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L? Estimates for singular integrals with

kernels belonging to certain block spaces

Hussain Al-Qassem and Yibiao Pan

Abstract

We establish the LP boundedness of singular integrals with kernels
which belong to block spaces and are supported by subvarieties.

1. Introduction

Let R™, n > 2, be the n-dimensional Euclidean space and S™! be the unit
sphere in R™ equipped with the normalized Lebesgue measure do = do (u).
Let K (-) be a singular kernel defined by

(1.1) K(y) =)yl h(yl)

where h is a measurable function on Rt and €2 is a homogeneous function
of degree 0 which satisfies Q € L*(S"™!) and

(1.2) /S Q (u) dor () = 0.

For v > 1, let A, (R") denote the set of all measurable functions h on R*
such that

1 (R
(1.3) sup — | (8)|" dt < o0.
r>0 R Jo

It is easy to see that the following inclusions hold and are proper.

(1.4) L* (RY) c A, (RT) c A, (RY)  for 3 < 7.
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Let P = (P,...,P,) be a mapping from R" into R™ with P; being
polynomials on R” for 1 < 7 < m. To P we associate a singular integral
operator T' = Tpj and a related maximal operator Mp o defined initially
for C§° functions on R™ as follows:

(1.5) Tf(x) = pv. | flx—P(u))K (u)du,

(1L6) Mpaf(x) = s~ [ [f@@—P )12 k()] dy.

r>0 T Jjy<r

Also, we define the maximal truncated singular integral operator 7™ by

(1.7) ) = sup fx—P(u) K (u)du

e>0 ‘u‘>5

Whenever m = n and P (y) = (y1, ..., y,) we shall denote T’ by 7., and T*
by T7),. Namely,

(1.8) Tenf(x) =p-v. . fz—y)K(y)dy,
and
(1.9) T5f(x) = Sup f(z—y) K (y)dy|.

|u|>e

There has been a considerable amount of research concerning the LP
boundedness of 7" and T*. For relevant results one may consult [3], [4], [6],
(7], [11], [10], [15], [16], [19], among others. We shall content ourselves here
with recalling only the following pertinent results:

Jiang and Lu introduced a special class of block spaces Bj" (S™1) with
respect to the study of the LP mapping properties of the class of singular
integral operators T.; (see [13]). In fact, they obtained the following L?
boundedness result.

Theorem A ([13]) Let K, T.; and T}, be given as in (1.1)-(1.2), and
(1.8)-(1.9). Suppose that h € L (R™). Forn > 2 we have

(i) if Q€ BY°(S"7'), then T, is a bounded operator on L* (R");
and

(i) if @ € B (S™71), then T, is a bounded operator on L* (R™).
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One of our main results in this paper is that the L” boundedness of T
and T* hold for arbitrary polynomial mappings P and Q’s in B)-°(S"™1),
q > 1. By specializing into the case P(y) = y, one obatins that 7., and
T, are bounded on L? for all p € (1,00) and Q € BJ°(S""), ¢ > 1, which
improve Theorem A in both the range of p (in (i) and (7)) and Q (in (7).

They can also be considered as improvements over the L” boundedness
theorems obtained independently by Duoandikoetxea-Rubio de Francia [7]
and Namazi [15] under the stronger condition that € L?(S"™!) for some
q > 1. After the completion of our paper, we learned that these results on
the operators 7., and 77, had also been obtained by Al-Hasan and Fan (see
[1] and [2]).

In addition, we shall improve a result in [10] dealing with operators
associated to a special class of polynomial mappings. Let us first recall the
relevant results in [10].

Theorem B ([10]) Let T', T* and K be given as in (1.1)-(1.2), (1.5), and
(1.7). Suppose that Q € H* (S"') (the Hardy space on the unit sphere in
the sense of Coifman and Weiss [5]).

(i) If h € A, (R") for some and v > 1, then for ‘% — %} < min{%,i,}
there exists a constant Cp, > 0 such that

1T (P zo@my < Co 2 gsn1y 1 £l o omy
for any f € LP (R™).

(11) If h € L>®(R"), then for 1 < p < oo, there exists a constant C, > 0
such that

1T (D)l oy < Cp 1€ g1 gy 1Nl oy
for any f € LP(R™).

In both (i) and (i) the constant C, may depend on n,m,h () and deg (P;),
but it is independent of the coefficients of {P;}.

Clearly, the range for p in Theorem B becomes a tiny open interval
around 2 as 7 approaches 1. Fan and Pan showed that, if 2 € L¢(S"!) and
P lies in a certain class of mappings, then the LP boundedness of T" and T
can be preserved for the full range 1< p < oo, regardless how close « is to 1.
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Theorem C ([10]) Let K, T, Mp.q, and T* be given as in (1.1)-(1.2), and
(1.5)-(1.8). Suppose that P € F(n,m), Q € L4(S" 1) and h € A, (R*) for
some ¢ > 1 and v > 1. Then for 1 < p < oo there exists a constant C, > 0
such that

() |T(f) e m)
(@)  [Mpalleny < Cpl|Qasn-1y [ fllze@m);
(@) T (F)ler@emy < Cp Q| zan-1y [[fllr@my ;

for any f € LP(R™). Furthermore, if P(—x) = —P(x), x € R™, then the
constant C, may depend on n, m, h(-), deg(P;, but it is independent of the
coefficients of {P;}.

IA

Cp 1| zasn—1y | fll o my 5

A

The class F (n,m) contains the class of odd polynomial mappings as a
proper subset. Its definition will be reviewed in Section 7. A question which

arises naturally in light of Theorem C is the following:

Question: Does the LP boundedness of the operators in Theorem C' still hold
under a weaker condition on ) for 1 <p < oo?

We use the method of block decomposition for functions to obtain an
answer to this question. The actual statements of our results will be given
in the next section.

We would like to thank the referee for some helpful comments.

2. Statements of results

We shall start with the following result, which gives the L” boundedness of
the operator T" whose kernel is allowed to be very rough on the unit sphere
as well as in the radial direction. In fact, we have the following:

Theorem 2.1 Let T and K be given as in (1.1)-(1.2), and (1.5). Suppose:
(i) Q€ BY°(S"!) for some ¢ > 1; and

(i) h € A, (RT) for some v > 1.
11

Then for any p satisfying ‘%— %| < min {5, 7} there exists a constant C, > 0
such that

(2.1) 1T ()l oy < Cp Il ll o)

for any f € L?(R™). The constant C, may depend on n, m, h(-) and
deg(P;), but it is independent of the coefficients of {P;}.

It is worth noting that the range of p given in Theorem 2.1 is the full range
(1, co) whenever v > 2.
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For T* we have the following:

Theorem 2.2 Let T* and K be given as in (1.1)-(1.2), and (1.7). Suppose
that:

(i) Q € BYO(S"1) for some q > 1; (ii) and h € L>*(R™).
Then for 1 < p < oo there exists a constant C, > 0 such that

(2.2) 1T (Pl o@my < Cp Nl o my

for any f € L? (R™). The constant C, may depend on n, m, h(-) and
deg(P;), but it is independent of the coefficients of {P;}.

With regard to the special class of polynomial mappings F (n, m) we have
the following result.

Theorem 2.3 Let K, T, Mpg and T* be given as in (1.1)-(1.2), and (1.5)-
(1.7). Suppose that:

(i) P € F(n,m);
(i) Q € BYO(S") for some q > 1;
(1ii) and h € A,(RT) for some v > 1.
Then for 1 < p < oo there exists a constant Cp, > 0 such that

(2.3) 1T () oy < Cp I fll pogomy »
(2.4) IMp (Nl p@my < Cp lfllpo@m) >
and

(2.5) 1T ()l 2o @emy < Cp 1 Nl 2oy

for any f € LP (R™). Furthermore, if P(—z) = =P (z), x € R", then the
constant C,, may depend onn, m, h () and deg(P;), but it is independent of
the coefficients of {P;}.

One observes that Theorem 2.3 represents an improvement over Theorem C
because (2 is allowed to be in the space BJ? (S*~') and bearing in mind the
following relation
L(8" ) c B (s").

Also, notice that for the class of odd polynomials, Theorem 2.3 gives the L”
boundedness of the operator T" for the full range 1 < p < oo which is much
better than the range ‘% — %| < min {%, %} as v — 1 if we apply Theorem
2.1. Furthermore, Theorem 2.3 gives that 7™ is bounded on LP for 1 < p
< oo even if h € A, (R*) for some v > 1 which is considerably better than
the condition h € L™ (RT) as assumed in both Theorem A (for the special

class of operators 777, ) and Theorem 2.2.
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3. Some technical lemmas

All the results are obtained on the basis of the following general lemmas.
These lemmas are similar in spirit to the general results established in [7]
and [10].

By following exactly the proofs of Theorem B in [7] and Lemma 5.2 in
[8] and keeping track of the constants we obtain the following:

Lemma 3.1 Letn, N € N, {a; : 1 <1 < N} C R\ {1}, {oy : 1 <
I<N}CRY, {m : 1 <1< N}CN, and let L; : R* — R™ linear
transformations for 1 <1 < N. Let {a,(j) 0 <1< N,k eZ} bea family
of Borel measures which satisfies the following: For all k € Z, 1 < 1 < N,
¢ € R" with £ # 0 and for some constant A > 1, py € (2,00),

(i) o) =0;

Gi) o] <

@iy |60(e) ‘<C‘a O]

() |6l () - )1 ClafLi ()"

1

2

1

wl

o <[ (1)

(3.1) (i) ’(Z‘ak vl

for arbitrary functions {gr} on R™.
Then for py < p < po there exists a constant C,, such that

82 [0 1], < oA i
k€ L7@R™)
and
2 1
(33) | 1ot = 1], oy < AN s
kezZ

for all f in LP(R™). The constant C, is independent of A and the linear
transformations {L;}, .

The above lemma will be used in the proof of Theorem 2.1. To prove
Theorem 2.2 and Theorem 2.3 we need to take a somewhat different ap-
proach. We first need a little more notation. Let n be a fixed positive
integer. For 1 < s < n we define the projection operator 77 : R7 — R*® by
(&) = (&,...,&) . Also, let t£* = inf (1, t).
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Lemma 3.2 Let {0y : k € Z} be a sequence of Borel measures on R"™. Let
L :R™ — R™ be a linear transformation. Suppose that for allk € Z, ¢ € R™,
for some a>2, a,C >0, A>1 and py € (2,00) we have

R

(i) |ox(&)] < CA(a™|L(&)])*

B4 )|l g

keZ

Po

<A e
keZ

for arbitrary functions {gr} on R".
Then for py < p < po there exists a positive constant C,, such that

(35) | oss| < CAN
kEZ PR")
and
(3.6) | twx 193]y < CoAN e
keZ

hold for all f in LP(R™). The constant C,, is independent of A and the linear
transformation L.

Proof. We shall use a variation of the methods in [7] and [10]. Without
loss of generality, we may assume that 0 < o < 1. By the arguments in the
proof of Lemma 6.2 in [10], we may assume without loss of generality that
m <nand L =n . Let {®;}* be a smooth partition of unity in (0, co)
adapted to the intervals [a~UFD4 q=U=D4] More precisely, we require the
following;:

Q;eC™ 0<0; <1, Y [@; (1) =1,

j
supp ®; C {t : a Ut ¢ < a*("*l)A}

and

;)] _ C
dts A
where C' can be chosen to be independent of the lacunary sequence {a’“}

(We would like to thank Ahmad Al-Salman for a useful discussion about the
construction of such partition of unity).

