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Algebro-Geometric Solutions of the

Camassa—Holm hierarchy

Fritz Gesztesy and Helge Holden

Abstract

We provide a detailed treatment of the Camassa—Holm (CH) hi-
erarchy with special emphasis on its algebro-geometric solutions. In
analogy to other completely integrable hierarchies of soliton equa-
tions such as the KAV or AKNS hierarchies, the CH hierarchy is
recursively constructed by means of a basic polynomial formalism
invoking a spectral parameter. Moreover, we study Dubrovin-type
equations for auxiliary divisors and associated trace formulas, con-
sider the corresponding algebro-geometric initial value problem, and
derive the theta function representations of algebro-geometric solu-
tions of the CH hierarchy.

1. Introduction

Very recently, the Camassa—Holm (CH) equation, also known as the disper-
sive shallow water equation, as isolated, for instance, in [17] and [18],

(1.1) 4y — Uy — 2Ulgpe — Mgllpe + 24uu, =0, (2,t) € R?

(chosing a scaling of x,t that’s convenient for our purpose), with u rep-
resenting the fluid velocity in x-direction, received considerable attention.
Actually, (1.1) represents the limiting case £ — 0 of the general Camassa—
Holm equation,

(1.2) 40y — Vgt — 200,00 — 40aVUpp + 2400, + 4kv, = 0, Kk €ER, (,t) € R?

However, in our formalism the general Cammassa—Holm equation (1.2) just
represents a linear combination of the first two equations in the CH hierarchy
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and hence we consider without loss of generality (1.1) as the first nontrivial
element of the Camassa—Holm hierarchy. Alternatively, one can transform

(1.3) v(x,t) — u(z,t) =v(r — (k/2)t,t) + (k/4)
and thereby reduce (1.2) to (1.1).

Various aspects of local existence, global existence, and uniqueness of
solutions of (1.1) are treated in [27], [24], [25], [30], [52], [53], [58], [59],
[61], wave breaking phenomena are discussed in [23], [26], [28]. Soliton-type
solutions (called “peakons”) were extensively studied due to their unusual
non-meromorphic (peak-type) behavior, which features a discontinuity in
the x-derivative of u with existing left and right derivatives of opposite sign
at the peak. In this context we refer, for instance, to [3], [5], [7], [8], [10], [12],
[13], [14], [17], [18], [51]. Integrability aspects such as infinitely many conser-
vation laws, (bi-)Hamiltonian formalism, Backlund transformations, infinite
dimensional symmetry groups, etc., are discussed, for instance, in [17], [18],
[38], [41] (see also [42]), [57]. The general CH equation (1.2) is shown to give
rise to a geodesic flow of a certain right invariant metric on the Bott-Virasoro
group in [54]. In the case k = 0, the CH equation (1.1) corresponds to the
geodesic flow on the group of orientation preserving diffeomorphisms of the
circle. This follows from the Lie-Poisson structure established in [18] and
is also remarked upon in [54]. That the equations define a smooth vector
field was first observed by Shkoller in the case of periodic [58] and Dirichlet
[59] boundary conditions, which directly leads to the corresponding local
existence theory. Scattering data and their evolution under the CH flow are
determined in [11] and intimate relations with the classical moment prob-
lem and the finite Toda lattice are worked out in [12], [13], and [14]. The
case of spatially periodic solutions, the corresponding inverse spectral prob-
lem, isospectral classes of solutions, and quasi-periodicity of solutions with
respect to time are discussed in [20], [21], [22], and [29]. Moreover, algebro-
geometric solutions of (1.1) and their properties are studied in [1], [2], [3],
[4], [5], [6], [7], [8] (connections as well as differences between the latter
references and our own approach to algebro-geometric solutions will be out-
lined in the following paragraph). Moreover, even though the following very
recent developments are not directly related to the principal topic of this
paper, they put the CH equation in a broader context: In [34], a basic in-
tegrable shallow water equation, originally introduced in [17], is analyzed in
detail. It combines the linear dispersion of the KdV equation with the non-
linear /nonlocal dispersion of the CH equation and contains the KdV and CH
equations (as well as an equation studied by Fornberg and Whitham [40]) as
special limiting cases. Finally, the three-dimensional viscous Camassa—Holm
equations, their connection with the Navier-Stokes equations, estimates for
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the Hausdorff and fractal dimension of the associated global attractor, and
turbulence theory according to Kolmogorov, Landau, and Lifshitz, are dis-
cussed in [39].

Our own approach to algebro-geometric solutions of the CH hierarchy
differs from the ones pursued in [1], [2], [3], [4], [5], [6], [7], [8] in several
aspects and we will outline some of the differences next. Following previous
treatments of the KdV, AKNS, Toda, and Boussinesq hierarchies and the
sine-Gordon and massive Thirring models (cf., e.g., [16], [31], [32], [35], [45],
[46], [47], [48], [49], [50]), we develop a systematic polynomial recursion for-
malism for the CH hierarchy and its algebro-geometric solutions. In contrast
to the treatments in [3], [7], and [8], we rely on a zero-curvature approach
U; —V, = [V, U] (as the compatibility requirement for the system ¥, = UV,
U, = VW) as opposed to their Lax formalism. However, we incorporate
important features of the recursion formalism developed in [5] into our zero-
curvature approach. Our treatment is comprehensive and self-contained in
the sense that it includes Dubrovin-type equations for auxiliary divisors on
the associated compact hyperelliptic curve, trace formulas, and theta func-
tion representations of solutions, the usual ingredients of such a formalism.
Moreover, while [3], [7], [8] focus on solutions of the CH equation itself, we
simultaneously derive theta function formulas for solutions of any equation
of the CH hierarchy. The key element in our formalism is the solution ¢
of a Riccati-type equation associated with the zero-curvature representa-
tion of the CH equation (1.1). Roughly speaking, ¢ = —z19/1y, where
U = (11, 12)" and z denotes a spectral parameter in U and V' (cf. (2.42) for
more details). ¢ is then used to introduce appropriate auxiliary divisors on
the underlying hyperelliptic curve, the Baker-Akhizer vector in the station-
ary case, etc. Combining ¢ with the polynomial recursion formalism for the
CH hierarchy then leads to Dubrovin-type differential equations and trace
formulas for u in terms of auxiliary divisors. Explicit theta function repre-
sentations for symmetric functions of (projections of) these auxiliary divisors
then yield the theta function representations for any algebro-geometric so-
lution u of the CH hierarchy. Here our strategy differs somewhat from that
employed in [3], [7], [8] for the CH equation. While the latter references also
employ the trace formula for u in terms of (projections of ) auxiliary divisors,
they subsequently rely on generalized theta functions and generalized Jaco-
bians (going back to investigations of Clebsch and Gordan [19]), whereas we
stay within the traditional framework familiar from the KdV, AKNS, Toda
hierarchies, etc. Finally, we point out a novel feature of our treatment of
the CH hierarchy that appears to be without precedent. In Theorems 3.11
and 4.10 we formulate and solve the algebro-geometric initial value prob-
lem for the stationary and time-dependent CH hierarchy, in the following
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sense. Starting from the initial value problem for auxiliary divisors induced
by the Dubrovin-type equations, we define u in terms of the trace formula
involving the (projections of) auxiliary divisors and then prove directly that
u so defined satisfies the corresponding (stationary, resp., time-dependent)
equation of the CH hierarchy.

Without going into further details, we note that our constructions extend
in a straightforward manner to a closely related hierarchy of completely
integrable nonlinear evolution equations, the Dym hierarchy. For different
approaches to algebro-geometric solutions of the latter we refer to [3], [6],
9], [33], and [56].

In Section 2 we develop the basic polynomial recursion formalism that
defines the CH hierarchy using a zero-curvature approach. Section 3 then
treats the stationary CH hierarchy and its algebro-geometric solutions. The
corresponding time-dependent results are the subject of Section 4. Ap-
pendix Appendix A summarizes the necessary results needed from the the-
ory of compact Riemann surfaces and also serves to establish the notation
used throughout this paper. Appendix Appendix B contains a few tech-
nical results concerning the polynomial recursion formalism and associated
high-energy expansions. Finally, Appendix Appendix C provides a detailed
discussion of elementary symmetric functions associated with Dirichlet di-
visors and their representations in terms of theta functions associated with
the underlying hyperelliptic curve. It contains several core results needed
in our derivation of algebro-geometric solutions of the CH hierarchy. The
results of this appendix apply to a variety of soliton equations and hence are
of independent interest.

2. The CH hierarchy, recursion relations, and hyperel-
liptic curves

In this section we provide the basic construction of a completely integrable
hierarchy of nonlinear evolution equations in which the Camassa-Holm equa-
tion, or dispersive shallow water equation, is the first element in the hierarchy
(the higher-order CH equations will turn out to be nonlocal with respect to
x). We will use a zero-curvature approach and combine it with a polynomial
recursion formalism containing a spectral parameter.

Throughout this section we will suppose the following hypothesis.

Hypothesis 2.1 In the stationary case we assume that

dm
(2.1) u e C®(R), d—“ € L*(R), m € N.
xm
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In the time-dependent case we suppose

o™y

) 8x—m<’t>
u(z, ), Uge(z, - ) € C'(R), x € R.

(2.2) u(-,t) € C*(R) € L*(R), m € Ny, t € R,

We start by formulating the basic polynomial setup taken essentially
from [5]. One defines { f;}sen, recursively by

(23) fo=1,
fﬁ,x = _2g (2(4U - uxx)fﬁ—l@‘ + (4ur - uxxx)fé—l)a E S Na

where G is given by
(2.4)

G: L®(R) — L®(R), (Gv)(z) = i/Rdy e 22 vly(y), x € R, v e L®(R).

One observes that G is the resolvent of minus the one-dimensional Laplacian
at energy parameter equal to —4, that is,

2

1
(2.5) G=(-23+4) .
The first coeflicient reads

(2.6) fi=—2u+c,

where c¢; is an integration constant. Subsequent coefficients are non local
with respect to u. At each level a new integration constant, denoted by ¢y,
is introduced. Moreover, we introduce coefficients {g,}ren, and {h¢}een, by

1
(2.7) ge = fe+ Efé,xv ¢ € Ny,
(28) h[ == (4U - uxx)fé — G412, le NO-

Explicitly, one computes

(2.9) fo=1,
J1=—2u+c,
fo = 2u® +2G (u? + 8u”) + c1(—2u) + ¢,
Jo = 17

g1 = —2u — u, + cq,
g2 = 2u? + 2uu, + 2G (ui + Uyl + SUl, + 8u2)
+ cl(_2u - ua:) + Co,
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ho = 4u + 2u,,

hy = —Qui — duu, — 8u?
- 2G (umumx + uix + 2Up Uy + SUUL, + 8ui + 16uux)
+ c1(4u + 2u,), etc.

For later use it is convenient also to introduce the corresponding homo-
geneous coefficients fy, go, and hy defined by the vanishing of the integration
constants ¢, k=1,...,/,

(2.10) fo = fo=1, fl = f€|ck:o,k:1 ..... ¢ LEN

(2.11) Jo=g =1 g = 9€|ck:o,k:1 ,,,,, (o LEN

(2.12) iLo = ho = (du + 2u,), ilf - hf|ck—o,k:1 ..... ¢ CEN
Hence,

(2.13) ZCe W 9= ZCe £k hézch—kilky ¢ e Ny,

k=0 k=0

defining
(2.14) co = 1.

Next, given Hypothesis 2.1, one introduces the 2 x 2 matrix U by

(2.15) Uz, z) = <Zl<4U(£L';1— e () 1) , z€R,

and for each n € Ny the following 2 x 2 matrix V,, by

(2.16) Vi(z,2) = (Z_i[(ffgz) g(éi))) . neN, zeC\{0}, z €R,

assuming F),, G,, and H, to be polynomials of degree n with respect to z
and C* in z. Postulating the zero-curvature condition

(2.17) —Voa(z,2) + [U(z,2), V,(2,2)] =0,

one finds

(2.18) Fo.(z,x) =2G,(2,x) — 2F,(z, x),

(2.19) 2 Gz, 2) = (Au(r) — uge () Fo(2,2) — Hp(2, 2),

(2.20) H,.(z,x2) =2H,(z,2) — 2(4u(z) — Uz (2))Gn(z, ).
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From (2.18)—(2.20) one infers that

(2.21) % det(V,(z,2)) = —%% (an(z, 7)? + F(z,2)H,(z, x)) =0,
and hence
(2.22) 2Go(2,2)? 4+ Fo(z,2)Hy(2,2) = Qony1(2),

where the polynomial Qs,.1 of degree 2n + 1 is z-independent. Actually it
turns out that it is more convenient to define

2n+1

(223) R2n+2(2’) = ZQQn_H(Z) = H (Z — Em), Eo = O, El, Ce ,E2n+1 - (C
m=0

so that (2.22) becomes

(2.24) 2Gp(z,1)° + 2F,(2,7)H, (2, 7) = Ropia(2).

Next one makes the ansatz that F),, H,, and G,, are polynomials of degree
n, related to the coefficients fy, hy, and g, by

(2.25) Fo(z,z) = an,g(x)zg,

(2.26) Gn(z,x) = Zgn,g(x)ze,
=0

(2.27) Hy(z,x) = Z B_o(2) 2"
=0

Insertion of (2.25)—(2.27) into (2.18)-(2.20) then yields the recursion rela-
tions (2.3)—(2.4) and (2.7) for f, and g, for £ =0,...,n. For fixed n € N we
obtain the recursion (2.8) for hy for { =0,...,n — 1 and

(2.28) hn = (40 — Ugy) [

(When n = 0 one directly gets hy = (4u — u,,)). Moreover, taking z = 0 in
(2.24) yields

2n+1

(2.29) fal@)hn(2) = = [ Em-
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In addition, one finds

(2.30) P () — 2hy(2) + 2(4u(x) — uge(x))gn(z) =0, n € Ng.

Using the relations (2.7) and (2.28) permits one to write (2.30) as

(2.31) s-CH,,(v) = (Ugge — 4uy) fro — 2(4u — Ugy) fne = 0, n € Np.

Varying n € Ny in (2.31) then defines the stationary CH hierarchy. We
record the first few equations explicitly,

(2.32)
s-CHo(u) = tpgs — du, =0,
s-CHi(u) = —2utlgpy — dUpliyy + 24ut, + ¢4 (Upgy — 4uy,) = 0,
s-CHy(u) = 2u*Uppe — SUL Uz, — 40U Uy + 2(Ugey — 4ux)g(ui + 8u2)
— 8(4u — um)g(uxum + 8uux)
+ 1 (—2UUgry — gty + 24uty) + Co(Uppe — du,) = 0, ete.

