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Calderon-Zygmund theory for
non-integral operators and the H

functional calculus

Sonke Blunck and Peer Christian Kunstmann

Abstract

We modify Hérmander’s well-known weak type (1,1) condition for
integral operators (in a weakened version due to Duong and McIn-
tosh) and present a weak type (p, p) condition for arbitrary operators.

Given an operator A on Lo with a bounded H calculus, we
show as an application the L,-boundedness of the H calculus for all
r € (p,q), provided the semigroup (e~*4) satisfies suitable weighted
L, — Lg-norm estimates with 2 € (p,q).

This generalizes results due to Duong, McIntosh and Robinson for
the special case (p,q) = (1,00) where these weighted norm estimates
are equivalent to Poisson-type heat kernel bounds for the semigroup
(e7*4). Their results fail to apply in many situations where our im-
provement is still applicable, e.g. if A is a Schrodinger operator with
a singular potential, an elliptic higher order operator with bounded
measurable coefficients or an elliptic second order operator with sin-
gular lower order terms.

1. Introduction and main results

The subject of this paper is an extension of Calderén-Zygmund operator
theory to non-integral operators. Assume that €2 is a measurable subset of
a space (€1, d, 1) of homogeneous type. It is classical (at least for the case
) = ;) that an integral operator T' € £(L2(£2)) is of weak type (1, 1) if its
kernel k(x,y) satisfies the well-known Hérmander condition

/ |k(z,y)—k(z,y)| du(x) < C for all y,y € Qand some ¢ > 0.
B(y,cd(y,y"))*
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In practice, many integral operators satisfy the Hormander condition, on
the other hand there are numerous important examples of operators who
do not but are still of weak type (1,1) [F] [CR]. This motivated the fol-
lowing improvement due to Duong and McIntosh [DM] (see e.g. [H],[S] for
other results in this direction): 7" is of weak type (1,1) if there exist inte-
gral operators (S;)s~o satisfying suitable Poisson bounds (and playing the
role of approximations to the identity) such that the kernels k;(x,y) of the
composite operators T'(I — S;) satisfy the weakened Hérmander condition

(1.1) / |ke(x,y)| du(x) < Cy  forall £>0,y¢ef
B(y,ctl/m)c

and some ¢, m > 0. In this paper we generalize this approach to non-integral
operators 1. The hypothesis on the S; to be integral operators satisfying
Poisson bounds is replaced by suitable weighted norm estimates. Instead of
the weakened Hormander condition (1.1) we will suppose a suitable maximal
estimate in terms of the Hardy-Littlewood p-maximal operator

Mpf(x) ‘= sup Np,rf(x)> where Np,rf(x) = ’891 (x’r)‘—l/p H f HLp(B(xﬂ‘))

r>0

with obvious modification for the case p = oo. Finally, we shall replace the
first order approximation of the identity

I — DS, where DS, = 1-5;

[which underlies the result based on (1.1) | by approximations of higher order
n € N: .
I-D"S,  where D"S, =) (") (=1)*S,

k
k=0

(here we let Sy := I). Observe that we formally have % — (=1)"f™(0)
for t — 0 and an arbitrary function f. This leads to the first main result of
this paper which is the following weak type (p,p) criterion for non-integral

operators T

Theorem 1.1 Let (21,d, 1) be a space of homogeneous type and dimension
D>1:

|Bo, (2, \r)| < CXP|Bq,(z,7)| forall z€Q,AX>1,7r>0.

Let Q be a measurable subset of Qy, let 1 < p < p, < q < 00, ¢, € (p, 9]
and (St)e>o a family in £(L,, () satisfying So = I and the weighted norm
estimate

11
(1.2) | Pagoiiim gy St Pogiimy llpmg < |Bay (2, 6™ 177 gy(k)
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forallx € Qy,t >0, k €Ny, for somem > 0 and functions g, : R>g — R
such that 3, (k4+1)P" g (k) < C forallt > 0. Let T € £(L,, (), LY (Q))
satisfy

(13) Ny (TD"S)" Pagosnimyef ) (2) < Cr (Myf)(@)

forallt >0, f €Ly, 2€Q, x € Bq,(z,t/™/2) and some n € N. Then
we have T' € £(L,(Q2), L) ()) .

Here and for the rest of the paper we denote by | - ||,—, the L,(2) —
L,(2)—norm and by A(z,r, k) the annular region A(x,r k) := B(z, (k +
1)r) \ B(x, kr) in 2. Moreover, we denote by L’ the weak L,-spaces.

Some remarks on the comparison of the weakened Hormander condi-
tion (1.1) and its substitute (1.3) are given in Section 2 where we also present
a variant of Theorem 1.1 which uses a different substitute (Theorem 2.1).

As our second main result and as an application of Theorem 1.1 we
will show that every sectorial operator A with a bounded H* calculus on
Lo(€2) also has a bounded H* functional calculus on L,.(f2) for all r € (p, q),
provided 2 € (p,q) and the semigroup (e~'4) satisfies weighted L, — L,
norm estimates of the type (1.2).

For a sectorial operator A in a Banach space X we say that A has a
bounded H>*(X,) calculus if

||F(A)||£(X) S C HFHHOO(EV) for all F € HOO<EV) s

where H*(X,) denotes the space of all bounded holomorphic functions on
the sector ¥, := { z; |arg(z)| < v} . This notion was introduced by McIn-
tosh [M], details on the construction of F(A) may be found in Section 4
below. We will say that A has an H* calculus if A has a bounded H*(3,)
calculus for some v > 0.

Since there are sectorial operators A which do not have an H* calculus,
there is an interest in manageable criteria to check for this property. Duong
and McIntosh show in [DM] (see also [DR]) as an application of the weakened
Hoérmander condition (1.1) that every operator A with an H* functional
calculus on L,(€2), which generates a semigroup of integral operators (e~*4)
satisfying Poisson bounds, also has an H* functional calculus on L,(Q2) for
all p € (1,00) .

Since the validity of Poisson bounds implies that (e~*4) acts on L,(Q)
for all p € (1, 00), this result cannot be applied in situations where the semi-
group (e~*) does not act on L,(Q) for all p € (1, 00). This happens, e.g., for
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Schrédinger operators with bad potentials [ScV], second order elliptic oper-
ators with bad lower order terms [LSV], or higher order elliptic operators
with bounded measurable coefficients [D2] [AT]. For other problems, e.g.
p-independence of the spectrum of A or maximal regularity of —A, Poisson
bounds have been successfully replaced by the assumption that the semi-
group (e~*1) satisfies weighted L, — L,-norm estimates of the type (1.2);
see, e.g., [ScV], [KV], [LSV], [BK1].

In this case, the second main result of this paper now allows to extend
an H* functional calculus of A from Ly(Q2) to L,(2) for all » € (p,q),
provided 2 € (p,q) .

Theorem 1.2 Let (1, d, i) be a space of homogeneous type and dimension
D>1:

|Bo, (z,Ar)| < CAP|Bg,(z,7)] forall x€Q, A>1,7>0.

Let Q be a measurable subset of Q1 , let 1 <p<2<qg<ooandw€|0,7).
Furthermore, let (e7'4) be a bounded analytic semigroup of angle T —won
Ly(Q2) satisfying the weighted norm estimates

—Z m l l —R,
(1.4) || Pagajojiim gy € Ppiajoirmy llp—q < Co |Bay (w, |2[V™) a7 (1+k) ™"

—Z m l_l —R,
(1.5) ] PB(x,\zP/m) € APA(x,|z\1/m,k) |lp—q < Co | Ba, (7, |z’1/ Nar (1+k)™™

forall x € i, k € No, 0 > w, z € ¥z_g and some m > 0, kg > D.
Furthermore, for all v > w, let A have a bounded H*(X,) calculus on
Ly(2). Then, for all v > w and r € (p,q), A has a bounded H>(%,)
calculus on L, (S).

For the verification of the Lo-hypotheses of Theorem 1.2 we recall that
if (e7*) is a contractive analytic semigroup of angle 2 —w [with w € [0, Z)]
on a Hilbert space such that A is one-one then A has a bounded H>(%,)
calculus for all v > w [M].

Since, for the special case (p,q) = (1,00), weighted norm estimates of
the type in (1.4) and (1.5) are equivalent to Poisson heat kernel bounds for
the semigroup (e~*4) [see Prop. 3.5 below], our Theorem 1.2 generalizes
the result of Duong and McIntosh [DM, Thm.6]. In Section 2 we apply
Theorem 1.2 to the above classes of elliptic operators and derive new results.

Besides Theorem 1.2, further applications of Theorem 1.1 to weak (p, p)
estimates for Riesz-type transforms are given in [BK2].

The outline of this paper is as follows. In Section 2 we comment on
our weak type (p,p) criterion Theorem 1.1 and discuss some modifications.
Moreover, we apply Theorem 1.2 to some types of elliptic operators and
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derive new results. Section 3 contains our main tools which are the Calderén-
Zygmund decomposition of L,-functions and the interplay of weighted norm
estimates and maximal functions as already employed in [BK1]. In Section 4
we prove the results in Section 1 and Section 2.

2. Modifications and applications

2.1. Substitute of the weakened Hormander condition

Here we compare our weak type (p,p) criterion Theorem 1.1 in the case
(p,q) = (1,00) of integral operators with the following weak type (1,1)
criterion of Duong and McIntosh [DM, Thm. 2] which was already mentioned
in the introduction.

Theorem A. Let (21,d, p) be a space of homogeneous type and dimension
D > 1. Let Q be a measurable subset of Q1 , p, € (1,00) and (Si)i=0 be a
family in £(L,,(2)) satisfying the weighted norm estimate

(2.1) | Pageiim gy St Pogeiimy llimss < [Bay (2, 8™ g(k)

forallx € Q1,t >0,k € Ny, for some m > 0 and a decreasing function
g:Rsg— Ry with Y, (k+1)P7'g(k) < co. Let T € £(L,,(Q)) such that
the operators T'(I — S;) have integral kernels ki(z,y) satisfying the weakened
Hormander condition

(2.2) / |k(x,y) | du(x) < Cy  forall t>0,y€ Q.
B(y,ctt/m)e

Then T is of weak type (1,1).

For the equivalence of the weighted norm estimate (2.1) and the Poisson
type heat kernel bound used in [DM] we refer to Proposition 3.5 below.
Observe that the weakened Hormander condition (2.2) implies the following
estimate which is crucial in the proof of Theorem A :

(2.3) || Pz prmy (T DS)* P (1eypt/mye f o < Co [l f |00

On the other hand, the maximal estimate (1.3) [which is our substitute
of (2.2) in order to treat non-integral operators] in the hypothesis of our
Theorem 1.1 means in the integral case (p,q,) = (1,00) and for n = 1 the
following;:

* /m
(2.4) ||[Pp(sp/m oy (T DSt)* Pppapmyef llo < CiMif(z) , © € B(z, LY.
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Hence the global uniform estimate (2.3) is replaced by the local maximal
estimate (2.4). We point out that our proof of Theorem 1.1 does not work if
the hypothesis (1.3) is replaced by the seemingly natural adaptation of (2.3)

| Ppenrm o) (T DS Pz aprmyef Il < CHL

i.e. by the boundedness of 7 :={Pp(, s1/mye (T DS;) Py, 41/m 9y ; 2 €82t > 0}
on L,(€2). On the other hand, the hypothesis (1.3) can be replaced by the
R;-boundedness of 7 on the weak Lebesgue space L;'(€2) in the sense of

Weis [W] :
DITATNERED TN

whenever T € 7 and f; € X := L/(Q2). This yields the following modifica-
tion of Theorem 1.1 which will be proved in Section 4.

Theorem 2.1 Let (1, d, i) be a space of homogeneous type and dimension
D > 1. Let Q be a measurable subset of Q1, let 1 < p < p, < q < 0
and (St)e>o a family in £(L,,(2)) satisfying So = I and the weighted norm
estimate

1_1
| PA(z,tl/M,k) St PB(x,tl/m) lp—q < |Ba,(, tl/m>|q » gi(k)

forallz € Qy,t>0, k €Ny, for somem >0 and functions g, : R>g — R
such that Y, (k+1)P"'g,(k) < C forallt > 0. Let T € £(Ly, (), LY (Q))
be such that

(2.5) {Ppsasmyc (TD"S;) Py, 1im oy ; 2€8Q,t > 0} is Ry-bounded on L, (§2)

for some n € N. Then we have T € £(L,(Q), Ly (2)) .

2.2. Exponential weights on R”

The weighted norm estimates in the hypotheses of our main results use the
characteristic functions x g, 41/m) and X 4, 41/m j) as weight functions. A sim-
ilar hypothesis can be given in terms of the widely used exponential weights
eP®) [with p € R] which involves the so-called Davies perturbations
erd@y) g=tA erd(@) of a given semigroup (e~*4). Recently, norm estimates
for the Davies perturbations were used to show spectral p-independence,
[KV], [LSV], or maximal regularity [BK1] of the operator A. Here, for the
question of an H* calculus of A, they allow the following modification of
our Theorem 1.2 which will be proved in Section 4.
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Theorem 2.2 Let Q2 be a measurable subset of RP | let 1 <p<2<qg<yp
and w € [0,%). Let (e7*) be a bounded analytic semigroup of angle T — w
on Ly(Q) satisfying

3o

1_1 _
(26) e flpmp o e oy o 2T [l < C

(2.7) || e=Pd) etAgrd@) ||, , < (C eclel™

for allz € RP t >0, p € R and some m > 1, c > 0. Furthermore, for
all v > w, let A have a bounded H*®(3,) calculus on Lo(QQ). Then, for all
v>w andr € (p,p'), A has a bounded H*(X,) calculus on L, ().

It can be seen from the proof that the exponent p’ in Theorem 2.2 may
be replaced by an arbitrary ¢o > 2. We have chosen p’ for simplicity since
this is the right choice for many (but not all) applications.

In the next section, our Theorem 2.2 is applied to obtain new results on
the H* calculus of certain classes of elliptic operators A on R” . Note that in
this case an unweighted Ly — L,-norm estimate as in (2.6) can be checked by
standard Sobolev or Nash type arguments and the weighted Ly — Lo-norm
estimate (2.7) is obtained by well-known ellipticity arguments.

2.3. H* calculus of elliptic operators on R”

Let A be an elliptic divergence form operator on Ly(RP) of order 2m, m € N,
which is one-one and satisfies

|arg(Af, f)| < w forall f € D(A)and some w € [0,Z) .

2

Then (e~*4) is a contractive analytic semigroup of angle Z — w on Ly(R?)
and thus, as mentioned above, A has a bounded H*°(,) calculus on Ly(RP)
for all v > w. Hence, by using our Theorem 2.2, it suffices to prove the
(weighted) norm estimates (2.6),(2.7) for some p,q in order to establish a

bounded H*(%,) calculus of A on L,(RP) for all v > w and r € (p,p’).

We go into some detail for higher order operators with complex coeffi-
cients (cf. [D1],[AT, §1.7] ), Schrodinger operators with singular potentials
(cf. [BS],[ScV]) and second order operators with singular lower order terms
(cf. [KS],[LSV]).

2.3.1. Higher order operators with complex coefficients

These operators are given by forms a : H™(RP) x H™(RP) — C of the type

(2.8) a(u,v):/ Z (op 0°u OPv da

R
la|=|8]=m
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where the a, 5 : RP? — C are bounded measurable functions and a satisfies
Garding’s inequality

(2.9) Rea(u) > 0||V™ull3 for all ue H™(RP)

and for some § > 0, where ||V"ul|3 := > lal=m |0%u||3. Then a is a closed sec-
torial form and the associated operator A is given by u € D(A) and Au = g
if and only if w € H™ and (g,v) = a(u,v) for all v € H™. We denote the
sectoriality angle of the form a by w € [0, 7). In this situation, Theorem 2.2
is applicable and yields

Proposition 2.3 Let py := 273217 V1. Then, for allr € (po,pp) and v > w,

A has a bounded H®(X,) calculus on L.(RP).

If the semigroup (e 1) is bounded on L,(RP) and L, (RP) for some
p € [1,po) then, for all r € (p,p') and v > w, A has a bounded H*(X,)
calculus on L,.(RP).

For p = 1 the last assertion can be derived from [DR],[DM]. Note that
boundedness of (e7*) on L; and L., can be obtained by imposing suit-
able regularity assumptions on the coefficients; cf. [D1], [AT], [AQ] and the
references given there.

Whenever (e~*4) is not bounded on L; and L, the result on boundedness
of the H*-calculus is new. Note in this context that [D2] shows optimality
of py for the given class of operators.

If we denote the inf over all p such that (e=*4) is bounded on L, and L,
by popt We obtain an H* calculus of optimal angle in L, for all r € (popt, poyy)-
This shows how close to optimal our results are.

2.3.2. Schrodinger operators with singular potentials

We now turn to another class of operators for which Theorem 2.2 yields new
results. We study Schrodinger operators H = —A+V on RP, D > 3, where
V =V, —-V_ Vi >0 are locally integrable, and V/, is bounded for simplicity
(for the general case, see [BS], [ScV]). We assume

(2.10) (V-6,0) <A (IVOIB+ (Vas, 8)) +c(n)l6lf  for all ¢ € H'(RP)

and some 0 < < 1. Then the form sum H := —A+V = (=A+V,)—-V_ s
defined and the associated form is closed and symmetric with form domain
H'(RP). For A := H+c(v), we obtain the last estimate in (2.6) for ¢ :== 22
by Sobolev embedding. By [BS], the first two estimates in (2.6) hold for
p=t(y) = ﬁ, and the interval r € [t(7),t(v)’] is optimal for quasi-

contractivity of (e7*#) on L,(RP).
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In the case v > 0, however, (e7*) extends to a Cy-semigroup on L, (RP)

for all 7 € (p(7),p()), where p(y) := 525t(7)', ie. p(y) = 2D/(D(1 +
V1I—=7)+2(1—+/1T—=7)); cf. the remark on [BS, p. 542] and [LSV]. Hence
our Theorem 2.2 yields

Proposition 2.4 For all r € (p(7),p(7y)") there ezists a constant ¢, > 0
such that, for all v > 0, the operator H + ¢, = —A 4+ V + ¢, has a bounded
H>(X,) calculus on L,.(RP).

For r € [t(7),t(7)'] one might use transference and Stein interpolation to
obtain a bounded H* calculus on L, but this would not give the optimal an-
gle. If the semigroup (e~*) is not quasi-contractive in L, then transference
cannot be used.

2.3.3. Second order operators with singular lower order terms

More generally than Schrodinger operators, we consider uniformly elliptic
second order operators with real coefficients and with unbounded first order
terms as studied in [KS] [L] [LSV]. These operators are no longer symmetric.
Except for [LSV] which is based on a new method for the construction of
semigroups (more general than the form method) the L,-scale for existence
of the semigroup depends on form bounds associated to the lower order
terms.

To give an example, assume that b = (by,...,bp) : R? — RP is measur-
able and such that B := ) ; b? is locally integrable and

(Bo,o) < BIVel3 + c(B)lol; forall ¢ € CZ(R”)

and for some 0 < g < 1. Moreover, assume that V' is as above and such
that (2.10) and /3 + v < 1 hold. Let the form a on H'(RP) be given by

a(u,v) := /WVU +0(b' Vu + Vo) dz .

Then a is closed and quasi-sectorial, hence the associated operator A is
formally given by A = —A + bV + V. It is shown in [L] that (e7*4) acts as
a quasi-contractive semigroup on L,(RP) for all

4 4
"e [2—\/3+\/(2—\/3)2—47 2-VB-V2-VB? -4y

Denoting this interval by [p_,p,] it is shown in [LSV] that (e7*4) acts as a
Co-semigroup on L,(RP) for all 7 € (Puin, Pmax) » Where puax := %]Lr and

Prmin = (%p’_ ). Hence Theorem 2.2 yields
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Proposition 2.5 For allr € (Pmin, Pmaz) there ezists a constant ¢, > 0 such
that, for all v > w, the operator A+ ¢, has a bounded H*®(X,) calculus on
L, (RP), where w € [0,%) denotes the sectoriality angle of the form a + c.

We want to remark that the most general results on weighted norm estimates
for operators of this type are contained in [LSV] and that Theorem 2.2 also
yields boundedness of H*> calculi for the operators studied there.

3. Tools

In this section we present our main tools which are the Calderén-Zygmund
decomposition of L,—functions as well as the interplay of weighted norm
estimates and maximal functions [BK1].

3.1. Calderén-Zygmund decomposition of L,-functions

The following is a straight forward generalization of the usual Calderén-
Zygmund decomposition of L;-functions. It can, however, not be obtained
by applying the usual Calderén-Zygmund decomposition to |f|?. One has
to examine the proof and we give full details here for convenience.

Theorem 3.1 Let Q2 be a space of homogeneous type and p € [1,00). There
exists a constant M such that, for all f € L,(2) and o > 0, we find a
function g and sequences (b;) of functions and (Bj) of balls such that

(ii) ll9lloc < Cax;

(ii) supp(b;) C Bj and ##{j;x € Bj} <M for all x € Q;

() [Ib;ll, < CalB; |7

(v) (3Z; 1B )Y < Ca||£]l, -
Proof. We follow [St, I4.1] in arguments and notation. Let E, := {z € {;
M(|f|?) > a}, where M is the uncentered maximal operator. By [St, 13.2],
we find sequences (B;) of balls and (@) of mutually disjoint “cubes” (which

may recursively obtained from the balls by Qy:= ByN(U, o, @5)°N(U,»x B)°)
such that

B; CQ; C B CE,, UjB;:Ea, B* ¢ E, .

If Bj = B(xj,r;) then B} = B(x;,c*r;j) and Bi* = B(x;, c*r;) where c*, c**
are the constants from [St, I 3.2].
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Now define g and the sequence (b;) by

" {fm, v ¢ E,
PN o, 1wk dy T,z e

B b= le | - (01 [ era)”]

Then (i) holds. For each j we have Bj* N E,, # (), hence, by the definition
of M,

B! / F@)Pdy < o?

J

which leads to

F)Pdy < / FPdy < o?B| < aa?|By| < eo?|Q,
Q; By

by the doubling property. Hence |g(z)| < c;/ Pa for x € Q; and clearly
lg(x)| < « for x & E,. Since [St, I 3.2] gives also the bounded intersection
property for the B} we have proved (i) and (ii7). To prove (iv) notice that
(a+b)P <2071 (a? + bP) for a,b > 0, hence

bl < 2 [ f@pds < 2as)
Qj
Now (v) follows from the weak (1,1) boundedness of M:

_ Cq
Z|Bf| < CSZ|Bj| < C3Z|Qj| = 3| Ea| < p|||f|p||1=5||f||§-
J J J .

Remark 3.2 Recall from the proof that the b; have disjoint supports, hence
130l = DIkl < ca? > 1B < CfI
J J J

by (iv) and (v), which by (i) implies the following additional property:
i) lgll, < Clfllp -
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3.2. Weighted norm estimates and maximal functions

Here we continue the development of techniques from [BK1] relating weighted
norm estimates of the type appearing in our main results and the Hardy-
Littlewood p-maximal operator M, defined by

Mpf(x) ‘= sup Np,rf<x) ) where Np,rf(w) = |B(ZL‘,T)|_1/p || f ||Lp(B(:E,T))

r>0

with obvious modification for the case p = oo.

Lemma 3.3 Let p € [1,00), q € [1,00] and Q be a space of dimension
D>1:

|B(z,As)| < CoA”|B(z,s)] forall z€Q,A>1,5>0.
Let S be a linear operator such that for some r > 0 we have
(32) I Pz S Pari llp—g < [Bla,r)|a 77 g(k)  forall x€Q, keNy
and a function g : Ng — Ry satisfying K := Y 1o, (k+1)P 1 g(k) < 0o.
(a) We have for all s >0 and x € Q, z € B(x, s):

Nq,s(SPB(z,5s)cf)( < Cl < Z kD 1 ) (1 +s )D/q M, f( )

k>4sr—1

(b) We have for all x € §2:
Ng.Sf(z) < C1 K M,f(x).
Here the constant C depends on p,q,Cy, D and on nothing else.

Note that part (b) corresponds to [BK1, Lemma 2.6]. Before giving the
proof of Lemma 3.3, we collect some simple but important properties of the
operators Np .

Lemma 3.4 Let p € [1,00] and Q be a space of dimension D :
|B(z,A\r)| < Co AP |B(z,7)| forall z€Q, A>1,r>0.
(a) We have for all R>2r >0, 2 €Q,ye€ B(x,r), f € L,(Q) :

Np,rf(y) < (CSQD)UP (%)D/p Ny r f(m)

(b) We have for allr >0, f € L,(Q) :

11l < (Co2P)7 || Ny f [,
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Proof. (a) Using the evident inclusions B(z,r) C B(y,2r) and B(y,r) C
B(z, R) we can estimate as follows :

Nprf(y) = |Bly.r)| " || Pogan f 1l
< (Co2”)V7 |B(a,r)| 7 || Pow.my f 1l

D/p
< a2y (2) 1B R | Pocn f

(b) A simple calculation using Fubini’s Theorem shows || f ||, = || Npof ||,

for the 1/
. p
Soete) = ([ 15 )"

But reasoning as in the proof of (a) yields ]vpjrf(x) < (Co2P)YPN,, f(x). W

Proof of Lemma 3.3. We use the symbol < to indicate domination up to
constants depending only on p, q, Cy, D. Define by, := kP (g(k — 1) — g(k)) .
At first we will show that we have for all s,t > 0 and x,z € Q :

1/p
(33)  Ny(Pron S Pocpef (1) < K( 3 wwfw)
k>(t—s)r—1

For the proof of (3.3) we can assume supp(f) C B(z,t)¢ and d(x,z) < s+r.
The latter implies:

E<({t—sr'—1 = Bz kr)NB(zt)" =10.
Therefore we deduce line (3.3) as follows :

N, (Pes) S Ppiapye f) () < | B2, 7)Y || Po@ry Sf g

< B, )7 Y g(k) | Pagars f 1l
k=0

/ _ 1/p
< KW (1B@n™ Y | Pawanf 1)
k>(t—s)r—1
1/p
<= KX N f@))

k>(t—s)r—1

(b) follows now from (3.3) for s := d(x, z) +r and t = 0 since one obviously
has Ny f(z) < M, f(x).
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(a) The case r > 2s can be handled directly using part (b) and Lemma 3.4(a):

/a /q
NoolS Poesr )2 3 () NS Poeoe ) < K (2)7 My f(a)

Hence we assume for the rest of the proof that » < 2s. Lemma 3.4(a) then
shows

(3.4) Npprf(y) 2 Nporrf(7) < Myf(x) forall y € B(x,4s), k > dsr™?
Moreover, since z € B(z, s), it is easy to see that
(3.5) Nor(Ppizs)f )(y) = 0 forall y e B(x,4s)°.

Now we can finish the proof as follows :
Nys(S Pp(essye [ )(2) = |B(2,8)| 79 || Pz S Poessre f |l
< B, 5)| 7| Ny (Paes) S Poesoef ) iy swasy [y (3:5),3.4(b)]
= sup N, (Pp(zs) S Prss)cf )(y)

yeB(x,4s)

IA

sup ( Z b Npsr f(y ) [by (3.3) for t = 5s]

yEB x,4s) k>4sr—1

< k(Y b)) Mf@) by (34

k>4sr—1 [ |

In the special case (p,q) = (1,00), the weighted norm estimates appear-
ing in our main results characterize the fact that the corresponding operators
have integral kernels satisfying certain Poisson upper bounds. This can be
seen from the following observation which is proved as e.g. [BK1, Prop.2.9].

Proposition 3.5 Let (21,d, 1) be a space of homogenous type :
|Bq, (x,2s)] < Cq|Bq,(x,s)| forall x€Qy,s>0.

Let Q be a measurable subset of Q0 and let S € L£(L1(), Loo(2)) have
the integral kernel K € Lo(Q?). Furthermore, let g : Rsg — Rso be a
decreasing function and r > 0. Then the following are equivalent :
(a) For all x € Oy, k € Rsg we have

| Pes) S Pa@ei i@ -1 < |Bay(z,r)] ™" g(k) .
(b) For all z,y € 2 we have

[K(z,y)l < |Bay(x,r)|™" gld(z,y)r™) .

Here the statement is written modulo identification of g and g, where
g(s) == Cy9((s —1);) and Cy is the doubling constant from above.
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3.3. A lemma on the inverse Laplace transform

We will need a result on the inversion of the Laplace transform

LF(z) = /0 e B(s) ds

on sectors ¥, := {z;|arg(z)| < v}. For the whole section we fix 0 < 6 <
p<v<ig. Foral Fe H*(Y,), the space of all bounded holomorphic
functions on ¥,, and all z € 0¥ /2_4, we define

2mi) ™t [, € F(X) dA arg(z) =m/2 -0
£71F<2) — { - f PR s
2mi) ™" [ g, €Y F(N) dA arg(z) =0 — /2
Notice that £~ F(z) is well defined since we have for b := — cos(5+u—6) > 0:
Re(Az) = |\ |z| Re(eFGH=9) = _p|)||2| .

Standard Cauchy formula arguments show that the following inversion for-
mula for the Laplace transform holds for all ' € H*(X,,) satisfying suitable
decay conditions:

F(y) = / e LT (2)dy , yEY,.
05 /2p

We will employ the following boundedness property of £71.

Lemma 3.6 Let 0, u,v as before and a € R, a—1 < 3,7 <n with 3 >0.
Then

L7E - H®(Z,)) — Li(0%:)9-0,w(2)|dz]) .
Here £ is the operator of multiplication by
E(z) = 27¢ Z (n) (—1)ke k=
k=0 k

and we consider the weight function w(z) := |z|P~* (1 + |z| )77

Proof. Observe that £ € H>(X,) and |[E(\)| < Cj 1?/\“/\&'” whenever

|arg(A)| = p. By definition of £71, this implies for b := — cos(5+p—6) > 0:

LHERE] < Goem ™ [ et o || F s
0
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Hence we can finish the proof as follows, denoting I' := 0¥ /5 :

NLTHEF) ||z, rwazy < Com! / w(s) / e s I gy ds || F || oo s,

0 0
= O F ez, -

Here we used the subsequent lemma for the last step. [

Lemma 3.7 Leta e R, a—1 < B,v<d with 3 >0 and b > 0. Then
/sﬁa(1+s)75/ e’bs“g—;’&dvds < 0.
0 0

Proof. We split the integral as follows :

/ P14 5)77F / e bsv —12;’5 dv ds
0 0
0o 1
= / sP7 (14 5)777 / e U du ds = L
0 0

+/ sﬁa(l—l—s)Vﬁ/ e "y dv ds = I
0 1

Hence it remains to show I; < oo and I, < oo. For I, we observe

1 [e§)
L = /U(S_ﬁ_l/ rﬁ_o‘(l%—%)”_ﬂe_brdrdv
0

0
1 0 1 o]
< C’/ 0551/ PP e dr dv + C/ vl / e dr dv
0 0 0 0

which is finite since a« — 1 < 3,7 < ¢. For I, the estimate is similar:

I, = / e_bww_a/ 77145 Pdsdw < 0.
0 0 u

These calculations are taken from [DM, p.259] where the case v = 0 is
considered.

4. Proofs of the main results

Proof of Theorem 1.1. We can assume 2 = €); by otherwise applying
this case for the following 0-extensions to {2;:

S, f(z) = {gt(ﬂg)(x) iggl\ﬁ fort >0 ; Sp:=1
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Indeed, it is straightforward to check that the hypotheses (1.2) and (1.3) for
the the (S;) and T on Q imply the corresponding hypotheses for the (S;)
and T on €2;. Hence the special case 0 = ( shows T' € £(L,(§21), