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Quasiconformal mappings of Y-pieces

Christopher J. Bishop

Abstract

In this paper we construct quasiconformal mappings between Y-pieces
so that the corresponding Beltrami coefficient has exponential decay
away from the boundary. These maps are used in a companion paper
to construct quasiFuchsian groups whose limit sets are non-rectifiable
curves of dimension 1.

1. Introduction

The purpose of this note is to record an explicit way of deforming a Riemann
surface so as to shorten a given closed geodesic, with a careful estimate of
the complex dilatation p of the corresponding map. In particular, we will
do this so that u has the optimal L* norm (up to a bounded factor) and
|| decays exponentially fast away from 7. This estimate is used in the
companion paper [3] to construct quasiFuchisan groups whose limit sets are
nonrectifiable curves of dimension 1.

A generalized Y-piece is a Riemann surface (with boundary) which is
bounded by three closed geodesics (or punctures) and which is homeomor-
phic to a 2-sphere minus three disks (or points). It is called L bounded if
each of the boundary components has length < L (punctures count as length
zero). Every finite area Riemann surface can be written as a finite union of
such pieces and even general Riemann surfaces can be written as a union of
Y -pieces, funnels and half-planes, [1].
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Theorem 1.1. Suppose Y; is an L bounded Y -piece with boundary compo-
nents Ya, ¥ and . with lengths (a1, by, 1) respectively. Suppose Y is another
L-bounded generalized Y-piece with boundary lengths (as, by, c1) respectively.
Assume that € = |logay /as| < 2. Then there is a C = C(L) and a quasicon-
formal map f Y] — Yy with constant K < 1 + Ce which is affine on each
of the boundary components (i.e. is isometric on vy, and 7. and multiplies
length by as/ay on v,). Moreover, the Beltrami coefficient u of f satisfies

|p(2)] < Ceexp(—2dist(z,7,)).

Thus the Beltrami coefficient p has L* norm which is comparable to the
optimal quasiconformal map from Y; to Y5, but has rapid decay away from
boundary curve which is being shrunk. This is important for our applications
in [3] where we wish to estimate integrals involving pu.

An X-piece is the union of two (not necessarily distinct) Y-pieces which
share a common boundary geodesic 7, which is called the central curve of
X. As above an X-piece is called L-bounded if its boundary components
and central curve all have length bounded by L. The following is an obvious
consequence of the theorem and is the precise result used in [3].

Corollary 1.2. Given an L-bounded X -piece X1, its central curve v and any
0 < e < 1/2, there is an X -piece Xy and a quasiconformal map f: X1 — Xo
so that f(7y) is the central geodesic for X5 and has length 1 — € times that of
~v. Moreover, f is an isometry on the boundary of X; and the corresponding
Beltrami coefficient ji, . satisfies ||jiy¢||coc < Ce and

(1.1) |thy.e(2)] < Ceexp(—2dist(z,7)).

Using this we can construct a deformation of Riemann surface R by
choosing an X-piece X; in R and replacing it by another X-piece X5, to get
a surface S. We then define a map R — S by taking the identity off X; and
the map from the corollary on X;. The deformations constructed in [3] are
obtained by applying this idea simultaneously to certain infinite (disjoint)
collections of X-pieces in R.

Other applications of our estimate are given in [6] and [7]. Let 7 denote
the set of Riemann surfaces which can be written as a countable union of
Y -pieces with the property that for any € > 0, all but finitely many of the
pieces are € bounded. In [7] our estimate used to show that Fuchsian groups
corresponding to surfaces in 7 are J-stable, i.e., for any quasiconformal
deformation of the group 6 = dim(A), i.e. the critical exponent equals the
Hausdorff dimension of the limit set. In [6], another application is given
related to Ruelle’s property. See [4] and [6].
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Next we describe the structure of the rest of the paper.
Section 2: We review some hyperbolic trigonometry.

Section 3: We show that two hyperbolic triangles are quasiconformally
equivalent with constant close to 1 if the ratio of their side lengths
is close to 1.

Section 4: We construct quasiconformal maps between certain hyperbolic
quadrilaterals.

Section 5: We show that certain hyperbolic hexagons can be written as a
union of a bounded piece and at most three quadrilaterals.

Section 6: We prove Theorem 1.1.

I thank Michel Zinsmeister for his comments and questions on [5] which led
me to consider the questions dealt with here. I also thank the two referees
whose careful reading and numerous suggestions were greatly appreciated.

If A, B are quantities that depend on some parameter we write A < B if
the ratio B/A is bounded uniformly independent of the parameter. We will
also sometimes write this as A = O(B). Similarly for 2. We write A ~ B if
both A < B and A 2 B hold and say A and B are comparable.

2. Some hyperbolic trigonometry

In this section we record a few formulas of hyperbolic trigonometry which
we will need later.

Recall the sine and cosine rules for hyperbolic geometry (e.g., see page
148 of Beardon’s book [2]). Let T" denote a hyperbolic triangle with angles
«, 3, and opposite side lengths denoted by a, b, c. See Figure 1.

Vb

\e

FI1GURE 1: Definitions of a,b,c and «, 5,y
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Then we have the Sin Rule,

sinh a B sinh b B sinh ¢

2.1 = =
(2.1) sin v sin 3 sin 7y
the First Cosine Rule,
(2.2) cosh ¢ = cosh a cosh b — sinh a sinh b cos

and the Second Cosine Rule
cos a cos (3 + cosy

2. he =

(2:3) costie sin «r sin 3
Lemma 2.1. If v = 7/2 then

(2.4) sinh b = sinh ¢sin g,
(2.5) tanh b = sinh a tan (3,
(2.6) tanh a = tanh ccos 3.

