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Graphs associated with nilpotent Lie

algebras of maximal rank

Eduardo Diaz, Rafael Fernandez-Mateos,
Desamparados Fernandez-Ternero and Juan Ninez

Abstract

In this paper, we use the graphs as a tool to study nilpotent Lie
algebras. It implies to set up a link between graph theory and Lie
theory. To do this, it is already known that every nilpotent Lie algebra
of maximal rank is associated with a generalized Cartan matrix A
and it is isomorphic to a quotient of the positive part ny of the Kac-
Moody algebra g(A). Then, if A is affine, we can associate ny with
a directed graph (from now on, we use the term digraph) and we
can also associate a subgraph of this digraph with every isomorphism
class of nilpotent Lie algebras of maximal rank and of type A. Finally,
we show an algorithm which obtains these subgraphs and also groups
them in isomorphism classes.

1. Introduction

Let £ be a finite-dimensional nilpotent Lie algebra, Der £ its derivation
algebra, Aut £ its automorphism group.

Definition 1 A torus on £ is a commutative subalgebra of Derf whose
elements are semi-simple. A torus is said to be maximal if it is not contained
i any other torus.

Definition 2 The rank of £ is the common dimension of all mazximal tor:
on £. We say that £ is of maximal rank if its rank r is equal to the dimension

0 of £/1L, £] (in general, the rank r is less than ().
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If £ is a nilpotent Lie algebra and 7" is a maximal torus on £, the elements
of T' can be diagonalized simultaneously, then £ is decomposed in a direct
sum of root spaces for 7"

L= ¢,

BeT™*
where T™ is the dual of the vector space T and

P={Xecl tX=01X,VteT}

Definition 3 The set R(T) = {8 € T* : £° # {0}} is called root system
of £ associated with T (Favre calls root set to R(T) in [1]).

Definition 4 A minimal system {X1, Xo, ..., X} of generators of £ veri-
fying that for each X; there exists 3; € R(T) such that X; € £% is called
T-msg.

We can obtain a T-msg for each torus 7" on a nilpotent Lie algebra £
(see 2.6 of [5]).

By 2.10 of [5], if £ is a nilpotent Lie algebra of maximal rank ¢, T" is a
torus on £ and {X3, Xs,..., X} is a T-msg with roots (1, 5s, ..., (¢, then
the set {01, 32, ..., 0} is a basis of T* and for each 3 € R(T) there exists
(dy,...,d;) € N’, non null, unique such that 3 = Zle d;3; and we call
8] = 3=, d; the height of j.

14

Definition 5 We call generalized Cartan matrix a matriv A = (a); j—

with entries in Z satisfying:
1. a;; =2, Vi=1,...,¢
2.0;,; <0,Vi,j=1,...,0,1#]
3. 0;;=0&a;=0,Vi,j=1,...,¢

The indecomposable generalized Cartan matrices are classified in 3 types:
finite, affine and indefinite.

In [5] a generalized Cartan matrix A = (a,;);,_, is associated to every
nilpotent Lie algebra £ of maximal rank ¢ and thus, one says that £ is of
type A. This matrix is built considering maximal tori on £ and applying the
nilpotency of £ on T-msg.

Then, by using generalized Cartan matrices we link the nilpotent Lie
algebras of maximal rank with Kac-Moody algebras. Indeed, we have that
every nilpotent Lie algebra £ of maximal rank and of type A is a quotient
of the positive part n, of the Kac-Moody algebra g(A) associated with A.

For a general overview on Kac-Moody Lie algebras and Graph Theory
the reader can see [3] and [4], respectively.
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2. Associated graphs

Definition 6 Let £ be a nilpotent Lie algebra of maximal rank £, T a maxi-
mal torus on £, R(T) the root system associated with T and { X1, X, ..., X}
a T-msg with corresponding roots (31, Ba, . .., B:. We define the following di-
graph:

o the set of vertices V(Gg) is R(T).

e we draw a directed edge from ~ to p if there exists 3; such that y =
v + B, where p, v € R(T).