By definition, the set of solutions of (2.31), with n ranging in Ny, rep-
resents the class of algebro-geometric CH solutions. If u satisfies one of the
stationary CH equations in (2.31) for a particular value of n, then it satis-
fies infinitely many such equations of order higher than n for certain choices
of integration constants c¢,. At times it will be convenient to abbreviate
algebro-geometric stationary CH solutions u simply as CH potentials.

For later use we also introduce the corresponding homogeneous polyno-
mials Fy, Gy, and H, defined by

(2.33) Fy(z) = Fo(2)], o per 0= S et =0,
(234)  Gul(2) = Gul2)|, g ey = D G0k, L=0,.n,

(2.35) Hy(2) = Ho(2)|, g ey o= D hesd®, =0, ,n—1,

.....

~

(2.36) Hy(2) = (4u — tgg) fr + Z B2
k=1
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In accordance with our notation introduced in (2.10)—(2.12) and (2.33)-

(2.36), the corresponding homogeneous stationary CH equations are then
defined by

(2.37) 5-CH, () = s-CH,, (u)|

Using equations (2.18)—(2.20) one can also derive individual differential
equations for F),, and H,. Focusing on F}, only, one obtains

(2.38) Faon(2, @) — 4(27 () — uge(2)) + 1) Fp(z,2)
—227 (41 () — Ugan () Fu(z,2) = 0.

This is of course consistent with (2.25) and (2.3) (applying G~* to (2.3)).
Multiplying (2.38) with F}, and integrating the result yields

(2.39) FraoFn —27'F = 2F2 — 227 (4u — ug,) F = C(2),

for some C(z), constant with respect to x. Differentiating (2.18), inserting
(2.19) into the resulting equation, and comparing with (2.18) and (2.24)
then yields

(2.40) C(2) = =22 ?Ropya(2).
Thus,
(2.41) —(2%)2)Fy 0 (2, 0) (2, 2) + (22 J4)F, 4 (2, 7)?

+22F,(2,2)? + 2(4u() — Upe (7)) Fo(2,2)? = Ronya(2).

Next, we turn to the time-dependent CH hierarchy. Introducing a defor-
mation parameter ¢, € R into u (replacing u(x) by w(z,t,)), the definitions
(2.15), (2.16), and (2.25)—(2.27) of U, V,,, and F,,, G,,, and H,, respectively,

still apply. The corresponding zero-curvature relation reads
(2.42) Uy, (2,2, tn) — V(2,2 ) + [U(z, 2, t), Va(2,2,t,)] =0, n € Ny,
which results in the following set of equations

(2.43)  Adwy, (z,tn) —Ugat, (T, tn) — Hpo(2, 2, t,) + 2H, (2, 2, 8,)
—2(4u(x, t,) — Uge(x,t,))Gr(z, 2, t,) = 0,

(2.44)  Fo.(z2,t,) = 2G, (2,2, t,) — 2F, (2, 2, t,,),

(2.45)  2Gp.(z, 2, ty) = (du(z, ty) — Upe (2, 8,)) Fru(2, 2, t,) — Hp(2, 2, t,).



82 F. GESZTESY AND H. HOLDEN

Inserting the polynomial expressions for F,, H,, and G, into (2.44) and
(2.45), respectively, first yields recursion relations (2.3) and (2.7) for f, and
ge for £ =0,...,n. For fixed n € N we obtain from (2.43) the recursion (2.8)
for hy for £ =0,...,n— 1 and

(2.46) hyp = (4u — ugy) fr-
(When n = 0 one directly gets ho = (du — uy,)). In addition, one finds

(2.47) Ay, (z,t,) — Ugar, (T, 1) — hno(T, t) + 20, (2, t,)
—2(4u(x, t,) — Upe(x, 1)) gn(x, t,) = 0, n € Ny.

Using relations (2.7) and (2.46) permits one to write (2.47) as

(2.48)
CH, (u) = 4us, — Ugar, + (Ugge — 40s) fro — 2(40 — Uyy) frne = 0, n € No.

Varying n € Ny in (2.48) then defines the time-dependent CH hierarchy. We
record the first few equations explicitly,

(2.49)
CHo(u) = 4upy — Ugzty + Uzze — 4ty = 0,
CHy(u) = 4y, — Upgt; — 2Ulgpy — dUpUyy + 240ty + ¢4 (Ugpe — 4u,) = 0,
CHa(u) = 4y, — Uggr, + 20 Ugry — SUUL U, — 40U,
+ 2(Ugr — 4um)g(ui + 8u2) — 8(4u — um)g(uxum + 8uum)
+ 1 (—2UUgpy — AUptyy + 24uny) + Co(Upee — 4uy,) = 0, etc.

Similarly, one introduces the corresponding homogeneous CH hierarchy by

(2.50) CH,,(u) = CH,(u)| _ =0, neN,
Up to an inessential scaling of the (z,t;) variables, C/Jﬁl(u) = 0 represents
the Camassa—Holm equation as discussed in [17], [18].

We note that our zero-curvature approach is similar (but not identical)
to that sketched in [57]. This is in contrast to almost all other treatments of
the CH equation where a Lax equation approach appears to be preferred.

Our recursion formalism was introduced under the assumption of a suffi-
ciently smooth function u in Hypothesis 2.1. The actual existence of smooth
global solutions of the initial value problem associated with the CH hierar-
chy (2.49) is a nontrivial issue and various aspects of it are discussed, for
instance, in [23], [24], [25], [26], [30], [52], [53], [58], [59], [61].
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3. The stationary CH formalism

This section is devoted to a detailed study of the stationary CH hierarchy
and its algebro-geometric solutions. Our principal tool will be a combina-
tion of the polynomial recursion formalism introduced in Section 2 and a
meromorphic function ¢ (the solution of a Riccati-type equation associated
with the zero-curvature representation of (1.1)) on a hyperelliptic curve £,
defined in terms of the polynomial Ry, 2.

For major parts of this section we suppose

d™u

(3.1) u e C(R), o € L*(R), m € Ny,

and assume (2.3), (2.4), (2.7), (2.8), (2.15)-(2.17), (2.23), (2.24), (2.25)-
(2.27), (2.28)—(2.31), keeping n € Ny fixed.

Returning to (2.24) we infer from (2.26) and (2.9) that Ro,i2(2) =
2 Qony1(2) is @ monomial of degree 2n + 2 of the form

2n+1

(3.2) Rynya(2) = [[ (= En), Eo=0, Ey,... Eyp €C.

m=0
Computing
(3.3) det(wly — iV, (z,7)) = w? — det(V,(z, 2))
1
=w?+ G,(2,2)° + ~F,(2,2)H, (2, 7)
z

1
= U)2 + _2R2n+2(2)7
V4

that is,
(3.4) Ronto(2) = 2°Gp(z,2)* + 2F,(2,7)H, (2, 2)

(with I the identity matrix in C?), we are led to introduce the (possibly
singular) hyperelliptic curve IC,, of arithmetic genus n defined by

(3.5) Kn: Fulz,y) = y* — Ronya(2) = 0.

In the following we will occasionally impose further constraints on the zeros
E,, of Ry, o introduced in (3.2) and assume that

(36) Ey=0, El,...,EQn_H S C\{O}

We compactify K, by adding two points at infinity, Py, , Psx_, with Py, #
P,,_, still denoting its projective closure by K. Hence IC,, becomes a two-
sheeted Riemann surface of arithmetic genus n. Points P on IC,, \ {Px. }
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are denoted by P = (z,y), where y(-) denotes the meromorphic function
on I, satisfying F,,(z,y) = 0. For additional facts on K,, and further nota-
tion freely employed throughout this paper, the reader may want to consult
Appendix Appendix A.

For notational simplicity we will usually tacitly assume that n € N. (The
case n = 0 is explicitly treated in Example 3.10).

In the following the roots of the polynomials F,, and H,, will play a special
role and hence we introduce on C x R

n n

B7)  Fuza)=]]E-w@),  Hizz) = hol) [J(z = vi(@)).

j=1 7j=1

Moreover, we introduce

fij(x) = (pi(x), —p;(2)Gnlpi(z), ) € Kyy  j=1,...,n, z€R,
vi(x) = (vi(2),vi(2)Gn(vs(x),2) € Kpy  j=1,...,n, z €R,

and
(3.10) Py = (0,0).
The branch of y( - ) near P, is fixed according to

lim y(P)
|2(P)| =00 2(P)Gy(2(P), )

—)ooj:

(3.11)

= Fl1.

Due to assumption (3.1), u is smooth and bounded, and hence F,(z, -) and
H,(z, -) share the same property. Thus, one concludes

(3.12) i v € CR), j,k=1,...,n,

taking multiplicities (and appropriate reordering) of the zeros of F), and H,
into account.

Next, define the fundamental meromorphic function ¢(-,x) on K,, by

_ Yy — ZGn('Z::E)
_ zHyu(z,7) B

Assuming (3.6), the divisor (¢(-,x)) of ¢(-,x) is given by

(3.15) (¢(+, 7)) = Dpyo@) — Dre, ()
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taking into account (3.11). Here we abbreviated

(316) é:{ﬂl,...,ﬂn},Qz{ﬁl,...,ﬁn}GO'nICn.

Given ¢( -, z), one defines the associated vector V( -, z,x5) on
,Cn \ {Poo+7Poo_7P0}by

(3.17)

(P2, ) = @;Egiig;) . PER\{Pa Pu B}, (3,30) €R?,
where
(3.18) U1 (P, x,x0) = exp (—(1/2) /w da’ (P, 2') — (x — xo)) ,
(3.19) V2 (P, w0) = =1 (P, @, 30)9(P, x) /2.

Although W is formally the analog of the stationary Baker—Akhiezer vector
of the stationary CH hierarchy when compared to analogous definitions in
the context of the KAV or AKNS hierarchies, its actual properties in a
neighborhood of its essential singularity will feature characteristic differences
to standard Baker—Akhiezer vectors (cf. Remark 3.5). We summarize the
fundamental properties of ¢ and W in the following result.

Lemma 3.1 Suppose (3.1), assume the nth stationary CH equation (2.31)
holds, and let P = (z,y) € Ky \ {Pso,,Pr_, Po}, (x,20) € R*. Then ¢
satisfies the Riccati-type equation

(3.20) ¢u(P,x) — 27 (P, 2)* — 2¢(P, ) + 4u(r) — Upe(z) = 0,
as well as

(3.21) PP ) =~

(3.22) o(P,x) + 6(P* ) = —2%,

(3:23) oP.2) = 0(P"2) = V.

while U fulfills

(3.24) V. (P,x,x0) = U(z,2)V (P, z,x0),
(3.25)  —yU (P, x,x0) = 2V (2,2)V(P, x, z0),

(3.26) 1 (P,z,x0) = (%)W exp ( —(y/2) /m: dx'Fn(z,$')_1),
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(3.27)  W1(P, z, mo)n (P, 2, 30) = %

(3.28) (P, x, zo)tho( P, x, 30) = —%

(3.29) (P, , m0) s (P, 2, 30) + Uy (P, 7, 20 )oo( P, 2, ) = 2%
(3.30)  1(P,a, 20)ta(P*, 2, x0) — by (P*, @, 20 )b (P, x, o) = %

In addition, as long as the zeros of F,,(-,x) are all simple for x € 2, Q CR
an open interval, V( -, x,x0), x,x¢ € , is meromorphic on IC, \ {Fo}.

Proof: Equation (3.20) follows using the definition (3.13) of ¢ as well
as relations (2.18)-(2.20). The other relations, (3.21)-(3.23), are easy con-
sequences of y(P*) = —y(P), (3.13) and (3.14). By (3.17)-(3.19), ¥ is
meromorphic on /C,, \ {Px.} away from the poles fi;(z') of ¢(-,z’). By
(2.18), (3.8), and (3.13),

1 0
(3.31) —;d)(P, ') ) O In(F,(z,2") + O(1) as z — p;(2'),
and hence 1, is meromorphic on IC,, \ { P, } by (3.18) as long as the zeros
of F,(-,z) are all simple. This follows from (3.18) by restricting P to a
sufficiently small neighborhood U; of {f1;(2') € IC,, | ' € Q, &’ € [z, z]}
such that fix(2") ¢ U; for all @’ € [xg,x] and all k € {1,...,n}\ {j}. Since
¢ is meromorphic on /C,, by (3.13), 15 is meromorphic on K, \ {Px, } by
(3.19). The remaining properties of ¥ can be verified by using the definition
(3.17)—(3.19) as well as relations (3.20)—(3.23). In particular, equation (3.26)
follows by inserting the definition of ¢, (3.13), into (3.18), using (2.18). W

Next, we derive Dubrovin-type equations for p; and v;. Since in the
remainder of this section we will frequently assume KC,, to be nonsingular,
we list all restrictions on /C,, in this case,

(3.32) Ey =0, E,, € C\{0}, E,, # E,y for m#m/', mm'=1,... 2n+1.

Lemma 3.2 Suppose (3.1) and the nth stationary CH equation (2.31) holds
subject to the constraint (3.32) on an open interval Qu C R. Moreover,
suppose that the zeros pj, j =1,...,n, of F,,(-) remain distinct and nonzero
on ﬁu' Then {f1;}=1,..n, defined by (3.8), satisfies the following first-order
system of differential equations

(3.33)  pja(z) = 2% H(uj(a:) —pe(z)7Y, j=1,...,n,2€Q,.
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Nezxt, assume K,, to be nonsingular and introduce the initial condition

(3.34) {i1;(z0) } =1, C Ky,

for some xy € R, where p1;(zo) #0, j =1,...,n, are assumed to be distinct.
Then there exists an open interval Q, C R, with xy € Q,, such that the
initial value problem (3.33), (3.34) has a unique solution {fi;};—1
satisfying

-----

(3.35) iy € C®(Q, Ka), G=1,....n,

and pj, j =1,...,n, remain distinct and nonzero on 2.
For the zeros {v;}j—1

77777

.....

isfies the system

RN CTE) R I Co) s O

Proof: We only prove equation (3.33) since the proof of (3.36) follows in
an identical manner. Inserting z = p; into equation (2.18), one concludes
from (3.8),

(3.37) Foa(iy) = =i [ [ — 1) = 2Gn (1) = =2y(j1;) /15,

=

=%
proving (3.33). The smoothness assertion (3.35) is clear as long as fi; stays
away from the branch points (E,,,0). In case fi; hits such a branch point,

one can use the local chart around (F,,,0) (with local coordinate { = o(z —
B2 0 € {1,—1}) to verify (3.35). u

Combining the polynomial approach in Section 2 with (3.7) readily yields
trace formulas for the CH invariants. For simplicity we just record the
simplest case.