Proof. The first of these is immediate by taking v = 7/2 in (2.1). To prove
(2.5), note that

sinh b sin  sinh a

cosh b sin o cosh b
sin 3 sinh a cosh a

sinae  coshe
sinf3 . sin «r sin 3
= sinh a cosh g————

sin « cos acos (3
sin ﬂ]

COs

= tan(@sinha [COSh a
= tanfsinha.

where the second, third and fourth equalities hold by (2.1), (2.2) and (2.3)
respectively and the last equality holds by (2.3) (with the roles of a and ¢
reversed). To prove (2.6), note that

sinh a sinh a cosh b
tanha = =
cosh a cosh ¢

tanh b cos 3 cosh b

sin 3 cosh ¢

sinh b
- e[
anh ¢.cos sinh ¢ sin 3

= tanhccos 3,

where the second, third and last equalities hold by (2.2), (2.5) and (2.1)
respectively. [ |
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Formula (2.3) makes it clear that the side lengths of a hyperbolic triangle
are determined by its angles. It is also easy to see that if all three angles
are bounded below by some # > 0, then there is a finite upper bound on
the side lengths which only depends on #. By (2.3), if all three angles of a
hyperbolic triangle are less than § the the diameter of the triangle is > M (4)
where M — oo as § — 0.

By (2.1), if the three sides of a hyperbolic triangle have comparable
lengths then the sin of the angles are also comparable. Since at most one of
the angles can be close to m we see that if all the angles are bounded away
from 7 then they must all be comparable in size.

3. Quasiconformal mappings of hyperbolic triangles

In this section we record a calculation which we will need later. It sim-
ply says that two hyperbolic triangles whose side lengths are pairwise close
are quasiconformally equivalent with constant close to 1. This seems fairly
obvious, but I have been unable to locate the result in the literature, so it
seems worth recording here. Our strategy will be to divide the triangles
into small triangles which are approximately Euclidean and then apply the
analogous result for Eucidean trangles (which is easy).

Lemma 3.1. Suppose Ty, T, C ID are two triangles in the hyperbolic disk with
angles (aq, f1,7) and (g, B2, v2) respectively and opposite sides (aq,by,c1)
and (ag, by, c3) respectively. Suppose that all these angles are strictly positive,
say all > 60 > 0 and let ;

1

aq C1
= max(|log —/|, | log —|, | log —
€ X([log =", [log 3 | log )
Suppose € < A. Then there is a constant C; = C1(0, A) and a 1+ C1e quasi-
conformal map from Ty to Ty which maps each vertex to the corresponding

vertex and which is affine on each edge of Ty (i.e., it multiplies hyperbolic
arclength on each edge by the appropriate factor ag/ay, by/by or ca/cy).

Proof. The angle bisectors of each of the three angles of 77 meet at a single
point ¢; in the interior of 7} by Theorem 7.14.1 of [2]. See Figure 2.

FIGURE 2: Angle bisectors meet at a point
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This point is equidistant from each of there three sides of T;. Let R;
denote this distance and let w}, wj, w! denote the closest point to ¢; on each
of the sides ay, b1, ¢; respectively. Divide each edge of T} into 2" equal length
segments and connect the endpoints of these segments by geodesics segments
to ¢;. This divides 7} into 3 - 2" sub-triangles {7} x}. See Figure 3.

Vy "

Vb
FI1GURE 3: The triangles T}’s

Assume ¢; = 0 and foreach k =1,...,3-2" let TL;C be the Euclidean triangle
which has the same vertices as T} j, (since ¢; = 0, two sides of Tl,k will agree
exactly with two sides of T}, but the third side opposite ¢; will not). Let
G2, Ro, {Tox} and {Tzk} be the corresponding objects for 75 and assume
(2 = 0 as well.

We claim that there is a C' = C'(f) < oo so that each T} ; can be mapped
to jé,k by a 1 + Ce quasiconformal map which is affine in the Euclidean
sense. If so, then adjacent triangles have matching boundary values so we
get a 1+ Ce quasiconformal from UkTLk to UkTQ,k. Then taking n — oo we
obtain in the limit a 14 C'e quasiconformal map from 7} to T5. By definition
this map is affine restricted to the vertices of £ N UkTLk for each edge E of
Ty, and so by continuity is affine on each edge, as desired. Thus it suffices
to verify the claim.

Let L, denote an edge of Tl,k which connects (; to an edge E; of T7. Let
0, be the angle formed by L; and E; and let F; be the edge of Tl,k which
is opposite (7. It is clear that #; is minimized when L; is one of the angle
bisectors of 177 and hence %9 <0, < %W (where 6 is assumed the lower bound
on the angles of 7). Let Lo, Ea, F» and 6, be the corresponding quantities
in T,. It is enough to check that the Euclidean lengths of these edges satisfy

[ Lal/ILs| = 1+ O(e),

[E3l/1F] = 14+ 0(e),
01/6, = 1+ 0(e).

w W w
W N =
O —

(3.
(3.
(3.
(It is easy to check that Euclidean triangles satisfying these conditions are
1 + O(e) quasiconformally equivalent via an affine map.)
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We start by showing R;/Ry = 1+ O(€). Let x; = p(w’,v!) and y; =
p(w?, vi) so that x; + y; = a; (see Figure 4).

Vb

FIGURE 4: Definition of L; and R;

Using (2.5) we see that
tanh R; = sinh z; tan(a;/2) = sinh y; tan(3;/2).

Since
r1+

To + Yo

we must have either z1/x9 > 1 — O(€) or y;/y2 > 1 — O(€). Without loss of
generality assume the first holds. Then

=1+ 0(e)

tanh Ry sinhz tan(ay /2) >1-0()
= — Of(e).
tanh Ry sinhxzytan(ag/2) —

Since R;,x; are uniformly bounded (in terms of #) and «; is bounded away
from 7 (depending only on #), this implies that Ry/Ry > 1 — O(e) where
the constant depends only on 6. Reversing the roles of Ry and Ry shows
Ri/Ry =1+ O(e), as desired.

Next we prove (3.1). Suppose L; connects (; to the edge a; of T; and
consider the hyperbolic triangle with edge L; and third vertex w’. See
Figure 4. Let t; be the signed hyperbolic distance from w’ to the endpoint
of L; on the edge a;. Note that |t; — t3] = O(eay). Then by (2.2), with
v =7/2,

cosh L; = cosh t; cosh R;.

Now for 0 < s <1 let t(s) = t1(1 — s) + tas, R(s) = Ri(1 — s) + Ras and
cosh L(s) = cosht(s) cosh R(s). Then clearly

[t'(5)] = O(ear),  |R'(s)| = O(ear),
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and

, 1 , . ,
|IL'(s)] < m[smh t(s)t'(s) cosh R(s) + cosht(s) sinh R(s)R'(s)]

= O(eay).

Thus |L; — Ls| = O(eay) = O(eLy). Thus |L1]/|La| = 1+ O(e), as desired.
Now we prove (3.2). The segments Fj, Fy have hyperbolic diameters

which are comparable by a factor of 1 + O(e), since by definition they have

hyperbolic length 27"a; and 2 "ay and a;/as = 1 4+ O(e) by assumption.

Moreover, their hyperbolic distances from the origin are L; and Lo which

are comparable by the previous paragraph. Since |dz| = (1 — |z]?)|dp| this

implies their Euclidean lengths are also comparable by a factor of 1+ O(e).
Finally we prove (3.3). By (2.6),

cos ; tanh L; = tanh t;,
and hence making a parameterized family as above we see
sin @(s)#' (s) tanh L(s) 4 cos 0(s)sech®L(s)L'(s) = sech®t(s)t'(s),
and since 0(s) is bounded away from zero in terms of 6, and |t'(s)|, |L'(s)| =
O(ea), we get

10'(s)| = O(1) |sech®t(s) — cos fsech®L(s)|O(ea) = O(e).

1
tanh L(s)
Thus |0, — 02| = O(€) and since these numbers are bounded by 6, we get
01/02 = 1+ O(e), with constant depending only on #. This ends the proof
of Lemma 3.1. |

The preceding lemma can be used to construct quasiconformal maps
between polygons by triangulating the polygon and applying the lemma to
each piece. Since the maps are affine on the edges, they must agree on the
common boundary of any two triangles which share an edge. The following
corollaries describe two specific situations where we will use this.

Corollary 3.2. Suppose ) is a hyperbolic quadrilateral with sides a,, as, a3
and ay (in clockwise direction) all bounded by L < co. Suppose the two angles
adjacent to edge ay are right angles and the other two angles are bounded
below by 6 > 0 and above by ™ — 0. Suppose Q' is another quadrilateral
with side lengths by, by, bs, by whose angles satisfy the same condition. Let
€ = max; |logb;/a;| and assume ¢ < A < co. Then there is a 1+ C(L, 0, A)e
quasiconformal map from Q to Q' which is affine on each of the boundary
edges.
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Proof. Connect two opposite corners of () forming two triangles with edge
lengths ay, as, c and as, aq, c. See Figure 5.

FIGURE 5

By (2.2),
(3.4) cosh ¢ = cosh a; cosh a,.

Do the same for ', obtaining triangles of side length by, by, d and b3, by, d.
Now consider a parameterized family of right triangles on [0, 1] with adjacent
sides sa; + (1 —s)b; and say+ (1 —s)by and opposite side ¢(s). Differentiating
(3.4) we get

d d d
sinh c—c = sinh a4 da cosh ay + cosh aq sinh agﬂ.
ds ds ds
Since c¢ is comparable to a; and ay we get that % = O(eay). The argument
shows ¢/d = 1 4+ O(¢). Thus we can apply Lemma 3.1 once we know the
angles of the triangles are bounded below uniformly.

However, one angle of the aq,as, ¢ triangle is 7/2 and the side lengths
are comparable. Thus by (2.1) all three angles are comparable (and hence
are uniformly bounded below). A similar argument holds for the as, ay,c
triangle since one angle (the one between az and ay4) is assumed to be bigger
than 6 and less than m — 6. |

Corollary 3.3. Suppose H is a hyperbolic hexagon such that all the edge
lengths ay, ..., a¢ (in clockwise direction) are < B and are comparable with
constant B. Also assume three alternating angles are w/2 and the remaining
angles are bounded below by 6 > 0 and above by m — 6. Then there is a
C' = C(0, B) so that the following holds. If H' is another such hexagon with
edge lengths by, ..., bg and € = max; |loga;/b;| < 2, then there is a 1+ Ce
quasiconformal map from H to H' which is affine on each of the edges of H.



