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The Denef-Loeser series for toric

surface singularities

Monique Lejeune-Jalabert and Ana J. Reguera

Abstract

Let H denote the set of formal arcs going through a singular point
of an algebraic variety V' defined over an algebraically closed field k
of characteristic zero. In the late sixties, J. Nash has observed that
for any nonnegative integer s, the set j°(H) of s-jets of arcs in H is a
constructible subset of some affine space. Recently (1999), J. Denef
and F. Loeser have proved that the Poincaré series associated with
the image of j°(H) in some suitable localization of the Grothendieck
ring of algebraic varieties over k is a rational function. We compute
this function for normal toric surface singularities.

1. Introduction

Let V be an algebraic variety defined over an algebraically closed field of
characteristic zero. Recently, J. Denef and F. Loeser have attached canonical
rational functions to the set H of formal arcs on V' going through a given
singular point O of V' (see [D-L1], [D-L2]). The existence of such functions
is a finiteness property of the family {j*(H)}sen of s-jets of arcs in H,
analogous to the rationality of the p-adic Poincaré series associated to the
p-adic points on a variety, and it fits with Nash’s expectation in [N].

Denef and Loeser have computed these functions for analytically irre-
ducible plane curve singularities in [D-L2]. As far as we know, it is the
only concrete example available so far. In this paper, we compute the series
Pyeom(T) for toric surface singularities (the definition is given in section 2).
The final formula shown in theorem 4.5 is given in terms of a natural con-
tinued fraction expansion of the quotient g/p of relatively prime integers
satisfying 0 < p < ¢, characterizing the singularity in the dictionary be-
tween toric varieties and convex cones.
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Moreover, as a consequence of our proof, which only involves the blowing-
up with center O and the normalized Nash blowing-up of the surface, we get
geometric interpretations. For a toric surface singularity (V,O), Paeom(T')
has only simple poles. Except for 1 — L?T, which occurs for any surface
germ, singular or not, these poles are in one to one correspondence with the
divisorial valuations of the function field k(1) whose center on the normal-
ized Nash blowing-up (resp. the blowing-up with center O) is an irreducible
exceptional curve (resp. a closed point). The tangent lines whose direction
is one of these points appear in [GS3] and they are named “exceptional
tangents” in [L-T]. In particular, we prove that Pyeom(T) = 127 as in
the nonsingular case, if and only if the toric surface V' has no exceptional
tangent at O.

The paper is divided into three sections followed by an appendix. In sec-
tion 2, we recall the definition of Pyeom(7") and of its ingredients: arcs, jets
(or truncations) of arcs, Grothendieck ring of k-varieties, and we state Denef-
Loeser’s rationality theorem. The geometric analysis of the space of arcs and
of its jets is carried out in section 3. For each s > 0, we get a finite partition
of the set of s-jets of arcs by constructible subsets isomorphic to the product
of a 1 or 2-dimensional torus by an affine space of suitable dimension. These
dimensions are controlled by piecewise linear functions, which turn out to
be linear on the cones of the fan corresponding to the minimal modifica-
tion of the surface factoring through its blowing-up with center O and its
Nash blowing-up. We compute the series thus obtained in section 4. Here,
its rationality follows from the rationality of the series > _ .. 2™ for any
convex rational polyhedral cone o in R2. Several characterizations of toric
surface singularities with the same Pyeom (1) are given. We close this section
with four questions.

The reader is expected to have some familiarity with the basic elements
of the dictionary given in [TE] or [O, chap.I]. We limit ourselves to recall
the geometric significance of the strongly convex rational polyhedral cone
classically attached to an affine normal toric variety (see (3.1)), and the
description of the normalized blowing-up with respect to a monomial ideal
via its Newton fan (see (3.7)). On the contrary, we have found it useful
to give details on the Nash blowing-up of toric varieties. For these vari-
eties, Gonzalez-Sprinberg has exhibited an ideal whose blowing-up is a Nash
blowing-up. In the appendix, we show that this ideal has a nice interpreta-
tion via differential forms with logarithmic poles. The idea of the proof and
the terminology introduced originate in [P, section 4].

We denote by V,, (resp. Vi) the toric variety which corresponds to the
cone o (resp. the fan ).
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2. Arcs, jets and the series Pyeom (1)

In this preliminary section, we introduce our notation, and we recall the
statement of Denef-Loeser’s fundamental theorem 1.1. in [D-L1].

Let V be an algebraic variety over an algebraically closed field k, and
let O be a closed point on V. Let D := Spec k[[t]] and let 0 denote its closed
point. A (formal) arc on V going through O is a k-morphism A : (D,0) —
(V,0), (or equivalently a k-local homomorphism h* : Oy — K[[t]]).
The set H of arcs on V' going through O is naturally endowed with a re-
duced scheme structure. Indeed, since the question is local and k is assumed
to be algebraically closed, we may assume that V is a closed subvariety of
some affine space A{ := Spec k[X}, ..., X ] and that O = (0,...,0). An arc
h € H is given by power series expansions

Xi(t)=> it €kt]], 1<i<d,

j>1

such that f(Xi(¢),...,X4(t)) = 0 for every f in the defining ideal I(V') of V/
in AY. For 1 > 1, set x; := (z1y,...,24;) (resp. X, = (X1,,...,Xay) where
the X, ;’s are indeterminates). Observe that

FXG), - Xa() =Y i,z ¥

j>1

where f; is a quasi-homogeneous polynomial of weight j in the polynomial
ring k[X,, ..., X,] graded by giving the weight [ to X1, ..., Xy, for every [,
1 <1< j. Therefore, H is the zero set of all f; for f € I(V) and j > 1. In
particular, H is an affine subscheme of Spec k[X,,..., X ...].

77

For any integer s > 0, the canonical projection
es  kl[t]] — K[[¢]]/ (1)

induces a map j° : H — Hg where H, denotes the set of k-local homomor-
phisms Oy — K[[t]]/(t)*™. Similarly, H; is the zero set of all f; for f €
I(V) and 1 < j < s, hence an affine subscheme of A{? = Spec [X,,...,X,].
The image j*(h) of h € H is called the s-jet (or s-truncation in [N]) of h.
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As a consequence of a theorem of Greenberg (a particular case of Artin’s
approximation theorem), j*(H) is a constructible subset (i.e. a finite union
of locally closed subvarieties) of Hy, for every s > 0. Such a space has an
image in the Grothendieck ring, Ko(Vx), of k-varieties (i.e. reduced sepa-
rated schemes of finite type over k). Recall that, by definition, Ky(Vy) is
the ring generated by symbols [X], for X a k-variety, modulo the relations
[X] = [X'] if X is k-isomorphic to X', [X] = [X \ Y] + [Y] for Y closed
in X, and [X] x [X'] = [X xx X']. As usual, we denote the class of the affine
line A} by L. Following Looijenga [Lo], we set My := Ko(Vy)[L7!].

Theorem (Denef-Loeser [D-L1]) Suppose that the ground field k is of char-
acteristic zero. Then the power series

considered as a power series in My[[T]] is rational. More precisely, there
exist a polynomial N(T') € My[T] and finitely many integers a; € Z, b;,d; €
Z>y, such that

N(T)
[T, (1 —LeTo)™

P geom<T) =

3. Arcs on a toric surface singularity and their jets

(3.1) Consider now an affine normal toric surface V' over an algebraically
closed field k. Let T' = (k*)? be the 2-dimensional torus seating inside V.
The ring of regular functions k[T'] on T is isomorphic to the ring of Laurent
polynomials in 2 variables k[ X, X; ', X, X, !]. Recall that a one-parameter
subgroup on 7" is an homomorphism A from the multiplicative group k* to T',
and that there exists n=(ny, ny) € Z* such that A=\, where ), is defined by

X™o A, (t) = timm

for any m = (mq,ms) € Z*, with (m,n) =Y _,_, , min,.
In other words, the group of one-parameter subgroups on 7' is a lattice

N = 72 dual to the lattice M = Z2 of exponents of monomials on 7. Here

is a list of basic facts of the theory of torus embeddings which we will use
further. (See [TE] or [O]).

i) There exists a strongly convex rational polyhedral cone o in Ng :=
N®zR = R? such that lim;_ g \,(t) exists in V if and only if n € N N.
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ii) The ring of regular functions k[V] on V' is the k-algebra k[o¥ N M] of
the semigroup ¥ N M where 0¥ = {m € Mg :== M ®; R | m|, > 0}.

iii) Let n,n’ € 0 N N; then A\, and A,/ tend to the same limit for ¢ — 0,
if and only if n and n’ lie in the relative interior 7 of a face 7 of &
(i.e. its topological interior in the R-vector space F, spanned by 7).
As a consequence, the map 7 — O, := T.\,(0), for any n €T N N, is
a 1-1 correspondence from the set of faces of o to the set of T-orbits

on V.