Theorem 7 The digraph above mentioned is unique, up to isomorphism,
for every nilpotent Lie algebra £ of mazimal rank. We will denote it by G .

Proof. Let £ a nilpotent Lie algebra of maximal rank /.

1. If T and T are two maximal tori, there exists § € Aut (£) such that
076~ = T'. Let {Xi,Xs,...,X,} be a T-msg with corresponding
roots (1, B2, ..., Br. Then {0(X;),0(X3),...,0(X,)} is a T'-msg with
corresponding roots 31, 35, ..., 3, which are defining by

Bt =B (079, v eT  i=1,...,¢.
We have the following bijection from R(T") on R(1”):

if 3 € R(T), then there exists an unique (di,...,d;) € N such that
B =S dif and we define f(3) = St_, d;3.. Moreover, we have
that (%) = £/¥ VvB € T*. Due to this bijection, the digraphs
obtained from the torus 7" and the T-msg {X;, Xs, ..., X} and from
the torus 7”7 and the T"-msg {0(X1),0(Xs),...,0(X,)} are isomorphic.

2. Let T be a torus on £ and let {X, X5,..., X} and {Y1,Ys, ..., Y}
be two T-msg with corresponding roots 31, Ba, . . ., Be and v1, 72, . . ., Ve,
respectively. By 3.1 of [5], there exist a unique o € Sy and A\y,..., A\ €
K — {0} such that ¥; = \X,; andy; = B, ¢ = 1,...,¢. Then
the digraphs obtained from T and the T-msg {X;, Xs,..., X} and
{Y1,Ys,...,Y,}, respectively, are isomorphic. [

Example 1 We consider the following Lie algebra:
M=Ce; @---®Ce
with brackets

[617 62] = €5, [ela 64] = Ce, [62? 63] = ér,

[63,64] = €g, [62768] = €9, [64767] = —€9.
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This Lie algebra is nilpotent Lie algebra of maximal rank ¢ = 4. A maximal
torus on 9N is:

T:Ctl@@ct4 Wlthtl(ej):(sl]€], ’L,j:]_,,4

The set {e1, €9, e3,e4} is a T-msg with roots 31, Ba, B3, B4. The root system
associated with 7' is

R(T) = {51, B2, Bs, Ba, Br + B2, B1 + Ba, Ba + Bs, B3 + Ba, B2 + B3 + B}

Then we have the following root space decomposition:
m= g m’
BER(T)

where
MB = Ce, fori =1,...,4,
IMAO+B2 = Cey, MOTA = Ceg, MPHH = Ce,, IMPBHP1 = Ceg,
N P2+03+81 — Cey.

The corresponding associated digraph Ggy is:

B1 B1 + B2

B2

B3

Aa B3+ Ba B+ Bs + Ba

FiGure 1: The digraph Gop.

and the generalized Cartan matrix associated with 91 is:

2 -1 0 -1

-1 2 -1 0

A= 0o -1 2 -1
-1 0 -1 2

which is the generalized Cartan matrix of affine type Agl) (see Chapter 4
of [3]).



GRAPHS ASSOCIATED WITH NILPOTENT LIE ALGEBRAS OF MAXIMAL RANK 329

Remark 1 In the digraph Ggyn, we have drawn in each vertical line all the
vertices corresponding with roots of R(T) with the same height. The height
1s augmented from left to right in 1. If we have drawn a directed edge from

v to p, then the height of w is |pu| = |y| + 1. We will follow this indications
to draw digraphs from now on.

By the above remark, we draw the digraph Ggy in a more simplified form,
substituting directed edges by edges (since each edge is directed from a root
of height h to roots of height h + 1):

B B1 + B2
B2 B1 + Ba
Bs 2+ 03
Ba 3 T A B2 + B3 + B4

FIGURE 2: The digraph Gy (simplified form).

