]3f5k> —0.

k—o0

To see this, suppose that v € Hy(B) is the weak limit of {v;} in Hy(B).
From the inequality |D(ugx — u,vi)| < C'||ug — ul| ||vk|lo, we observe that

lillgn D(uy,vx) = liin(D(uk —u,vg) + D(u,vg)) = lilgn D(u,vy) .

Thus the assertion follows from this limit, and the fact that the linear
functionals

¢ — D(u,p),  and soM/fs”é
B
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are continuous on Hy(B).

Henceforth, when we consider the bilinear forms D(, ), and D.(-,"),
we will assume that ¢ = 0.

Remark 2.3. Remark 2.1 shows that given y € B, and a ball B,(y) C B
there is a unique G” € Hy(B) such that

D*(Gpv(p):][ SZ’U, SDEHO(B)
B, (y)

The associated function G” in L?(B) is called the approximate Green func-
tion of L on B with pole y. It was shown in [10, Lemma 3.5, Lemma
3.6] that G” is non-negative, and that G” has a representative G =
{G?}, G7 € Lipg(B) such that 0 < G} < C for some constant C' inde-
pendent of k.

The following two results about the approximate Green function GP
of L were proved in [10]. To obtain these results, in addition to conditions

(1.5), the following was also assumed on the coefficient b = (by,bo, ..., b,)
of L.
(2.6) divb € K.

Conditions (1.5) and (2.6) were used in [8] to derive a reverse Holder in-
equality for the Green function of L in the uniformly elliptic case.

Lemma A.3. Let B be a ball of radius r with 2B C By, and GP be the
approximate Green function of L on B. If the coefficients of L satisfy the
conditions (1.5), and (2.6), then there is a constant C, independent of p
and the pole of G* such that

/ ([bPw™ + V) G* < Co(bPw™ + [V])(2r),
B

for sufficiently small r.

The following Theorem on the uniform integrability of the approxi-
mate Green functions of L will be useful in obtaining mean-value inequal-
ities for weak solutions of L.
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Theorem A.1. Let B be a ball of radius r with 2B C By. Suppose Gr
1s the approximate Green function of L on B, where we assume that the
coefficients of L satisfy the conditions (1.5) and (2.6). Then for1 <p <o
there is a positive constant C', independent of p and the pole, such that

(7{8(@))%)1/79 < CwZB) ,

when r is sufficiently small.

3. Mean-value inequalities.

We start this section by deriving a Caccioppoli-type estimate. To this
end we need to consider a twice continuously differentiable function h such
that

h(r)h"(r) = 0,
(3.1) 20 ()| S I ()] S [h(7)]
and [p"(7)| + [W'(7)| + [h(T)[ S 1.

Lemma 3.1 (Caccioppoli-Type Estimate). Let h be a twice continuously
differentiable function that satisfies (3.1). Let B CC By be a ball of radius
r, and suppose u € H(By) is a weak solution of Mu = 0 in B which has a
representative u = {ug} such that h(uy), h'(uy), and h" (uy) are all defined
for all k. Then, given 0 < s <t < 1 there is a constant C > 0 such that

C
AVh(u),Vh(u)) < ——— h(w)?
| 1A, vh@) < o | @t
provided that r is sufficiently small.

Proof. Take ¢ € C*(tB) such that 0 < ¢ < 1, ¢ = 1 on sB and
IVelloo < ((t—8)r)~L. For each k, let vy := h'(ug) h(ug) 9. Then 1, €
Lipo(B), and because of conditions (3.1), one can use (2.3) to show that
{¢x} is bounded in Hy(B). We thus pick a subsequence, still denoted by
{tx} that converges weakly in Hy(B). By taking a further subsequence if
necessary, we can assume that up — u pointwise almost everywhere on
B. Recalling (3.1), we have the following
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(AVh(ug), Vh(ug)) @
= (AVh(uy), V(h(ux) ¢*)) — 2 (AVh(ur), Vo) h(uk) ¢
< (AVuy, Vi) — (AVug, Vup)h' (ug)h(ug) ¢

(3.2) + 7 (AVA(u), Vh(us) & + 4 AV, V)2 (ue)
<Ty —c-Vipur —b - Vugr — Vug g
+A(AV, V)2 () + 1 (AVA(), V() o,
where
Ti = (AVug, Vi) + ¢ - Vaby g, + b - Vg by, + Vg, by -

