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Conservation of the noetherianity by

perfect transcendental field extensions

Magdalena Fernandez Lebron and Luis Narvaez Macarro

Abstract

Let k be a perfect field of characteristic p > 0, k(t)per the perfect
closure of k(t) and A a k-algebra. We characterize whether the ring

A R k(t)per = U (A Rk k(tme))

m>0

is noetherian or not. As a consequence, we prove that the ring A ®p
E(t)per is noetherian when A is the ring of formal power series in n
indeterminates over k.

Introduction

Motivated by the generalization of the results in [7] (for the case of a perfect
base field k of characteristic p > 0) in this paper we study the conservation
of noetherianity by the base field extension k — k(t)per, where k(t)pe- is the
perfect closure of k(t). Since this extension is not finitely generated, the
conservation of noetherianity is not clear a priori for k-algebras which are
not finitely generated.

Our main result states that k(t),., ®; A is noetherian if and only if A is
noetherian and for every prime ideal p C A the field (), -, Qt(A/p)*" is alge-
braic over k (see theorem 3.6). In particular, we are able to apply this result
to the case where A is the ring of formal power series in n indeterminates
over k.

We are indebted to J. M. Giral for giving us the proof of proposition 2.5
and for other helpful comments.
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1. Preliminaries and notations

All rings and algebras considered in this paper are assumed to be commu-
tative with unit element. If B is a ring, we shall denote by dim(B) its Krull
dimension and by (B) the set of its maximal ideals. We shall use the let-
ters K, L,k to denote ficlds and [F,, to denote the finite field of p elements,
for p a prime number. If p € Spec(B), we shall denote by ht(p) the height
of p. Remember that a ring B is said to be equicodimensional if all its max-
imal ideals have the same height. Also, B is said to be biequicodimensional
if all its saturated chains of prime ideals have the same length.
If B is an integral domain, we shall denote by Qt(B) its quotient field.

For any F,-algebra B, we denote B* = ﬂ B,
m>0
We shall first study the contraction-extension process for prime ideals

relative to the ring extension K[t] C K [t%], K being a field of characteris-
tic p > 0.
Let us recall the following well known result (cf. for example [4, th. 10.8]):

Proposition 1.1 Let K be a field of characteristic p > 0. Let g(X) be a
monic polynomial of K[X]. Then, the polynomial f(X) = g(XP) is irre-
ducible in K[X] if and only if g(X) is irreducible in K[X] and not all its
coefficients are in KP.

From the above result, we deduce the following corollary.

Corollary 1.2 Let K be a field of characteristic p > 0. Let P be a non zero

prime ideal in K[t%] and let F(t) € K[t] be the monic irreducible generator
of the contraction P¢ = P N K[t]. Then the following conditions hold:

1 IfF(t)=ah+adit+---+1t¢e KP[t], then P = (a0 + art? +---+t§).
2. The equality P = PCK[t%] holds if and only if F(t) ¢ KP[t].

Proof:

1. Consider the polynomial G(7) = ag + a;7 + --- + 7% € K[1](t =t
and the ring homomorphism p : K[r] — K|[t] defined by

M(Zaﬂ'i) = Zafti.

From the identity u(G) = F we deduce that G(7) is irreducible. Since
G(t%)p = F(t) € P, we deduce that G(t%) € P and then P = (G(t%))

=

)
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2. The equality P = PCK[t%] means that F'(t) = F(77) € K|[r] generates
the ideal P, but that is equivalent to saying that F'(7?) is irreducible in K[7].
To conclude, we apply proposition 1.1. [ |

For each k-algebra A, we define A(t) := k(t) @ A. We also consider the

field extension )
k(OO) - U k(trm).

m>1
If k is perfect, k() coincides with the perfect closure of k(t), k(t)per-

For the sake of brevity, we will write ¢, = #77. We also define
A(m) = A(tm) = A k’(tm) = A(t) Ok (t) k’(tm), A[m} = A[tm}

and

A(Oo) = A QR k(oo) = U A(m), A[Oo] = U A[tm]

m>0 m>0

Each Ay (resp. Apy) is a free module over A(t) (resp. over Aft]) of rank p™
(because (t,,)P" —t = 0).

For each prime ideal P of Ay we denote P = PN A, Py =
PN Ay € Spec(Apy) and Py := PN Ay € Spec(Ap) ).