Lemma 3.3 Suppose (3.1), assume the nth stationary CH equation (2.31)
holds, and let x € R. Then

(3.38) u(z) = %Z,uj(x) — i Z E,..
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Proof: Equation (3.38) follows by considering the coefficient of z"~! in F,
in (2.25) which yields

1 z C1
(3.39) u:§;uj+§.

The constant ¢; can be determined by considering the coefficient of the term
22"t in (2.24), which results in

2n+1

1
(3.40) o=—; mz_o Ep,.
Next we turn to asymptotic properties of ¢ and ¢;, j = 1, 2.

Lemma 3.4 Suppose (3.1), assume the nth stationary CH equation (2.31)

éwldsj and let P = (z,y) € Ky \ {Px,, Px_, P}, v € R. Then
3.41

=207 = 2u(z) + ua(7) + O(C), P — Py,

_ -1
P z) —0 | 2u(z) + uy(x) + O(C), P— P, (=27
(3.42) b
p o <H72::11 Em) 0 9 p P e
¢( 7£B> C:O fn(x) g_{_ (C )7 — 10, C =z )
and
(3.43) 1 (P, x,x0) o exp(£(z —29))(1 4+ O()), P — Px., (=1/z,
(3.44)
_ _ _2+O(C)7 P_>Poo+v

peBm0) S eetET ) {<2u<x> Hu@)C+OE), P P

(=1/z
(3.45)

1/2
s 12 B

Uy (P, x0) = exXp (— l/ dx’< fl(x/) ) +O(1)>, P — Py,

(=27,
(3.46)

1/2
e (ITn) En

o P, x, xp) CfOO(C 1) exp (—— /;;de/< fnl(x,) > —|—O(1)>, P — P,
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Proof: The existence of the asymptotic expansions of ¢ in terms of the
appropriate local coordinates ¢ = 1/z near Py, and ¢ = 2z'/2 near P is
clear from the explicit form of ¢ in (3.13). Insertion of the polynomials F,,
G, and H, into (3.13) then, in principle, yields the explicit expansion coef-
ficients in (3.41) and (3.42). However, a more efficient way to compute these
coefficients consists in utilizing the Riccati-type equation (3.20). Indeed,
inserting the ansatz

(3.47) 0] T P12+ ¢o + 0(2_1)

into (3.20) and comparing the leading powers of 1/z immediately yields the
first line in (3.41). Similarly, the ansatz

(3.48) 0 = oot izt +0(:7)
inserted into (3.20) then yields the second line in (3.41). Finally, the ansatz
(3.49) ¢ =, 0127 + oz 4+ O(2°?)
inserted into (3.20) yields (3.42). Expansions (3.43)—(3.46) then follow from
(3.18), (3.19), (3.41), and (3.42). n

Remark 3.5 We note the unusual fact that F,, as opposed to Py, is
the essential singularity of ;, 7 = 1,2. What makes matters worse is the
intricate z-dependence of the leading-order exponential term in v}, j = 1,2,
near P, as displayed in (3.45), (3.46). This is in sharp contrast to standard
Baker-Akhiezer functions that feature a linear behavior with respect to x in
connection with their essential singularities of the type exp (c(m — x0)C _1)
near ¢ = 0.

Introducing
(3.50)  Bg,: Ku\ {Px,,Pe_} — C",
P Bg,(P) = (Bgy,- - Bayn)
Jou BB o n=1,
(S = P N
where &55’0)%]300_ = 2"dz/y (cf. (C.42)) and

(3.51) QQO: 0" (K \ {Pao., Pro_}) — C",

Dg — B, (Dg) = > B,(Q)),Q ={Q1, ..., Qu} € 0"Ky \ {Pw,, Poc_},
j=1
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choosing identical paths of integration from @)y to P in all integrals in (3.50)
and (3.51). Then one obtains the following result, which indicates a charac-
teristic difference between the CH hierarchy and other completely integrable
systems such as the KdV and AKNS hierarchies.

Lemma 3.6 Assume (3.32) and suppose that {fi;};—1..n satisfies the sta-
tionary Dubrovin equations (3.33) on an open interval 2, C R such that i,

Jj=1,...,n, remain distinct and nonzero on €. Introducing the associated
divisor DE €0y, L = {1, ..., [} € 0"IC,, one computes
(3.52) L e (D) 2 1), zcQ
: —a wz)) = — cl), = .
dp— Qo () \I/n(ﬁ(m)) 2

In particular, the Abel map does not linearize the divisor Dyy on . In
addition,

d < fj(z) 2
(3.53) — / m=—-————-— T €N,
dx jz; . ! U, (p()) "
d -~ 2 n=
3.54 —B(Dypyi)) = < ’ cQ,.
CEN D {2(07 o1 na TE
Proof: Let x € ©2,. Then, using
[Ir=1 Hp (
1 ; O
(355) _:npi:_ I(H)a j:17"'7n7
pi o Il pm n(1t)
(cf. (C.3), (C.4)) one obtains
(3.56)
d n v n n ,u?il n n /L?iZ
— W) =) pja )y clk)——~ =2 c(k) ==
dz (;/Qo ) z:: ! Z y(fL) ; 1 )H§=§(M i)
M o
- .7 (1)
]ZI; HZ 1 N] ) b=

”(H j=1 k=1
2 2
- ;qk)am gV

using (C.14) and (C.15). (3.53) is just a special case of (3.52) and (3.54)
follows as in (3.56) using (C.10). |
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The analogous results hold for the corresponding divisor Dy(,) associated
with ¢( -, z).

The fact that the Abel map does not provide the proper change of vari-
ables to linearize the divisor Dy, in the CH context is in sharp contrast to
standard integrable soliton equations such as the KAV and AKNS hierarchies
(cf. also Remark 3.5). The change of variables

(3_57) Tr— I = /x dz’ \Ifn(ﬁ(x/»fl

linearizes the Abel map Ay (Djz)), f1;(Z) = pj(x), 5 = 1,....,n. These
facts are well-known and discussed (by different methods) by Constantin and
McKean [29], Alber [1], Alber, Camassa, Fedorov, Holm, and Marsden [3],
and Alber and Fedorov [7], [8]. The intricate relation between the variables
and 7 is detailed in (3.70). Our approach follows a route similar to Novikov’s
treatment of the Dym equation [56].

Next we turn to representations of ¢ and u in terms of the Riemann
theta function associated with KC,,, assuming K, to be nonsingular. In the
following, the notation established in Appendices Appendix A—Appendix
C will be freely employed. In fact, given the preparatory work collected in
Appendices Appendix A-Appendix C, the proof of Theorem 3.7 below will
be reduced to a few lines.

We choose a fixed base point Qg on K, \ {Pw,, Fo}. Let w§’0)0+ p, bea

normal differential of the third kind holomorphic on I, \ {Pw,, Po} with
simple poles at P, and Py and residues 1 and —1, respectively (cf. (A.22)-
(A.27),

1
(3.58) wg’ol+7po = - H(z — \j)dz,

Yo
(3.59) il =y (CHHO()Cas P — P,
(3.60) w%inO = (="' +O(1))d¢ as P — P,

where the local coordinates are given by
(3.61) ¢ =1/zfor P near P,,, (=o0z"?for Pnear Py, o € {1,—1}.

Moreover,

(3.62) (/wgw% = 0, j=1,...,n,

J
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P

(3.63) / wgolypo o In(¢) + e+ O(¢) as P — P, ,
0
g (3)

(3.64) / Whe,Po =y T In(¢) +do +0O(() as P — R

0

for some constants eg, dy € C. We also record

(3.65) AQO (P)— AQO (Pooy) CfO +c(n)( + O(<2) as P — Py, .

In the following it will be convenient to introduce the abbreviations

(3.66) 2(P,Q) = Eq, — Ag,(P) + ay,(Dg), P €K,
Q = {Qla s 7Qn} S O-nlcrw

and analogously,

~

(P,Q) =Zq, — Ao, (P) + 84, (Dg), P €K,
={Q1,...,Qn} € c"K,.

(3.67)

ESS

|

Theorem 3.7 Suppose u € C=(2), u™ € L=(Q), m € Ny, and assume
the nth stationary CH equation (2.31) holds on 2 subject to the constraint
(3.32). Moreover, let P € K, \ {Px_,, o} and x € €, where Q C R is
an open interval. In addition, suppose that Dy, or equivalently, Dy, s
nonspecial for x € Q. Then ¢ and u admit the representations

(3.68)

P OGP (T
HP) = =P 0@ (P, b)) p( /Q Pepoo )
(3.69)

2n+1

1 1 1 & 0 () )
=g 2 s X Vg (e e

Moreover, let Q C Q be such that Wi, 3 =1,...,n, are nonvanishing on Q.
Then, the constraint

(3.70) 2(x — zo) = —2 #M ZZ: (/ a§i+7pw_>cj(1)

1
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holds, with

2(Poos, (i) = Eq, — Agy(Pocs) + g (D))

~ o~ x da:/
3.71 —E — A, (Po )+ 8y (Do) —2 [ —22 (1),
. S0~ Aan(Pe) + 80 Puen) =2 [ 1y
ze Q.

Proof: First we temporarily assume that
(3.72) i (z) # iy (x), ve(z) # vp(x) for j #5', k# K and x € Q,

for appropriate Q C Q. Since by (3.15), Dpyp(z) ~ Dpoo_’_ﬁ(x), and P, =
(P, )" ¢ {fuu(x),...,in(x)} by hypothesis, one can apply Theorem A.6
to conclude that Dy, € 0"k, is nonspecial. This argument is of course
symmetric with respect to ji(z) and 2(x). Thus, Dj(,) is nonspecial if and
only if Dy, is. The representation (3.68) for ¢, subject to (3.72), then
follows by combining (3.15), (3.41), (3.42), and Theorem A.5 since D; and

D, are nonspecial. The representation (3.69) for u on Q follows from the
trace formula (3.38) and (C.46) (taking & = 1). By continuity, (3.68) and
(3.69) extend from Q to Q. Assuming pj # 0,7 =1,...,n, in addition to
(3.72), the constraint (3.70) follows by combining (3.53), (3.54), and (C.45).

Equation (3.71) is clear from (3.52). Again the extra assumption (3.72) can

be removed by continuity and hence (3.70) and (3.71) extend to €. |

Remark 3.8 While the stationary CH solution w in (3.69) is of course a
meromorphic quasi-periodic function with respect to the new variable z in
(3.57), u may exhibit a rather intricate behavior with respect to the original
variable x. Generically, u has an infinite number of branch points of the

type

(3.73) u(x) - O((x — z0)¥?)
and
(3.74) T-d = O((z — x0)'/?).

Moreover, real-valued bounded stationary CH solutions fall into two cate-
gories and are either smooth quasi-periodic functions in z, or else (3.73) and
(3.74) hold at infinitely many points (depending on whether or not W, (u) is

zero-free, cf. (3.57)), as discussed in [3], [7], [8]). We note that (3.70) relates

the variables  and 7.
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Remark 3.9 We emphasized in Remark 3.5 that ¥ in (3.17)—(3.19) mark-
edly differs from standard Baker-Akhiezer vectors. Hence one cannot expect
the usual theta function representation of v;, 7 = 1,2, in terms of ratios of
theta functions times an exponential term containing a meromorphic differ-
ential with a pole at the essential singularity of ¢; multiplied by (z — zo).
However, combining (C.7) and (C.46), one computes

(3.75)
Fo(z,x)=2"+ Z \Ifn_g(ﬂ(x))zg
/=0
="y (‘Ifnﬂ—k(/\)
=y 0 (0P, () + ) =
2 ik, (i) )
NS 0 (P i) )\ [
e=20-2.2 etz (o)

and hence obtains a theta function representation of 11 upon inserting (3.75)
into (3.26). The corresponding theta function representation of 1, is then
clear from (3.19) and (3.68).

Next we briefly consider the trivial case n = 0 excluded in Theorem 3.7.

Example 3.10 Assume n = 0, P = (2,y) € Ko \ {Px,, Px_, Fo}, and let
(z,70) € R% Then

(3.76) Ko: Folz,y) = y* — Ry(z) = v — z2(z— FEp) =0,
EO = 0, E1 S (C, u(x) = —E1/4,
Elz
P7 - - = - )
o(Px)=y—=2 —

Y1(P,z, o) = exp(—(y/2)(z — x9)),

Vo(P, w,0) = (1 — (y/2)) exp(—(y/2)(x — x0)).
Actually, the general solution of s-CHg(u) = gz — 4u, = 0 is given by
(3.77) u(z) = a1 + age ™ — (Ey/4), a; €C,j=1,2.

However, the requirement u™ € L*(R), m € Ny, according to (3.1), ne-
cessitates the choice a; = ay = 0 and hence leads to (3.76). The latter
corresponds to the trace formula (3.38) in the special case n = 0.
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Finally, we will show that solvability of the Dubrovin equations (3.33)
on €, C R in fact implies equation (2.31) on Q.

Theorem 3.11 Fiz n € N, assume (3.32), and suppose that {fi;};=1,. n
satisfies the stationary Dubrovin equations (3.33) on an open interval Q, C

R such that pj, j = 1,...,n, remain distinct and nonzero on €),. Then
u e C™(Q,) defined by

2n+1

1 — 1
(3.78) u(z) = 2 > mile) - 1 > En
j=1 m=0
satisfies the nth stationary CH equation (2.31), that is,
(3.79) s-CH,,(u) =0 on €.

Proof: Given the solutions fi; = (u;,y(1;)) € C°(Q,,K,),7=1,...,n
of (3.33) we introduce

(3.80) Fu(z) = [ [(= = 1),
(3.81) Go(2) = Fa(2) + %Fw(z)

on C x §2,. The Dubrovin equations imply

R 1 “ 1
(382)  yliy) = SHite T —pe) = —5hiFna (i) = —1Galy)-
=
Thus
(3.83) Ropya(ty) — 15Ga(py)* =0, j=1,...,n.

Furthermore Ra,.2(0) = 0, and hence there exists a polynomial H, such
that

(3.84) Ropnio(2) — 22Gp(2)* = 2F,(2)H, (2).
Computing the coefficient of the term z?"*1 in (3.84) one finds
(3.85) H,(z) = (4u + 2uy)z" + O(z" ') as |z| — oo.
Next, one defines a polynomial P,_; by

(3.86) Poo1(2) = (4u — uge) Fn(2) — Hy(2) — 2Gp2(2).
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Using (3.78), (3.80), (3.81), and (3.85) one infers that indeed P,_; has degree
at most n — 1. Multiplying (3.86) by G, and replacing the term G,G,, ,
with the result obtained upon differentiating (3.84) with respect to z, yields

Gn(2)Poo1(2) = Fu(2) ((4u — ) Gp(2) + S Hy n(2))

(3.87) +(5F02(2) — Gu(2)) Hu(2),
and hence

(3.88) Gn(p;)Poa(p;) =0, j=1,...,n

on Q.