Let F(f) = Y ez 0k * f and let S; be the multiplier operators in R"
given by - A
(Skf) (€) = Pk (7, &]) f(E)-
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Define F;(f) = > icz Sk+j(0k * Sky; f). Then it is easy to see that the
following identity

F(f)= ZFj(f)

holds for f € S(R"™). Now

IE (O, < CH(ZW*SHMF)%
keZ

(X 150st)’

for all j € Z and f € L*(R™) with C independent of the essential variables.
The middle inequality is a consequence of (3.4) whereas the first and the
last inequalities follow from both Littlewood-Paley theory and Theorem 3
along with the remark that follows its statement in [18], p. 96.

Po

(3.7)

IN

< CAI Sy

On the other hand, by Plancherel’s theorem we have

LIGIPES oY MG EAGIRE

kEZ

where | |
Apj={E R : ()7 < |mig] < ()91

Then by (i) we get easily

(3.8) IE (Nl e < CAa™ V| £ 2
Now, if p € (p, po), we have
1 6 1-40
- ==+ for some 0, 0 < 6 <1,
P 2 po

and by interpolating between estimates (3.7) and (3.8) we get
IEI, < D IEAI, < CAY a ifll, = CLA|f]l, -
J J

The proof of (3.6) is similar. Alternatively, we can deduce it easily from the
above proof by observing that for every sequence ¢ = {e,}, e, = +1 or —1,
the linear operator
F.(f) = ZEkUk * f
keZ

has the same bound in L? as that of F'(f) and this bound is independent of
the sequence of signs {e;}. Then, the inequality (3.6) can be obtained by
the usual argument using Rademacher functions. This completes the proof
of our lemma. [
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Lemma 3.3 Let N € N and {o,gl) k€ Z,0 <1< N} be a family of
Borel measures on R™ with 0,20) =0 for every k € Z. Let {a; : 1 <1 <
N} C[2,00), {my : 1<I<N}CN {a:1<1I<N}CR", and let
Ly : R™ — R™ be linear transformations for 1 <1 < N. Suppose that for all
keZ,1<I<N, foral (& €R" and for some C >0, A > 1, py € (2,00),
we have the following:

@0 ol < ca:

|—al/A .

Gi) ol )] < caldi )

Gy [o © = of " @) < calab L@

39 @ Sl )], <Al Sinn,

€L

holds for all functions {gr} on R™.
Then for pi < p < po there ezists a positive constant C, such that

(N)
(3.10) | 0™« 1], gy < CoAN e
kEZ
and
(3.11) H Z ‘Uk * f‘ )2 Lo@") < CpA ”fHLP(R")

€L

hold for all f in LP(R™). The constant C, is independent of the linear
transformations {L;}, .

Proof. The idea of the proof will be very similar to the one appearing in
the proof of Theorem 7.6 in [10]. Without loss of generality, we may assume
that0<al§1,ml§nandLl:7rﬁm for 1 <[ <N.

Define the sequence of measures {)\,(Cl) :1 <1< N,k € Z} as follows:
choose and fix a function 6 € C§°(R) such that 6(t) = 1 for [t| < 3 and
6(t) = 0 for [t| > 1. Let ¢(t) = 0(t*) and for k € Z, let

(312) AV©) =617 T <ah|mn.e)) - IT < |mm.e)

l<z<N I-1<i<N

when 1 <[ < N —1 and

(3.13) M€ =M (©) — 6 V() Clakdt |7, €.
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By the assumptions of the lemma one obtains that

(3.14)

M) < ca@ [a, )

for all 1 <1 < N. By condition (iv), it is easy to see that

2 1 1
(3.15) | P3| < cpa|(S 1y
keZ bo ke

Ppo

for 1 <1 < N and for arbitrary functions {gx} on R". By (3.14)-(3.15) and
Lemma 3.2, for p{, < p < py, there exists a positive constant C, such that

(3.16) |0 a] < GAl
Py P(R™)
and
2 1
(3.17) H(Z ‘A;(gl) * f’ )2 Lo (&n) < CpA HfHLP(R”)
kEZ

hold for all f in LP(R™). By (3.16)-(3.17) and observing that

N
(3.18) o =3y
I=1
we get (3.10)-(3.11). This completes the proof of the lemma. [

By a quick examination of the proof given in [7], page 544, it is easy to
see that the following result holds.

Lemma 3.4 Let {Y} be a sequence of Borel measures in R™ and let T* be
the mazximal operator given by Y* (f) = supyez || Ti| * f|. Assume that

(3.19) 1T (HIl, < CIfll, for some g>1 and C > 0.

Then the following vector valued inequality

1
< Jesw Tl [ lge?
Po keZ kel

= o, and for arbitrary functions {gr} on R™.

(3200 ||OC Tax g

Po

holds for pio — %
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Remark: It is worth pointing out that the constant on the right hand
side of the original version of (3.20) in [7] didn’t appear explicitly in the

form of (C supyey ||Tk|)1/ ? since it is not significant for the applications
given there. However, this newly introduced constant will play a major and
indispensable role in the proofs of both Theorems 2.2 and 2.3.

For a given sequence of measures {Ul(f) :k€Z,0 <1< N}, define Si
and S, by

Sifta) =3« f(@)

=k
and
Suf(x) = sup |S.f(x)].
keZ

To study the L” boundedness of the maximal truncated singular integral we
need to establish the following result.