The orbit O, is isomorphic to a torus of dimension 2 —rkg E,. Since our
surface V' is normal, its singular locus (if nonempty) consists of 0-dimensional
closed orbits. Therefore, V' contains such an orbit if and only if dimo :=
dim £, = 2 and, if this condition holds, then O, is the only 0-dimensional
orbit on V.

In the sequel, we will assume that dimo = 2.
(3.2) An arc h on V' going through O := O, is a k-homomorphism of rings

k[V] = k[o¥ N M] — k[[t]]

sending the maximal ideal M = €D, ¢ v o KX™ defining O into (¢)k([t]].
Suppose that the image of h meets the torus. Then the map

o' N M — Z>g m +— ord; X™ o h(t)

is well defined. Indeed, for any such m, the zero set of X™ is contained
in V\ T. Since T is dense in V, the Z-module generated by ¥ N M is M.
So the above map extends to a linear form vy, : M — 7Z, that is v, € N.
We have v|,v > 0, hence vy, € ¥V = 0. Moreover, for any m # 0 in oV N M,
we have v,(m) > 0, hence v, €0.

Now, for any m € oV N M, set uy(m) = X™oh(t) t=»(™) It follows from
the definition of v, that u,(m) is a unit in k[[t]]. As above, the homomor-
phism from ¥ N M to the multiplicative group U of units in k][[¢]] extends
to a group homomorphism from M to U, and uy, is nothing but an arc on 7.

Conversely, we can recover an arc h on V going through O whose image
meets the torus from any pair (v, u) with v €6 NN and u in the set of arcs
on T, by setting, for any m € ¢¥ N M,

X™ o h(t) = t™u(m).
Indeed, since v €0, we have (m,v) > 0 and (m,v) > 0 if m # 0. We also

have X™ o h(t) # 0, hence the image of h is not contained in V' \ T', whose
defining ideal is generated by monomials.
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To sum up, we have the following identification:

Proposition 3.3 Let V' be an affine normal toric surface with a 0-dimensio-
nal closed orbit O, and let H* denote the set of arcs on V' going through O
whose image meets the torus. Let N be the lattice of one-parameter subgroups
on T, o the 2-dimensional strongly convex rational polyhedral cone in Ny =
N ®z R? enjoying property i) in (3.1), and o its relative interior. Let Hr
denote the set of arcs on T

Then, the map (6° N N) x Hr — H* sending (v,u) to h given by

(3.3.1) X™ o h(t) = My (m)
for any monomial X™ in k[V] is a one-to-one correspondence.

In the sequel, we will denote the pair coding h € H* via (3.3.1) by (v, up,)
and we will call vy, the order form of h.

We can rephrase proposition 3.3 by saying that the family
H' :={he H |vy,=v}={he€ H | ord, X" oh(t)=(m,v),Ym € 6" NM} ,

for v running over o NN , is a partition of H* by subsets isomorphic to Hrp.
Note that Hy =T x Spec k[{X1 s, Xos}s>1] with X7 5, X5 5 indeterminates.

(3.4) Our aim is to compute the image of j°(H) in My, for any inte-
ger s > 0. To do so, we have to exhibit a finite partition of j*(H) by
constructible subsets whose image in My is easily computed. The first ele-
mentary observation is that j*(H) = j*(H*) (see lemma 3.5 below). We will
extract a finite partition of j*(H*) from the infinite family {j*(H;)} o .-
We immediately see that j°(H}) = {0} if min {(m,v) | m € 6¥NM\0} > s.
We will prove that otherwise, j(H) is isomorphic to the product of a 1 or
2-dimensional torus by an affine space (see lemmas 3.6, 3.8 and 3.9 below).

Lemma 3.5 For any integer s > 0, we have j*(H) = j*(H").

Proof: We may assume that 0 = Rspe; + Rso(per + gea) where (e, €2)
is the canonical basis of N = Z? and p, ¢ are relatively prime integers with
0 < p < q. All we have to prove is that, given h € H whose image lies in
V\T, we can find b’ € H* with the same s-jet. Here V' \ T" is the union of
O := O, and of two 1-dimensional orbits corresponding to the 1-dimensional
faces of 0. We may assume that h factors through Y := Og_,,. The ideal
defining Y in V' is @p,cov\r)nnkX™ with 7 := Ryoe;. Hence, for any
m € (oV'\ 7)) N M, we have X™ o h(t) = 0.
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Let (e, e2) be the dual basis of (€1, €3). We have 0¥ = Rso(ge; — pea) +

R-pes and 71 = Re,. By proposition 3.3, we have to find v €6 NN and
u € Hyp such that

(m,v) >s, Yme (c"\1)NM
and

2y (ey) — X o h(t) € (t)*+.
Set vy := ord; X2 o h(t). If s < vy (or vy = 400), then j*(h) = 0, and
we have j°(h') = 0 for any A’ € H; with mingcovorno (m,v) > s. If
1 < vy < s, choose an integer v; > s + §y2 and set v = vie; + es.
For any m = me; + moey € (0¥ \ 71) N M, we have pm; + gmy > 0
and my; > 1, hence (m,v) = mqv; + move > %(qyl — pro) > s. Besides,

since 5 > 1 and qu; — prs > s > 0, we have v €o. Now, X¢ o h(t)t"2

is a unit up in k[[t]]. Let u € Hy mapping m € M to u{™®'. Then we
have (2" y(ey) = t"2uy = X o h(t), therefore the pair (v,u) satisfies our
requirements. [ |

We analyze arc and jet spaces through computations involving coordi-
nates on V. Here, the T-action on V provides us with a natural system of

Y
coordinates on V' vanishing at O, namely (X*) eé where @G is the minimal
o
v
system of generators of the semigroup ¥ N M \ 0. Recall that G consists
of the integral points on the compact edges of the boundary polygon, 0P,

v
of the convex hull P of ¢V N M \ 0, and that, given u, us in G, (p1, po) is a
Z-basis of M if and only if the segment [y, po] lies in P and contains no
points in M other than the vertices (see [GS1] or [O]).

The following lemma is preliminary.

Lemma 3.6 Fiz v €0 NN and let H* := {h € H* | v, = v}. Suppose that
\
there exists iy, o in G such that (pi, o) is a Z-basis of M and that, for
\%
any p €G distinct from py, ps, the inequality

(3.6.1) (w,v) > sup (u;,v)

1=1,2
holds. Then j*(H}) is isomorphic to
{0} if s <infj_q9(u;,v);
k* x Af{_mfi:l’2<“i’”> if {py,v) # {ua,v) and
infim o, V) < s < sup;_q ot V) ;

*2 25— —+ N .
k* x A (rtiz) if sup;_y o(pi,v) < s.
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Proof: By proposition 3.3, the map Hy — H, sending u to h given by
V
XFoh(t) =t"u(p) Y eq

\Y
is an isomorphism. Now, any p €@ is a linear combination p = aqp; + aspis
with a; € Z. We have u(u) = [,_; , u(p)™

Set U(IU,) = ZTEOU(ILL;T'ﬁfT, U(ILLZ) = Zr>0 (/’l’la )tr7 1= 172 Since
u(p), u(p;), ¢ = 1,2, are units in k[[t]], for any integer r Z 0, u(p;r) is
a polynomial function of w(g;0)™1, w(ps; 0), w(ps; 1), -+ u(pr), i = 1,2.
We have

(1) X*oh(t)= Zrzo u(p; T)t<ﬂ’y>+r ;
(2) XFioh(t) =200 u(psr)tHtr i=1,2.