636 C. J. BisHop

Proof. Triangulate H by adding edges [vov4], [v4v6] and [vgvs], as in Fig-
ure 0.

FIGURE 6

As in the previous corollary the new edges have length comparable to the
edges of H and if the edges of H change by a factor of 1+ € then the lengths
of the new edges change by at most 1 + O(e). Each of the three triangles
which share edges with H has a right angle, and hence all their angles are
bounded away from zero (since their edges are all comparable).

Thus we need only show the central triangle has angles bounded away
from zero. However, all of its angles are smaller than 7 — # (since this is
true for the hexagon) and since the sides are comparable, so are the angles.
Finally, not all three angles can be close to 0 since this would imply the
triangle has large diameter (which is impossible since it is contained in H
which has diameter bounded by 6B). |

4. Quasiconformal mappings of Lambert quadrilaterals

In this section we use the result about triangles from the previous section to
prove a result about mappings of certain special quadrilaterals. In Section
6 on mappings of Y-pieces these quadrilaterals will correspond to neighbor-
hoods of very short geodesic boundaries and the estimate we prove here will
give the exponential decay we want.

A hyperbolic quadrilateral is called a Lambert quadrilateral if it has three
right angles (after J.H. Lambert, 1728-1777, see page 156 of [2]). We denote
the fourth angle ¢ and the four sides (going clockwise, starting at ¢) will be
labeled b, z, a,y as in Figure 7.

X
FI1GURE 7: A Lambert quadrilateral
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Given such a quadrilateral @), we will sometimes let the letter a denote the
edge of () and sometimes let it denote the length of the edge. The usage
will generally be clear from context (e.g. it is a length in sinh a but the side
itself in p(z,a)), but we will write “a-side” when necessary. Similarly for the
other sides of Q).

The quadrilateral is determined by any two side lengths or one side length
and the angle ¢, as is evident from the following two relations (Theorem

7.17.1 of [2])

(4.1) sinh asinh x = cos ¢

(4.2) cosh a = cosh bsin ¢
We claim these imply

(4.3) coshbsinh x = sinhy.
To prove this use (4.1) and (4.2) to get

singcoshb = cosha = (1 4 sinh? a)'/?
cos? ¢\ 1/2 cosh?z — 1 + cos? ¢\ 1/2
- (o) e )
sinh” x sinh® x
B (costhsiHng — sin2gz§>1/2 __ singsinhy

sinh? sinh z

which proves (4.3). We will think of b as fixed, but allow a to vary and
consider ¢, x and y as functions of a.

Lemma 4.1. Suppose Q) is a Lambert quadrilateral, labeled as above. If b is
fized and a < b/2 is allowed to vary then

(4.4) g ~ sinh z
(4.5) % = O(a)
(4.6) j—z = Si;;@ + O(a)
(4.7) LT

da  sinha

The constants depend only on an upper bound for b.
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Proof. We recall an estimate which we will use frequently. Note that if
x>0,

cosh x 1 + 6_2””

Sinhx 1—e"

(4.8) 1+e <

and hence (cosh z)/(sinh z) = 1+O(e~>*) with a constant that depends only
on a lower bound for x.

First we prove (4.4). By (4.1) and (4.2),

cos?p 1—sin’¢
sinh’a  sinh®a
cosh? b — cosh? a

sinh? @ cosh? b
b2
?7
where we have used a < b/2 to deduce ébQ < cosh?b — cosh? a < Cb2.

Next we prove (4.5). By (4.2)
cosha _ coshb/2
< <1,

cosh b cosh b
with a bound depending only on b. Differentiating the equality gives
do sinh a
— =————— =0(a).
da  cos¢coshb (a)
Also note for later use that if t < s < b/2 then

(4.11) / Ola)da = O(|s> — 2]).

To prove (4.6), note that by (4.1) we have

sinh?z =

~

(4.9) sing =

(4.10)

coS @

sinhx = — ,
sinh a

and so differentiating and using (4.1) and (4.10),

dv 1 —sin (b‘jl—f sinh a — cos ¢ cosh a
da ~  coshx sinh? a
1 —sing sinh® a/(cos ¢ cosh b) — sinh a sinh « cosh a
~ coshz sinh? a
1 —sin ¢ sinh a sinh x
= —— cosh a ]
sinh a Lcos ¢ cosh bcosh x cosh x
1 2 2 —2z
= [0(@) + (14 0(a) (1 + O(e™))]
-1
= (1+0(a%),

sinh a



QUASICONFORMAL MAPPINGS OF Y-PIECES 639

where the fourth equality uses the fact (4.9) that cos ¢ is bounded away from
zero (depending only on b), that cosh z ~ 1/a and the fact that (4.4) implies

1
(4.12) Ea <e*<(Ca
if a < b/2 (for some C' depending on b). Also note that

’1 ! ’:O(a).

a sinha

Integrating we get
‘1 t 0
(4.13)  |x(s) —z(t)| = . + O(a)da = |log g‘ + O(]s* — t7)).
Finally, we prove (4.7). If we differentiate (4.3) with respect to x we get
d
cosh b cosh x = cosh y—y.
dx
Now divide by coshy and use (4.2) to get
d
W _ cosha=1+ O(a?).

dx

The chain rule then gives

dy dydx -1 9 9 -1
da dzda sinha( +0(a?))(1 + 0(a)) sinh a Ofa),
as desired. [ |

Next we wish to prove the main estimate of this section:

Lemma 4.2. Assume b < 1/2. Suppose Qs, Q; are Lambert quadrilaterals
with a-sides of length s and t respectively and have equal length opposite
sides b in both cases. Assume s/10 <t < s <0b/2. Let e = (s —t)/s. There
1s a C' < oo depending only on b so that the following holds. There is a
quasiconformal mapping f : Qs — Q; which is affine on the edges a and b
and whose dilatation satisfies

K(z) < {1+C’e p(x,a)

1
1+ Ceexp(—2p(x,a)), p(z,a)>1."