Lemma 3.5 Let N € N and {alil) ke Z,0 <1< N} bea family of
Borel measures on R™ with a,‘f) =0 for every k € Z. Let {a; : 1 <1 <
N} C[2,00), {m; : 1 <1< N}CN, {og:1<1< N} CR", and let
Ly : R" — R™ be linear transformations for 1 <1 < N. Suppose that for
allk € Z, 1 <1< N, for all £ € R" and for some C >0, A > 1, we have

(0 o]l < 04;
) |ol (0] < calarni@

(iii)

al/A

o (©) — ol (©)] < oA lai L)
Assume that

(3.21) |

SO, < A,

PPN *(1) _ 1)
for 1 < p < oo and every f € LP(R™), where o*\(f) = supyey }ak ’*f
1<I<N.

Then for every 1 < p < oo there exists a constant C, > 0 which is
independent of the linear transformations {L;} such that

)

(3.22) 15 f1l, < CpA I,

for every f € LP(R™).
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Proof. As above, there is no loss of generality in assuming that 0 < a; <1,
my < noand [ = 7. Let (A 11 <1 < N, k€ Z} be defined by
(3.12)-(3.13). For each 1 <[ < N, let

S(l)f(x) = i /\,(j)*f(x), )\*(l) —sup“)\ }*f’

k=—o00
SOf@) = YA« f(@) and SO f(@) = sup |57 f(x)].
j=k c

By the definition of /\](!) and (3.21) we have

(3.23) |

XOf| < Al

for 1 <p<oo, feLP(R") and 1 <! < N. Then by (3.23) and Lemma 3.4
in conjunction with H)\,(CZ)H < CA we get

<CAH Z|gk| %

for 1 <p<oo, feLP(R"),1<1<N and for arbitrary functions {g;} on
R™. By (3.14), (3.24) together with Lemma 3.2 we have

(3.24) I Z‘/\k *gk‘ }

(3.25) [SYr|, < GAllfl,

for some constant C, > 0,1 <p < oo, f € LP(R") and 1 <1 < N.
Now, by (3.18) we have

SOf,

and hence we need to prove only that

(3.26) |

SO, < GAlfIl,

for some constant C),, 1 < p < oo, f € LP(R") and 1 <[ < N.

The proof of (3.26) follows now by using (3.14), (3.23), (3.25) and the
same line of arguments as in the proof of Lemma 6.3 in [10]. We omit the
details. The lemma is proved. [
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4. Block spaces on S"!

The method of block decomposition for functions was invented by M. H.
Taibleson and G. Weiss in their study of the convergence of the Fourier se-
ries (see [20]). Later on, many applications of the block decomposition to
harmonic analysis were discovered (see [14], [17], etc.). For further back-
ground and information about the theory of spaces generated by blocks and
its applications to harmonic analysis one can consult the book [13]. Let us
first recall the definition of a block function on S™~1.

Definition 4.1 For 1 < ¢ < oo we say that a measurable function b(x) on
S™ ! is a q—block if it satisfies the following:

(i) supp(b) C I where I is an interval on S™7; i.e.,

[={d' €S " |2/ —a(| <a} with [ € S"" and a > 0;

(ii) [0l < |]|_1/q, where % + % = 1.
The class of block spaces Bf* (S"!) for k > 0 and v € R is defined as
follows.

Definition 4.2. BfY = Biv (8" = {Q € L' (S"'): Q =37 ¢ub,

pn=1
where each c, is a complex number; each b, is a q—block supported in an
interval I,,; and M ({c,}) < oo} where

oo

MY ({e}) = D leul (1 + i (1)

pn=1
and
1
/ w7 log¥ (u_l) du, if 0 <t <1;
t
0, ift>1.

(4.1) Grw (1) =

One observes that ¢, (t) ~t "log”(t™*) ast — 0 for k > 0, v € R, and
Bo (1) ~log" ™ (t71) as t — 0 for v > —1.

The following properties of B/ can be found in [13] and [12]: for 1 <
q < oo we have

(4.2) By C By (vg>wv > —1and k > 0),
(4.3) B> C Byt (v > —1i=1,2, and 0 < Ky < Ky)
(44) B:;’U - B:;I’U (1 <q < QQ)
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and
(4.5) Le (S”_l) C By (S"_l) (for v > —1, and k > 0).

Also, Keitoku and Sato in [12] proved the following interesting results which
give a clear relation between the spaces By and the L?-space on the unit
sphere:

Theorem 4.3 (i) If 1 < p < q < oo, then for k > 1% we have

(4.6) By (8" 1) C L”(S"") for any v > —1;

1
(4.7) (i1) Bpv (S"1) = L (S"") if and only if k > 7 and v > 0;

and
(7ii) for any v > —1, we have
(4.8) By (s z | Jrr(sm).

p>1

5. Certain maximal functions

Let B = {x € R" : 2 < |z| < 281}, For suitable mappings I' : R” — R™
and ¥ : "' — R, we define the measures {ory) : k € Z} and {|or s :
k € Z} on R™ by

(5.0 [ fdovan= [ 7 @)h () T
and
62 [ fdlovadd= [ s @ 5

Also, define the maximal operator ot 4 on R™ by
(5.3) ot (f) =sup | |orgl = f|.
keZ

For [ € N, let A; denote the class of polynomials of [ variables with real
coefficients. Let Q(t) = (Q1(t),...,Qm (t)) be a mapping defined on R
with Qz S .Al for 1 S ) S m. Let

r>0 T

1
M T) = sup — r—Q dt.
of (&) = sup /|t<r|f( ()] dt
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We need the following L” boundedness result which can be found in [19],
pp. 476-478.