For simplicity, assume that (u;,v) < (us,v). By assumption, for any

[ g, fg in é, we have (uo,v) < (u,v). Therefore, if 0 < s < (uy,v), we
have j*(h) = 0, while, if (u1,v) < s < (ug,v), then X#* o h(t) is the only
component of h having a nonzero s-jet. In view of (2), this proves the first
two isomorphisms stated in the lemma.

Now, suppose that (us,v) < s. By (1), for 0 < r < s, the coefficient of ¢"
in X#oh(t)is 0if r < (u,v) and u(u; r—(u, v)) if (u, v) < r. In both cases, it
is a polynomial function of w(u;;0)™ w(pi; 0), ... u(psr — (u,v)), i =1,2.
Since (p;,v) < {u,v), i = 1,2, these functions give the last isomorphism in
the lemma, in view of (2). [

The next step will be to prove that Z-basis of M enjoying the inequal-
ity (3.6.1) do exist for any v €o NN, and to control how they depend on v.
To begin with, given v o NN , we are looking for the two smallest integers

Y
occuring in the family G (v):={(u, v)} e
m

V
Note that two integers in G () may coincide. We will show that the re-

sulting numerical functions on o NN are piecewise linear functions, i.e. linear
functions on the cones of a fan 3 which is a subdivision of o, and that, for
each ¢ € 3, the pair of linear functions on N thus obtained is a Z-basis of M
which satisfies the hypothesis of lemma 3.6 with respect to any v € d N N.
We will show that, if the characteristic of k is zero, the corresponding equiv-
ariant modification 7 : V' — V is the minimal one which dominates the
blowing-up with center O and the Nash blowing-up! of V.

1See appendix.
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To prove this, we first need to recall some elementary facts about blowing-
ups of monomial ideals.

(3.7) Consider an ideal A in k[V] = k[o¥ N M] generated by monomials
(X™)mea. It is easily verified that, for any n € o, we have

ord A(n) := ;ngq(m,m = mlenAffA<m,n) =: hp,(n)
where N4 is the convex hull of U,,ea(m + o) and hyr, denotes its support
function defined by the right hand side equality.

For any nonempty face F of Ny, op := {n € o | (m,n) = hy,(n) for
any m € F'} is a strongly convex cone in o, and the resulting family {oz} is
a fan ¥ 4 which subdivides 0. The corresponding equivariant modification
w4 Vi — V is the blowing-up with center A followed by normalization.
(See [TE, chap. I, sec. 2]). In the sequel, we will call N4 (resp. X 4) the
Newton polygon (resp. Newton fan) of A.

Note that, for any m € F N M, the ideal Ak[V, ] is generated by X™,
and that hyr, coincides with the linear function m on op. Here V,, denotes
the affine chart of V4 whose ring of functions k[V, ] is k[o}. N M]. For any
n € op, we thus have:

(3.7.1) ord A(n) := inf (m,n) = (m,n) Ym € FnN M.

meA

The above equality applied to the maximal ideal M = (X*) o defining O
“w
expresses that min eém’ v) is a piecewise linear function. More precisely,
o

we get:

Lemma 3.8 In the above notation, the following holds:
i) The Newton polygon of M is the convex hull P of o N M \ 0.

ii) Let X' be the Newton fan of M and let og € ¥ as defined in (3.7)
from a vertex S of P. For any v € og, we have

ord M(v) := ini(u, v) = (S,v).

pneG

iii) Let ™' V' — V' be the equivariant modification corresponding to the
fan ¥ subdivision of o. Then 7' is the blowing-up with center O.

Note that there is no need to normalize after blowing-up here. Singular-
ities of toric surfaces are rational surface singularities and this fact follows
from [L, proposition 8.1].
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G. Gonzélez-Sprinberg ([GS1]) has proved that, if k is a field of charac-
teristic 0, the Nash blowing-up of V' is the blowing-up with respect to the
ideal J; in k[V] = k[oV N M] generated by X**# where p, p/ is running

v
over the set of pairs of R-linearly independent elements in G. (See appendix
for an alternative proof). In this paper, we call this ideal the logarithmic-
jacobian ideal. Note that we have ord J; > 2 ord M. By applying (3.7.1)

to JIMK[V,,], we will get that the restriction of min eé\sw’ v) to og is
o

a piecewise linear function. This goes as follows:

Lemma 3.9 Order the points pg, . . . , fler1 in the minimal generating system

Vv

G in such a way that, for any i, 0 <1i < e, the segment [, ;1] lies in OP
and contains no points in M other that its vertices. For a vertex S labelled
Wi, set ST = p;_1 if i #0 and ST =y ifi #e+ 1. Then:

i) The Newton polygon of J1IMk[V,] is the convex hull Ps of [S™ST]+

gs

0§ (resp. ST +og, ST+0g) if S # o, pers (resp. S = pug, S = fietr).

i) Let g be the Newton fan of JIMK[V,,], and let o5« € Sg with
x =+ or — as defined in (3.7). For any v € og-, we have

ord Ji(v) —ord M(v) = inf (u,v) = (S*,v).
ueé\s

iii) Let S be the fan subdivision of X' obtained by removing og from ' and
adjoining the cones in Xg for every vertex S of P. Let 7 : V—V
be the composition of the blowing-up 7' : V' — V with center O with
the equivariant modification V- — vV’ corresponding to the subdivision
Y of ¥'. Then m is the minimal modification with V normal factoring
through the blowing-up with center O and the Nash blowing-up of V.

Proof: We have Mk|[V,,] = (X®). Therefore JM~'k[V,,] is generated by

(XM=Y i1<er1 . Hence the ideal Zg generated by (X“)#Eé\s in k[V,,]

is contained in J;M™'k[V,,], the Newton polygon N of Zg is contained in
the Newton polygon N of JJM™k[V,] and, for any v € og, we have by
lemma 3.8,

inf (p,v) >inf(u; +pw —S,v) =ord J(v) — ord M(v).
ueé\s 7

On the other hand, for j # [, either p; or y is distinct from S = p;. Assume
J # 1, then, by lemma 3.8 again, we get that

<:uj+,ul77/> > <,uj,V>+<S,V> > H&f <M,V>+<S,l/>.
HEG\S
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So, for v € og, we have

(3.9.1) ord Ji(v) —ord M(v) = inf (u,v).
ueé\S

By (3.7), equality (3.9.1) means that the support functions of the Newton

polygons A and A coincide. Therefore, the supporting lines in the direc-
tion n to N and N respectively

Ln,/\/(resp. J\N/) = {m - MR ‘ <m, TL> = h’N(respA N-) (n)}

coincide. Let L,, denote this line. To get N = N , it is enough to prove that
N C N. Consider a vertex Q of N and choose n in the relative interior of
og € Xg. We have N N L, = {Q}. But, since N C N, the nonempty face
N N L, of N is contained in {Q}, hence it is {Q}. Therefore Q is a vertex
of N and we get N' C .

It remains to prove that

(3.9.2) N := Cony U (n+ad) = Ps.

Vv
HEG\S

Assume first that S # po and per;. The inclusion N D Py is clear
Vv
because S7, St €@ and Ps = Conv]U,—; _(S* + 0¢)]. To get the opposite

inclusion, it is enough to prove that any u € é \S lies in Ps. Any such p
is a point of 9P, hence of P. But we have P C S + ¢¢ (in fact, P is the
intersection of the family of R + o), for R running over the set of vertices
of P). Since S+0c¢ is the union of [S™ST|+c¢ and the triangle with vertices

v
S,57, 8", and the only points of G in this triangle are its vertices, we get
the conclusion.

Assume now that S = pg. The inclusion N D Py is again clear. As
above, we have P C S+ 0. Here S+ o¢ is the union of ST+ ¢ and of the
Minkowsky sum € of the segment [S, S| = [ug, p1] and of Rsgpug. The only

\ \Y
points of G in 6 are S and ST, hence G \S is a subset of ST + 0 = Ps.
This completes the proof of i).