Then, let consider a generalized Cartan matrix A of affine type. Let A
be the set of positive roots, g, the root subspace associated with a € A, and
Q1,3 ..., 0 the simple roots of the Kac-Moody algebra g(A). If o € A,
there exist dy, ..., d, such that o = > d;a; and we call |a| =) d; the height
of a.

We have the following decomposition for the positive part n, of g(A) :

n, = @ Ja-

aEA L
Definition 8 We define the following digraph G 4, associated with n, :
o the set of vertices V(Ga) is {0} UA .

e we draw a directed edge from ~y to u if there exists oy such that p =
v+ o, where p, v € {0} UA,.

Due to the properties of the positive root system A, when A is affine,
the following lemma is verified:
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Lemma 9 If A is a generalized Cartan matrix of affine type, then the di-
graph G 4 is infinite, it has a countable infinite set {n& /n > 1} of cut points
and there are countably infinite many finite subgraphs G,, (n > 0) of G 4 such
that:

1. V(Gn1) NV(G,) = {n&}.
2. V(Gp) ={a+nf/aecV(Gy)}.

Proof. If A is a generalized Cartan matrix of affine type, the positive root
system of the Kac-Moody algebra g(A) has the following structure:

there exist r € {1,2,3} and 0 € Ay such that A, U{0} = U;>0A; where

Ao ={0}U{y €A, /]y <|ré[} u{rd},
Aj={jro+v/v €A} ifj>1

Since V(G 4) = AL U{0}, we have that G4 is a infinite digraph. The vertices
n& = nrd are cut points in the digraph G4 because nrd is the unique root of
A, with height nr|d|. G, is the subgraph of G4 whose set of vertices is A,
for n > 0 and, obviously, these subgraphs verify the properties 1 and 2. B

As a consequence of this lemma and the results related to the root sys-
tems, see [3], the digraph G 4 has the following structure:

GoVGLV VG VG V= \[ G,

n>0
where we identify the vertices n¢ of G,,_; and G, for all n > 1.

Example 2 We consider the following generalized Cartan matrix of affine
type:

2 -1 0 —1

a —1 2 -1 0
437 = 0 -1 2 —1
-1 0 -1 2

The set A, of positive roots of the Kac-Moody algebra g(Aél)) verifies that
there exists § € Ay (r = 1) such that Ay U {0} = U;>0A; where

Ag = {O,Ozo,al,ag,ag,a4 =g+, 05 =Qg+Qs, g =0 +Q9, Xy =Qs+Q3,
Qg = Qg + a1 + Qg, g = Qg + 1 + Q3,10 = 0 + Q2 + a3,
aj; =a; +as+as, 0 =ag+a; +as+as}
Aj={jd+v/v€A} ifj>1

with aq, aq, as, az the simple roots.
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We obtain the following digraph associated with Agl):

FiGURE 3: The digraph G

AL

Remark 2 In drawing the above digraph we have followed the same indi-
cations as in figure 2. Moreover we have used the notation o for the root
Jo +a; € Aj, where a; € Ay.

Theorem 10 If £ is a nilpotent Lie algebra of maximal rank and of type A,
then the corresponding associated digraph Gg is isomorphic to a subgraph

Gi{l Of GA.

Proof. Let A = (aij)f,jzl be a generalized Cartan matrix of affine type, £
be a nilpotent Lie algebra of maximal rank and of type A and n, be the
positive part of the Kac-Moody algebra associated with A and we define the

following ideal n,, of n,:

ny = ( @ gamkaj) Dy

1<ij<t
0<k<=aj;

By 5.10 of [5], there exists an homogeneous ideal a of n, included in n,
such that £ and ny /a are isomorphic.

n, /a is a nilpotent Lie algebra of maximal rank and the digraph asso-
ciated with this algebra, Gy, q, can be obtained, by 4.9 of [5], from the
torus T = @ | Kt;, where t; € Der(n,/a) is defined by t,E; = 6&;FE;,
1 =1,...,¢, with FEy,..., Ey the Chevalley generators of n,. Furthermore
{E1, Es, ..., E} is a T-msg whose corresponding roots can be identified to
aq,aa,...,0ap. Then the set {ay,...,a,} is a basis for T* and R(T) C A,.