Lemma 5.1 For every 1 < p < 0o, there exists a positive constant C,, such
that

IMofll, < Cullfll,

for f € LP(R™). The constant C, may depend on the degrees of the poly-
nomials {Q;}, but it is independent of the coefficients of {Q;}.

Also, we shall need the following two results from [10], pp. 823-824.

Theorem 5.2 Let I' : R — R™ be a mapping and let Q,(t) = I'(tz) for
t € R, z € S"'. Suppose that 9 € L*(S™™1) and h € A, (RT) for some
v > 1. If Q.() € A; for every z € S*1, A(T') = sup,cgn-1{deg(Q.)} < oo,
then for any p, v < p < oo, there exists a constant C,, such that

for f € LP(R™). The constant C, depends on p, n, m, h(-) and A(T).

oo (N, < Co 19l a ey 1£1,

Theorem 5.3 Let I' : R" — R™ be a mapping and let Q,(t) = I'(tzx) for
teR, z€S" . Suppose that

£ () = 2 pta)

el

where ¥ € L'(S™') and h € A (RT) for some 1 <~ < 2. If Q,(-) € Ay for
every x € S ! and

AT) = sup {deg(Q.)} < oo,

xeSn—1
then for any ‘% — %’ < %, there exists a constant C,, such that
2,1 2\ 1
[ toron s g™ < Gl || 192
keZ P keZ P

holds for arbitrary functions {gr} on R™. The constant C, depends on p, n,
m, h(-) and A(T).
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6. Oscillatory integrals

For a positive integer [, we let V, denotes the space of real-valued homoge-
neous polynomials of degree [ on R" and for P (z) = 7, _;aax®, we let
[P[| = > 0=t laal- Let Z[ : Vi — V) be the linear transformation defined as
n [10], p. 807. The following result can be found in [10], p. 810.

Proposition 6.1 Let h € A, (RT), Q € LS 1) for some v > 1, ¢ > 1
and let w = min{2,~, q}. Suppose F': R" — R is a function given by

!
ZP] )+ W (lz])

J=0

where Pj(-) is a homogeneous polynomial of degree j for 0 < j <1 and W(-)
1s an arbitrary function. Let

=),

for k € Z. Then we have
(6.1) | Ti()] < C NI agn-ry 2" 127 (R)]) /4D

The constant C' is independent of Q(-), k, W(-) and the coefficients of
{P5()}-

If G is a subspace of V, with |z|' ¢ G, then there exists a constant C'
such that
(6.2) [T < C 19| pagsnory (2" | AN

holds for all k € Z and F with P/(-) € G. The constant C' may depend on
the subspace G if | is even, but it is independent of G if [ is odd.

2k+1

| e @a@n dow
Sn—l

One thing which makes working with block functions difficult is the lack
of mean zero property. In order to remove this obstacle and elaborate on
the proofs of certain known results on block spaces (see, for example, [9]),
we find it is useful to introduce the following notion:

Definition 6.2 A function b(-) on S* ! is called a g—blocklike function
associated with an interval I on S™!, 1 < ¢ < oo, if it satisfies the following
conditions:

(1) /sn—l b(u)do(u) =0;

(i) HB“LQ(Sn—l) < \I|*1/‘1';
(¢1i) 10l L1 (sn-1y < 1.
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Let b be a ¢-block function on S™~! supported in an interval I with
g > 1 and ||b]| paggn-1y < |I|7V9, %+ % = 1. To each function b we associate

a function b defined by
(6.3) b(x) = b(z) — /S  b(u)do(n).

Then the function b enjoys the following properties:

(6.4) / bu) do(u) = 0

Sn—l
(6.5) 18]l pagsn-1y < 2(1]7H7
(66) HbHLl(Sn—l) S 2

We notice that, with the exception of a constant factor, the function b is
a g—blocklike function associated with the interval I on S*~1. We call the
function b the blocklike function corresponding to the block function b.

Our aim now is to establish the necessary Fourier transform estimates
related to blocklike functions b.

Proposition 6.3 Let h € A, (RY) for some y > 1, b be a g-blocklike func-
tion associated with an interval I on S"™! and w = min{2,7, q}. Suppose
that F : R™ — R is a function given by F (z) = Zé‘:o P; (x)+ W (|z|) where
P; (+) is a homogeneous polynomial of degree j for 0 < j <1 and W (-) is an
arbitrary function. Let T, = Ju(b) for k € Z. Then

1/(41lw' log |I])

(6.7) Tl < C (2% 2] (P)])) if |I] < e?
and

Kl n —1/(4lw’) . —9
(6.8) Tkl < C 2% 121 (P)I) if [I]> e

The constant C' is independent of l;(), k, W (-) and the coefficients of the
polynomials {P;(-) : 0 < j <}.

Proof. By Proposition 6.1 and the definition of b, property (ii) we have
(6.9) Tl < CHT (2| 2Dy )
Also, by the definition of b, property (iii), we get
- 1 (B
9] <l [sw g [ hola] <c
R>0 1T /g
If |I] < e72, then by interpolating between the preceding estimates of ||

we get (6.7). On the other hand, if |I| > e™2, (6.8) follows easily from (6.9).
[
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The oscillatory estimates in Proposition 6.3 will be used in the proof
of Theorem 2.1. To prove Theorems 2.2 and 2.3 we need to use somewhat
different measures for decomposing our operators at hand. For this purpose,
we define the following class of measures related to blocklike functions b.

Definition 6.4 For a suitable mapping I' : R™ — R™ we define the measures
{Yrs 1 k € Z} and the maximal operators Y7 ; on R™ by

b(u
(6.0 fat= [ ) S n)
R™ BF<|u|<Bk+1 |ul
and
(6.11) Yiaf (@) =sup | [Trgy + £ (2)

where 3 = 21980/ gnd |I| < e72.