In a similar way, if () is a prime ideal of A we denote Q) := QNA}, €
Spec(Apy,). We have:

o P = U P(m), P[oo} = U P[m], <resp. Q = U Q[m]>.

m2>0 m2>0 m>0

° P(n) N A(m) = P(m) and P[n] N A[m] = P[m] for all n > m (resp. Q[n] N
A[m] = Q[m] for all n > m).

The following properties are straightforward:
1. The k-algebras A, (respectively Ay,) are isomorphic to each other.
2. If S, = k’[tm] — {O}, then A(m) = SnzlA[m].

3. Since (S,)P" C Sy C S, we have Ay = Sy ' Ap) for m > 0. Conse-
quently Ay = So_lA[oo].

4. If Ais a domain (integrally closed), then Ap, and A,y are domains
(integrally closed) for all m > 0 or m = oc.

5. If Ais a noetherian k-algebra, then Aj,,; and A, are noetherian rings,
for every m > 0.



358 M. FERNANDEZ LEBRON AND L. NARVAEZ MACARRO
6. If A= k[X] = k[Xy,...,X,], then Ay is not noetherian (the ideal
generated by the t,,, m > 0, is not finitely generated).
7. If I C Ais an ideal, then (A/1) () = Afoo)/A(se) ]
8. If T'C A is a multiplicative subset, then (T7'A) ) = T A ().

9. If A = E[X], then Aw) = k(oo)[X], hence A() is noetherian. More-
over, A is noetherian for every finitely generated k-algebra A.

The main goal of this paper is to characterize whether the ring A is
noetherian (see theorem 3.6 and corollary 3.8).

Proposition 1.3 With the above notations, the following properties hold:

1. The extensions Ap,_1) C Apn) and Ag—1y C Agyy are finite and free,
and therefore integral and faithfully flat.

2. The corresponding extensions to their quotient fields are purely inse-
parable.

Proof: Straightforward. |

Corollary 1.4 Ay (resp. A(s)) is integral and faithfully flat over each Apy
(resp. over each Agny).

From the properties above, we obtain the following lemmas:

Lemma 1.5 Let P' C P be prime ideals of Ay (resp. of Aj)). The
following conditions are equivalent:

(a) PP C P
(b) There exists an m > 0 such that P,y C Py (resp. P C Pinp).

[m] =

(¢) For everym >0, F,\ C Py (resp. P, & Pym).

Lemma 1.6 Let P prime ideal of Ay (resp. of Ai)). The following
conditions are equivalent:

(a) P is maximal.
(b) Puny (resp. Puyy) is mazimal for some m > 0.

(¢) Puny (resp. Pun) is mazimal for every m > 0.
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Corollary 1.7 With the notations above, for every prime ideal P of Ao
we have ht(P) = ht(Ppy)) = ht(Pyy,)) for allm > 0. Moreover, dim(A)) =
dim (A () )-

Proof: Since flat ring extensions satisfy the “going down” property, corol-
lary 1.4 implies that ht(P N Ay,)) < ht(P). By corollary 1.4 again, A, is
integral over A, then ht(P) < ht(P N Agy)).

The equality ht(P,)) = ht(F,,) comes from the fact that A, is a
localization of Aj,;.

The last relation is a standard consequence of the “going up” property.

Remark 1.8 Corollary 1.7 remains true if we replace Ay, C Aoy by
A[m} C A[Oo}.

Corollary 1.9 With the notations above, for every Q) € Spec(A(y)) there
is a unique Q € Spec(Agmy1)) such that Q° = Q. Moreover, the ideal Q is
given by Q = {y € Apmy) | ¥¥ € Q}.

Proof: This is an easy consequence of the fact that (Au,41))? C Apny. W

Corollary 1.10 Let us assume that A is noetherian and for every mazximal
ideal m of A, the residue field A/m is algebraic over k. Then for everym > 0
we have:

1. dim(A[oo}) = dim(A[m]) = dim(Aft])) =n+ 1.

2. dim(A(oo)) = dim(A(m)) = dlm(A(t)) =n.

Proof: The first relation comes from remark 1.8 and the noetherianity
hypothesis. The second relation comes from corollary 1.7 and [7, proposi-
tion 1.4]. [

The following result is a consequence of [7, theorem 1.6], lemma 1.6 and
corollary 1.10.