Therefore we have that Gy, /q is a subgraph of G4 and, since £ and n /a
are isomorphic, G¢ and G’y = Gy, /q are isomorphic. [

This digraph G’ is a subgraph of G 4 which is obtained from the nilpotent
Lie algebra n, /a, where a is an homogeneous ideal of n,. Thus we have
that a = @aeca, 0o Where a, = a N g,. Then there exists 7 > 0 such that
gro¢{ae AL /a, #0Oand nrd € {a € Ay Ja, # O}, ¥n>j+ 1.
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Therefore G’y verifies that there exists j > 0 such that j& € V(G%) and
né ¢ V(GY),Vn > j+ 1 and thus, we can consider that G is a subgraph of
the finite digraph

J
GoVGiV---vG;=\/G,.
n=0

Let the digraph GSJ be the subgraph of \/izo G, whose set of vertices
V(Gye;) is V(Ga) — V(Gg) and whose edges are all edges in \/? _, G,, which
connect two vertices in V(C:Y ¢;). This digraph G ¢j is a subgraph of the
digraph G; which verifies the following properties:

L (j+1)8§€V(Ge,) and § ¢ V(Gg,)

2. ifa € V(Ge;) and a+a; € V(Gj), then a+a; € V(Gg;) and the edge
from o to a + o belongs to Gg ;.

Theorem 11 To classify nilpotent Lie algebras of maximal rank and of
type A it is necessary to compute (up to isomorphism), as a first step, all
the subgraphs of G; wverifying the properties 1 and 2 above mentioned, for
each j > 0.

Proof. Let j > 0 and G be a subgraph of G; verifying the properties:
1. (j4+1)0 € V(G) and § ¢ V(G)

2. ifa € V(G) and a4+ oy € V(G,), then a + o; € V(G) and the edge
from « to a + «; belongs to G.

Then there exists a nilpotent Lie algebra £ such that the digraph
GoVGLV---VG; 1 VG,
where G is the subgraph of G; whose set of vertices V(G) is V/(G;) — V(G)

and whose edges are all edges in G; which connect two vertices in V(G), is
isomorphic to Gg.

The second step to classify nilpotent Lie algebras of maximal rank and
of type A will be to obtain all nilpotent Lie algebras of maximal rank (up
to isomorphism)~ whose digraph associated is Go VGV ---V Gj_1 V G, for

cach subgraph G of G; obtained in the first step, for each j > 0. |

This last step is not dealt in this paper due to reasons of length. For a
more general overview on this result the reader can see [2].

Moreover, as V(G;) = {a+j¢ /a € V(Gy)}, we have a bijection between
the set of subgraphs of G and the set of subgraphs of G;, for 7 > 1. So,
it is sufficient to obtain, up to isomorphism, all the subgraphs of GGy which
verify properties 1 and 2 (see [2]).
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Finally, since that the digraph Gy has a great number of vertices and
edges (which increase with the generalized Cartan matrix order), we have
designed an algorithm which allows, in the first place, to obtain all the
subgraphs of G verifying these properties and secondly, to group them in
isomorphism classes.

The main steps of this algorithm, described in a short way, are the fol-
lowing;:

Algorithm
Input:
e The digraph G such that

G:\/Gn

n>0

is the digraph associated with the positive part n, of the Kac-Moody
algebra g(A). V(Go) = {0,v1,...,vp, 0p41 =0}

e The automorphism group of the matrix A, Aut (A).

Output: For each isomorphism class of subgraphs of GGy which verify the
properties 1 and 2, we give a representative.

Method

Step 1: We calculate the subgraphs of G, which verify the properties 1
and 2. (If I is a subgraph of Gy which verifies the property 2, then I is
generated by vy ,...,v;, € V(I) and , by the property 1, v;, # 0, j =
1,...,k)

Step 1.1: We obtain the list of the subgraphs generated by one vertex
v # 0.
Step 1.1.1: For each vertex v we determine the subgraph gen-
erated by v, (v).