Restricting o € ), temporarily to = € ﬁu, where

(3.89)  Qu={z €| Fuulp;(z),2) =2iy ngg £0,j=1,....n}
={reQ,|pj(x)¢{Ey,....En}t,j=1,...,n}

one infers that

(3.90) P, _1(p)=0, j=1,...,n

on C x 62“. Since P,_1(z) has degree at most n — 1, one concludes

(3.91) Poi=00onCxQ,,

and hence (2.19), that is,

(3.92) 2Gn (7)) = (du — Upy) Fo(2) — Hy(2)

on C x ﬁu- Differentiating (3.84) with respect to x and using equations
(3.92) and (3.81) one finds

(3.93) Hyo(2) = 2F,(2) — 2(4u — 4) G (2)

on C x ﬁu- In order to extend these results to ), we next investigate the
case where fi; hits a branch point (E,,,0), m # 0. Hence we suppose

(3.94) o (x) = Epy as © — g € €,
for some jo € {1,...,n}, mp € {1,...,2n + 1}. Introducing

(3'95) gjo(x) = U(:ujo(x>_Emo)1/27 QS {L _1}7 :ujo(x) = Em0+Cj0(x)2a
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for some z in an open interval centered around z,, the Dubrovin equation
(3.33) for u;, becomes

(3.96)
C(O’) 2n+1 1/2 n . ,
Goal) = _( H (Emy — Em)) H (Emo_ﬂ’k(x)) <1+O(Cj0(33) ))

z—xo0 F
0 &mo \ ) k=1
m#mo k#3jo

for some |c(0)| = 1 and hence relations (3.91)-(3.93) extend to €2,. We have
now established relations (2.18)-(2.20) on C x ©Q,,, and one can now proceed
as in Section 2 to obtain (3.79). [

4. The time-dependent CH formalism

In this section we extend the algebro-geometric formalism of Section 3 to
the time-dependent CH hierarchy. For most of this section we will assume
the following hypothesis.

Hypothesis 4.1 Suppose that u: R?> — C satisfies

o0™u

(4.1) u(-,t) € C*(R), ax—m("t) € L¥(R), m € Ny, t € R,

u(z, + ), Uge(, - ) € CY(R), z € R.

The basic problem in the analysis of algebro-geometric solutions of the
CH hierarchy consists in solving the time-dependent rth CH flow with ini-
tial data a stationary solution of the nth equation in the hierarchy. More
precisely, given n € Ny, consider a solution u(® of the nth stationary CH
equation s-CH,,(u(®) = 0 associated with /C,, and a given set of integra-
tion constants {c;}e—1. n C C. Next, let r € Ny; we intend to construct
a solution u of the rth CH flow CH,.(u) = 0 with u(ts,) = u® for some
t(),T € R.

To emphasize that the integration constants in the definitions of the
stationary and the time-dependent CH equations are independent of each
other, we indicate this by adding a tilde on all the time-dependent quantities.
Hence we shall employ the notation V,, F,., G,, H,, fs, Js, hs, ¢, etc., in
order to distinguish them from V,,, F,,, G, Hy, fo, g¢, he, co, etc., in the
following. In addition, we will follow a more elaborate notation inspired by
Hirota’s 7-function approach and indicate the individual rth CH flow by a
separate time variable t, € R.
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Summing up, we are seeking a solution u of

(4.2) é\lilr(u) = Ay, — Ugat, + (Uggw — dUy) fr — 2(4U — Uygy) fr = 0,
U(xato,r> = u(O)(x)7 r €R,
(4.3) S—CHn(U(O)) = (Uggz — dUy) fro — 2(4u — Uyy) fre = 0,

for some ty, € R, n,r € Ny, where u satisfies (4.1). Actually, relying on the
isospectral property of the CH flows, we will go a step further and assume
(4.3) not only at t, = ty, but for all ¢, € R. Hence, we start with

(4.4) Up (z,2,t,) = Vyo(z,2,t,) + [U(z, 2, 1,), Vi(z, 2, 8,)] = 0,
—Vou(z,2,t.) + [U(z,2,t,), Vi(z,2,t,)] = 0,
(z,z,t,) € C x R?,

where (cf. (2.25)-(2.27))

1 1
Uz, x,t,) = (z—l(4u(x,tr) Uge (2, 1,)) 1) ’
(4.6) V(2 z,t,) = <Z_%(/(Z;fo,t;)) gr((z, i, ?))) |

and

W) Fueat) =3 fasln )2 = [ — mylat),
=0 j=1

(4.8) n(z,2,t,) Zgngxt

(4.9) H,(z,x,t,) Zhnzﬂﬂt 2t = ho(x,t, ﬁz—ijt
/=0 j=1

(4.10) ho(z,t,) = 4u(m t.) 4 2u,(x,t,),

(4.11) (2,0 t,) Zf,,sxt

(4.12) (2, 2,t,) Zgr s(z,t)
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(4.13) ?[r(z,x,m) = Z ﬁr,s(x,tT)zS,
(4.14) ho(z,t,) = du(z, t,) + 2ug(x,t,),

for fixed n,r € No. Here fo(z,t,), fo(z,t,), ge(x,t,), Gs(x,t,), he(z,t,), and
ﬁs(x,t,«) for ¢ =0,...,n, s = 0,...,r, are defined as in (2.3), (2.7), and
(2.8) with u(z) replaced by u(zx,t,), etc., and with appropriate integration
constants. Explicitly, (4.4), (4.5) are equivalent to

(4.15) duy, (z,t,) —Uger, (T, 1) — f[r7x(z, x,t,) + QﬁT(z, x,t,)

—2(4u(x, t,) — Uz (2, t,.))Gr(2, 2, t,.) = 0,
(4.16) ﬁr’x(z,x,tr) = Qér(z,x,tr) — 2ﬁr(2, z,t,.),

(4.17) zéw(z’,x,tr) = (du(z,t,) — uge(x, t,.))Fo(2,2,t,) — Ho (2, 2,t,)

(4.18)  F,.(z,z,t,) = 2G,(2,2,t.) — 2F, (2, 2,t,),
(4.19) H,.(z,z,t,) =2H,(z,2,t,) — 2(4u(z, t,) — ug(x,t,.))Gn(2, 2, t,),
(4.20) 2Gn(z,7,t,) = (du(z, t,) — upe(x, b)) Fo(2, 2, t,) — Ho(2, 2, t,),

First we will assume the existence of a solution of equations (4.15)—(4.20)
and derive an explicit formula for v in terms of Riemann theta functions.
In addition, we will show in Theorem 4.10 that (4.15)—(4.20) and hence the
algebro-geometric initial value problem (4.2), (4.3) has a solution at least
locally, that is, for (z,t,) € Q for some open and connected set © C R.

One observes that equations (2.3)—(2.41) apply to F,, G, Hn, fo, g,
and h, and (2.3)—-(2.9), (2.25)—-(2.27), with n replaced by r and ¢, replaced
by ¢y, apply to ﬁr, ér, ﬁr, fe, Go, and he. In particular, the fundamental
identity (2.24) holds,

(4.21) 2Gn(z,2,t,) + 2F, (2, 2,6, ) Hy (2,7, t,) = Ronia(2),

and the hyperelliptic curve C,, is still given by

2n+1

(422) Kot Fulz,9) =" = Ronsa(2) =0, Ronga(2) = [[ (2 = Ew),

m=0

assuming (3.6) for the remainder of this section, that is,

(423) Ey=0, Ey,... Ey €C \ {0}
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In analogy to equations (3.8), (3.9) we define

(424) ﬂj(xvtT) = (:U’j(mvtr)? _:uj<'r7tT)Gn<luj(xvt7’)7x7tT>) € K,
j=1,...,n, (z,t) € R?

<425) ﬁj(x’tr) - (Vj(x’tr>’ Vj('T,tr)Gn(Vj<l'7t7.),LIj‘7tr)) € Icnu
j=1,...,n, (z,t,) € R%

As in Section 3, the regularity assumptions (4.1) on u imply analogous reg-
ularity properties of F,,, H,, u;, and vj.

Next, one defines the meromorphic function ¢( -, z,t,.) on K,, by

y— 2Gp(z,z,t,)
F.(z,z,t.)

 zH,(z,7,t,)

oy +2G(2, 1, t,)

(4.26) o(P,x,t,) =

(4.27) P=(z,y) € K, \{Px.}, (7,t,) € R%.

Assuming (4.23), the divisor (¢(-,z,t,)) of ¢(-,z,t,) reads

(4.28) (¢(+,2,1)) = Dryit,) — Drac, plate):
with
(429) E:{ﬂl,...,ﬂn},2:{191,...,&”}GO'nICn.

The corresponding time-dependent vector W,
'le (P7 Z, Xo, tra tO,T‘)
¢2(P7x7$0atr7t0,7“) 7

P e ICn \ {Pooi}> (.Q?,l'o,tr,toﬂn) € ]R4

(430) \P(Paxax07tr7t0ﬂ“) - (

is defined by

(4.31)

Y1 (P, xo,ty, o, ) =€Xp (—/ Tds ((1/z)FT(z,.7c0, s)p(P, iL‘o,S)—G—GT(Z,:L'O,S))

0,r

- ) [ olp ) — o >)

0

(432) wQ(PVx’xO;tT?tO,T) = _’l/}l(P7x7x07t7’7t0,7')¢<P7x7t7’)/Z-
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The properties of ¢ can now be summarized as follows.

Lemma 4.2 Assume Hypothesis 4.1 and (4.4), (4.5). Moreover, let P =
(z,y) € Ky \{Px,, Px_, Py} and (z,t,) € R*. Then ¢ satisfies
(4.33)  ¢u(P,x,t,) — 27 (P x,t,.)* — 2¢0(P, x,t,)

+ du(x,t,) — uge(z,t.) =0,

(4.34) ¢y, (P, x,t,) = (du(w,t,) — uge(x, t,)) Fr(2, 2, L))
— Ho(z,2,t,) + 2(F (2, 2, t,) (P, x,1,)),

(4.35) = (1/2)Fu(z, 2, t,) (P, 2, t,)? + 2G, (2, 2, 1,) (P, , t,.)
— H,(2,,1,),

(430) 6Pt o) =~ )

(437)  O(Poasty) + G(P" a,t,) = —2%

(438) (P t,) — S(P* a,t) — %

Proof: Equations (4.33) and (4.36)(4.38) are proved as in Lemma 3.1. To
prove (4.35) one first observes that

(4.39) (02 = 2((1/2)6 + 1)) (¢4, — (1/2)Fo¢” = 2Grgp + H,) = 0
using (4.33) and relations (4.15)—(4.17) repeatedly. Thus,
1 ~ " . T
(4.40) ¢, — —F.¢* —2G,¢ + H, = Cexp (2/ dz' ((1/2)¢ + 1)),
z
where the left-hand side is meromorphic in a neighborhood of P,,_, while the

right-hand side is meromorphic near P,,_ only if C' = 0. This proves (4.35).
Using (4.16) and (4.33) one obtains

(4.41) (4u — tge) Fy + 2(Fr)e = 2G,¢ + (1/2)$?F,.

Combining this result with (4.35) one concludes that (4.34) holds. |



102 F. GEszTESY AND H. HOLDEN

Using relations (4.18)—(4.20) and (4.15)—(4.17), we next determine the
time evolution of F,,, G,,, and H,,.

Lemma 4.3 Assume Hypothesis 4.1 and (4.4), (4.5). In addition, let
(z,,t,) € C x R%. Then

(442)  F,, (z,3.t,) = 2(Go(z, 2, t,)Fp(z, 2, t,) — Folz, 2, 1,)G, (2, 2, 1,)),
(4.43) 2Goy, (2, 3,t,) = Fo(z, 2,6, Ho (2, 2, t,) — Hy (2, 3,8, Fo(2, 3, 1,),

(4.44) Hy,u(z,2,t,) = 2(H,(2,2,t.)Gp (2,2, t,) — Gu(z, 2, t,.)H (2, 2, t,.)).

Equations (4.42)—(4.44) are equivalent to

(4.45) Vo (z,2,t) + [Vi(z, 2, 8,), Vi(z, 2, 6,)] = 0.

Proof: We prove (4.42) by using (4.38) which shows that
(4.46) (0(P) — o(P*))y, = —2—3~
However, the left-hand side of (4.46) also equals

(4.47) O(P)i, = 6(P)s, = 13(G

using (4.35), (4.37), and (4.38). Combining (4.46) and (4.47) proves (4.42).
Similarly, to prove (4.43), we use (4.37) to write

(148)  (BP)+ 6Py, = 2 (GriFo — GuFrg)

Here the left-hand side can be expressed as

zG,, 2

WFH,U + F (ﬁTHn - ﬁTFn)7

(4.49) G(P)i, + (P, =2

using (4.35), (4.36), and (4.37). Combining (4.48) and (4.49), using (4.42),
proves (4.43). Finally, (4.44) follows by differentiating (2.24), that is,

(ZGTL>2 + ZFan = R2n+2,

with respect to t,, and using (4.42) and (4.43). |
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Lemmas 4.2 and 4.3 permit one to characterize V.

Lemma 4.4 Assume Hypothesis 4.1 and (4.4), (4.5). Moreover, let P =
(z,y) € Ku \ {Pooss P, Po} and (z,x0,tr,t0,) € RY. Then the Baker—
Akhiezer vector W satisfies

(450) \I/:L’(P7xax07t’r’at0,7‘) - U(Zux7t7")\I/(P7x7x07t7"at0,T)7

(451) _yqj(Pax:xmtratO,r) = Zvn<zaxatr)qj(Pax7x07tr>t0,r>7

(452) lIltr<P7xux(]atﬂt(]ﬂ‘) = ‘/;"(Zax7tT>\Ij(Paxe07tT7t0,T)7

Fo(z,z,t,) 1/2><
)

4.53 P tr, tor) =
( ) 77ZJ1( y Ly L0, 0, ) (Fn(Z,xo,to’T

X eXp (— (y/2) / " dsE (2. 20, ) Fo (2. 70, 5) " — (3/2) / A F (e tr)_l),

tO,'r' 0
(4.54) (P try to )i (P e, to,r) S
. T. T s tor y Ly T,y Uy, r N
1\4L7 s Lo, 0,7 /%1 0 N Fn(zv Zo, tUﬂ‘)
Hn(Z,.T,tr)

(4.55)  tho( P, o, by, oy )2 (P", @, %0, by boy) =
(4.56) V1 (P, x, o, tr, Lo )2 (P, 2, To, tr, tor)
+i1(P*, x, 20, tr, tor )02 (P, , xo, tr to,) =
(4.57) Y (P, x, o, by, to, )02 (P*, &, o, by, to,r)
— 1 (P, 2,20, by, Lo )02 (P, 10,y to,) =

_ZFn(Zv Zo, tO,T)’

, Colzo.t)
Fn(Z, Zo, tO,T) ’

2y
ZFn('za Zo, tO,r) .

In addition, as long as the zeros of F,(-,z,t.) are all simple for (x,t.),
(z0,t0,) €Q, Q C R? open and connected, V(- , x, xg, t,, to,), (x, 1),
(2o, to,) € Q, is meromorphic on IC, \ { Py, P }-

Proof: By (4.31), ¥1(-,z, zo,t,, to,) is meromorphic on K, \ { P } away
from the poles fi;(xo,s) of ¢(-,xo,s) and fuy(2',¢,) of ¢(-,2',¢t,). That
(-, 2, 20,1, to,) is meromorphic on ), \ {Px.} if F,(-,x,t.) has only
simple zeros is a consequence of (cf. (3.31))

1 : _ 0 /
(4.58) —;qb(P, 7' t,) I v In (Fy(z,2,t,)) + O(1)
as z — pi(2',t,), and
1~ 0
(4.59) —;Fr(z, xo, $) (P, o, S>Pﬂﬂixo,s) 55 In (F,(z,20,5))+0(1)

as z— (o, s), using (4.24), (4.26), and (4.42).
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This follows from (4.31) by restricting P to a sufficiently small neigh-
borhood U;(zo) of {f1;(zo,s) € Ky | (x0,5) € Q, s € [to,,t.]} such that
fu(xo, s) & U;(zo) for all s € [to,,t,] and all & € {1,...,n} \ {j} and by
simultaneously restricting P to a sufficiently small neighborhood U;(t,) of
{i;(2',t,) € Ky | (2/,t,) € Q, 2 € [zg, 2]} such that (2, t,) ¢ U;(t,) for
all 2/ € [z, z] and all k € {1,...,n}\ {j}. By (4.32) and the fact that ¢ is
meromorphic on K, one concludes that 15 is meromorphic on /C,, \ { P }
as well. Relations (4.50) and (4.51) follow as in Lemma 3.1, while the time
evolution (4.52) is a consequence of the definition of W in (4.31), (4.32) as
well as (4.35), rewriting

(4.60) (1/2)¢r, = ((1/2)20F, + G,) _,

using (4.17) and (4.34). To prove (4.53) we recall the definition (4.31),
that is,

U1 (P, x, 20, by, to,) =e€xp ( —(z —x0) — (1/z)/ dr' ¢(P, ' t,)

0

—/trds ((1/2)]1(2,:co,s)gb(P,xo,s)—l—ér(z,xo,s)))

0,r

(4.61) - (M) v exp ( — (y/2) / (el )

Fn(2>$0,t7~) o
_/Tds ((1/z)ﬁr(z,xo,s)gb(P,$0,8)+ér(z,$o,s))),

using the calculation leading to (3.26). Equations (4.26) and (4.42) show that

(462) ;FT(Z,ZL’(),S)¢(P,ZL'0,S) +ér(2’,$0,5) =

Y E(z,xo,s) 1 Foy, (2,20, 5)
2 Fu(z,m0,5) 2 Fu(z,x0,8)

which inserted into (4.61) yields (4.53). Evaluating (4.53) at the points P
and P* and multiplying the resulting expressions yields (4.54). The remain-
ing statements are direct consequences of (4.36)—(4.38) and (4.53). |

Next, we turn to the time evolution of the quantities p; and v; assuming
(3.32), that is,

(4.63) Ey=0, E,,€C\ {0}, E,, # E,v for m#m', m,m' =1,... 2n+1.
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Lemma 4.5 Assume Hypothesis 4.1, (4.63), and (4.4), (4.5) on an open
and connected set fNZ“ CR?. Moreover, suppose that the zeros u;, j=1,...,n,
of F,(+) remain distinct and nonzero on Qu- Then {j;}j=1,. n, defined
by (4.24), satisfies the following first-order system of differential equations

y(,(z, t & _
(464) uj@(x?t?") ’u] H /~LJ Z, t /M(xvtT» 17
=

(4.65) piy, (@, 1) =2F,(n(w, 1)), 2, t,) ys(e,t) |

:uj(mvtr)
X H(,U](.T,tr) - H’K(xatr))_lusz -, (xatr) € Qu-
=

Next, assume IC,, to be nonsingular and introduce the initial condition

(466) {ﬂj(iﬁo,to,r)}j:l ,,,,, n C Kn

for some (xg,t0,) € R%, where pj(xo,to,) # 0, j = 1,...,n, are assumed
to be distinct. Then there exists an open and connected set Q, C R?, with
(w0, tor) € S, such that the initial value problem (4.64)—(4.66) has a unique
solution {fi;}j=1..n C IC, satisfying

-----

(4.67) i€ C®(Q, Ky, j=1,...n,

and pj, j =1,...,n, remain distinct and nonzero on 1.

=1,...,

=1,...,

satisfies the system

(4.68)
2(du(z, b)) — uga(z, b)) y(0(z,t) T ‘ s .
Vjg(z,t,) = du(zx, t,) + 2uy(x, t,) vi(x,t,) E(Vg(x,tr) o(x,t,))
l#]
(4.69)
B Zﬁr(vj(m,tr),x,tr) y(0;(z,t,) 1 .
Vi (1) = du(x, t,) + 2u,(z,t,)  vi(x,t,) Kl_Il(Vj@’tT) — vl b))
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Proof: It suffices to prove (4.65) since the argument for (4.69) is analogous
and that for (4.64) and (4.68) has been given in the proof of Lemma 3.2.
Inserting z = p;(x,t,) into (4.42), observing (4.24), yields

E - ﬁ'r M ~
(4T0) B, 1) = e, L0 — ) = 2B, ) Giiny) = 27785y )
7
The rest is analogous to the proof of Lemma 3.2. [

Next we note the following trace formula, the ¢,-dependent analog of (3.38).

Lemma 4.6 Assume Hypothesis 4.1, (4.4), (4.5), and let (z,t,) € R*. Then

2n+l
(4.71) Z wiz, t,) Z E,,
We also record the asymptotic properties of ¢, the analogs of (3.41) and (3.42).

Lemma 4.7 Assume Hypothesis 4.1, (4.4), (4.5), and let P = (z,y) €
]CTL \ {POO+7 P0077 P0}7 (x7t7~) c RQ. Then

(4.72)
_2_1_2 y br T\ br @ 7P_>Poo+7
S(Paty) = o AL ROl (=21,
=0 2u(z, t,) + ug(z,t,) + O(C), P — Py _,
2n+1 1/2
(fi =)
__m= 2 - _ 1/2
(473) ¢(P7 xatr) C:O fn(xa tr) C + O(C )7 P P07 C 2.

Since the proofs of Lemmas 4.6 and 4.7 are identical to the corresponding
stationary results in Lemmas 3.3 and 3.4 we omit the corresponding details.

Next, recalling the definition of dr » and F, (u]) introduced in (C.24) and
(C.27) and also the definition of BQ and 5 n (3.50) and (3.51), respec-
tively, we now state the analog of Lemma 3 6 thereby underscoring the

marked differences between the CH hierarchy and other completely inte-
grable systems such as the KdV and AKNS hierarchies.
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Lemma 4.8 Assume (4.63) and suppose that {{i;};1..., satisfies the Dubro-
vin equations (4.64), (4.65) on an open set Q, CR? such that p;, j=1,...,n,
remain distinct and nonzero on €, and that ﬁr(uj) #0onQ,, j=1,...,n.
Introducing the associated divisor Dy Ea"l%n, = {fu,...,fin} € a”len, one
computes

0 2

(4'74) %QQO (Dﬁ(x,tr)) = _WQ(D’ (37,157«) € Q#a
(4.75) %QQO (Daatn) = —m( dr,k(ﬁ)\l’k(g(w,tr)))g(l)

2 Y dndB0), (it €,

{=1V(n+1-r)

In particular, the Abel map does not linearize the divisor Dy(. .y on §,. In
addition,

H & /ﬂj(zvtr) )
476 2 - C . (nh) e,
( ) o jz; . m an(ﬁ<x’ tr)) ( ) ©

0 ~ 2 n
4.77 —B(Dpery) =< ’ ) € Qy,
( ) axé( i ’tT)) {2(0, 50,1), n>2 () a

o n i (x,tr) 9 rAn _
(4.9 L g 3 el )Vl 1)

o2 Sy T ) ¢

+ 2dr,n (E)(;nﬂ"/\nv (l‘7 t?") € Qu)
a R IS R A ' R R

(4.79) a—tQCDg(:r,tr)) =2 CrosCsr1-n(E), ..., Cr—sCor1(L),

s=0 s=0

er_ses@)),e_g@ 0. (eN. (5.1,) €D,

s=0

Proof: Let (z,t,) € Q,. Since (4.74), (4.76), and (4.77) are proved as in
in the stationary context of Lemma 3.6, we focus on the proofs of (4.75),
(4.78), and (4.79).
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Then, using (4.65), (3.55), (C.11), and (C.9), (C.14), and (C.15) one
obtains?

a n ﬂj n n Iuk';fl
w) =) i ) clk)—=
8@(;/@) ) ; ’ ; y(it;)
n n k—1 -~
H E (1)
=2 c(k J J
;;_( )Hezl(u — [e) Ky
n n k—1

o]
x <_ g i (E) W (1) q)&jjnzs) + W: Ay (E) DY) 1(g)>
L, mz i) ‘f’pm((g () (Un(12))s (Un ()
o mz i(E) AT AT .
_ —%@;dm (ﬁ)%(g)g(l)+2§ir.m<ﬁ>£<n—m+1>
a0 N YULLMMENTES o )
Okt 1Y (e 1—1)

Equation (4.78) is just a special case of (4.75) and (4.79) follows as in (4.80)
using again (C.9). [

The analogous results hold for the corresponding divisor Dy, ,) associ-
ated with ¢( -, xz,t,).

The fact that the Abel map does not effect a linearization of the divisor
Dj(z,t,y in the CH context is well-known and discussed (using different ap-
proaches) by Constantin and McKean [29], Alber, Camassa, Fedorov, Holm,
and Marsden [3], Alber and Fedorov [7], [8]. A change of the variable ¢; in
analogy to that in (3.57) in the stationary context, which avoids the use of
a meromorphic differential (cf. (3.50), (3.51)) and linearizes the Abel map
when considering the CH; flow, is discussed in [1]. That change of variables

corresponds to the case r = 1 in (4.83).

Ym An = min(m,n).
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Next we turn to one of the principal results of this section, the represen-
tations of ¢ and w in terms of the Riemann theta function associated with
K., assuming K,, to be nonsingular. Recalling (3.58)—(3.67), the analog of
Theorem 3.7 in the stationary case then reads as follows.

Theorem 4.9 Suppose Hypothesis 4.1 and (4.2), (4.3) on Q subject to the
constraint (4.63). In addition, let P € K,\{Px_, Po} and (x,t,), (zo,t0,) €
Q, where Q C R? is open and connected. Moreover, suppose that Dia ), or
equivalently, Dy(z4.y, is nonspecial for (x,t,) € Q. Then ¢ and u admit the
representations

(481)  ¢(Pat,) = —2 i

1 n 12n+1
(4.82) ule,t,) = 5 ; N= g mZ:% Ep,

1 — 0 0(2(Poo, i, t,)) +w
+_ZUJ In ( (Poo, %< )
2 j aw] e(z(Poo_ ; H(xv tr) + w) w=0
Moreover, let Q C Q be such that pj, j =1,...,n, are nonvanishing on Q.

Then, the constraint

r

(483) 2(1‘ - ZE()) + Q(tr - tO,’I’) Z 6r—sés(ﬁ) =

s=0

P TR CN

WAL b Wy (o, ')
—2Y d(E) / —7’0&’)

; (E) W, (p(wo, 1)

n

2t —to,) Y d<E>Z( / a§;+,Pm_)cj<f>

£=1V(n+1-0)
I (9(_<Poo+,g(x,tr>>)9( (Poo_. il
0(2(Poc_, i, 1)) 8 (2( Poc, . w0, to,r))
t )7 (x07t0,r) c ﬁ

I
12
= .
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holds, with

(4'84) z(POOi7 ﬂ(ZL‘, tr)) = EQO - AQO(Pooi) + QQO (Dg(x,tr))

([ saatr)

(4.85) = EQO - A\QO(POOi) + QQO (,D;(Ivto,r))
AL ~ tr \Dk(ﬁ<x7t)) /
~2( 20 [ g™ )

#2010 3 s Bel0)),

{=1V(n+1-r)
(.CE, tr), (ﬂfo, tO,r) € Q

Proof: First, let Q C Q be defined by requiring that p;, j = 1,...,n, are
distinct and nonvanishing on Q and ﬁ(uj) # 0 on Q, j=1,...,n. The

representation (4.81) for ¢ on Q then follows by combining (4.28), (4.72),
(4.73), and Theorem A.5 since D; and D are simultaneously nonspecial

as discussed in the proof of Theorem 3.7. The representation (4.82) for u
on Q follows from the trace formula (4.71) and (C.46) (taking k = 1). By

continuity, (4.81) and (4.82) extend from € to €. The constraint (4.83) then

holds on Q by combining (4.76)—(4.79), and (C.45). Equations (4.84) and
(4.85) are clear from (4.74) and (4.75). Again by continuity, (4.83)-(4.85)

extend from € to Q. [ |

As discussed by Alber, Camassa, Fedorov, Holm, and Marsden [3], Alber
and Fedorov [7], [8], the algebro-geometric CH solution w in (4.82) is not
meromorphic with respect to x, ¢, in general. In more geometrical terms, the
CH, flows evolve on a nonlinear subvariety (corresponding to the constraint
(4.83)) of a generalized Jacobian, topologically given by J(K,,) x C* (C* =
C\ {0}). For discussions of generalized Jacobians in this context we refer,
for instance, to [37], [43], [44]. Smooth (i.e., C' with respect to ¢; and C?
and hence C'*° with respect to x) spatially periodic CH; solutions u are
quasi-periodic in ¢; as shown by Constantin [22].