Corollary 1.11 Let A be a noetherian, biequidimensional, universally ca-
tenarian k-algebra of Krull dimension n, such that for any maximal ideal m
of A, the residue field A/m is algebraic over k. Then every mazimal ideal
of A(sc) has height n.
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2. The biggest perfect subfield of a formal function field

Throughout this section, k£ will be a perfect field of characteristic p > 0,
A =Ek[[X]], p C A aprimeideal, R = A/p and K = Qt(R).

The aim of this section is to prove that the biggest perfect subfield of K,
K* = N0 K", is an algebraic extension of the field of constants, k. This
result is proved in proposition 2.5 and it is one of the ingredients in the proof
of corollary 3.8.

Proposition 2.1 Under the above hypothesis, it follows that k = R*.

Proof: Let m be the maximal ideal of R. It suffices to prove that Rf C k.
If f € R then for every e > 0 there exists an f, € R such that f = f*".

e Suppose at first that f is not a unit, then f, is not a unit for any e > 0,
and f, € m for every e > 0. Thus, f € m? for every e > 0 and by
Krull’s intersection theorem,

fe ﬂmpezﬂm’”:(O).

e>0 r>0

o If f is unit, then f = foj-f, with fo € K C R* and fE R* and fy is
unit. By the above case f =0, hence f € k. [

Proposition 2.2 Ifp=(0), that is R=k[[X]] and K =k((X)), then k=K?*.

Proof: This is a consequence of prop. 2.1 and the fact that R is a unique
factorization domain. [ |

In order to treat the general case, let us look at some general lemmas.

Lemma 2.3 (¢f. [3, Chap. 5, §15, ex. 8]) If L is a separable algebraic ex-
tension of a field K of characteristic p > 0, then L* is an algebraic extension
of K*.

Proof: If x € L then x = y?° with y. € L for all e > 0. Since . is
separable over K, K (y.) = K(y?") = K(z), it follows that y, = 27~ € K(z)
and then z € K?*(27"). Therefore

[KP"(2) : KP] = [KP" (aF") : K¥'| = [K () : K].

Thus z satisfies the same minimal polynomial over K7 and over K for
all e > 0, and the coefficients of this minimal polynomial must be in K*.
So z is algebraic over K*. [ |



CONSERVATION OF THE NOETHERIANITY 361

Lemma 2.4 FEvery algebraic extension of a perfect field is perfect.

Proof: This is obvious because this is true for the finite algebraic extensions.

Proposition 2.5 Let k be a perfect field of characteristic p > 0, A =
E[[X]] = k[[X1,...,X,]], p C A a prime ideal, R = A/p and K = Qt(R).
Then K* is an algebraic extension of k.

Proof:! Let r = dim(A/p) < n. By the normalization lemma for power se-
ries rings (cf. [1, 24.5 and 23.7])?, there is a new system of formal coordinates
Yi,...,Y, of A, such that

o pAK[Yi.... Y]] = {0},
o k[[Y1,...,Y,]] = — = R is a finite extension, and

o k((Y1,...,Y,)) — K is a separable finite extension.

The proposition is then a consequence of proposition 2.2 and lemma 2.3.°> W

Remark 2.6 Actually, under the hypothesis of proposition 2.5, J.M. Giral
and the authors have proved that the following stronger properties hold:

(1) If R is integrally closed in K, then K* = k.

(2) In the general case, K* is a finite extension of k.

3. Noetherianity of A ®; k(t)per

Throughout this section, k will be a perfect field of characteristic p > 0,
keeping the notations of section 1.

Proposition 3.1 Let K be a field extension of k and suppose that K* is
algebraic over k. For every prime ideal P € Spec(K ) such that PNk[t] =0
there exists an mo > 0 such that Ppy is the extended ideal of Py, for
allm > mg.

'Due to J. M. Giral.

2The proof of the normalization lemma for power series rings in [1] uses generic linear
changes of coordinates and needs the field £ to be infinite. This proof can be adapted for
an arbitrary perfect coefficient field (infinite or not) by using non linear changes of the
formY; = X, + F; (Xf:_17 ..., XP), where the F; are polynomials with coefficients in F,,.

3In particular, if k is algebraically closed, we would have K% = k.
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Proof: The extension k[t] C K*[t] is integral and then P N K*[t] = 0.