Now, in view of i), assertion ii) is an immediate consequence of (3.9.1),
(3.9.2) and (3.7.1) applied to the ideal Zg := (X*) s in k[V,,].

ne

As for iii), we know by lemma 3.8, that 7’ : V' — V is the blowing-
up with center M. Now, it follows from (3.7) applied to JM'Kk[V,,]
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for every vertex S of P, that the modification V — V' is the blowing-
up of V' with center TM~ 1Oy, followed by normalization. Hence, the
composition 7 : V' — V is the blowing-up of V' with center ;M followed
by normalization, i.e. the minimal modification with V normal factoring
through the blowing-up with center O and the Nash blowing-up of V in
characteristic 0. |

Since, for any vertex S of P, the pair (S,S5*) with S* = S~ or ST is a
Z-basis of M, and o is covered by the family of og+, lemma 3.6 combined
with lemmas 3.8 and 3.9 computes the isomorphism class of j*(H}) for every

v €0 NN. The last step is to exhibit the partition of j*(H) by finitely many
J*(H}) that we have announced in (3.4).

This requires to introduce some additional notation.

Lemma-Definition 3.10 For any integer s > 0, let
oo(s) == {n €o| ord M(n) > s}
o1(s) == {n €o] ord M(n) < s < ord Jy(n) — ord M(n)}
o5(s) == {n o] ord Ji(n) — ord M(n) < s}.
Then we have,
i) The family {o:(s)}o<i<a is a partition of 0.
ii) oo(s) NN is a finite set (empty if s =0).

iii) Fors>1, o1(s) is the disjoint union of o1(s)N o for S running over
the set of vertices of P.

Proof: By the definition of the logarithmic-jacobian ideal J;, we have
ord J; > 2 ord M, hence i). The set oy(s) is relatively compact, hence ii).
The 1-dimensional cones in ¥/ intersecting o are the cones or for F' running
over the set of 1-dimensional compact edges of P. Pick any such F' and
choose a pair (S,5") on it. By (3.7.1), for any n € op, we have (S,n) =
(S*,n). Now o is a face of both o5 and og+. By lemmas 3.8 and 3.9, this
equality is equivalent to saying that ord M(n) = ord J;(n) —ord M(n) and
implies that or Noy(s) = 0, hence iii). |

Note that, for s > 1 and S # g, fes1, o1($)N o is relatively compact,
hence o1(s)N 35 NN is a finite set. This does not hold for S = pg or preys.
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Now, we may state the main result of this section.

Proposition 3.11 Let H (resp. H*) denote the set of arcs on V going
through O (resp. whose image meets the torus).

For each h € H*, let vy, denote its order form (see (3.3)). For each
integer s > 0, set H¥(s) = {h € H* | vy, € 0:(s)}, 0 < i <2, and for each
=l NN, set H: = {h € H* | v, = v}. Then,

i) For each s >0, the family {j*(H;(s))}o<i<2 is a partition of j*(H).

ii) a) We have j*(Hj(s)) = {0}.
b) The family {j°(H})}veor(s) @5 a covering of j°(Hi(s)) by con-
structible sets. Given v,V € o1(s), we have j°(H:)Nj*(H:) # 0

if and only if there exists a vertex S of P such that v,/ €os and
ord M(v) = ord M(V'). And if this holds, then we have

J(HD) = °(Hy) 2 K x A,

c) The family {j*(H})}veoys) @5 a partition of j*(Hs(s)) by con-
structible sets and, for any v € o9(s), we have

.5 *\ ~U 1 %2 2s—ord J;(v
JP(HD) 2 x AT,

Proof: By lemma 3.5, we have j*(H) = j°(H*) for any s > 0. Now
{o:(s) }o<i<o is a covering of o, therefore the 1-1 correspondence between H*
and (¢ NN) x Hy shown in proposition 3.3, implies that {j*(H;(s)) }o<i<2
is a covering of j*(H*).

For every h € H*, let
v Voo v
G (his) :=={neG|j*(X* o h(t)) # 0} ={u G| {p, ) < s}.

\Y% \
Note that, if the s-jets of h,h’ € H* coincide, then G (h;s) =G (K';s).
Now, since the maximal ideal M defining O is generated by (X*) o and
m
by definition ord M(v) := inf eé<“’ v), for any h € H*, we have the five
m

equivalences below:

i

G (h;s) =0« 5°(h) =0< ord M(v,) > s < vy, € og(s) < h € Hj(s).

This proves a) in ii).
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v
Now suppose that G (h;s) contains a single element, say p;, with 0 <
i <e+1 (see lemma 3.9). We have

ord M(v,) := inf (p,vp) = inf () < s.
uGé ,uGé(h;s)

By (3.7) and lemma 3.8 i), ord M is nothing but the support function hp
of the convex hull P of ¥ N M \ 0. Hence our assumption implies that the
face of P contained in the supporting line

L, ={me Mg | (m,v) =hp(v)}

in the direction v, is the singleton {y;}. So y; is a vertex S of P and v, co 3.
Moreover, by lemma 3.9 ii), we conclude that

ord Ji(vp) —ord M(v) = inf (p, 1) > s.
ueé\S

Therefore, v, € o1(s) and h € H{(s).
Now, consider ' € H* such that j°(h) = j°(h’). It follows from the equal-

ity é (h;s) :é (h';s) = {S} and the above argument that v, €M oy (s)
and that
7 (X o h(t)) = 55 (X" o (1)) # 0

thus
ord, X% o h(t) = (S, 1) = ord, X o B/ (t) = (S, vp)

or equivalently, by lemma 3.8, ord M(v},) = ord M (vy).

Y o

Next suppose that G (h;s) contains at least two elements. Since v, €0,

the face F' of P contained in the supporting line L,, is either a vertex or
a 1-dimensional compact edge of P. For any m € F', we have

hp(vn) = (m,vp) = nf (u,vp) = inf (p,1) <'s.
REG HEG(h;s)
\
Hence FNM C @G (h;s) and vy, € op. Choose a vertex S of F'; in particular
V
S €@ (h;s). Now our assumption implies that inf eé\S<’u’ vp) < s. Since
n
or C 0g, by lemma 3.9 ii) again, we have
ord Ji(vp) —ord M(v,) = inf (u,v,) = (S, 1) <'s
uGé\S

for a suitable value — or + of *. Hence v}, € o3(s), i.e. h € Hj(s) and
S, S5* Gé (h;s).
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As above, for K’ € H* such that j*(h) = j*(h'), we deduce from the
Y

\
equality (v} (h;s) =G (k';s) that v € o9(s). Moreover G (h;s) contains a
Z-basis (S,5*) of M. For p =S or S*, we have

J (X" 0 h(t)) = (X" o K1) # 0

thus

ord; X* o h(t) = (u,vp) = ordy X* o B/ (t) = (pu, vp)
from which we conclude that v, = .. Here the basis enjoying the hypothesis
of lemma 3.6 with respect to v, = v = v is (5,5*). We have

(S+ 85", v) =ord M(v) + (ord J;(v) — ord M(v)) = ord Ji(v).

. . . . . . o . .
In addition, since {;(s) }o<i<2 is a partition of o, the above discussion shows

that, for 1 = 0,1 (resp. 2), we have v}, € 0;(s) if and only if the set (V; (h; s)
has i (resp. at least i) elements. This completes the proof of i), and b), ¢)
in ii), except for the constructibility property of j*(H}).

By definition (see lemma 3.9) (X*)p<i<et1 is a system of coordinates
on V which vanish at O. Recall that the set H, of k-local homomorphisms
Ovo — K[[t]]/(t)*™" is an affine subscheme of AJ“"® and that j*(H) =
J5(H*) is a constructible subset of H,. Consider v € o;(s) N N, with i = 1
or 2. For any h € H*, we have j°(h) € j*(H,) if and only if, for i =
0,....,e+1,

) iy V if iy V S S
ord; X" o h(t) = { <HJ> 3> oiﬁervxzise.

These conditions define a constructible subset in Af{(eﬂ). Hence j°(H}) is
constructible. [

Corollary 3.12 Let M (resp. J;) be the maximal ideal defining O in V
(resp. the logarithmic-jacobian ideal) and let ord M (resp. ord J;): 0 —
Z>o denote the corresponding order functions as defined in (3.7).