Without going into details we mention that our approach extends in a
straightforward manner to the Dym-type equation,

(4.86) Vpat + 200500 + 40,05 — 450 =0, K €R, (2,t) € R%
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The corresponding zero-curvature formalism leads to a trace formula analo-
gous to (4.71) (cf. [3], [7], [8]). One needs to replace the polynomial Ry, 2(2)
by Roni1(2)=[1>"_(2 — E,), which results in a branch point P, at infinity,
and replaces the (non-normalized) differential 555;)0+, p.. of the third kind

by the (non-normalized) differential &532; = 2"dz/y of the second kind, etc.
This approach (applied to the Dym equation 4p; = p?py.., related to (4.86)
by proper variable transformations) was first realized by Novikov [56] and
inspired our treatment of the CH hierarchy.

Expressing F, in terms of W, (x1) and hence in terms of the theta function
associated with K, one can use (4.53) to derive a theta function represen-
tation of ¢;, 7 = 1,2, in analogy to the stationary case discussed in Remark
3.9. We omit further details.

Up to this point we assumed Hypothesis 4.1 together with the basic
equations (4.4) and (4.5). Next, we will show that solvability of the Dubrovin
equations (4.64) and (4.65) on €2, C R? in fact implies equations (4.4) and
(4.5) on €, and hence solves the algebro-geometric initial value problem
(4.2), (4.3) on €. In this context we recall the definition of F(u;) in terms
of pi1,. .., pin, introduced? in (C.24), (C.27),

rAn
(4.87) Zdrk E)oY (u), reNy, & =1,
(4.88) dvi(E) = Z Crnsts(E), k=0,....1An,
in terms of a given set of integration constants {¢;,...,¢.} C C.

Theorem 4.10 Fiz n € N and assume (4.63). Suppose that {fi;};j=1,. n
satisfies the Dubrovin equations (4.64), (4.65) on an open and connected set
Q, C R?, with F,(u;) in (4.65) expressed in terms of uy, k = 1,...,n, by
(4.87), (4.88). Moreover, assume that p;, j =1,...,n, remain distinct and
nonzero on §),. Then u € C*(Q,) defined by

n 2n+1
1 1
(4.89) u(w,t) = 5 > pilat,) — T > En,
j=1 m=0

satisfies the rth CH equation (4.2), that is,
(4.90) CH,(u) = 0 on Q,,
with initial values satisfying the nth stationary CH equation (4.3).

2m A n = min(m,n).
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Proof: Given solutions f; = (uj,y(f1;)) € C*(Q,,K,), 5 =1,...,n of
(4.64) and (4.65), we define polynomials F),, G,, and H,, on Q, as in the
stationary case, cf. Theorem 3.11, with properties

n

(191) R = TIG-m).

(4.92) Gn(2) = Fu(2) 4+ (1/2)F,.(2),

(4.93) 2Gna(2) = (du — ug)Fu(2) — Hu(2),
(4.94) H,.(2) = 2H,(2) — 2(4u — uz,)Gn(2),
(4.95) Ronia(2) = 2°Gn(2)? + 2F,(2)H,(2),

treating ¢, as a parameter.
Define polynomials G, and H, by

(4.96) Gr(2) = Fo(2) + (1/2)Fral2),.

(4.97) H,(2) = (4u — uyzs) Fr(2) — 2G, 2 (2),
respectively. We claim that

(4.98) Fop (2) = 2(Gu(2)Fr(2) — Fu(2)Go(2)).
To prove (4.98) one computes from (4.64) and (4.65) that
(4.99) Fo(2) = =Fu(2) D Bz = 1) ™
(410()) Fn,x(z) = —Fn(Z) Z:U’j,ﬂﬂ(z - luj)_l'

Using (4.92) and (4.96) one sees that (4.98) is equivalent to
(4101> Fr,:}c(z) = Z (Fr(z) - Fr(:uj)),uj,:r(z - Mj)il'
j=1
Equation (4.101) is proved in Lemma C.5. This in turn proves (4.98). Next,

taking the derivative of (4.98) with respect to x and inserting (4.92) and
(4.93), yields

(4.102)  Foya(2) =2((1 /zz (4u — tgy) Fy(2)F)(2) — (~1 /z)Hn(z)ﬁ,ﬁz)
+Gn(Z)Fr,J:(Z)_Q(GN(Z)_Fn(z))Gr(Z)_Fn(Z>Gr,x(Z))'

On the other hand, by differentiating (4.92) with respect to t,, using (4.98)
one obtains

(4.103) Froto(2) = 2(Goy, (2) — 2(Gu(2)Fr(2) — Fu(2)G,(2))).
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Combining (4.92), (4.96), (4.102), and (4.103) one concludes

(4.104) 2Gny,(2) = Fo(2)H, . (2) — F.(2)H,(2).

Next, taking the derivative of (4.95) with respect to ¢, and using expressions
(4.98) and (4.104) for F,,;, and G4, , respectively, one obtains

(4.105) Ho, (2) = 2(Gr(2) Ha(2) — Gu(2)H, (2).

Finally, we compute G, 4, in two different ways. Differentiating (4.104)
with respect to z, using (4.92), (4.96), and (4.94), one finds

Gt (2) = Hoal2)F(2) + 2Co(2),(2) = G (2)Ho(2)

(4.106) + 204U — Uy )G (2)F(2) — 2F,(2)H, ().

Differentiating (4.93) with respect to ¢,, using (4.98) and (4.105), results in

2t (2) = (U, — Ugar, ) Fr(2) — Q(GT(Z)HH(Z) - Gn(z>ﬁr(z))

(4.107) + 204U — Uy ) (G (2) Fu(2) — Fo(2)Go(2)).

Combining (4.106) and (4.107) one concludes

(4.108) Uy, — Ugay, = Hy(2) 4 2(40 — t30) G (2) — H,(2)

which is equivalent to (4.90). |

Appendix A. Hyperelliptic curves and their theta
functions

We provide a brief summary of some of the fundamental properties and
notations needed from the theory of hyperelliptic curves. More details can be
found in some of the standard textbooks [36] and [55], as well as monographs
dedicated to integrable systems such as [15, Ch. 2], [46, App. A-C].

Fix n € N. The hyperelliptic curve IC,, of genus n used in Sections 3
and 4 is defined by

2n+1

(A1) Kn: Fulz,9) = y* = Ronga(2) =0, Ranya(2) = H (z = Em),

m=0

(A.2) {En}tm=o..2nt1 CC, E, # E, for m#m’, mym'=0,...,2n+1.
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The curve (A.2) is compactified by adding the points P, and Ps_, P, #
P, _, at infinity. One then introduces an appropriate set of n 4+ 1 noninter-
secting cuts C; joining E,, ;) and E,, ;. We denote

n+1

(A.3) c=Jc, ¢ne=0, j#k
j=1

Define the cut plane

(A.4) II=C\C,

and introduce the holomorphic function

241 1/2
(A5) R2n+2('>1/21 H—>(C, 2= (H(Z_Em))

on IT with an appropriate choice of the square root branch in (A.5). Define
(A6) M, ={(2,0Rp2(2)"*) | 2€C, 0 € {1,-1}} U{Ps,, Ps_}

by extending Ronia(-)"? to C. The hyperelliptic curve K, is then the set
M, with its natural complex structure obtained upon gluing the two sheets
of M,, crosswise along the cuts. The set of branch points B(K,,) of I, is
given by

(A-7) B(Icn) = {(Em,())}m:o ..... 2n+1

and finite points P on K, are denoted by P = (z,y), where y(P) denotes
the meromorphic function on K, satisfying F,,(z,y) = y* — Roni2(2) = 0.
Local coordinates near Py = (z0,%0) € K, \ {B(K,) U {Px,,Px_}} are
given by (p, = z — 2, near P, by (p ., = 1/z, and near branch points
(Emg,0) € B(Ky) by (5,00 = (2 = Emg)'/?. The Riemann surface K,
defined in this manner has topological genus n. Moreover, we introduce the
holomorphic sheet exchange map (involution)

(Ag) *: Kp — Ky, P:(Z,y)'—)P*:(Z,—y), Pooi'_}Po*oi:P(xH:

One verifies that dz/y is a holomorphic differential on K, with zeros of
order n — 1 at P, and hence

A
(A.9) n; = — j=1,....n
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form a basis for the space of holomorphic differentials on /C,,. Introducing
the invertible matrix C' in C",

(AlO) C = (ijq;)j,k:l ..... ns C],k = / 77,]7
ag
(A.11) c(k) = (ci(k), ..., ca(R)), ci(k)=Crp, G k=1,...,n,

the corresponding basis of normalized holomorphic differentials w;, j =
1,...,n on I, is given by

n

(A.12) w; = ch(é)m, / wj =0k, Jk=1,...,n

=1 Gk

Here {a;,b;};=1..n is a homology basis for I, with intersection matrix of
the cycles satisfying

(A.13) ajoby, =0, Jk=1,...,n.

Near P, one infers

A1) w=lon e = i<z (HQ"_*;Z)E E,TLO)”)CZC

and

2n+1
(A.15)  y(P) = IF(l — %( Em)C+O(C2))Cn1 as P — P,

¢—0
Similarly, near P, one computes

(A.16) w = —2i(QY%c(1) + O(¢?))d¢ as P — P,

¢—0
B 2n+1 1/2
Q1/2 - ( H Em) 9 C = 021/27 (S {1a _1}7
m=1

using

(A.17)  y(P) = iQV?C+0(C* as P — By, (=022 oe{l,-1},

with the sign of Q'/2 determined by the compatibility of charts.
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Associated with the homology basis {a;,b;};=1. ., we also recall the
canonical dissection of K, along its cycles yielding the simply connected
interior /C,, of the fundamental polygon 0IC,, given by

(A.18) 0K, = arbyay by \agbeay byt - a b

Let M(K,,) and M'(K,,) denote the set of meromorphic functions (0-forms)
and meromorphic differentials (1-forms) on C,,. The residue of a meromor-
phic differential v € M(K,,)) at a point Q € K,, is defined by

1
(A.19) resg(v) = - /m v,

where 7 is a counterclockwise oriented smooth simple closed contour encir-
cling () but no other pole of v.

Holomorphic differentials are also called Abelian differentials of the first
kind (dfk). Abelian differentials of the second kind (dsk) w® € M (K,)
are characterized by the property that all their residues vanish. They will
usually be normalized by demanding that all their a-periods vanish, that is,

(A.20) /w(Q): . j=1,...,n.

J

If wgl)m is a dsk on IC,, whose only pole is P, € I/C\n with principal part
(" 2d¢, n € Ny near Py and w; = (3°°°_, d;n(P1)¢™) d¢ near Py, then

m=0
1 ) dim(P))
A21 — (2) _ Zgml71) =0.1,...
( ) 2mi Jy, P = T TS

Any meromorphic differential w® on I, not of the first or second kind
is said to be of the third kind (dtk). A dtk w® € M (K,) is usually
normalized by the vanishing of its a-periods, that is,

(A.22) / w® =0, j=1,...,n

a;
A normal dtk ng),Pz associated with two points P, P, € /En, P # P
by definition has simple poles at P; with residues (—1)’*!, j = 1,2 and
vanishing a-periods. If wg")Q is a normal dtk associated with P, () € I/C\n,
holomorphic on /C,, \ {P, @}, then

1 (3) P .
(A.23) 77 bij’Q:/Q w;, j=1,...,n,

where the path from ) to P lies in len (i.e., does not touch any of the cycles
(lj, b]>
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Explicitly, one obtains

2dz [T, (z = X\))d=
(A24) wpp) . = + Yy = —————,
y = y
A9 3) _ ly+wpdz H?:1(Z — ) dz
(A.25) Yp P, = o5 _ . )
+ 22—21 9y 2y
(a20) o, = tywrmds It X)d
' P1Poo_ 22—21 2y ’
n—1
' P1.py 2—21 z2—2)2y " y ’

P17P2€lcn\{POO+7P007}7

where 7;, A, :\j, N, A] € C, j=1,...,n, are uniquely determined by the re-
quirement of vanishing a-periods and we abbreviated P; = (z;,y;), j = 1,2.
(If n = 0, we use the standard convention that the product over an empty
index set is replaced by 1.) We shall always assume (without loss of gener-
ality) that all poles of dsk’s and dtk’s on K, lie on K. (i.e., not on 6I€n)

Define the matrix 7 = (7j4);js=1.. by

(A28) ijg:/ We, j,ézl,...,n.
bj
Then
(A.29) Im(r) >0, and 7,=m, Jl=1,...,n

Associated with 7 one introduces the period lattice
(A.30) L,={2€C"|z=m+7n, mneZ"}

and the Riemann theta function associated with K,, and the given homology

(A.31) 0(z) = Z exp (2mi(n, 2) + mi(n,n)), z€C,
nezr
where (u,v) = >_7_ Wv; denotes the scalar product in C". It has the

fundamental properties

(A32) O(z1,...,2j-1,—2j, Zj11,-- -, 2n) = 0(2),
(A33) O(z+m—+7n) =exp (—2mi(n, z) — mi(n,mn))0(z), m,neZ".
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Next, fix a base point Qo € K\, \ {Fo., P, }, denote by J(K,) = C"/L,, the
Jacobi variety of IC;,, and define the Abel map Ag, by

(A.34)
P P
Agy: K — J(Ky), Ag,(P) = (/Q Wi, - . .,/Q wn) (mod L,), P € K,.
Similarly, we introduce
(A35)  ag,: Div(K,) — J(K,), D ag,( Z D(P)Ag, (P

Peky,

where Div(/C,,) denotes the set of divisors on K,,. Here D: K,, — Z is called
a divisor on IC,, if D(P) # 0 for only finitely many P € IC,,. (In the main
body of this paper we will choose )y to be one of the branch points, i.e.,
Qo € B(K,), and for simplicity we will always choose the same path of
integration from @y to P in all Abelian integrals.) For subsequent use in
Remark A.7 we also introduce

(A.36) A\Qo: K, — C",

and

(A37)  Gg,: Div(K,) = C", D Gg, (D)= > D(P)Ay,(P).
Peky,

In connection with divisors on K, we shall employ the following (addi-
tive) notation,

(A38> DQOQ = DQO + DQ’ DQ = DQI 4+ -4 Dwa
Q:{Q17"'7Qm}eamlcn7 QOGICTL7 m€N7

where for any Q € K,

1 for P=0Q,

A.39 Do: Ky, — Ny, P Dy(P)=
(A.39) Q 0 o(P) {0 for P e 0, \ {Q).
and o™ IC,, denotes the mth symmetric product of K,. In particular, c™IC,
can be identified with the set of nonnegative divisors 0 < D € Div(K,) of
degree m € N.
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For f € M(K,)\ {0}, w € M'(K,) \ {0} the divisors of f and w are
denoted by (f) and (w), respectively. Two divisors D, £ € Div(K,) are
called equivalent, denoted by D ~ &, if and only if D — & = (f) for some
fe M(K,)\ {0}. The divisor class [D] of D is then given by [D] = {€ €
Div(K,) | € ~ D}. We recall that

deg((f)) = 0, deg((w)) = 2(n — 1),
fe MK\ {0}, w € MY(K,) \ {0},

where the degree deg(D) of D is given by deg(D) = > pp, D(P). It is
customary to call (f) (respectively, (w)) a principal (respectively, canonical)
divisor.