We can suppose P # (0). From Remark 1.8, we have ht(Pp;;) = ht(P) =1
for every i > 0. Let Fi(t;) € K[t;] be the monic irreducible generator of Py;.
From Corollary 1.2, for each ¢ > 0 there are two possibilities:

(1) F; € KP[t;], then Fyyy(tis1) = Fi(t:)'/7.
(2) F; ¢ KP[t;], then Pyiq) = (Py)° and Fiyq(tiq) = Fi(ti) = Fi(th4).
Since P N K*t] = (0),

Folte) & ([ K”")[te] = () K*"[to]

m>0 m>0

and there exists an mg > 0 such that Fy(tg) € KP™[ty] and Fy(ty) ¢
K7™t

From (1) we have Fj(t;) = Fy(to)'/? € K™ '[t;] fori = 0,...,mo—1 and
Foo(tmg) & KP[tm,]. Hence, applying (2) repeatedly we find Fjypn, (tj1m,) =

Fro(tmg) = Fing (tﬁmo) and P4, is the extended ideal of P, ) for all j > 1.
[

Corollary 3.2 Under the same hypothesis of proposition 3.1, P is the ex-
tended ideal of some Py,

Proof: This is a consequence of prop. 3.1 and the equality P = U Py B
m>0
Let B be a free algebra over a ring A and S C A a multiplicative subset.
We denote by I +— I¥ J +— JC (vesp. I — I¢,J +— J¢) the extension-
contraction process between the rings A or S™'A (resp. A or B) and the
rings B or S7'B (resp. S7'A or S7'B).

Proposition 3.3 With the notations above, let Py be a prime ideal in B
such that PyNS = (. Let Py = PS, Py = P§ and Py = P¢. If Py = P,
then Py = P§.

Proof: Let {e;} be a A-basis of B. Since P, NS = 0, it is clear that
P =Py, P5 =Py and Py = Pg. If Py = PE, we have

P1="Pi =P = (P5)° = (Ps") = (P7*) = (P)“ =Y (Py : )s D Py

seS

To prove the other inclusion, take an s € S and let f = > a;e; be an element
of (PE : s)p with a; € A. Then, sf = > (sa;)e; € P¥ and from the equality
,P(j)E = {Z be; | b; € 7)0} we deduce that sa; € Py and a; € (,P(])E : S)A =Py.
Therefore f € PE. [
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Proposition 3.4 Let R be an integral k-algebra, K = Qt(R), and suppose
that K* is algebraic over k. Then any prime ideal P € Spec(R|s) with
POE[t] =0 and PN R =0 is the extended ideal of some P, mo > 0.

Proof: Let us write 7= R—{0}. We have K =T 'R and K}, = T 'Ry
for all m > 0 or m = oco. We define P = T-'P. We easily deduce that
Py = T*lp[m} for all m > 0.

From proposition 3.1, there exists an my > 0 such that P, is the ex-
tended ideal of Py, for every m > my. Then, proposition 3.3 tells us
that Pp, is the extended ideal of P, for every m > my, so P = |J Py is
the extended ideal of Py, [

Proposition 3.5 Let K be a field extension of k and suppose that K* is not
algebraic over k. Then K ) ts not noetherian.

Proof: Let s € K be a transcendental element over k.

For each m > 0, let s, = 57 € K and o, = t,,, — S,,. Let P be
the ideal in K() generated by the a,,,m > 0. We have a,, = o/an and
Py = K@)y, for all m > 0.

Suppose that P is finitely generated. Then, there exists an my > 0
such that P = K(g)am,. By faithful flatness, we deduce that ,, 41 €
K (mo4+1)0tme- Let us write 7 = t,,041,0 = Spo+1. Then, a1 = 7 — 0 and
there exist (1) € K[1] = Kynot1], ¢(7) € k[7]\ {0} such that

p(T) (T —0) = p(7)(T —0)".
Simplifying and making 7 = o we obtain
p(0) =(o)(o —a)™ =0

contradicting the fact that s is transcendental over k. We conclude that P
is not finitely generated and K is not noetherian. [

Theorem 3.6 Let k be a perfect field of characteristic p > 0 and let A be a
k-algebra. The following properties are equivalent:

(a) The ring A is noetherian and for any p € Spec(A), the field Qt(A/p)*

15 algebraic over k.