Step 1.2: We obtain the list of the ideals generated by two or more
vertices non nulls.

Step 1.2.1: For each ideal (v;,,...,v;,) obtained in the preced-
ing iteration (considering the step 1.1.1 as the first iteration)
and for each nonzero vertex v; of Gy, we determine if j > iy,
and if (v;,, ..., v;,,v;) is a new subgraph with k41 generators
and in this case we add this subgraph to the list of subgraphs
generated by k + 1 roots.
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Step 2: We determine the action of Aut(A) on Gy. (The set of vertices
V(Ga)is {0} UA, and G is a subgraph of G4.)

Step 3: We calculate the isomorphism classes of subgraphs of Gy which ver-
ify 1 and 2. (We use Aut (A), since I and [’ are isomorphic subgraphs
of Gy which verify 1 and 2 if and only if it exists an automorphism
o € Aut (A) such that o(I) =1I".)

Step 3.1: We obtain a representative of each isomorphism class, by
recurrence on the number k of vertices generating the subgraph.

We are now dealing with the computational complexity of algorithm
and its implementation for doing specific computations with nilpotent Lie
algebras.

Example 3 We consider the generalized Cartan matrix of affine type Aél)
again. The digraph Gg such that G ,0) = V50 G is:
$ >

F1GURE 4: The digraph Gg corresponding to the Kac-Moody algebra g(A:gl)).

and the automorphism group of the matrix Aél) is
Aut (AY)) = {0y, 07", 01 0 0y, id} = (o)

where 01 (ap) = a1, 01(1) = ag, 01(az) = ag and o1(a3) = ap.

The action of Aut (A:(gl)) on Gy is given by:

6) 01(045):044, 01(046)20477 01(047) = Qs

11, 01(049) = (g, 01(0410) = Qy, 01(0411) = 19,
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The algorithm calculates all the subgraphs I of Gy, up to the action of
Aut (Aél)), which verify the following properties:

1. 0eV(I)and 0 ¢ V(I)

2. ifaeV(I)and v+ o € V(Gy), then v+« € V(I) and the edge from
a to v + « belongs to .

These subgraphs are obtained by recurrence on the number £k of vertices
which generate the subgraph.

For Aél) we have obtained 25 subgraphs:

The subgraphs which are generated by 1 vertex:

Iy = {ap) I = (ay) I3 = (ag) I, = (0)

The subgraphs which are generated by 2 vertices:

ag a4 Qg

Y N S AN WA
Lo I

a1 a7 Q1]

Is = <Oéo,041> Is = 0607042 I; = Oéo,aﬁ

A

Iy = (040>Oé7> 040,0411 Lo = 0447%)
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a4 ag ay  ag a4 ag

a7 Q1] a1l
Iy = <044,Oé7> Iy = <Oé4>OZ10> I3 = <a4,a11>
asg as
Qg
5 5
10
Ly = (048,049> Iis = <048,0410>

The subgraphs which are generated by 3 vertices:

a7 a11 a7 o11

L = <040,0417042> Lz = <04070417Oé7> Lig = <Oéo,0467067>

Y 7

wa 064,045,046 120* 044,04570411 Iy = 04470410,0411>

as
Qg
6
Q10

Iy = (048704970610>
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The subgraphs which are generated by 4 vertices:

Iy = <0407041,0427043>

ag

a9

Iys = <068,049,0410,0411>

Qy ag

S
V’ 5
L

ar @11

]24 == <O{47 s, O, Oé7>

The Lie algebra 9 of the example 1 is a nilpotent Lie algebra of maximal
rank and of affine type Agl). Then the digraph Ggy is isomorphic to a

subgraph G§, of GAS)'

o 1s the subgraph of GA:(;)

This subgraph is:

Qs

corresponding to j = 0 and the subgraph I, of

Gy (see the list of the subgraphs of G verify the properties 1 and 2 which

we have obtained by the algorithm).
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