(A.40)

Introducing the complex linear spaces

(Adl) L(D)={f € M(K,) | f =0 or (f) > D}, r(D) = dime £(D),
(A42) LYD)={we M (K,)|w=0or (w)>D}, i(D) = dimec L*(D),

(¢(D) the index of specialty of D) one infers that deg(D), (D), and i(D)
only depend on the divisor class [D] of D. Moreover, we recall the following
fundamental facts.

Theorem A.1 Let D € Div(K,,), w € MY(K,)\ {0}. Then
(A.43) i(D) =r(D — (w)), n €N,

The Riemann-Roch theorem reads

(A.44) r(=D) = deg(D) +i(D) —n+1, neN,.

By Abel’s theorem, D € Div(KC,), n € N, is principal if and only if
(A.45) deg(D) =0 and a,, (D) = 0.

Finally, assumen € N. Then ag, : Div(K,) — J(K,) is surjective (Jacobi’s
inversion theorem).

Next we introduce

and note that while c™C,, Z ¢"K,, for m < n, one has W, C W, for m < n.
Thus W,, = J(K,) for m > n by Jacobi’s inversion theorem.

Denote by Zo) = (2@, - - -1 Zq,.,) the vector of Riemann constants,

- 1 - r .
(A.47) =00, —5(1+Tj,j)—2/ a)g(P)/Q wij, j=1,...,n.
=1 v % 0

#j
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Theorem A.2 The set W, | +Z, C J(K,) is the complete set of zeros of
6 on J(K,,), that is,

(A.48) 0(X) =0 if and only if X € W, | + Ep,

(i.e., if and only if X = (ap, (D) + Eg,) (mod L,) for some D € a"'K,,).
The set W,y + Zq, has complex dimension n — 1.

Theorem A.3 Let Dg € 0"K,, @ ={Q1,...,Qn}. Then

(A.49) 1<i(Dq) = s

if and only if there are s pairs of the type {P,P*} C {Q1,...,Qn} (this
includes, of course, branch points for which P = P*). Obuviously, one has
s<n/2.

Remark A.4 While 6(z) is well-defined (in fact, entire) for z € C", it is
not well-defined on J(K,) = C"/L, because of (A.33). Nevertheless, 6 is
a “multiplicative function” on J(XC,,) since the multipliers in (A.33) cannot
vanish. In particular, if z; = z, (mod L,), then 6(z;) = 0 if and only if
6(z,) = 0. Hence it is meaningful to state that 6 vanishes at points of J(K,,).
Since the Abel map A, maps K, into J(KC,), the function 0(Ag, (P) — §)
for £ € C", becomes a multiplicative function on C,. Again it makes sense
to say that 0(Ag, () — &) vanishes at points of IC,,.

Theorem A.5 Let Q = {Q1,...,Q,} € 0"K,, and assume Dg to be non-

special, that is, i(Dq) = 0. Then
(A50) 0(Zg, — Ag,(P) +aq,(Dq)) = 0 if and only if P € {Q1,...,Qn}.

Theorem A.6 Suppose D; € "k, is nonspecial, ji = {ju,...,fin}, and
ﬂn+1 c ’Cn with /AL;Jrl € {ﬂl; c. ,/ln} Let {)\1, . >\n+1} C K:n with Déj\nﬂ ~
Dppsy (i€, D5, ., € [Dapnia])- Then any n points 0; € {A1,..., Mg},
Jj=1,...,n define a nonspecial divisor Dy € 0c"K,,, .= {1, ...,0,}.

Proof: Since i(Dp) = 0 for all P € Ky, there is nothing to prove in the
special case n = 1. Hence we assume n > 2. Let Qo € B(K,,) be a fixed
branch point of K,, and suppose that D; is special. Then by Theorem A.3
there is a pair {0, 0*} C {04, ...,0,} such that

(A.51) ag,(Dy) = ag,(Ds),
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where o = {1, ..., 0.} \ {7, "} € 0" 2K, Let oyn € {M,oo At b\
{01, 0} so that {01, ..., Dps1} = {1,  Apga } C 0", Then

(A52> QQo (Dgﬁn'*'l) = QQ, (D@}n-&-l) = &g, (DZ:\n+1)
= Qq, (Dﬁﬂnﬂ) = _AQO (/12+1) + @0, (Dﬁ)’

and hence by Theorem A.2 and (A.52),

Since by hypothesis Dj is nonspecial and iy & {fu1, ..., fin}, (A.53) con-
tradicts Theorem A.5. Thus, D, is nonspecial. [

Remark A.7 In Sections 3 and 4 we frequently deal with theta function
expressions of the type

0(Eq, — A, (P) + aq,(Dy

NE ) (e
o op) =gt e ([, #6la,). Per,

and

0(Zg, — Ag,(P) + ag,(D1)) ‘00
A58 u(p) = Gt e e (o[ 9°). Pe

0

where D; € 0"K,,, j = 1,2, are nonspecial positive divisors of degree n, c € C
is a constant, Q; € K, \ {Pooy, ..., Py} Where {Ps,, ..., Py}, N € N,
denotes the set of points of K,, at infinity, wS’B’QZ is a normal differential of
the third kind, and Q® a normalized differential of the second kind with
singularities contained in {Px,, ..., Px, }. In particular, one has

(A.56) /wg’i@:/ O® =0, j=1,...,n.

J J

Even though we agree to always choose identical paths of integration from
Py to P in all Abelian integrals (A.54) and (A.55), this is not sufficient
to render ¢ and ¢ single-valued on K,,. To achieve single-valuedness, one
needs to replace K, by its simply connected canonical dissection ), and
then replace Ay, ag, in (A.54) and (A.55), with Ay, @p, as introduced in
(A.36) and (A.37). In particular, one regards a;,b;, j = 1,...,n, as curves
(being a part of 8l€n, cf. (A.18)) and not as homology classes. Moreover, to
render ¢ single-valued on K. one needs to assume in addition that

(A.57) Gg,(D1) — 3g,(D2) = 0
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(as opposed to merely aq (D1) — ag,(D2) = 0 (mod Ly,)). Similarly, in
connection with 1, one introduces the vector of b-periods U® of Q@ by

(As8)  UP=@?,. . U®), U=

= [ Q¥ =1 ...
g ] 27TZ bj b ._7 ) 7n7

and then renders v single-valued on Ien by requiring
(A.59) ag,(D1) —ag,(Ds) = cU®

(as opposed to merely aq (D1) — ag,(D2) = cU® (mod L,)). These state-
ments easily follow from (A.23) and (A.33) in the case of ¢ and simply from
(A.33) in the case of ¢. In fact, by (A.33),

(A60) @Qo (Dl + DQ1) — @Qo (DQ + DQ2) c Zn,
respectively,
(A.61) ag,(D1) — ag,(D2) — cUY ez,

suffice to guarantee single-valuedness of ¢, respectively, ¢ on /En Without
the replacement of A, and ag, by Ay, and ag, in (A.54) and (A.55) and
without the assumptions (A.57) and (A.59) (or (A.60) and (A.61)), ¢ and
are multiplicative (multi-valued) functions on /C,,, and then most effectively
discussed by introducing the notion of characters on K,, (cf. [36, Sect. I11.9]).
For simplicity, we decided to avoid the latter possibility and throughout this
paper will tacitly always assume (A.57) and (A.59) without particularly
emphasizing this convention each time it is used.

Appendix B. High-Energy Expansions

In this appendix we study the relationship between the homogeneous coeffi-
cients fg and nonhomogeneous coefficients f; of the polynomial F;,, discuss
the high-energy expansion of F},/y, and use it to derive a nonlinear recursion
relation for fg, { € Np.

Let
(B.1) {Emn}m=o.,. 2041 for some n € N
(B.2) and n € C such that |n| < min{|Eo|™",...,|Eamsi1] '}
Then
2n+1 —-1/2 00
(B.3) ( I] (- Emn)) = > (B,

k=0
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g — 1)+ -+ (2jgay — DI .
ék<E>: Z (.70 ) (]2 +1 )E(J)O"'E%'r]\{—&-l? k e N.

2ol Jomeq!
v dams1=0 Jo J2n+1
Jo+-+jont1=k

The first few coefficients explicitly read

2n+1

2n+1 2n+1
BE) = § Y EwmButy Z
";;fzfnf
Similarly,
2n+1 1/2 00
(5.6 (TLa-2m) =Xal
m=0 k=0
where
(B.7) co(E) =1,
k ) .
270 — 3N - (2795401 — )N . ,
Ck;(E) _ Z ( Jo ) ( ‘]2 +1 ) E(])o . "Eéff_ff, k e N.

7ol jorey]
J0sesJ2n+1=0 Jo Jon+1
Jo++izn+1=k

The first few coefficients explicitly are given by

2n+1

(B.8) wE) = 1, a(E :——ZEm,

2n+1 2n+1
C2 (E) = E Em1 Emg - E
m1 mo=0
m1<mo

Here we used the abbreviations

(B.9) (2¢q—1)N=1-3---(2¢—1), geN, (=3)=—1, (-HI=1.



124 F. GEszTESY AND H. HOLDEN

Theorem B.1 Assume
u € C*(R),d™u/dz™ € L*(R),m € Ny,s-CH,,(u) = 0,

and suppose P = (z,y) € Ky \ {Px_, Px_}. Then F,/y has the following
convergent expansion as P — Py, ,

F oo
(B.10) = Z ¢,

=0

with ¢ = 1/z the local coordinate near P, described in Appendiz Appendix

A and fe the homogeneous coefficients f, in (2.10). In particular, fg can be
computed from the nonlinear recursion relation

~

(Bll) fO = 1, fi=-2u,

4
frn = Q(Z Gorteafe = Yorrnnfin — 2fen ife)
k=1
V4

umr - Z kfk), g c N,

assuming
(B.12) fre L*(R), (eN.

Moreover, one infers for the E,,-dependence of the integration constants cy,
(=0,...,n, in F,,

(B.13) c=c(E), (=0,...,n
and
(B.14) ZCM Ve, £=0,....n,
A ¢
(B15) fg:ZCg k( )fk, EZO,...,TL.
k=0

Proof: Dividing F,, by R;ﬁr2 (temporarily fixing the branch of Ry, 2(2)'/?
as 2" near infinity), one obtains

(B.16) #((Zz))m o (iék(ﬂ)z_k) (Zfzz_é_l) = gﬁz_z_l

k=0
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for some coefficients f; to be determined next. Dividing (2.41) by Ransa,
and inserting the expansion (B.16) into the resulting equation then yields
the recursion relation (B.11) (with fo replaced by f¢). More precisely, for f;
one originally obtains the relation

. . d? .
(B17) —fize +4f1 = 2(uge — 4u), that is, ( o3 + 4) (fl + 2u) =0.

Thus,

(B.18) fi(x) = —2u(z) + a1e®* + bre™*

for some a,b; € C, and hence the requirement fi € L‘X’(]lv%) then yields

a1 = by = 0. The open sign of fy has been chosen such that fy = fo = 1.
For ¢ > 2 one obtains similarly

4

(BA19) —for1me +4f0s1 = (Z (fe+1—k,mf - %.]Eeﬂ—k,xfk,x - 2fe+1—kfk)

k=1

l
k=0

and hence,

¢
(B20)  fip1 = (Z (ferr—raafc = 3fe1-katra — 2fer1nfe)
k=1

¢
u:m: - Z kfk> + a€+162x + bZJrleiZTa 14 Z 1

for some ayy1,be41 € C. Again the requirement for1 € L=(R) then yields
apr1 = bpyr = 0, £ > 1. Introducing f, by (2.10) with ¢, =0, k¥ € N, and f,
by (B.11), a straightforward computation shows that

/-1 {—1

(B21 fﬁx - (Z fﬁ—k,wxx - 4f€—kx fk’ Z 2 uazw - 4u)f€—k—1,a:

k=1 k=0

+(4'LL1 Uzzx fE k— 1))fk:

< Zg ok fr +
k=

= fé,aw E e N.

-1

(G fou kac)fk)

0
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Hence,
(B.22) fz = fg +dy, (€N

for some constants d, € C, ¢ € N. Since dy = d; = 0 by inspection, we next
proceed by induction on ¢ and suppose that

(B.23) dy = 0 and hence fy = fj, for k=0,...,0.

Thus, (B.11) and (B.22) imply
(B.24) fin=6{ ..}= ferr + des,

where {...} denotes the expression on the right-hand side of (B.11) in terms
of fp = fr, k=0,...,¢. Hence,

(B25) { .. } - fg+1 -+ Oég+1€2$ -+ ﬁg+1€_2m = g_ldg+1 = 4dg+1

for some constants a1, G41 € C. Since {...} — fey1 € L*®(R), one con-
cludes once more that a1 = Bey1 = 0. Moreover, since {. .. } — fr41 contains
no constants by construction, one concludes dy.; = 0 and hence

(B.26) fo = fofor all £ € N,

Thus, we proved

(B.27) #((?)1/2 e (iék(ﬂ)z_k) (;:;fez_e_l) = gﬁz‘g‘l

k=0
and hence (B.10). A comparison of coefficients in (B.27) then proves (B.15).
Next, multiplying (B.3) and (B.6), a comparison of coefficients of 2% yields

k
(B28> ék_g<E)Ce(E) = 5k,07 k € Np.
=0
Thus, one computes

MN
NE

l
(B.QQ) Z cf*m(ﬂhgm = Céfm(ﬁ)émfk(ﬂ)fk

i
o
B
I
o

[
MN
MN

Ce—p (E) ép—k (E> Ir

e
~

o
=3
I
~
B

- X

Co—to—m (&) Crm, (E)) Ir

o

=0
= ffﬂ gzOu"wn?
applying (B.28). Hence one obtains (B.14) and thus (B.13). [

3
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Appendix C. Symmetric Functions and their Theta
Function Representations

In this appendix we consider Dubrovin-type equations for auxiliary divisors
D, of degree n on K,, and study in detail elementary symmetric functions
associated with the projections w;of fi;, 3 =1,...,n. In addition to various
applications of Lagrange interpolation formulas we derive explicit theta func-
tion representations of elementary symmetric functions of p;, j =1,...,n.
While some of the material of this appendix is classical, some parts are taken
from [45] (cf. also [46, App. F and GJ]), and [56]. Proofs are only presented
for results that do not appear to belong to the standard arsenal of the lit-
erature on hierarchies of soliton equations. Our principal results on theta
function representations derived in Sections 3 and 4 are based on Theorem
C.6. The results of this appendix apply to a variety of soliton equations and
hence are of independent interest.

Assuming n € N to be fixed and introducing

(C2) L) ={l=(l,....06) ESp | b #j}, 1<k<n-1 1<j<n,
one defines
(C3)  Wo(w) =1, ()= (=" pey -+ py,, 1<k<m,
LESK
(C4) o (=1, V(W= (V"D my-opy, 1<k<n—1,
tert?

(C5) qjl(ﬁ) = = Z,ufa \PZ(H) = Z Hoey ey s etc.,
/=1

l1,05=1
01 <ty
<C6) (I)(j Z,uf? (I)gj)(H) = Z Heey ey s etc
I 21,52:1‘
Z7£J L1 ,02#]

01 <ty
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Introducing

n n n

(C.7) F(z) = H(Z — py) = an—ﬁzz = Z\Ijn (1), 2

=1 =0 =0
one infers (F(z) = 0F,(2)/0z)

(C8) Fl() = [ [ = ).

=1

7k
The general form of Lagrange’s interpolation theorem (cf., e.g., [46, App. F],
(60, App. E]) then reads as follows.

Theorem C.1 Assume that 1, ..., pu, are n distinct complexrnumbers. Then
=y
(09> Z ,j (I)(j)(ﬂ> = 6mn k= \I/k-i—l(H)(Sm,n-i-la

m=1,....n+1, k=0,...,n—1

The simplest Lagrange interpolation formula reads in the case k = 0,

n

m—1
ILL(
(C.10) J =0mmn, m=1,...,n.
; E3(1j)

For use in the main text we also recall the following results.

Lemma C.2 ([45], [46, App. F] ) Assume that py, ..., p, are n distinct
complex numbers. Then

(C11) () Weplp) + @ (1) = O (), k=0,....n—1,
j=1...,n
k .
(C12) (i) > Wb =P (u), k=0,....n,j=1,...n
/=0
k—1
(C13) i) Y o (w) = (Z‘I’H 2 — oY) )
(=0 B STH
k=0,....n,75= SN

Next, assuming p; # pj for j # j', introduce the n x n matrix Un(ﬁ) b

n

O e e e I R
m#k

J,k=1

where p = (p1, ..., ptn) € C™.
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Lemma C.3 ([45], [46, App. G]) Suppose p; € C, j = 1,...,n, are n
distinct complex numbers. Then

(C.15) Unlp) ™ = (914w

Next, we express fy, F,(1;), and F( {;) in terms of elementary symmetric
functions of yiy, ..., pu,. We start with the homogeneous expressions denoted
by f, and F.(p), where ¢y, =0, k=0,...,and ¢, =0, s =1,...,7. Let
¢k(E), k € Ny, be defined as in (B.4) and suppose r € Ny. Then, combining
(B.15) and (C.7) one infers

L

(C.16) fo=> eer(E)Ui(p), €=0,... n

k=0

Next, we turn to ﬁr(uj).

Lemma C.4 Letr € Ny. Then?,
(C.17) Fu)= > a@e (.

Proof: By definition

(C.19) Fi(z) = elB)Y W,y (1)
and hence
(C.20) Fi(py) =Y e B2 (p),

using (C.12).

3m V n = max{m,n}.
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In the case where r > n + 1 we find (applying (C.7))

(€M) B(s) = S W) S o (E)

s=0 s=r—n-+1 =0
Hence
(C.22) F(w)= > (B (p),
s=r—n+1
using (C.12) again.
Introducing
l—k
(C23)  dei(E) = crbm(E)em(E), k=0,....0 £=0,...
] s
(C24)  dop(E) =) éusla(E), k=0,....rAn,
s=0

.....

VA V4

(C.25) fe= Z cow(E)fx = Zde K(E)Wg(pn), €=0,...,n,
k=0 k=0 n

(C.26) Fuly) = caelE)Folpty) =D due( B)OP (1), o =1,
£=0 N £—0

(C27) Fuy) =D s Fi(uy) =D den(E) (), 7€ Ny, &
s=0 k=0

using (B.13) and (B.14). Here ¢x(£), k € Ny, is defined by (B.7).

im An = min{m,n}.
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Next, we prove a result needed in the proof of Theorem 4.10.

Lemma C.5 Suppose r € Ny, (x,t,.) € Q,, where Q, C R? is open and
connected, and assume p; # py on S, for i #3', j,5 =1,...,n. Then,

n

(©28) Foa(rymt) = 3 (Foluslosty), 2, 1) — Fule, xt))@“_f;]—i;z))

j=1

Proof: It suffices to prove (C.28) for the homogeneous case where E, is
replaced by F,.. Using

(C.29) Uoo(p) = — Y 7@ (1), k=0,....n,
j=1

with the convention
(C.30) oV () =0, j=1,...,m,

one computes for r < n,

(C.31) Frolz) = > &(B)Y . Uryopulp)?!
s=0 =0
== e Y B> 0P, (w)ef
j=1 s=0 £=0
=S gz — ) S (B (@SL@ - \m_s_z@zf)
j=1 s=0 =0

applying (C.13), (C.19), and (C.20). For r > n+ 1 one obtains from (C.13),
(C.21), and (C.22),

(C.32) Fra(2) = Fou(2) Y &(E) "+ Y a(B)Y Urypulp)?
s=0 s=r—n-+1 £=0
= —Fu(2) Y ez — )Y e(E)ZT
j=1 s=0

T

=D e Y GBY O (w)
J=1 =0

s=r—n+1
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i
3

s=0

z) Z Hja(Z = l‘j)_l Cs(B)""°
=1

T

S e — ) Ztﬂ@@&@—iﬁmamﬂ
j=1 =0

s=r—n-+1

=3 (Felng) = P iz — )

Next we turn to a detailed discussion of elementary symmetric functions
of {{1, ...,y }. Given the nonsingular hyperelliptic curve IC,, in (A.1), (A.2),
we introduce the first-order Dubrovin-type system

;i (v) G) y(i1;(v))
(CB?)) Q5 (I)n—k<ﬂ(y)) n (v) — v ’
2, o1 (0) — o ()

hk=1,....,n, v=(v,...,v,) €V,
with initial conditions

(C.34) {ij(vo) Yi=1,.n C Ky

for some v, € V, where YV C C" is an open connected set such that j1; remain
distinct on V, p; # py for j # j5', j,5 = 1,...,n. One then obtains, using
(C.33) and (C.9),

) £ (v) k=17, B n ,u]( )k 18#]( )
QWEE;/ 2 L) o

1 o ) = )
= () ) y y(ij(v))
@) T ) — )

~ 0 i ( ) -
=§ﬁ%@u> : =1,
implying

(C.36) Z/ S —Z/ e = (W — (Vo)
k=1

=L..n Q,QOEV
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Moreover, introducing

(C.37) e Z / 2z

one then computes as in (C.35)

aanrl(v)

(C.38) TS = (), k=1,
using
(C.39) o (1) He — T (), p=1,....n

— Hq 1 (ke — pq)

(cf. (C.9)). Thus, one concludes

(C.40) ﬁ (z—p;(v Z\Ifn o(p z =2" —Zawggj , VeV,
J=1 k

whenever p satisfies (C.33).

In order to derive theta function representations of the elementary sym-
metric functions Wy (p) of p1(v),. .., pn(v), k = 1,...,n we recall that IC,
corresponds to the curve y? = Hiﬁfjoz (z— E,,) with pairwise distinct E,, € C,
m=0,...,2n+ 2 (cf. (A.1) and (A.2)). Using the notation established in

Appendix Appendix A, v,.1(v) can be written as

j(v) P
(C.41) Uny1(v Z/ e = Z/ POQJr Poo

where

(C42) Db, p =22y

represents a differential of the third kind with simple poles at P, and Py _
and corresponding residues +1 and —1, respectively. This differential is not
normalized, that is, the a-periods of aﬁ;y p.. are not all vanishing. We also
introduce the notation

(C43) g(Pv Q) = EQO - AQO (P> + QQO(IDQ>7
Pek, Q={Q1,...,Q} € 0"k
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(C~44) i(P Q) - ~Q0 A\Qo (P> +@QO(DQ)7
Pek, Q={Qi,...,Q,} €0"K,

in connection with K, and I/C\n, respectively. Moreover, we conveniently
choose @y € 0K, (e.g., the initial point of the curve a; C 9K,,).

Theorem C.6 Suppose D; € U”I/C\n is nmonspecial, i = {fiy,..., [} €
a"l%n. Then,

and

(C'46) \I’nJrlfk(H) =Wy k ZCJ

k=1,...,n, with A= (A\,...,\,) € C" introduced in (A.24).

Proof: Let D; € 0"k, be a nonspecial divisor on I/C\n, =i, ... [} €
J”I%n. Introducing

P
(C.a7) OP) = [ S PEK\{PariPu),

we can render Q®)( ) single-valued on

SN
3

(C.48) =K, \Z

where Y denotes the union of cuts
(C.49) Y =P, ) UX(Pr_), X(Pooy) NE(Peo_) = {Qo},

with ¥(Ps, ) (resp., X(Px_)) a cut connecting Qo and P, (resp., Ps_)
through the open interior K, (i.e., avoiding all curves aj, by, a; 1,b 1y =

1,...,n, with the exception of the point Qg € a/@), avoiding the points fi;,
j = 1,...,n. The left and right side of the cut ¥(Py,) is denoted by
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Y(Px. )¢ and X(Ps_ ),. The oriented boundary 8En of len, in obvious no-
tation, is then given by

~

(C.50) Oy = (Poo, e US(Poo, )r US(Po_ )y US (P )y UK,

that is, it consists of 8l€n together with the piece from @y to P, along
the left side of the cut X(P., ) and then back to @ along the right side
of ¥(Px, ), plus the corresponding pieces from @)y to P,_ and back to Q
along the cut (P, _), preserving orientation. Introducing the meromorphic
differential,

(C.51) v =dn(0(z(-,[)),

the residue theorem applied to OBy yields

(C.52)
= (Lo )] ) - (L= ) (L 7))
n J]= J J J J
OB, — 9 O®B)
+/ZQ v =2m Z r}e;s(Q V).

Pekn

Investigating separately the items occurring in (C.52) then yields the follow-
ing facts:

" n . n IELJ .
©53) Y v @) =Y 80 =3 [ 5 L.

(C.54) /1/:0, j=1,...,n,

J

A~

(C.55) /b v =2mi((Eq,), ~ (A, (R(@)), + (@,(Dy), ) — w7y

J

j=1...,n,

applying (A.33) in (C.54) and (C.55). Here R(a;) denotes the end point of
a; C OK,, j =1,...,n. In addition, the cut ¥ produces the contribution

(C.56)

_ P Poo, Poo 0 2 POO 7A
/9(3)y:2m'< ;—/ V) :27rz'/ +y:2wiln(M)y
. ) i p 0(2(Poo_, 1))
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since (by an application of the residue theorem)

(057) 6(3)(1&8) - Qm)(ﬂr) - :|:27Ti, ﬂﬁ € E(‘Pooi)ﬁu /lr € Z(Pooi>r7

where iy € ¥(Px,)s and i € 3(Ps. ), are on opposite sides of the cut
Y (Poy)-

Recalling the well-known results,

(©58)  (dg,(Rle,)), = 5 + / (dg)) s G=T1reoom,

=~ 1 ~ :

equations (C.52)—(C.59) imply

(C.60) Z / T, Xn: ( / @§i+,poo) X

(X[ [ (Aa)s)
o (et

This proves (C.45).
In the following we will apply (C.60) to fi;, 7 = 1,...,n satisfying the

first-order system (C.33), (C.34) on some open connected set V such that

Wi, j =1,...,n, remain distinct on V and (ID(]) W) #0onV, jk=1,...,n
Using (A.12) (C 35), and (C.9) one computes

o (v ” ) fue(v)
.61 —_—
(C.61) (9’Uk (O‘Qo( “(v) j (9’Uk Z/ _ 8vk /QO c;(m)n

vml 8
ZCJ ))@Uk ()

B . pe(v
Z () He' ( (V) — per (V)

fm=1
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Thus, (C.40) and (C.61) imply

(62 Waallw)) = -5 — 57 )

L0 (P i) +w)
_;Cg(k)awjl ( £ _)) -

veV, k=1,...,n.

We replaced Z by z to arrive at (C.62) using properties (A.33) of 6. If
fi, j = 1,...,n, are distinct and @gﬂk(u) #+ 0, j,k = 1,...,n, we can
choose fi;(vy) = f1;, j =1,...,n, and obtain (C.46). The general case where
D;, is nonspecial, then follows from (C.62) by continuity, choosing V such

that there exists a sequence v, € V with j(v,) — i as p — oo. Finally,

invoking the normal differential of the third kind in (A.24), wﬁiy P, =

[}-,(z = Aj)dz/y, corresponding to @g’;yljooi = 2"dz/y, a simple com-

putation, combining (A.9), (A.10), (A.11), (A.24), and the normalization
B wg’) p. =0,7=1,...,n, yields

j OO+7 oo

n

(C.63) ch(k:)(/a a§3;+,Pm_) = U, s, k=1,...,n

j=1 J

Equations (C.62) and (C.63) complete the proof of (C.46). |

Formulas (C.40), (C.45), and (C.46) (without explicit proofs and without
the explicit form of the constant terms on the right-hand sides of (C.45) and
(C.46)) have been used in [56] in the course of deriving algebro-geometric
solutions of the Dym equation. Our approach based on the Dubrovin-type
system (C.33) appears to be new. It can easily be adapted to the case of
KdV-type hyperelliptic curves branched at infinity (cf. [46, App. F]). Since
solutions of 1+ 1-dimensional soliton equations typically can be expressed in
terms of trace formulas involving elementary symmetric functions of (pro-
jections of) auxiliary divisors, results of the type of (C.46) are of general
interest in this context.

Acknowledgments. We are indebted to Mark Alber, Darryl Holm, and
Jerry Marsden for helpful comments and many hints regarding the literature.
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