Again taking (3.1) into account, and using the Cauchy-Schwartz inequality
we can estimate

el [Vl el + [b] [V [e] + V] e
1
< (AVA(u), Vh(ur) @*
+ O (lofw™ + b2 + V]) (h(ux) 9)° + Ca (AVi, Vo) ()

for some constants C7, and C3. Using this last inequality in (3.2), and
integrating over tB we obtain

/t (VA Th(ue)) ¢°

<26, + Cs/ (IcPw™ + [bPw™" + [V]) (h(ur) ¢)*
tB

+C4/ (AV, V) h?(ur),
tB

where dy, := D(ug,¥), and C3, C4 are some positive constants. Thus by
Lemma A.2, and noting that ¢ = 1 on sB we see that for sufficiently small
T?

/B (AVh(uy), Vh(ug)) ©* < 6 + / (AV @, Vo h?(uy) .

tB
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By Remark 2.2, we note that d — 0 as k — co. We now let £ — oc.
By the continuity of h/, we notice that (h'(uz))? — (h/())? pointwise
almost everywhere on B. Furthermore, the sequence h(uy) converges to
h(t) in L2(B) as a result of the inequality |h(t) —h(s)| < |t —s|. Therefore,
by (1.1), Lemma A.1, and these observations we get the desired result
provided the radius of B is sufficiently small.

We will need the following technical Lemma in some of our proofs.
As the statement is a slight generalization of a known Lemma, we have
included the short proof for completeness.

Lemma 3.2. Let 9, p be functions such that 9 is bounded on every closed
subinterval of (a,b), and o is an almost increasing function; that is o(s) <
C o(t) for some positive constant C and all a < s < t < b. Suppose there
is 0 < e <1 and a non-negative function vy defined on (0,00) such that

O(s) < ed(t) +(t —s)e(t),

foralla < s <t <b. We assume that v satisfies either of the following
conditions for x,y € (0,00).

(3.3) Y(zy) <y(x)v(y), and ey(T) <1 for some 0 < T < 1.

(3-4) (xy) < (@) +7(y)-
Then,
y(1 —71) : :
(1) I(s) < C T—e(r) v(t —s)o(t), if v satisfies (3.3),
and
(2) v(s)<C 1 i . <7(t —5) + 71(1_/? ) o(t), if v satisfies (3.4) .

Proof. Let so = s, sp41 = sp + (1 — A M¥(t —s), k= 0,1,2,..., where
0 < XA < 1 will be specified later. Then for any m =1,2,3,...,

m m

Smi1— 8= Y (Ska1— k) = (t—5) (1= X)) A"

k=0 k=0



HARNACK’S INEQUALITY FOR SOLUTIONS 337

From this we conclude that s < s < t, and s,, — t as m — oo. By
iteration, and the monotonicity of o, we have

m—1
9(s) <™ I(sm) + Y e¥0(su41) V(skt1 — 58)
k=0
(3.5) .
< e™Y(sp) + Col(t Zekq/ A) (t —s)AF).
k=0

If 7y satisfies (3.3), and we choose A = 7, then the above inequality becomes

)—‘

I(s) < e™I(sm) + Co(t)y(1 —7)v(t —s) S
k:()

If ~y satisfies (3.4), and we choose A = 1/2, then inequality (3.5) becomes

m—1

¥(s) < e™I(sm) + Co(t Zak( <;>—|—'y(t—s)>.

k=0

We now let m — oo. In both cases, we obtain the result as a consequence
of the boundedness of ¥ and the sums

Z(sk —5’ and » (k+1)5* = (1_15)2, for 0 <d<1.

Given 0 < s < t, let us make the following convention. Let

s(7) =277 (2 =) s+1),

(3.6) . ‘
and t(j) =277 (s+ (2 — 1)), j=1,2,3,

so that for j,k =1,2,3, we have s < s(j+1) < s(j) < t(k) <t(k+1) <t,
and t(k + 1) — t(k) = s(k) — s(k + 1) = 28+1 (t — s)~1. We shall also use
p(B) to denote the following

W(B) = (U(B))l/Q.