For any integer s > 0, let 0;(s), i = 1,2, be the subset of o defined
in lemma-definition 3.10. Denote by [o1(s) N N| (resp. [v]) the image of
o1(s) NN (resp. v € a1(s) N N ) in the quotient of o1(s) by the equivalence
relation: n ~ n' if there exists a vertex S of P such that n,n’ €os and
ord M(n) = ord M(n'). Then we have

[jS<H)] — 14 (]L . 1) Z Ls—ord M(v) + (]L . 1)2 Z LQs—ord Ji(v)

[VI€[o1(s)NN] vEoa(s)NN

in the Grothendieck group of k-varieties Ko(Vy).



596 M. LEJEUNE-JALABERT AND A. J. REGUERA

4. The series

(4.1) We keep the notation of section 3. In this section, we will give an
explicit formula for

Pgeom,V(T) = Z [js<H)]TS

s>0

in terms of the cone o attached to V' (see (3.1)). It follows from corollary 3.12
that
Preomv(T') == Po(T) + P (T) + Po(T)

where

Py(T) = ZTSZ%

s>0

P, (T) — (]L _ 1) Z Ts Z ]Ls—ord M(v)

>0 elor(o)n]
PQ(T) — (]L _ 1)2 Z TS$ Z 1,2s—ord ,.’7[(1/)
520 veEoa(s)NN

We first proceed to compute Po(7). Recall that
oa2(s) = {v eo| ord Ji(v) — ord M(v) < s}.
Therefore

PQ (T) — (]L o 1)2 Z Z LQS—Ord T (v) TS

veann szord Ji(v)—ord M(v)

— (L i 1)2 Z Lordjl(u)—ZordM(u) Tordjl(y)—ord,/\/l(y) <Z ]L2STS>

vEGNN 520

(L —1)?
——— No(T
—rr e
with
N2 (T) — E Lord Ji(v)—2ord M(v) Tord Ji(v)—ord M(V)

veGNN

Let 3 be the fan subdivision of ¥ introduced in lemma 3.9. By the inclusion-
exclusion principle, we have

No(T) = (1) Noo(T)
oeY
with
Nos(T) = Z ord Ji(v)—20rd M(v) pord Ji(v)—ord M(v)

vEGNGNN



THE DENEF-LOESER SERIES FOR TORIC SURFACE SINGULARITIES 597

We know by lemmas 3.8 and 3.9 that the functions ord M and ord J, —
ord M coincide with linear forms on each o € ¥. More precisely, for o = og-
as in lemma 3.9, we have

ord M(v) = (S,v) and ord Ji(v) —ord M(v) = (S*,v) Vv € og-.

Thus, for any face 7 of og+, we have

N2T Z ]LS —S,v) S*

vernenN
Since (S, 5*) is a Z-basis of M = Homy(N,Z), the map ¢ : N — Z X Z
sending v to ((S* — S,v), (S*,v)) is an isomorphism.

For a vertex S of P in the relative interior of ¥ (i.e. S # pg, fles1), We
have by definition (see again lemma 3.9)

os- ={n € Ng | (S*—=S,n) >0 and * (S5~ —S",n) >0}.

There exists an integer c¢g > 1 such that ST + S~ = (¢g +2)S. So the cone
og+ is mapped by ¢ to the cone

ps = {(a,as) ERXR /a3 >0, csas — (cs+2)a; > 0}
= Rzo(cs, cs + 2) + RZO(O, 1)

and
Noooo (T) = ) LOT* -1,

(a1,02)€psNZ?

The primitive vector on Rxo(cg, cs +2) is (¢s, ¢s + ps) with gs = cg,ps = 2
if cg is odd, g5 = %, ps = 1 if cg is even. It is easily verified that

Ps(L, T
N27US* (T) - (1 _ T)(ls(_ ]’qu)quers) -1
where
Py(L,T) := Y LT
IgNZ2
and
g = {\i(gs,qs +ps) + X2(0,1) | 0< N <1, i =1,2}
1. €.

Z LoT a(qs+ps)-|

0<a<qs

a(gs+ps) '

where qugﬂ’s} denotes the least integer greater than or equal to = o
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We also get that

ILasTas+ps T
Nor(T) = A Tasgaseen) <fesp-'(ftr7fj)

if 7 is the 1-dimensional face of og« in & \ ¥ (resp. in ).

For S = pg, ftes1, we have:
o« ={n € Ng | (S*—S,n) >0and (S,;n) >0}.

Here the cone og« is mapped by ¢ onto the cone

p = {(a,a0) ERXR | a1 >0, ag — g >0}
R>o(1,1) +R>0(0, 1)

and
Noooo (T) = Y LOT* - > LT
(a1,a2)€EPNZ2 (a1,02)ER>0(1,1)NZ2

1 1 T

1-7Ty1-LT) (1-LT) (1-T7)(1-LT)"
Summing up, this gives

T(1+LT)
(1-T)(1—LT)

2 Ps(L,T) 1 1
_|_ — J—
Z (1-T)(1 —TLasTastps) 1 —T 11— LasTastps
SesS

Ny(T)

where S is the set of vertices of the convex hull P of 6V N M\ 0 in the relative
interior of oV.

We now compute P;(7T). Recall that 01(0) = 0 and that, for s > 1,
o1(s) is the disjoint union of oy(s)N og for S running over the set of ver-
tices of P. Moreover, the quotient space [oy(s) N N] is the disjoint union of
[o1(s)N o NN] for S € S, and, for n,n’ € o1(s)N s, we have [n] = [n] if
and only if ord M(n) = (S,n) = ord M(n') = (S, n’).

Lemma 4.2 Let (r,s) be a pair of nonnegative integers. For S € S (resp.
S € doV), the following conditions are equivalent:

i) There exists v € o1(s)N 05 NN such that (S,v) = s — 7.

i) (r+1,s+1) € ps = Rxo(gs,qs + ps) + Rx0(0,1) (resp. (r,s) €
14 \ Rzo(l, ].) = R>0(1, ].) + Rzo(o, 1))
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Proof:  Assume that S € S. It follows from the definition of 3 (see
lemma 3.9), from lemma-definition 3.10 and from the explicit description of
og+« by inequalities given above that

o1(s) N og= U (o1(s) Nog)

*€{+,—}
— U {n € Ng | (S,n) <s< (S n), (S —ST,n) >0}
=, —
= |J {neNa|(Sn) <s< (S n), (cs+2)(S,n) >2(S",n)}.

Since (S, 5*) is a Z-basis of M = Homgy(N, Z), condition i) holds if and only
if there exists g € Z such that

s<q and (cg+2)(s—71)—2¢>0
or equivalently
2(s+1) < (cs+2)(s—r)
ie.
cs(s+1)—(cs+2)(r+1)>0

or

gs(s+1) — (gs +ps)(r+1) > 0.
Since r > 0, the above inequality is equivalent to condition ii).

For S on 00V, we have o5 = 0% with « = 4 (resp. —) if S = o (resp.
ler1) (see again lemma 3.9). Hence

o1(s)Nos={n e Ng | (S,n) < s < (S*,n), (S,n) > 0}.
For (r,s) € Zso X Z>o, condition i) holds if and only if s > r, i.e. (r,s) €

p\Rxso(1,1). |

It follows immediately from lemma 4.2 that

P(T) = (L —1) <2P1,,) +) PL,JS)

Ses

with

P, = Y LT - ) LT
(r,5)€pNZ2 (r,s)€Z>o(1,1)

1 1T
1-T)(1-LT) 1-LT 1-LT
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and

Py = L—lT—l( d>oLT- ) TS)

(r,s)EpsnZ? s€Z>o

B L-tr-1 Ps(L,T) 1
T 1—T7 \1—LesTastrs '

To eliminate artificial poles in I, T" we use the identity:

o (1 — T)(l — ]LQSTQSHDS) (1 — L)(l — ]LQSquers)
B 1 n 1
T (1-T)(1—-L) (1 —LasTastps)
where
Qs(L,T):= Y LT
(r,s)EEgNZ?
and
Zs = {Mi(gs, g5 +ps) +A2(1,0) | 0< N <1, i=1,2}
i.e. e
QS(L;T> = Z ]Ll—qs-FpSW TT.
0<r<gs+ps
We get that
L—IT—I(QS — 1+ qu+1qu+ps> 1
(L —1)Prp = 1 — [asTas+ps 1T
Note that
(422) QZS’ - QS —1 + LQS+1TIIS+Z75 — Z LT
(r,s)€ENZ2
with

= = {M(gs, qs +ps) +Xa2(1,0) | 0< N < 1,6 =1,2}
and that

(r+1)ag

(4.2.3) Rs=L7'T7'Qs= Y Lbwwsir
0<r<ps+gs
(r+1)gs ; (r+1)gs
where | | denotes the greatest integer less than or equal to .