We would like to thank Ahmad Al-salman for a very fruitful discussion
concerning the usefulness of decomposing our operator 7" using the measures

{TF,B,k}'
Now let us establish the following proposition which will provide us with
the necessary Fourier transform estimates related to b whenever |I| < 2.

Proposition 6.5. Let h € A, (RY) for some v, 1 <y < 2 and b be a
g-blocklike associated with an interval I. Let F' : R™ — R be a function given
by F(x) = Zé _o Pj () + W (|z|) where P;(-) is a homogeneous polynomial
of degree j for 0 < j <1 and W (-) is an arbitrary function. Let

A L er i @) G

t
for k € Z. If |I| < €72, then there erists a constant C' such that

(6.12) p@\<m%(ﬁ>@mmiuzmm)(

I@k+1

/(415 ¢ log|I|)

holds for all k € Z. The constant C' is independent of k, b, W (1) and the
coefficients of P;(-).

If G is a subspace of V, satisfying ]x\l ¢ G for some |l € N then for
|I| < €72 there exists a constant C' such that

3 /(414 ¢ log 1))
013 [ad] <o () (2 gag)

holds for allk € Z and P, € G. The constant C' may depend on the subspace
G if | is even, but it is independent of G if | is odd.
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Proof. By Hoélder’s inequality we have

(@) < ( / o ‘ff)/ ([ 1seor %)/ ,

where
/ F(8"2) B(2\do ()
Sn— 1
Since
[log p7]+1
ﬁkJrl d 6k2.s dt
/ ?S Z |?and|Sk()|§2,
/Bk 1 ﬂst 1
we obtain

‘Jk(l;)

LN [ [P ,di\""
(log 1) ([ 1502 )

where [-] denotes the usual greatest integer function. By writing

seoF = [ [k
Sn—1 Sn—1

and using Van der Corput’s lemma we obtain

[ errar % < cmin fiog () 84 @) - P

< Clog (1) 18 () — A

Therefore, by Holder’s inequality, Lemma 3.3 and Lemma 3.4 in [10] we get

’Jk(g ‘ < ClOg <‘I’) H b Hi/q'ysn . (ﬁkl ”Zl<]3l)”)fl/(4[7/q/) .

iE()=F(8*9)) 45 (1) do (y)

Then by the definition of b, property (i), we get

T(B)| < Clog {7 ) 11727 (8 zi (Rl
m

By interpolating between the preceding estimate and the trivial estimate

‘Jk(l; ’ < C'log <‘j_’)

we obtain (6.12). (6.13) can be established by following essentially the same
argument as in the proof of (6.12) and using Lemma 3.7 in [10]. This com-
pletes the proof of our proposition. [
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7. Proofs of Theorems 2.1 and 2.2

Let deg(P) = max{deg(P;) : 1 <j<m},0<n; <ng <...,ny = deg(P)
be non-negative integers and polynomials {P]l :1<j<m,1<1< N}such
that

ZP’ )+ R(|z])

where Pl(z) = (Pl(x),...,P.), x € R*, W(t) = Wi(t),..., Wn(t)), t € R,
Zyn,(P}) = P}, with P} € V,,, € A, and W; € Ay for 1 <j<m,1<I<N.

For 1 <1 < N, let p; denote the number of elements of {5 € (NU {0})™:
18] = e} and write {3 € (NU{0})" : [8] = i} = {8(1), ..., B(p0)}. Write

Pl
- an’j 28K
k=1

and define the linear mappings L; : R™ — R” by

l

(M) L@ = (Yonl, & D &) for 1< j<m I<ISN.
j=1 j=1

Let

(7.2) ZPJ +W(|z|) for 1 <1< N and To(z) = W(|z|).

Also, let
(7.3) ag’)k = op, 9 for ¥ € L'(S"!) and for each 1 <1 < N.

Since A, (R*) C Ay(RT) when v > 2, we may assume that 1 < 7 < 2 and

p satisfies % — %‘ < % By assumption €2 can be written as () = ZZO:1 cuby

where ¢, € C, b, is a ¢-block with support on an interval I, on S and

[e.e]

T4 M) = ol (14 (e 7)) <o

p=1

For each p > 1 let ZN)M be the blocklike function corresponding to the block
function b,. Then by the mean zero property of €2, condition (1.2), we have

(7.5) Q:icé
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Thus, the operator T in (1.5) can be decomposed as

o0

(7.6) Tf(x) =) e, f (@)
pn=1
where )
b /
I O R IR
It is easy to see that, by (6.6),
(7.8) lof? |l < ©

holds uniformly in I, u and k. By Proposition 6.3 and (6.5)-(6.6) we have

79)  |ol (O] < oL e i ) < e
and
(110) o0 @] < cEm L@ it g > e,

where C is independent of k € Z, ¢ € R™ and the blocklike function Bu()
We also observe that

‘aﬁ” (g)_gfl—ﬂ(g)‘ < C|[b[| 1 (sm-1 (supl/R|h(t)|dt)(2’“”’ |Lz(€)|)
bk busk = T IPIEETO0 R

s

which, together with (6.6), implies that

~ (1 ~(l— n
6y (&) = o1 (O] < c@m L))
with a positive constant C' independent of k € Z, { € R™ and the blocklike
bu(‘)-
By Theorem 5.3 and (6.6) we have

1
(7.12) H(Z’Jél)k *gk’ )2
kel e

(7.11)

1

l\.‘:l

for p satisfying ‘113 — %‘ < % and for arbitrary functions {gx} on R™ with a
C, independent of the blocklike function IN)M, pw=12....
Now by (7.8)-(7.12) and invoking Lemma 3.1 we get

w9 ], =[Sk

< Cylow (7 ) 11, i 11 <
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and

(7.14) HT fH - HZU(N) *fH < CylIfl, i 1] = e

for p satisfying |% -1 < % and for any f € LP( R™). Then by (7.4), (7.6)-
(7.7), (7.13)-(7.14) we get (2.1). This completes the proof of Theorem 2.1.
|

Proof of Theorem 2.2. By (7.5) we have

(7.15) T (1) < Y lea T5 (1)

where T* is the maximal truncated singular integral corresponding to the
operator T . Thus, it suffices to establish appropriate L bounds for 77 z:;
p = 1,2,.... For the sake of simplicity, we shall work with an arbitrarily
fixed p and write I = I, and b = b,,.