This last notation and the one introduced in (3.6) above will be used for
the rest of our discussion without further comment.
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Lemma 3.3. Let h be a twice continuously differentiable function that
satisfies (3.1). Let B CC By be a ball, and u € H(By) be a weak solution
of Mu = 0 on B which has a representative u = {uy} such that h(uy),
R (ug), and b (uy) are all defined for all k. Suppose that (1.5) holds and
that |c]?Pw™! € K. Given 0 < s <t < 1, with t/s < 1, there are positive
constants C, and k such that

(f, #00)"* (22 { won

provided that the radius of B is sufficiently small.

Proof. For 0 < s < 1, let

I(s) == (7[B hz(ﬂ)v)1/2.

Given 0 < s < t < 1, we can assume without loss of generality, that the
v average of |h(u)| over B is 1. Fix ¢ € C°(¢(1)B) such that ¢ =1 on
sB and |V¢|leo < ((t —s) 7)™, where r is the radius of B. Let 0 < 9 < 1
such that (2 —9)/(1 —J) = ¢, where ¢ is the exponent in the Sobolev’s
inequality (2.1). Then, for each k, by the Sobolev’s inequality (2.1)

( 7{3 W (o) v ( fSB o) 2 )| ) 2

ey (1902
< <][ (B (g )| 2=/ (1=) U)
sB

(1-9) /2
<({  Ihu)el@0r0-0)
t(1)B

T

<@r+0P(f  Vn)oPe),

t(1)B
where 7 := (1 — ¥) q/4.

In the second inequality we have used, as a result of the assumption
t/s < 1, the fact that v(tB)/v(sB) < 1. Consequently, using (1.1) we have

(], )

< (%{;B))T</<AVh(uk),Vh(uk)> —|—/\Vg0|2h2(uk)w)T;
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where the last two integrals are over the ball ¢(1) B. We now pick a subse-
quence {uy} such that uy, — u pointwise almost everywhere on B. After
using the fact that w < v, we take the limit as K — oo, and argue as in
the proof of Lemma 3.1 to obtain the following

(f, )"
< (%)T(ﬂwh(a),vm)) +/|w|2h2(a) U)T

Here again, the last two integrals are over the ball ¢(1)B. By Lemma 3.1,
and the fact that u(t(1)B) <t~ 4u(B) for some d > 0, we obtain

I(s) < c(%)ﬁ( ]{B (@)

for some positive §. Taking logarithms in the last inequality, and noting
that 0 < 27 < 1 we obtain

CM(B)) ’

logI(s) < 2710g[(t)+ﬁlog< ;
-5

1
for§§s<t§1.

We now apply Lemma 3.2, with d(z) = logl(z), o(z) = 1, v(x) =
log (Cu(B)/x), and € = 27 to obtain

I(s)sc(?(_Bi)”,

for some constants C, and k. On recalling that the v average of |h(u)| over
tB is 1, we get the result.

For the remainder of our discussion, we will assume that the lower
order coefficients b and V' of L satisfy both the conditions (1.5) and (2.6).

Perhaps we should remark here that condition (2.6) is not needed in
obtaining Harnack’s inequality in the uniformly elliptic case. We refer the
reader to the paper [8] for a proof.

Using the notation given in (3.6), we state the following.

Lemma 3.4. Let B be a ball of radius v with 2B C By, and let G? be the

approximate Green’s function of L on B with pole xo. Let 1/2 < s <t < 1.
If xg € sB, then for sufficiently small p, we have

o \1/2
(1) (/t(2)B\S(1)B(AVGP,VG")) <Cim v(®) (12
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and

NYE , o
(2) ( /t@)B\S(UB(GP) v) =Com ”(B)@(—BD !

where o, B are constants that depend on o and the dimension n.

Proof. We follow the idea used in the proof of [7, Theorem 3.8] Let us
suppose that B is centered at x; and has radius » > 0. We cover the
annulus ¢(2)B \ s(1)B with k balls B; that are centered at z;, and each of
radius (¢ — s) /4. We pick the z; on the sphere |z —z1| = (s(1) +¢(2)) r/2
such that for some 0 < 6 < 1, {§B;}¥_, is a pairwise disjoint collection
with dB; C t(2)B ~\ s(1)B for i =1,2,..., k. Consequently, we note that
k < C(t— s)!™™ for some constant C. Since sB and the (9/4) B; are
disjoint, let us note that G is a solution of L*G” = 0 on (9/4) B; for i =
1,2,...,k. Furthermore, since B C 8 (t—s)~!B;, and w is doubling we see
that u(2B;) < (t—s)” " u(B) for some constant k1, and all i = 1,2, ... k.
Taking note of this, by Lemma 3.1, and Lemma 3.3 (with A(7) = 7) we
get the estimations