IV IA
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Proof. We know from (4.4) that + = z(s) is bounded away from zero
uniformly (in terms of b). If x < 1, then the lemma follows from Corollary
3.2. Thus we may assume x > 1.

Choose points zg, . . . x,, along the z-side of (), inductively as follows. The
point g is the corner of 5 where the x and b sides meet. The point yg is the
other endpoint of the b-side. The point x; is the point on the z-side which
is distance b from zy. Consider the geodesic segment which is perpendicular
to the z-side at x, and let y; be the point where it hits the y-side of ), and
let d; be its length. Let x5 be the point on the x-side of (), which is distance
d; from x; (and so that z; separates zo and xg). In general, given x, 1,
consider the geodesic segment perpendicular to x through x,_1, let y,_1 be
the point of intersection of this geodesic with the y-side of Q)5 and let d,,_;
be the distance from x,,_; and y,,_1. Then let z,, be the point on the z-side
of Qs which is distance d,_; from x,,_; and which is separated from xq by
Tn_1. See Figure 8.

\ /

Xn On1 Xn1
FIGURE 8: Definition of 5,1

Continue until the first time that the distance from x,, to the a-side of (), is
< 1. Let N denote the index when this occurs. Forn =1,... N, let S, C Q;
denote the quadrilateral with corners x,, 1, Zn, Yn, Yn_1. Let T = Q,\UNQ,,.
See Figure 9.

FIGURE 9: Decomposing Q)5 and Q¢

Now divide the quadrilateral ); in a similar way. Choose points Z,, on its x-
side so that Zg is the corner of its b and z sides and p(Z,,, To) = p(x,, To) for
n =1,... N. Take the perpendiculars to the z-side of ); though these points
and let g, be the points of intersection with the y-side of @, and d be their
lengths. Let S, be the corresponding quadrilaterals and let T=Q, \ Uy S,.
See Figure 9.
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By Lemma 4.1 we know |¢(s) — ¢(t)| < C(s*> — ) = O(s(s — t)). The
segment d, meets the y edges of Qs and @Q); at angles between ¢ and 7/2.
Thus (4.1), (4.12) and (4.4) imply

~ t
d, —d, < Cs(s— t)ep(‘””’“’) =C(1- —)6_2$6p(z7“$0) = Cee~?PlEna),
s

See Figure 10 (in this figure, the vertex of ¢ is at the origin and the b-sides
for the two quadrilaterals coincide).

Ficure 10: Estimating d,, — czn

Using (4.4) and the fact that d,, is the b-side of a Lambert quadrilateral
itself, we see

d, > Casinh p(z,,a) > Ce *el#na) — (Cle=P@nT0)

Thus ~
dn/d, =1+ O(ee ),

Thus by Corollary 3.2 there is a 1+ O(ee2,(@n:2))_quasiconformal map from
S, to S,. This gives the lemma on the S,,’s.

Subdivide 7" (which by our choice of N has z-side of length between 1/2
and 1) into subquadrilaterials with equal length x-sides ~ a. The corre-
sponding side of T"is only longer by a factor of log 24+0(a(s—t)) = O(s—t)
by (4.13) and so we can apply Corollary 3.2 and get maps on each sub-
quadrilateral with quasiconformal constant 1 4 O(e). |

The estimate in the previous lemma for the case p(x,a) > 1 did not
use the hypothesis that ¢ > s/10, so that estimate is true in general. For
t < s/10 the estimate for p(z,a) < 1 becomes K(z) < Cs/t. To prove this,
note that because T and T are both Lambert quadrilateral themselves, we
may place them in the hyperbolic upper half-plane so that the a-sides lie on
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the imaginary axis, the z-side lies on the circle |z| = 1 and the y-sides line
on circles of the form |z| = r for r = e® and r = €'. The remaining b sides
lie on circles centered on the real axis. See Figure 11. Apply logarithims to
conformally map to horizontal strips.

FIGURE 11: T and T

We now map 7' to T in a series of steps as illustrated in Figure 12.

7

FIGURE 12: The map from T to T

First we map T to W, C P, with the b side going to a radial line segment
and hyperbolic arclength on this edge being mapped affinely onto arclength
of the image. This can be done with quasiconformal constant C; bounded
only depending on b. Next we map W; — W, C T by the map re? —
ro/tei(i2-a(3-9) where a is chosen so that W, N {|z| = 1} is mapped onto
the ay edge of Py. Since this edge of W; has (Euclidean) length uniformly
bounded below, and the (Euclidean) length of the image is at most 7/2, we
see that a is uniformly bounded. Thus this map has quasiconformal constant
< (s, where Cy is absolute. Finally we map W to Py by mapping the radial
edge onto the b edge of T with arclength mapping affinely. As above, this
can be done with constant C; which depends only on b. Composing these
steps gives the desired map with a quasiconformal constant of 01202? This
finishes the proof of the estimate.

If t > s, then it is easy to formulate and prove the corresponding esti-
mates by considering the inverse of the map constructed above.
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5. Decomposing a L-bounded hexagon

Let H be a hyperbolic hexagon with all right angles and suppose the sides
have lengths ay, b3, as, by, as, bo, ordered counter-clockwise around the bound-
ary (so a; is opposite b;). See Figure 13.

Ficure 13: Labeling sides of a hexagon
The following two relations are Theorems 7.19.1 and 7.19.2 of [2],

sinha; sinhas, sinhas

1 = =
(5.1) sinhb;,  sinhb,  sinhbs’

(5.2) cosh b; sinh as sinh az = cosh a; + cosh as cosh as.

Note that this easily implies that right hexagon is determined by the lengths
of three alternating sides.

Throughout this section we will assume that the three sides aq, as, as are
all bounded by some L < oo. Such a hexagon will be called L-bounded.
However, if any of these sides is very short then some of the remaining b-
edges will be long. In this section we want to show that any L-bounded
hexagon H can be divided into a central hexagon Hj, all of whose edges
are bounded and bounded away from zero in terms of L, and at most three
Lambert quadrilaterals.

To accomplish this, suppose we have two numbers a,b (to be chosen
later) with a < %b < 1/4. If a;j < a, j = 1,2,3, then form a Lambert
quadrilateral, @);, with a; as one side, two other sides lying along the edges
bj_1 and b;;; (here and below indices are taken mod 3 in {1,2,3}) and the
fourth edge has length b and makes a right angle with b;_;. See Figure 14.

FIGURE 14: A hexagon with two short sides
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The unique non-right angle in @); will be denotes ¢;. Let z;_; be the length
of the edge of (); which lies in b;_; and let y;;; be the length of the edge
of (); which lies on b;;;. We shall see below that ); is a subset of H if a
and b are chosen correctly. If a; > a then we set Q; = 00 and z; = y; = 0.
Let Hy = H \ U?lej. The six sides of Hy are in an obvious correspondence
with those of H and will say “the side of Hy in position a; (or b;)”.

Lemma 5.1. There is a choice of a,b so that Hy C H and the side lengths
of Hy are bounded and bounded away from zero depending only on L,a,b.

Proof. Since the sides of Hy in positions a,as,as are all < L and by
construction have length > a, we only have to check the sides in positions
by, by, b3. Without loss of generality it suffices to consider just b;. There are
four cases depending on whether ay > a and a3 > a.

Case 1: First suppose both as, as > a, so that the by-edge of Hy is the
same as the corresponding edge of H, i.e.,has length b;. By (5.2),

cosh a; + cosh as cosh as - 2el + 220
2 )

cosh by = - - <
sinh a, sinh as a

and so by is bounded above depending only on a and L. On the other hand,
by (5.2) and (4.8)

cosh a; + cosh ay cosh as

v

cosh bl = 6_2L + (1 + 6—2a2)(1 + 6—2(13)

sinh a, sinh a3
> 1422

which implies b; is bounded below depending only on a.

Case 2: Next suppose as < a and as > a. Then the side of Hy in
position b; has length b; — 1. By (4.1)

. COS P2
sinhx; = — 7
sinh as
and by (5.2),
(53) COSh bl _ : 1 COSh aq + ‘COSh a9 COSh as
sinh a, sinh ag
1 coshas
>
~ sinhay sinhag
1
> . .
~ sinhay

This implies
2 2C
> 2

2e% > P 4 7P = 2¢osh by > — >
sinh as as
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for some C' = C(b) since ay < a < b. Hence
1 1

(5.4) by > log — + log C'(b) > log 5 +log C(b),
asz

independent of @ or L. By (4.2)

cosh as 1
coshb ~ coshbd’

sin ¢ =

so if b is small enough then ¢, is a close as we wish to 7/2 (independent of
a). Assume we have fixed b so small that cos ¢ < 3 and by > 1 (using (5.4).
By (4.1) and (5.3)

COS (o < 1/2 <

1
. inh = -
(5.:5) SR sinhay — sinhay, = 2

cosh by,

and since by > 1 this implies by — x1 > C for some absolute C; which does
not depend on a, b or L (as long as b satisfies the choices made above).
To prove the upper bound, note that if a;,ay < L and a3 > a, then

1 coshay + cosh ay cosh as

5.6 hb, =
(56) oSt o1 sinh as sinh as
< 1 (cosh a n cosh a3>
cosha
~ sinhas \ sinhas ®ginh as
< (eL k(14 e72))
—+e e
~ sinhas \ «a
. Alwl)
— sinha,
Thus
sinhz; = c0S ¢ > c0s ¢ cosh by,

sinhay ~— A(a, L)
which implies b — x1 < C5 for some absolute Cs which depends on a and L.
This proves that by — x1 is bounded above and below in terms of a,b and L.

Case 3: Next assume as > a, but ag < a. Since as and agz play symmetric
roles in (5.2), the argument above shows that b; — x5 is bounded above and
below uniformly. We shall now show that zs — y; is small, and hence that
by — y1 is also bounded above and below. By (4.2)

cosh y; sin ¢3 = cosh 5.
Since sin ¢3 < 1, this implies

(57) Y1 > To.
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Thus b; — y; is bounded above since b; — x5 is. On the other hand,

0 coshwy e 4e ™ 14 e ™
sin ¢3 = = =e —
coshy, evr +en 1+e 2’

and hence

y1 = x9+ log +log(1 + e 2*2) — log(1 + e~ 2¥1)

sin ¢3

IA

x9 + log + log(1 + e~ 272)

sin §b3
S X2 + Ca

where C' may be as small as we wish if b is small enough. Taking it to be
less than $C (which did not depend on b) we get

1
(58) bl — U1 Z 501

as our lower bound if b is small enough (independent of L).