Finally, we get

. 2L-1)T Rs(L,T) 1
A = 1-T)1-LT) sgs <1 —LosTustrs 1~ T) |
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Now, it is easily checked from the above computations that

1
Pooon (1) = Po(T) + P (T) + B(T) = ————=
ceom (T) = Po(T) + A(T) + Po(T) = —————
L1y 5 2Ps(L, T) 1 1
1 =127 (1 — T)(1 — ququ+ps) 1—-T 1 — ILasTas+ps

Ses
Rg(L,T 1
oy (L,
1 — LasT'as+ps 1-T
Ses

(4.3) A natural question arises: What are the actual poles of Pyeom(T")? Let
us consider 1 — T first. We have

1 (L —1)? 1 Rg
Pgeom<T) = 1 — 12T - 1 —1.2T ;5‘ 1 — ILasTas+ps + SZS 1 — LasTastps
c €

1 2(L — 1) [(L — 1)Ps + 1 — L9sT9s+ps]
(1—T)(1—]L2T) Z( 1 — [LasT4s+ps

_|_

—L2(1—T))

Ses
But the identity (4.2.1) is equivalent to

(4.2.1) (L~ 1)Pg + 1 — LTS5 = (1 — T)(Qg + 1L — 1).
Therefore 1 — T is not a pole of Pyeom (7).

More precisely, we get

Poeom(T) = ; Z 2(L-1)Qs + (L — 1)2 — ]L?(l — LasTsps)
o S 1-LT Ses (1 —L2T)(1 — LasTas+ps)
Rs
+ Z 1 — LasTas+ps

ses
Finally, using (4.2.2) and (4.2.3), we obtain

(431)  Puon(T) L 3 (L-1)(Qs—1)+(Rs —Qs)

T 1-LPT (1 — L2T)(1 — LasTas+vs)
Ses
Note that
(4.3.2) Qs=Rs= > LT ifps=1
0<r<gs
and
Qs = Y, L1+ > LT
0<r<[42] [45]<r<qs+1
(4.3.3)
Ry = Y LT+ > L7'T" ifpg=2

0<r<[43] [48]<r<gs+1
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hence
(4.3.4) Rs — Qg = —(L — DLIFITIFT  if pg =2.

In both cases I — 1 factors Rg — Q5.

It is immediately seen on the expression (4.3.1) that 1 — LIsT5Ps is a
pole of Pyeom (1) for every S € S. Indeed, Z[L, T is a unique factorization
domain and, since ¢s and gg + pg are relatively prime, 1 — LIST9stPs ig
irreducible. This polynomial of degree g5 + ps with respect to T may not
be a divisor of (L —1)(Qgs — 1) + (Rs — Qs), which has degree gs + pg — 1
with respect to T

As for 1 — L2T), it follows from [D-L1, theorem 7.1], that Pyeom(7)(1 —
L?T) evaluated at T = L2 is the motivic volume pu(H) which is nonzero.

So, 1 — 2T is a simple pole. Here these facts are easily verified as follows:
In view of [D-L1, (3.2.2)-(3.2.3)], we have

p(H) = p(H*) = Y p(H;)

by proposition 3.3. Proposition 3.11 ii) c¢) expresses that H} is stable at
level ord J;(v) — ord M(v) and that

p(H) = (L — 1L 900

(definitions are given in [D-L1, (2.4), (2.7) and (3.1)]). Note that here
we adopt Loojenga’s definition ([Lo, p.04]), i.e. we multiply Denef-Loeser
measure by 2. Now 1 — LT does not appear among the poles of P (T')
and Py(T). Hence, using the notation of (4.1) we have

Poeom(T)(1 = L°T) |72 = (L —1)’Ny(L?)

= (L-1)?2 ) L% =)

uegﬂN

We conclude from (4.3.1), (4.3.2) and (4.3.3) that

M;s(L)
(4.3.5) pH) =1+ L~-1)) s
ses
with
L2 4 ... 4 Last! if pg=1

(4.3.6) Mg(L) = {

qs+1

L2+ .-+ LsT3 — 2L 75 if pg = 2.
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(4.4) The set S and the integers pg, ps + gs, for S € S, introduced in (4.1),
which occur in the formulas (4.3.1) and (4.3.5) for Pyeom(7) and p(H)
respectively have the following geometric significance: It follows from (3.7),
lemma 3.8 and (3.1) iii), that the 0-dimensional orbits on the blowing-up
V' of V' with center O are the points O,, =: Og for S running over the
set of vertices of P. It also follows from the same arguments that the
1-dimensional orbits on V' contracted to O are the O,, for F' running over
the set of compact 1-dimensional edges of P. Hence the point Og lies on two
irreducible components of the exceptional curve E on V' if and only if S lies
in the relative interior of ¢V, i.e. S € 8. Therefore, the map from S to the
singular locus Sing E of F which sends S to Og is a 1-1 correspondence.

2q

;

Now, for S€ S, V' has a rational double point of type A ., with cg=
(resp. is non singular) at Og if (pg,qs) # (2,1) (resp. (ps,gs) = (2,1
To see that, it is enough to verify that, in a suitable basis of N, og
R->0(1,0) + R>o(1, ¢s). Recall that, by definition,

~3
[| =

os={neNg | (S*—=Sn)>0 forx=+,—}
and that ST+ S~ = (cs +2)S. Thus
os={n € Ng | cs{(S,n) — (ST —=8S,n) >0, (ST —S,n) >0}

and the dual basis of the Z-basis (S, ST —S) of M enjoys the desired property.
Note that the set {cs}ses, or equivalently the set of pairs {(ps,qs)}ses,

endowed with the order induced by the order on g} defined in lemma 3.9,
may be computed directly from the cone o attached to V as follows: We may
assume that o = R>¢(1,0)+R>o(p, ¢) where p, g are relatively prime integers
satisfying 0 < p < ¢. Consider the continued fraction expansion

4 _ = 1

g - — -
— I

p & —

with ¢; > 2 for 1 < i < e. Then, the {cs} is the sequence obtained by remov-
ing the zeros in the sequence {¢; — 2},<;<. by a result of Riemenschneider
(see [O, lemma 1.22, corollary 1.23]).

The Nash blowing-up of V' has played a crucial role in the analysis of
[7°(H)] in section 3. Here is another consequence of lemma 3.9 that we
have not yet written down explicitly: Let V denote the normal surface
which dominates minimally the blowing-up V' of V' with center O and its
Nash blowing-up, as in lemma 3.9. For every S € §, the inverse image of
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Og € V' on V is an irreducible curve Eg = OU[st 4 and no other curve

on V than the ES, S € 8, is contracted to a point of V'. In particular,
Sing F coincides with the set of base points of 7,0y (i.e. the points of V'
at which J,0y- is not invertible). We will now show that the integers ¢g,
gs + ps are the vanishing orders of suitable ideal sheaves on 1% along ES.
We have seen in (4.1) that the isomorphism ¢ : N — Z x Z sending n to
((S* = 8,n), (S*,n)) maps ojg-g+ to R>o(gs, ¢s + ps). This means that the
primitive vector vg on o(g- g+ satisfies the linear system

qs = (S* = S,vs), qs+ps= (5", vs).