/ (AVG?,VG*)
t(2)B~s(1)B
k
<Y / (AVGP,VG*)
i=1 Y Bi
S r2(t - s)? 2/4/3)3
= 7“2 t—S 2 2][4/3)3 @y
2K ~ 2
22(t—s> <]£BiGpU>

< Ci§B> G2 (o) S ems

=1

Since v is doubling, we also have v(B)/v(2B;) < (t — s)~"2 for some ko.
Using this estimation, and applying Theorem A.1 (take a p with 1 < p < o)
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in (3.7) above leads to

/ (AVGP,VGP)
t(2)B~s(1)B

Ckv(B) /u(B)\2ro(ki+1)+r2 ~onp. \2/P
< (22 (fB (@)

72 t—s

<ot (M) (7Y

t—s

(1) w0 o)

t—s w(

The proof for the second statement is similar. In fact, it is included in the
above proof.

We now state and prove mean-value inequalities for weak solutions.
In the theorems that follow all constants will depend only on the parame-
ters occuring in the conditions (1.2), (1.3), and the functions 7(|b[?w™1),
n(divb) and n(V).

Theorem 3.1. Let B be a ball of radius r with 2B C By, and u € H(By)
be a weak solution of Lu =0 on B. Let u be the function in L? associated
with w. Then w is locally bounded on B. If u is non-negative, 0 < ¢ < 1,
and 1/0? < p < 2, then there exist constants C, k, and ro, all independent
of u,p, and € such that for 1/2 < s <t <1,

sup (u+¢)P < C’(M(B)>E<]{B(ﬂ+€)pv> )

sB t—s

whenever 0 < r < ry.

Proof. Let B = B(z1) and 1/2 < s <t < 1. Take zp € sB, and let
G” be the approximate Green function of L on B with pole at xy. Pick
p € C(t(2)B) such that 0 < ¢ < 1, ¢ = 1 on s(1)B and ||[V¢|s <
((t—s)r)~t. Let e >0, and let u = {ux}, G* = {G}, with u; € Lip(B),
and G € Lipg(B). By Remark 2.3, we can assume that 0 < G < C
for some constant C' independent of k. Since {¢(u +¢)} and {p G} are
bounded in Hy(B) we can select appropriate subsequences that converge
weakly in Hy(B). By taking a further subsequence if necessary, we can
assume that G} — Gr pointwise almost everywhere on B. Taking such
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weakly convergent subsequences, we have

Vi +][ (u+e)puv
B

P

_ /( )B(<AVG,{;, V(p(up+e)) +b - V(p(u + ) G2 + Vip(ug, + &) G2)
t(2
:5k+/ ((AVG?. Vo) (up+¢€)+b-Ve(up +¢) G +e Ve GY)
t(2)B

- [ v v,
t(2)B
where the sequences {7}, and {J;} are given by

T = D*(Gi,w(uk+€))—][ (@+e)pv,  anddy = D(uk, pGY).
B,

Therefore, by Cauchy-Schwartz inequality, (1.1), and noting that w < v,
we obtain

‘]{Bp(ﬂ—ks)cpv’

P P 1/2 2 2
< (/ <AVGk,VGk>> (/ IVeo|? (ug + ¢) u)
t(2)B~s(1)B t(2)B
(3.7)

1/2 2 P2
+ ([ (AVuy, V) Vel? (G2)? v
t(2)B t(2)B~s(1)B

1/2 1/2
(bt wm+22) (| Vel (G5 v)
t(3)B #(2)B~s(1)B

+|5k|+|vk|+e/ V]G,
t(2)B

1/2

1/2

where 1) € C2°(t(3)B) is chosen such that 0 < ¢ < 1, =1 on supp (|V|)
and ||V||eo < ((t—s)r)~1. By Lemma A.2, we observe that for sufficiently
small r