(b) The ring A is noetherian.
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Proof: Let first prove (a) = (b). By Cohen’s theorem (cf. [6, (3.4)]), it is
enough to prove that any P € Spec(A(w)) — {(0)} is finitely generated.

From corollaries 1.7 and 1.10, we have
ht(Ppp) = ht(Pm)) = ht(Paq)) = ht(P) =7 < n.
Consider the prime ideal of A:
p=ANP=ANPy =ANPy, = AN Py,.
There are two possibilities (cf. [5, prop. 5.5.3])):
(i) ht(p) = r = ht(Pyy,) and Py, = p[t,], for every m > 0.

(ii) ht(p) =r—1= ht(P[m}) -1, p[tm] g P[m] and A/p g A[tm]/P[m} Is
algebraic generated by t,, mod P, for every m > 0.

In case (i), P and P are the extended ideals of p and they are finitely
generated.

Suppose we are in case (ii). We denote R = A/p, K = Qt(R). Then:

Rimj = A /Pltn]s  Rig) = Aot /AP = Apaey/ | pltm]-
m>0
Define
P .= R[OO]P[OO] = P[Oo]/ U p[tm] € Spec(R[oo]).

m>0

We have P, = P N Ry = Py /pltm], PN R =P NE[t] =0 and

ht(P)) = ht (Pyy/pltm]) = 1, ht(P) = ht (P[oo] /U p[tm]) = 1.

m>0

We conclude by applying proposition 3.4: there exists an mg > 0 such that P
is the extended ideal of P,,. Then, P is the extended ideal of P, and
P = A(OO)P[OO} = A(Oo)lj[mo} is finitely generated.

Let us prove now (b) = (a). Since A(s, is faithfully flat over A, we
deduce that A is noetherian.

Let p € Spec(A) and let R = A/p, K = Qt(R). Noetherianity of
A(ooy implies, first, noetherianity of (), and second, noetherianity of K ..
To conclude we apply proposition 3.5. [
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Corollary 3.7 Let k be a perfect field of characteristic p > 0 and let A be
a noetherian k-algebra. The following properties are equivalent:

(a) The ring A is noetherian.
b) The ring (Am is noetherian for any maximal ideal m € Q(A).
(00)

Proof: For (a) = (b) we use the fact that (Am) ) = Am ®4 A(s0)-

For (b) = (a), let p C A be a prime ideal and let m be a maximal
ideal containing p. From hypothesis (b), the ring (Am) . is noetherian.
Then, from theorem 3.6 we deduce that the field Qt(A/p)* = Qt (Am/Amb)*
is algebraic over k. From theorem 3.6 again we obtain (a). |

Corollary 3.8 Let k be a perfect field of characteristicp > 0, k' an algebraic
extension of k and A = K'[[Xq,..., X,]]. Then, the ring Aoy = k(t)per ®r A
1s noetherian.

Proof: It is a consequence of lemma 2.4, proposition 2.5 and theorem 3.6.
[ |

Corollary 3.9 Let k be a perfect field of characteristic p > 0. If (B, m) is
a local noetherian k-algebra such that B/m is algebraic over k, then By =
k(t)per ®1 B is noetherian. In particular, the field Qt(B/p)* is algebraic
over k for every prime ideal p C B.

Proof: Let ¥/ = B/m. By Cohen structure theorem (cf. [5, Chap. 0,
th. 19.8.8]), the completion Bof Bis a quotient of a power-series ring A
with coefficients in &’. Since ]§(oo) is also a quotient of A (), we deduce from
corollary 3.8 that E(oo) is noetherian. Since B is faithfully flat over B, the
ring E(Oo) is also faithfully flat over B(.). So, B( is noetherian.

The last assertion is a consequence of theorem 3.6. [ |

Corollary 3.10 Let k be a perfect field of characteristic p > 0. For any
noetherian k-algebra A such that the residue field A/m of every mazximal
ideal m € Q(A) is algebraic over k, the ring A is noetherian. Further-
more, if A is reqular and equicodimensional then Ay is also regular and
equicodimensional of the same dimension as A.

Proof: The first part is a consequence of corollaries 3.7 and 3.9. For the
last part, we use corollary 1.11, the fact that all Ay, m > 0 are regular and
of the same (global homological = Krull) dimension ([7, th. 1.6] and [2]).

[ |
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