By Theorem C (iii) and (6.6) we have

(7.16) |75 f

, < GlIfl,

for |[I| > e~2 and every p € (1,00) with C, independent of b.
On the other hand, by Theorem 5.2 and (6.6) we obtain easily that

(7.17) |5,57], < uttog 171,

1|

holds for every f € LP(R"), 1 < p < oo, |I| < e ?and 1 <[ < N. For
1 <1< N, let Télzc = Yr ;4 Then by (6.5)-(6.6) and Proposition 6.5 we
1,9,

get for |I| < e~2 the following estimates:

1
o Ieen()
and
Y L/(4ny 9 ¢’ log 1))
(7.19) ‘Tffi (&) ‘ < C'log <|I]) ‘anl(log%l)Ll (5)‘ 1Y ¢’ log '

In addition, by interpolating between

T (€)= T8V ()] < Clog ( ) j2Frtee L (g)

1|
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and the trivial estimate

N N 1
10 - 10, @) < coe ()

—1/(4n1~' ¢ log|I|)

O - T4 @] < oo (1 ) e o)

forallk € Z, £ € R™ and 1 <1 < N. By (7.17)-(7.20) and Lemma 3.5 we
get

(7.21) sup ‘ ZT( ) % fm < Cyflog —) 171,
kez 1]

for every f € LP(R") and 1 < p < oco. Since

T3 f(x <sup‘ZTN) ‘—I—T* 3 (@),
by (7.17) and (7.21) we obtain
(7.22) |T5 £, < Cp(log |f|) £,
for every p € (1, co). Hence by (7.4), (7.15), (7.16), and (7.22) we get (2.2).
This concludes the proof of Theorem 2.2. [ |

8. Classes of maximal functions and singular integrals
associated to special polynomial mappings

Let us start with the definition of the special class of polynomial mappings
F (n,m) . This class was introduced by Fan and Pan in their study of singular
integral operators in [10], p. 833. It is defined as follows: for n,m,l € N let
«Fn,m,O = Rma

Fomi = {(Pl, P e W) x| ¢ span{P,, ..., Pm}}
and .
F(n,m) = {ZPJZ :m>0,P e Fomy for 0 <1 <mj}
1=0
where V, represents the linear space of real-valued homogeneous polynomials

of degree [ on R”. It is clear that F,, ,,,; = (V)™ if [ is odd. Also, notice that
ifP=(P,...,P,) with P € A, and P (—x) = —P (x), then P € F (n,m).
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Our purpose in this section is to study singular integrals and maximal
functions associated to polynomial mappings which belong to the special
class F (n,m). The main thrust in the proof of Theorem 2.3 will be in
establishing the following theorem.

Theorem 8.1. Let h € A, (R*) for some v, 1 < v < 2 and b be a ¢
blocklike function associated with an interval I with |I| < e™2. Suppose that
P e F(n,m). Then for 1 <p < oo and f € LP (R™) there exists a positive
constant C, > 0 such that

< C,l m) -
)y = G108 (77 11

Furthermore, if P (—x) = —P (z), then the constant C), depends only on p,
n, m, h, deg (P) and neither on the function b nor on the coefficients of the
polynomial components of the mapping P.

(8.1) R0

Proof. Without loss of generality we may assume that b>0and h > 0.
We shall prove (8.1) by induction on deg (P). First, if deg (P) = 0, then by
the definition of b, property (iii),

T35l () < Clog (1) 1 o = PO)

and hence (8.1) holds trivially. Next, assume that (8.1) holds for all P €
F (n,m) with deg (P) <d— 1.

Now suppose that deg (P) = d. Then P = H (z) + R (x) for some non
zero H € Fma, R € F (n,m) and with deg (R) < d — 1. By the inductive
hypothesis we have

(8:2) I (s

<(C,lo p(Rm
) sy < G108 (77 ) 1

for 1 <p <ooand f e LP(R™).

Let mg = dim (Vy) and L : R™ — R™¢ be a linear transformation such
that |[(§-H) ()|l = |L(§)| for & € R™. Then by Proposition 6.5 and the
proof of (7.20) we obtain

1 1
(8.3) HTP,E,ICH < Clog (m) ; ’ Rbk” < Clog (|]|)

1/(4d~' ¢ log|I|)
(8.4) )

T3 (6] < Clog (1) (25 1L 9
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and

A

N 1
(8.5) TP,E,k (&) — TR,E,k (f)‘ < Clog (m) (2kd(bg

L

—1/(log|I|d)
1] .