[ e s+ o)
t(3)B

5/ (uk+€)2\vwl2v+/ (AVuk,Vuk>¢2.
t(3)B t(3)B
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After using this estimate in (3.7), we take the limit as k¥ — oo. To this
end, we first observe that (ux +¢)?¢ — (u+¢)?¢ in L} (B) whenever
¢ € L>*(B), and also by Remark 2.2 we note that limy v, = 0 = limy, 0y, =
0. If we now use these observations together with Lemma A.1, and the
Lebesgue dominated convergence theorem, we obtain

‘]{9 (174—6)@1)’
< (/t(z)B\s(l)B<AVGp’Vép>>1/2</t(2)B |V<,0|2 (ﬂ+5)2 U)l/z

1/2 ~ 1/2
+( / (ava, vi) " ( / Vel (G7)2 v)
t(2)B t(2)B~s(1)B

1/2
+c(/ (a+e)21w|%+/ (AVE, Vi) ?)
t(3)B t(3)B

_ 1/2 _
(/ Vel @fo) e [ Viger.
#(2)B~s(1)B +(2)B

An application of Lemma 3.1 (where we take h(7) = 7), and Lemma 3.4
leads to the estimation

o () (w0 n) (£, #9)”)
(3.8) + s/m)B V]G,

for some positive constants k, and C' that might change from time to time.
If e = 0, we take the limit as p — 0. Recalling that ¢ = 1 on sB and
that xo € sB is arbitrary, we obtain

sup i < (MDY (f o),

showing that wu is locally bounded on B. Suppose now 0 < ¢ < 1, and
u > 0. Then e <u+e¢e, and 0 < u < u+ ¢ almost everywhere on B. Using
these facts and Lemma A.3, the inequality (3.8) becomes

]{B (W+e)pv

P

< o(MENY( ]{B<ﬂ+e>2v)”2+cn<|b|2w—1+v><2r> sup () ).

t—s
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We take the limit as p — 0 to conclude that

sup (p(u + €))

o

>K <]{B (QNL+€)2 U> 1/2+C77(|b\2w_1 +V)(2r) stlllgp ((u+e)p).

We now wish to apply Lemma 3.2 with the functions

U(s) =sup (u+e) ¢, ot) = C<]{B(ﬂ+5)2 v> i , and y(s)= <@>H .

sB

Since v is doubling, we see that o is almost increasing on (1/2,1). We
now choose rqo such that Cu(B)*n(|bl?w™! +V)(2r) < 1, where C is the
constant appearing on the second term of the right-hand side of the last
inequality above. Then with the choice of € := C'n(|b]?w=! + V) (27g), for
0 <r <rp, Lemma 3.2 is applicable and we obtain

(3:9) sup(@-+e) < c(i‘(_Bg)”(j{B(me)%)m, <s<i<l.

That ¢ =1 on sB has been used in the above inequality.
Now suppose that 0 < p < 2, and let

I(s) ::C’<][B(1NL+€)2U>1/2.

S

Without loss of generality, assume that the v-average of (u + €)P over the
ball B is 1. Using the doubling condition of v, and (3.9), it is easy to see
that

I(s) < (sup (i + e))’ < (’t‘(_BS))“e)I(t)H ,

where 0 := (2 — p)/2. From this we obtain, noting that 0 < § < 1,
Cu(B)
(t—s)7

We now let 9(s) = logI(s), v(s) = log (Cu(B)s™ "), o(s) = k, and apply
Lemma 3.2 again to get

1
logI(s)gﬂalog( )—I—@log](t), §§s<t<1.

B)\*/ 1
I(s)<C<M( )> p, for — <p<2,
o
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and for some positive constants C, and x, independent of p. Therefore,
recalling that the v-average of (u 4 )P over B is 1, we obtain the result
for all 1/02% < p < 2.

Remark 3.1. By Holder inequality, Theorem 3.1 also holds for p > 2 with
C, and k replaced by C?, and p k, respectively.

Theorem 3.2. Let B be a ball of radius r with 2B C By, and u € H(By)
be a mon-negative weak solution of Lu = 0 on B. Let u be the function
in L? associated with u, and 0 < ¢ < 1. If =1 < p < 1/0?, then there
exist constants C, k, and rg, all independent of u, p, and € such that for
1/2<s<t<1

sup (u+¢)P < C’( <B)>R<]{B(ﬂ+5)pv),

sB t—s

whenever 0 < r < rq.

Proof. Let us first consider the case 0 < p < 1/02. Let u := {uy} be a
non-negative solution so that ux > 0 for £k = 1,2,3,... For each k, and
some £ > O let z := ug + €. Now for —1 < § < 1/o — 1, let us define
Vg 1= p? zk, where ¢ is as in the proof Theorem 3.1 above. Then ||¢g]|o is
bounded in k, and hence we can pick a subsequence, still denoted by {}
such that iy, converges weakly in Hy(B).

Let us first notice that

1 (5
Vir = B2 20V + 2020 Vo, V(T2 = 5% P02 gy,

Therefore, using these we can write

AV, Vi) = 0 (AV (), D) o2

AV (B2 (B+1)/2
g7 AV, Vel P

From this and noting that 0 < 3+ 1 < (¢ — 1)1 |3, one readily obtains

(0 - 1) /B (AV(0D12) g (/2 o2

W

/|b| IV ( (5+1)/2)| (5-1—1)/2 /|V| (8+1)/2 )

/ AV (27TD2) W) 202 o 1|6y
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where dy := D (ug, Pr).

Let 7o be chosen such that n(|b[?w™! +V)(279) < (o —1)?/32. After
use of the Cauchy-Schwartz inequality and Lemma A.2, and then collecting
terms we obtain, for 0 < r < rq,

L avGI, v < o [ (ave, e s+ ad).

where C' is a positive constant independent of (3. If we recall that ¢ = 1
on sB and that [|[V|ls < C ((t — s) 7)™, we see that by (1.1)

1)/2 1
/SB|V(ZIE:B+ )/ )|2w§ C(T’Q(t——s)2/thlf+1U+|5k|>'

We now apply the Poincare Inequality (2.2), and arguing as in [4] (note
that s(t —s)~! > 1, and u(B) > 1) we obtain

1/q
( ][ 2((6+1)/2)a U)
sB

< C(ﬁ M(B)> ( ]{B Z]fﬂ U) i + Csr(J(ik]‘g))lm :

Now let us take the limit as k — oo in the above inequality. Let us first
observe, by Remark 2.2 that d;, — 0, and that zp — % + ¢ in L+ (as
2, — @+ ¢ in L?2). Thus letting k — oo, and m = (8 + 1, the above
inequality reduces to

(oo

<crm(Zoue)” " ( @rame)”,

)1/(om)

(3.10)

for 0 <m < 1/o and 1/2 < s < t < 1. Here we have used that ¢ = 20.
We now wish to iterate this inequality by taking the starting value of m
as any fixed p with 0 < p < 1/02. Let j be the positive integer such that
1/02 < 0ip < 1/o. Since o¥p < 1/0 for k = 0,1,2...,j, we iterate the
inequality (3.10) j times for successive entries of ¢ and s in the sequence
sk =5+ (t—s)/(k+1), k=0,1,2..., and successive entries of m and
om in the sequence {o"p}_,. We obtain
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where ap = sgi1/(sk — sg+1). Noting that 1/0? < o’p < 1/0, we can
apply Theorem 3.1 to obtain

sup (u+e¢) < Cl/ajp<m>li/ajp<][

s;j+1B Sj+1 s;B

j 1/07
o)

j a 6/o"p u—+e)Po Y
< [ Camtm?=s(f @rere) ™,

for some 6 > 0. We have used 1/2 < s;41 in obtaining the last inequality.
If we now observe that s < s;;, and

ﬁ(C ax u(B))"7"P < (%@Y”}a
k=0

for some constants C, and « that depend on o, we obtain

sup (u+¢) < Cl/p(w>ﬁ/p<ﬂ(a+g)pv)l/p,

sB t—s

which is the desired result when 0 < p < 1/02.

We now take up the remaining case —1 < p < 0.

For —1 < 8 < 0, let G” be the approximate Green function of Ly +
b -V + 8V, and DP be the bilinear form associated with this operator.
As a consequence of Remark 2.3, we choose a representative G* = {G}}
such that 0 < G% < C for some positive constant C, independent of k.