Note that the proof of the previous two cases shows that z; < b; and
y; < b; and hence the quadrilaterals (); are really subsets of H, as claimed
in the lemma.

Case 4: Finally assume both as, a3 < a. By (5.2),

cosh a; + cosh aq cosh as 2

cosh by = - - > — - ,
sinh a9 sinh az sinh a, sinh a3

whereas by the middle of (5.5),

inh <1 1
sinhz; < =
' = 2sinhay’

. 1 1
sinh zs < —— .
2 sinh as

Thus .
sinh z; sinh 25 < 3 cosh by,

and because by > 1 this implies by — (z1 + x2) > C3, with C5 independent of
b. Choose b so small that |z — y1| < C3/2 and this gives the desired lower
bound.

On the other hand, by (5.2),

cosh a; + cosh ay cosh as el + 2

coshb, = - - < = : )
sinh a, sinh az sinh a, sinh a3
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which implies by (5.5),

sinh x; sinh x5 > cosh by,

1
A(L,a,b)
which implies by — (x; + x2) is bounded above, depending only on L, a,b.
Since y; > w9, this gives the desired upper bound.

Note that this shows the quadrilaterals @)1, ()2 and Q)3 are disjoint. This
completes all the cases and hence finishes the proof of the lemma. |

Next we record a calculation which we will need later. We will think of
the a; and a3 sides of our right hexagon as having fixed length, but as as
as varying and we wish to compute the rate of change of the b-sides. Since

b1 and b3 play symmetric roles we need only compute the derivatives for by
and b,.

Lemma 5.2. With notation as above

. _ = 1 3
(5.9) dasy sinh ag( +0(e72),
dby
1 — =
(5.10) = Ola),

where the constants depend only on L, the upper bound for ai,as,as.

Proof. If we think of (5.2) as giving b; as a function of ay with a; and a3
fixed, and differentiate, we get

db, sinh® ay cosh as — (cosh a; + cosh ay cosh as) cosh ay

das sinh by sinh? as sinh ag
1 sinh a2 cosh az — cosh a; cosh ay — cosh? ay cosh as

sinh aq sinh by sinh a5 sinh as
1 (sinha? — cosh a3) cosh az — cosh a; cosh ay

sinh as sinh by sinh ay sinh a3
— cosh as — cosh a; cosh as

sinh a, sinh b; sinh a5 sinh a3
— cosh b3 sinh a4 sinh as

sinh a, sinh b; sinh a, sinh a3
— cosh b3 sinh a;

sinh ay sinh b; sinh as
— cosh b3 sinh as

sinh ay sinh b3 sinh as
— cosh b3

sinh a, sinh b3
—1

_ —2b3
~ sinhas (1+0(™™)).
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where the fifth equality holds by (5.2) and the seventh holds by (5.1) and
the constant in the last line only depends on a lower bound for b3. We know
by (5.2) that

cosh a; + cosh ay cosh as

coshb; = - -
sinh a5 sinh as
1 cosh ay cosh as
sinh as sinh as < sinh ay sinh as )
> 672L 4 1’

since ag, a3 < L. Thus bs is bounded away from zero depending only on L
and so our estimate of the derivative above depends only on L.

To see what happens to the side corresponding to by think of (5.2) as
giving by as a function of as with aq, a3 fixed. Differentiating, we get

dbo sinh as

da;  sinhbysinha,sinhas’
By Theorem 17.18.1 of [2],
cosh t = sinh by sinh ag,

where t is the length of the common orthogonal between sides a; and b.
See Figure 15.

FIGURE 15: Definition of ¢

Let u + v = a; be the lengths of the subintervals of a; on either side of t as
in Figure 15. On page 161 of [2] it is shown that

sinh a; sinh ¢ > sinh wsinh ¢ = coshay, > 1,

and hence

dby sinh ao

5.11 —
( ) day  coshtsinh ag

< sinhay; = O(az).
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Lemma 5.3. Given L < oo, there is a C' = C(L) < 0o so that the following
holds. Suppose Hy is right, hyperbolic hexagon and alternate side lengths
ay,as = s,az and suppose s < L. Suppose Hy is another right hexagon with
alternate side lengths ay,ao = t,az. Assume s and t are both less than a.
Then the central hexagons Hyy Hoo of Hy and Hs as described above have
corresponding sides and angles which differ by less than C|s® — 3.

Proof. Five of the angles in Hj; agree exactly with the corresponding
angles in Hys. The only one that may disagree is the angle between the
sides in the ay and b3 positions. This angle is complementary to ¢,. So
by (4.11) this angle in the two hexagons differs by less than O(]s® — t?|) as
desired.

The sides of Hy; and Hj o which correspond to positions a;, as, as are the
same length. Thus we need only consider the other three sides by, by, b3 (and
since by and bs play symmetric roles, it is enough to consider only b; and by).
By Lemma 5.2, % = O(ag). Moreover, the side lengths of the quadrilaterals
@1 and Q3 (if they occur) don’t depend onas and hence, integrating as in
(4.11), we see that the side lengths of the central hexagons for H; and Ho

in position by differ by at most O(|s* — t?]).

Next we consider the sides in position b;. By the proof of Lemma 5.1 we
know bs > y3 > x1. Thus by (4.12) we get

e < g7 < a%.
Hence, from (4.6) and (5.9) we deduce

—1

sinh a,

diL’l dbl —1 2
bl S 1+0 _
das day; sinhas (1+0(a3))

(1+0(a3)) = O(az).

Since y; does not depend on as, this implies the sides of the central hexagons
of H; and H, corresponding to by differ by O(|s? — ¢2|).

Finally we have to consider the sides in position b3. By (4.7),

dys _ dysdry 1

(1+0(a3)),

day d—mldag ~ sinhas

with constant depending only on b. Since the roles of b; and b3 are symmet-
ric, we also have

W (10

das  sinhas

and so we can complete the proof just as in the previous case. [
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Lemma 5.4. Suppose Hy and Hs are two L-bounded right hexagons with
a-sides (ai,ad,a}) and (a?,a3,a3) respectively. Assume aj = a}, ai = a3
and a3 = (1 — €)ay < al. Then there is a quasiconformal map f : Hy — H,
which is affine on the a-sides, is isometric on the boundary quadrilaterals

associated to al and al and has dilatation satisfying
K(2) <1+ Ceexp(—2p(z,a1)).

Proof. Since the quadrilaterals corresponding to sides a; and a3 are iden-
tical for both hexagons, we may clearly take the map to be isometric in
them. If a} > a (where a is as in Lemma 5.1) then apply Lemma 3.3 to
Hi \ (@1 UQ3) using the estimates of Lemma 5.3. This gives the desired es-
timate since this region has bounded diameter. If al < a then apply Lemma
3.3 to Hy \ (Q1 U Q2 U Q3) to get the estimate in the central hexagon and
apply Lemma 4.2 to the quadrilateral ¢);. [ |

6. Quasiconformal mappings of Y-pieces

A Y-piece is a bordered Riemann surface which is topologically a sphere with
three disks removed and in which each of the three boundary components
is a hyperbolic geodesic. A generalized Y-piece is similarly defined, except
that we also allow boundaries of length zero, i.e., instead of removing a disk
we may remove a point.

A Y-piece can always be realized as a hyperbolic octagon with three side
pairings. Moreover, there is a line of symmetry which divides the octagon
into two isometric right hexagons. The alternate sides of these hexagons are
given by a; = a/2, ay = b/2 and az = ¢/3. See Figure 16.

al2

FIGURE 16: Parameterizing a Y-piece

As noted following (5.2), a right hexagon is determined by three alternating
sides, and so we see that a Y piece is uniquely determined by its three side
lengths.

The part of Y corresponding to the central hexagons will be called the
central piece of Y. Note that the diameter of the central part is bounded
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depending only on L. The parts of Y corresponding to the quadrilaterals
Q; will be called the boundary pieces of Y. Given € > 0, the thin part of R
consists of the points where the injectivity radius of is < e and the thick part
is where the injectivity radius is > €. The following is easy and its proof is
left to the reader.

Lemma 6.1. Given L < oo, there is an € > 0 in the definition of the thick
and thin parts of R and a C' < oo, so that for any L-bounded Y -piece, the
e-thin part of RNY s contained in the boundary pieces of Y and the e-thick
part of RNY 1is contained in a C'-neighborhood of the central piece.

We will think of two Y-pieces as being close to each other if their bound-
ary lengths are close, i.e., we define

a b c
(Y3, Y2) = max(|log =21, (|log ;| (| log =21).
a2 2 C2

For generalized Y-pieces we interpret |log 2| as zero if a; = a; = 0 and as
+o0 if one is zero and the other is not. Similarly for the b and ¢ terms.

Lemma 6.2. Suppose Y| and Yy are two L-bounded generalized Y-pieces
with boundary lengths (ay,b1,c1) and (ag, by, c1) respectively. Assume that
d(Y1,Ys) = € = |logay/as| < 2. Then there is a C = C(L) and a quasicon-
formal map f Y, — Yy with constant K = 1 + Ce which is affine on each
of the boundary components. Moreover, the Beltrami coefficient p of f is
supported on the boundary piece associated to the a; boundary component ~y
and the central part of Y1 and it satisfies

|u(z)| < Ceexp(—2dist(z,7))

In other words, if a is small, the corresponding dilatation decays exponen-
tially fast away from the boundary and is zero in the thin parts (if they exist)
corresponding to the two other boundary pieces.

Proof. For Y-pieces with three non-degenerate boundary components, the
proof is immediate from the results of the previous sections (write it as
a union of two symmetric hexagons, apply the previous results and use
symmetry to show the map is continuous on the Y-piece). If there are one or
more punctures on the boundary, then we obtain the result by taking limits

over a sequence of non-degenerate Y-pieces that approach the generalized
Y -piece. [ |
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The following is an easy consequence which is used in the paper [6]

Lemma 6.3. Suppose Y| and Yy are two L-bounded generalized Y-pieces and
let D = d(Y1,Y3). Then there is a quasiconformal map f Y, — Yo with
constant K = K (L, D) which is affine on each of the boundary components.
Moreover, the dilatation Ky of f satisfies

|K¢(2)] <14 C(L, D) exp(—2dist(z,09Y))
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