1L (€)])

Without loss of generality we may assume that L = 7 for some mg <
m. Let ¢ € S (R™?) be a Schwartz function such that é(aﬁ) =1 for |z|] < %
and ¢ (z) = 0 for |z| > 1. Define the functions {¢;} and measures {1} by

(Br)(@) = 6 (20 g

and
(8.6) 0 (€) = T (€) — (1) (7im,€) T ().
We observe that
N +1/(4dq + log|I|)

(8.7) 124 (6)] < Clog <|1|) )z’fd lo& i) e
Let )

Z|l/k*f| z and v* (f) = sup ||vk| * f].

keZ kez
Then by (8.6) we have
(88)  Thif(@) < 9 () (@) +5up | (6h © dgmoma) % Trpy * F()] .

keZ

If we let M, denote the Hardy-Littlewood maximal function on R*, then

Sup |[(@r@gm—ma)] * T % f ()]
(8.9) < C( M, ® idgm—ma ) (Y7 1.f ().
By (8.6) and (8.8)-(8.9) we get
(8.10) vif(x) < g (f) (@) + 2C[(Mp, ® idgm-ma)|(T3 3 /().

It follows from (8.7) and Plancherel’s theorem that

s.11) ol < Clog (77 ) 151

By the L? boundedness of the Hardy-Littlewood maximal function, (8.2),
(8.10)-(8.11) we get

(8.12) (Dl < Clog (77) 161
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with a C independent of b. By using the fact ||| < Clog <%|> together

with Lemma 3.4 (for ¢ = 2) we get

(8.13) | x )2 = ot (ﬁ) | Pyt

kEZ

el _ |11
1f4—}p0 5|

Now, by (8.7), (8.13) and invoking Lemma 3.2 we get

4
819 oDl = Cow () Il forpe (5.0).

By the L” boundedness of the Hardy-Littlewood maximal function, (8.2)
and (8.10), we get

819 Wl < Clog () Wl rpe (5.0)

Reasoning as above, (8.7), (8.12), Lemma 3.2 and Lemma 3.4 provide

8
816 oo < Glos () Il forpe (218).

By using this argument repeatedly we ultimately obtain that

810 ot < Gylog () Wl forp € (Loc)

Therefore, by (8.2) and (8.8)-(8.9) we conclude that

(8.18) HT;E(f)HL < C)log (II\) Ifll, for pe (1,00).

Since

s 0|, Olog<|f|)||f||m

holds trivially, the proof of (8.1) is complete.

Finally, if P (—x) = —P (x), then at each step of our inductive argument
d is always an odd number. Therefore, by Proposition 6.5 and the above
argument, the constant C, in (8.1) depends only p, n, m, h, deg(P) and nei-
ther on the function b nor on the coefficients of the polynomial components
of the mapping P. This concludes the proof of our theorem. [
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Sketch of the proof of Theorem 2.3. Since A, (R") C Ay(R") when
v > 2, we may assume that 1 <y < 2. Let Q = 27 ¢,b, be a block
function, where ¢, € C; each b, is a g-block supported in an interval I,;
10l Lo (gn-1y < 11|79 and MO ({c,}) satisfies (7.5). For each p =1,2,...
let l;# be the blocklike function corresponding to the g-block b,,.

Since P € F (n,m), there are integers 0 < ny < ny < -+ < ny =
deg(P), and nonzero P? € F,, ., for 1 < d < N such that P(z) = P(0) +
SN PU(x). Let

d
(8.19)  To(z) =P(0) and Ty(x) = P(0) + » P’(z) for I<d< N.

j=1
Then by Proposition 6.5 and using an argument similar to the one in the
proof of (7.20) we get for suitable linear transformations G4 : R™ — Rr4
and |[,,| < e7? the following;

1
(8.20) HT(d ’ < Clog(m>
n
) 1\ | g log( 1(Anan' ¢ Tos L)
(8.21) [T\, (5)‘ < Clog<m> ‘2 ‘ g(m’Gd(g)’
n

~1/(log L)
(8.22) ‘

: (d— 1 nalog(
110, = it @ < Crog () [T e

bk

foral ke Z, £ e R", 1 <d<N.
By Theorem 8.1, (8.21) and Lemma 3.4 we have

(8.23) |Ti5, ), < oo <u S e

and

s [t as], <om (S m]
keZ

for 1 <p<oo,1<d< N and for arbitrary functions {gx} on R™.
By (8.20)-(8.24), Lemma 3.3 and Lemma 3.5 we obtain

e ], = [Z g < vtog (177) 191,
and
(5.26) 17,71, < Colog (i77) 141,

for 1 <p <ooand f e LP(R™).
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On the other hand, for |I,| > e~ we obtain by Theorem C and (6.5)

(8.27) T, fI|, < Colifll,
and
(8.28) 175 1, < Collfll, -

Now (2.3) and (2.5) follow by combining (7.4), (7.6), (7.15) and (8.25)-(8.28).
Finally, by (7.5), it is easy to see that

Mpaf(e) <23 led oy (1))

(829) <2 Y el Mps (/@) +4 Y el (IFD().
/»‘:1’|IH|2672 /»L:LIIH|<672

Therefore, by Theorem C, (6.5), (7.4), (8.23) and (8.29) we obtain (2.4).
This concludes the proof of our theorem. [ |

9. Oscillatory singular integrals

By a well-known method we can obtain the LP boundedness of the following
oscillatory singular integral operator

Sf(x) = pov. / PEVE (2~ y) f(y)dy

n

where the phase P is a polynomial. In fact, we have the following.

Q
Theorem 8.1 Let K(z) = |(’x) h(|z|) where Q satisfies (1.2) and h €
ajn

AL (R*) for some vy > 1. Then if Q € BY°(S"") for some ¢ > 1 we have

(i) the operator S is bounded from LP(R™) to itself for p satisfying

1 1 i 11
]—) — 5 < min 5, ? .
(ii) If P(—x) = —P (z), x € R, then for 1 < p < oo the operator S(f) is
bounded from LP (R™) to itself.

Moreover, the bound for the operator norm in (i) and (ii) is independent of
the coefficients of the polynomial P.
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