Now, for any m € M, the order of the zero or of the pole of X™ along Es is
(m,vg). Since by (3.7) and lemmas 3.8 and 3.9, MOy (resp. J.M10;)
is generated by X° (resp. X°) on the affine open set 17,,5* of 17, which
contains Eg \ (Og+ U Og-), we have

(S,vs) = ordg MOy = ps
(S*,vs) = ordg JiOp —ordp MOp = gs + ps
(8" +S,vg) = ordp JiO0y = gs + 2ps
(S* — S,vg) = 2 (Ordgsjloff — ordESMOf/) —ordp J10p = gs

Also note that h € H;_ if and only if its strict transform on V is smooth

and intersects transversally ES at a point distinct from Og+ and Og-, and
that gs + ps is the minimal level of stability of H_.

We now bring together and summarize the results in section 4.

Theorem 4.5 LetV be an affine normal toric surface with a O0-dimensional
closed orbit O, and let H denote the set of arcs on V' going through O.
Let N be the lattice of one-parameter subgroups on the torus T', and let o be
the 2-dimensional strongly convex cone in Ng := N ®z R generated by the
one-parameter subgroups on T having a limit in 'V for t — 0.

Choose a Z-basis €1, €3 of N such that 0 = Rxpe; + Rxo(per + ge2) for
relatively prime integers p,q with 0 < p < q, and, if p # 0, write the
continued fraction expansion

q - 1
_:Cl_

Cy —
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with ¢; > 2,1 <i<e. Denote by S the set of those i, 1 <1i < e, such that
ci:=¢—2#0 (resp. ) for p#0 (resp. p=10) and, for each i € S, let
pi, @i be relatively prime integers such that ¢;/2 = q;/p;. Then

Pgeom(T) = Z[js(H>]Ts =
s>0
1 (181 - Lgy)Lbirts]
1-— ILQT 2; (1 —L27T)(1 — LaTa+p:)
where

Q= > LT with Z={Ai(gg+p) +Ae(1,0) | 0< A <1}

(a,b)eémz;2

Let ' : V! — V be the blowing-up with center O, and let E = n=(O)
be the exceptional curve on V'. Then, there is a one to one correspondence
i +— O; from S to Sing E such that V' has a rational double point of type
A,y (resp. is non singular) at O; for (p;,q;) # (2,1) (resp. = (2,1)).

Let J, denote the logarithmic-jacobian ideal in k[V] (see appendiz), and
let 7V — V' be the blowing-up with center J;Ov: followed by normaliza-
tion. Then Sing E coincides with the set of base points of J,Oy+. Moreover,
for each i € S, 771(O;) is an irreducible curve E; 2 Py, and we have

OrdEi MO‘A/ = Di, y; = Ordﬁ‘b\jlof/ =q; + 2pz
Remark: The above formula for Pyeom (1) holds in Ko(Vx)[[T]].

Corollary 4.6 For normal toric surface singularities as above, Pyeom(T')
has only simple poles.

Corollary 4.7 Assume k = C and let My denote the image of My in
the Kontsevich’s completion My. Let x : M [( L1 )j>1] — Q be the

L1
extension of the topological Euler characteristic (see [D-L1] sections 1 and
6). In the notation of theorem 4.5, we have

X(p(H) =143 —&

< @+ 2pi

Proof: Recall that, by definition, y (LJ 1) = % The assertion follows

immediately from formula (4.3.5) for the motivic volume. |
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Corollary 4.8 Let VU, j = 1,2, be affine normal toric surfaces with
0-dimensional closed orbits and let Pg(égm(T), j = 1,2 be the correspond-

ing series. The following conditions are equivalent:
. 1 2
i) Péeom(T) = Picom(T).
i) Let SU) —s Ly, @ — cgj), j =1,2, be the sequence of positive integers
obtained from the continued fraction expansion process as explained in

theorem 4.5. There exists a bijective map w : SM — S@ such that
D = ) for any i € S
i = Cug) Yy :

iii) Let V@' — V) be the blowing-up with center the mazimal ideal M)
defining the closed orbit on VY, and let EY) denote the exceptional
curve on V(j)/, Jj = 1,2. There exists a bijective map from the singular
locus of EY to the singular locus of B, oV — Of()i), such that,

(]

for any O € Sing EV | the germs (V' ,0) and (V(2)/,Of()i)) are
analytically isomorphic.

iv) Let jl(j) denote the logarithmic-jacobian ideal on VY, and let EWD de-
note the exceptional curve of the blowing-up ‘7(7) —— VO with center
jl(j)(’)v(j)/, j = 1,2. There exists a bijective map from the set of irre-
ducible components of EW to the set of irreducible components of E(2),
Ei(l) — E@ | such that, for any irreducible component Ei(l) of E(l),

w(i)’

OrdE’El)<M(1)O‘7(\1)) = ord (M(Q)O‘ﬂ;))

and
1 1
ord (7,107 = ord o (FVO ).

Proof: The equivalences ii) <= iii) <= iv) follow from the discussion
in (4.4) and they imply ¢) by theorem 4.5.

Now suppose that i) holds. The poles of Pg(égm(T) are in 1-1 correspon-
dence with the image of SU) in Z-;, namely the set {cgj) | i € SW}. Let
B; =1—1L%T%tPi 1 <4 <7, be the poles of P = Pg(ggm(T), j=1,2. Since
every B; is irreducible, there is only one way to write [(1 — L?*T)P — 1] (L —
)7 as asum Y, ;.. A;/B; with A; € Z|L,T] of degree < p; + ¢; with
respect to T Hence the multiplicity of ¢; = 2¢;/p; in the image of SU),
j=1,2is A;(1,1)/q; and i) holds. [
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Here is another immediate consequence of theorem 4.5.

Corollary 4.9 In the notation of theorem 4.5, the following conditions are
equivalent:

i) Pgeom(T') = 127
ii) There exists an integer ¢ > 1 and a Z-basis €1,e5 of N such that
0 =Rxper + Rxo((g — 1)e1 + gea).
iii) The exceptional curve E of V' is irreducible (equivalently nonsingular).

i) J,Ov: has no base points.

If these conditions hold, then V' is nonsingular and —E? (or equivalently,
the multiplicity of V' at O) is the integer q of ii).

Therefore, toric surface singularities may share the same Pyeom(7') with-
out being analytically isomorphic. Here is another example.

Example: Let (e, €) be the canonical basis of N = Z2 and let 07 =
Rso€1 + Rsg(er + 3€2). The continued fraction expansion of 3/1 as in the-
orem 4.5 is reduced to ¢; = 3, hence ¢; = 1, p; = 2 and ¢; = 1. Let now
g9 = Rsp€1 + R>0(3€; + 5eg). The continued fraction expansion of 5/3 is
5/3 =2 —1/3. Here we have ¢; = 2, ¢; = 3, hence ¢; = 0 and ¢ = 1.

By theorem 4.5, we have

1 (L —1)T + LT?
=1 k- 1)(1 —L2T)(1 — LT3)

Fyeom(T)

for the surface V(1) given by oy as well as for V) given by o,. The minimal
desingularization of both surfaces is obtained by blowing up the singular
point, and the exceptional curve consists of 2 projective lines intersecting at
a base point of the inverse image of the logarithmic-jacobian. The singularity
of V) is a rational double point of type A,, whose weighted dual graph is
shown in Fig. 1. The singularity of V? is a rational triple point whose
weighted dual graph is shown in Fig. 2.

-2 =2 -2 -3
Fig. 1 Fig. 2

Remark: These examples show that neither the weighted dual graph nor
the multiplicity of a normal surface singularity can be read off Pyeom (7).
However, the argument in the proof of corollary 4.8 shows that, if O is
a singular point of a normal toric surface singularity, one can recover the
number of irreducible exceptional curves on its minimal desingularization
(or equivalently here, the dual graph) from Pyeom (7).
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(4.10) Theorem 4.5 and its corollaries suggest several questions:

Question 1: The singularities of toric varieties are rational singularities (see
[TE, chap. 1.3], [O, cor. 3.9]). Following Abhyankar, a surface singularity is
called quasirational if “only rational curves can come out of the singularity
of the surface, no matter how we blow it up birationally” ([A, p.267]).
A rational surface singularity is quasirational. Is it true that, for any rational
(resp. quasirational) surface singularity, the series Pyeom(7') is a rational
function with numerator (and denominator) in Z[L|[T]? If the answer is
yes, does this property characterize rational (resp. quasirational) surface
singularities?

Question 2: The series Pyeom(T'), hence the motivic volume pu(H), for a
toric surface singularity (V; O) only depend on the blowing-up with center O
and the Nash blowing-up of V. This shows in particular that not every
exceptional irreducible curve on a desingularization of V' dominating its
Nash blowing-up as in [D-L1, proposition 6.3.2], gives rise to an actual pole
of u(H). Does the same hold for normal surface singularities, for isolated
singularities of normal algebraic varieties of any dimension?

Question 3: Denef and Loeser have introduced another series P, (7") in
[D-L2]. Is it true that Pyeom(T) = Pu(T) for toric surface singularities?
It would also be interesting to compare these series with J(T') = > . [H,|T*
where H, is the set of k-local homomorphisms Oy — k[[t]]/(t)**! and
[H,] denotes the image of its reduced underlying variety in M.

Question 4: Compute Pyeom(7') for a normal toric variety of dimension > 3.

A. Appendix. Toric varieties and Nash blowing-up

Let V' be an affine normal toric variety over an algebraically closed field
k of characteristic zero. Gonzalez-Sprinberg has exhibited an ideal of its
ring of regular functions k[V] whose blowing-up is the Nash blowing-up
of V' (|GS1]). We give an alternative proof of his result using differential
forms with logarithmic poles along the lines of [P, section 4].

Let X be an algebraic variety, reduced and irreducible over the alge-
braically closed field k of characteristic zero. Recall that a proper birational
map 7 : X — X is called a Nash blowing-up of X if 7*Q /torsion is
a locally free Og-module and if it has the following universal property:
if 7 : X' — X is a proper birational map such that 7/*Q% /torsion is a
locally free Og,-module, then there exists a unique morphism 7 : X — X
with 7o = 7. Here QY is the sheaf of Kéhler differentials of X over k.
The universal property characterizes the Nash blowing-up of X up to iso-
morphism.
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On our affine toric variety V as above, there exists a distinguished
T-stable Weil divisor D, namely the sum of all codimension one T-orbit
closures. Let M denote the lattice of exponents of monomials on the torus
T = (k*)? inside V. The Kéhler module of differentials Q}{[T] /i Is canonically
isomorphic to k[T'| ®z M via the map Cg‘:—mm — 1 ® m, for any m € M. For
p=0,...,d, the sheaf of germs of p-forms with logarithmic poles along D,
denoted €, (log D), is canonically isomorphic to Oy ®z APM, and there
exists a canonical Oy -homomorphism

(A.1) O — O (log D) = Oy @, APM

which maps X™dX™ A...AdX™ to XM +4" @ (my A... Am,). Here
X Xm o, X are global sections of Oy, or equivalently m, my,...,m,¢€
o’ N M with V =1V, (see [O, chapter 3]).

We define the logarithmic-jacobian ideal J; of V to be the image of the
Kéhler module of differentials Qﬁ[v] i in K[V], identified with k[V] @z NIM.
In view of (1), J; is the ideal generated by XFut-FHia ¢ < ... < ig,
where p;,, . .., it;, is running over the set of d-uples of R-linearly independent

\
elements in the minimal generating system G= (u;)ier of 0¥ N M. This is
precisely the ideal introduced in [GS1, section 2].

Proposition A.1 Let V be an affine normal toric variety over an alge-
braically closed field k of characteristic zero. The blowing-up of V with
center its logarithmic-jacobian is the Nash blowing-up of V.

The proof of the proposition uses the following observation:

Lemma A.2 Let p be a positive integer. Let A be an integral domain with
quotient field K, let M be an A-module and let ¢ : M — AP be an A-linear
map such that p®1: M ®4 K — KP? is an isomorphism. Then ¢ induces
an isomorphism from M [torsion to the image of .

Proof: The claim is equivalent to saying that the torsion submodule of M,
namely the set of those m € M with a nonzero annihilator f € A is the
kernel of ¢, which is obvious. |

Proof of the proposition: Let 7 : V — V denote the blowing-up with
center J. It follows from the above lemma applied locally at each point of V/
that 7*Q), /torsion is isomorphic to the image Q' of 7*Qf by the canonical
map

Q) — 7 (log D) = Op @7 M

induced by (1).
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Let ‘le , denote the affine open set of V on which the restriction of
JiOy is generated by X#ua_ Since p;,, ..., j;, are R-linearly indepen-

V
dent elements in Z?, for any u €@, there exist a;; € Z,1 < j < d, such
that d
det(:uiu s v:uid) = Z Qi fhi;
j=1

Moreover, since a;; is equal to g A iz, A ... A iy, A ..o A i, up to sign, we
have a;; # 0 if and only if 41, i, , . .., fti,, - - . , fti, are R-linearly independent.
Here f1;, means that j;; is omitted in the list.

By definition, the image of dX* is X* ® p. Since § := det(;,, - .-, fi,)
is a nonzero integer, and k is a field of characteristic zero, we have

1
Xreoup= %X“@cm: SX“@Zaij,uij
J

Qg az — ;. Q.
LXHE @y, = ZTJXM (XM @ )

= Zj

J
Now, if a;; # 0, the monomial XHHrute et helongs to J;. This
monomial is equal to X" X#a ¥+ therefore X" is a section of O

on ‘721% This shows that, for any z € ‘7111,1 (closed or not), the stalk Qi
is the image of the Oy -homomorphism

7777

which maps 1 ® e; to X" @ p;;, 1 < j <d. Here ey,. .., eq is the canonical
basis of M = Z4.
Taking the d-th exterior power, we get a commutative diagram

O‘N/’ln X7, NEM O‘N/w X7 NEM

\/

AL

By definition, we have
/\dQOil’_“’id(l ® (61 VANPIRIAN €d>> = X‘uil_‘—'“—i_‘uid X (,U,Z'1 VANPIRIAN :U’id)

SO /\dgpil,“_,i induces an isomorphism of Oy  ®z A?M with its image

d

‘710‘7@ X7, NM .

In addition, this shows that the map Oy , ®z NM — /\dﬁi is injective.

Since it is also surjective, we conclude that AIQ! is an invertible Op-module
canonically isomorphic to J,0y ®z NM.
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This implies that Qlis a locally free Op-module of rank d. Indeed, for
any x € V, we have dimy,) A (ﬁ; ® k(w)) = dimyg,) </\dﬁi> @ k(r) =1,
where k(z) denotes the residue field of V at z. Therefore, for any x € 17, we
have dimy) <§2}C ® k(x)) = d which is known to be equivalent to the claim.

Also note that
(2) A (7*Qy, /torsion) = Q. /torsion

Indeed, we already know that the Op-modules A? (7€), /torsion), A and
Ji0; @ AN*M are canonically isomorphic. Now recall that, by definition,
Ji @z AYM is the image of the map Q¢ — Oy ®z A?M in (1). Therefore
J0py ® AYM is the image of the induced map 7*Q¢ — Oy ®z AM . But,
by lemma A.2 again, this map induces an isomorphism of 7*Q¢, /torsion with
its image J,0y ® A?M. The canonical isomorphism between the modules
in (2) thus obtained coincides with the identity over the inverse image of the
regular locus of V, hence equality (2).

It only remains to prove that 7 satisfies the universal property. Suppose
that ¢ : W — V is a proper birational map such that ¢*(),/torsion is
locally free. Since €, is generically locally free of rank d, our hypothesis
implies that A? (¢*Q1, /torsion) is invertible. Now the map

@, — A% (o™, /torsion)

is surjective, so we deduce from lemma A.2 that ©*Q¢ /torsion is invertible.

On the other hand, J; ®z A?M is the image of the map Q%l, — Oy ®g
AM , thus J,0w @z A?M is the image of the map @*Qﬁl, —s O ®7 N°M,
hence this module is canonically isomorphic to ¢*Q¢ /torsion. This shows
that J,0w is invertible and we get our factorization by the universal prop-

erty of blowing-up. [ |
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