Therefore, {p z,f}, and {¢ z,f_ng}, are bounded in Hy(B), and we take
subsequences that are weakly convergent Hy(B). By considering further

subsequences if necessary, we assume that uy, — u, and G — G*
pointwise almost everywhere on B. For such sequences, let us now notice
that

(AVGE,V(p2)) +b-V(p2)) G+ BV ¢ 2] Gy
= (AVGY, V) zg
+ B (AVGY, Vuy) gpz,ffl +b- Vuk(ﬁgpszl GY)+b- Vgo(zlf G?)
+Vur(Bzl NG + V(B TaY)
= (AVG? V) 2 + (AVuy, V(B 2, Q7))
— (AVuy, V(ﬁgng_l)> G, +b- Vug (B pul1 G?)
+b-Veolzf G2+ Vur(Bozl "G +eV(Bpz ' GY).
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Observing that

(AVug, V(B¢ z,f_l)) G,
= (8~ 1) (AVur, Vur) 0 2 G}, + (AVui, Vi) (B2 GY),

and that the first term on the right-hand side of the equation is positive,
we conclude

7k+7[ @Z;fv
B

P

:/(<AVGZ,V(90Z5)>+b'V(¢Z;f)GZ+6Vs025GZ)
< / ((AVG?, V) 2 +b - V(2] Gf) = B (AVuy, Vo) (20 G}))

+ 0k + /6V(6goz,f_l G?),
where the integrals on the right are carried over the ball tB, and

0 =D’ (u, B2 GF),  and %r=Df(GZ7Wf)—][ oz v
By

By Remark 2.2, we notice that 6 — 0, and v, — 0, as k — o0. So
taking the limit in k, we invoke Lemma A.1, and the Lebesgue dominated
convergence theorem to obtain the inequality

7{9 (i +2)% pv < /tB<AvéP,w> (i +2)% + b Vo((ii +2)° G°)

—/tBﬁ (AVT, V) (aﬁ—léﬂ)+/t3|vy (eo(+e)?)Gr.

Now, if we recall that —1 < 8 < 0, and 0 < € < 1, then by Lemma A.3,
the last integral is not bigger than n(|b|2w™ + V)(27) sup,z ((u +<)? ).
This last observation together with an application of the Cauchy-Schwartz
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inequality, and (1.1) leads to (recall that w < v)

]{3 (u+ )’ puv

P

~ o\ 1/2 1/2
< (/ (AVGr, VEr)) (/ Vol (@ + ) )
#(2)B~s(1)B t(2)B
1/2 ~ 1/2
([ petw@ o) ([ Vel (G7)0)
B t(2)B~s(1)B

1/2 _ 1/2
([ avaserva+an) ([ Vel (G7)?0)
t(2)B #(2)B~s(1)B

+n([blPw™ +V)(2r) Sup (@+e)¢).

Here 1) € C2°(t(3)B) is chosen such that 0 < ¢ < 1,4 =1 on supp (|V|),
and ||[V|loe < C ((t—s)r)~t. We now proceed as in the proof of Theorem
3.1, to estimate the integrals on the right. We point out that in applying

the Caccioppoli estimate, we use the function h(7) := (7 +¢)” in Lemma
3.1. Therefore,

Sup((ﬂ+€)ﬁ ©) < C<M(B)>K<]{B(ﬂ+€)2ﬁ U>1/2

sB t—s

+n([blPw™ +V)(2r) sup((@ + &)’ o),

for -1 < 3 <0.
We now appeal to Lemma 3.2 to conclude that, for sufficiently small

sup (( +¢)” ¢) < C<@)R(7{B(a+5)2%>m’

sB t—s

T,

for some positive constants C, and . Finally, we invoke Lemma 3.3 (with
h(r) := (7 + €)? again) to obtain

- B)\* ~
sup (U +¢)” ¢) < C(M( )> <][ (U+E)BU> :
sB t—s tB
for some constants C', and k.

Noting that ¢ =1 on sB, we obtain the claimed inequality for —1 <
p <0.
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Remark 3.2. By Hoélder inequality, Theorem 3.2 continues to hold for
p < —1 with C', and k replaced by C~P, and —p k, respectively.
4. Harnack’s inequality.

Theorem 3.2 does not provide anything new when p = 0. As a re-
placement, we have an estimate provided by the following Lemma.

Lemma 4.1. Let B CC By be a ball of radius r, and let u € H(By) be a

non-negative weak solution of Lu =0 in B. Fore >0, and 1/2 < s <1
define N := N (e, s,u) by

logN::][ log (w+¢e)v.
sB
Then for A >0, and 1/2 < s < 1, we have

v({x € sB: ’10g <ﬂ]—\|;£>’ > )\}) < %U(SB),

for some constant C, whenever r is sufficiently small.

Proof. Let ¢ € C2°(tB) satisfy p = 1 on sB,0 < ¢ <1, and [V@|leo S
(1 —s)r)~t Let u = {ug}, ux € Lip(By), ux, > 0, and for each k, define
r = ¢* (ug + )", Then

Vb = =% (ug +¢) 2 Vug + 29 (up + )7 Vo,

and |[1x|lo is bounded in Hy(B). Therefore, we pick a weakly convergent
subsequence still denoted by {1 }. With this sequence, we have

(AVuy, Vuy) 902(uk + 5)_2
(4.1) = T +b-Vup(up + )71 p? + Vuy, (up + €)1 ¢?
+2 <AV'LLk, V@) gD('LLk + 5)_1 y
where
Tr = (AVug, Vior) + b - Vug ¥ + Vg 1y

Integrating (4.1) over B, and using Holder inequality followed by Cauchy-
Schwartz inequality (and also using the fact that uy (ux +¢)™1 < 1), we
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obtain

/ (AV log (ug, + ¢), Vlog (uy, + €)) 2
B
=0 + / (b Vuyg (ur + 6)_1 0% + Vuy, (ug + 6)_1 g02)
B
+/ 2 (AVuy, V) go(uk—ké)*l
B

< |6l + / (IbPwt + [V])* + 4 / (AVi, V)
B B

1
+ 5/ (AVug, Vug) (ur, + )2 2,
B

where 6 = —D(uy 1x). Therefore, by Lemma 3.1, and (1.1) we have
| AV tog (ux +), Vg (. + €))7
B

< @n(bPw + V)37) +8) / Vol v+ 26
B

Since ¢ = 1 on sB, on taking note of (1.1) again we have, for small r

Cv(B)
| o< —27 19 .
/SB]V og (ug + €)] w_rQ(t—s)Q_l_ |0k |

By Poincaré Lemma (2.2), we have

2 Cv(B) Cr?
vs (t — s)2 + w(B) [9%] -

]é ) [ tog (ux +2) — (log (g + )0

We now take the limit as k — oco. Note that log (ux + &) — log (u + )
in L2(B), and hence also

(log (ur +€))sBv = ][

log (u +¢)v —>][ log (u+¢)v:=1logN.
sB sB

After taking the limit as k — oo, we use Chebyshev’s inequality followed
by Holder inequality to obtain

v({:ceaB: ’10g<a;g>‘ >)\}) < %/Bﬂog(ﬂ—i—e)—log]\ﬂv

S

Cu(B)
< =) v(sB),
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as desired.

The following real-variable fact is the final ingredient needed to obtain
the Harnack inequality. It is proved in the same way as [11, Lemma 3] (see
the comment following [3, Lemma (3.14))]).

Bombieri’s Lemma. Let yu > 0, and v be a doubling measure. Let f be
a non-negative bounded function on a ball B. Suppose there are positive
constants C, d such that

1
(1) sup(fp = ffp 0<p<;,

(2) v({z € B: logf(x)>)\})§%v(B), A>0.

Then there are constants v and & so that for all 0 < a < 1, we have

o)

sup f < exp (
aB

We can now state the Harnack’s inequality

Theorem 4.1 (Harnack’s inequality). Let B be a ball of radius v with
4B C By. Suppose u € H(By) is a non-negative weak solution of Lu = 0
on B, and let u be the function in L% (By) associated with uw. There are
constants C' and ro depending only on the parameters in (1.2), (1.3), (1.5)
and (2.6) such that

~ v(B)
s%pu < exp (C’ o(B)

N—
=E
N

whenever 0 < r < ry.

Proof. The proof relies on Theorems 3.1, 3.2, and Lemma 4.1 together
with Bombieri’s Lemma. Since u is non-negative, we recall that u > 0.
Given 0 < € < 1, we apply Bombieri’s Lemma to the functions (u + ¢)/N,
and N/(u + ¢). with N defined by

N = log (u+¢)v
(3/2)B
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The parameters «, B, and u are taken to be 2/3, (3/2) B, and u(2B),
respectively. Following the arguments detailed in [3], one obtains the in-

equality
v(B)

sgp (W+e) <exp (C m) i%f(ﬂ—i— £),
We now let ¢ — 0 to get the desired Harnack’s inequality stated in
Theorem 4.1.
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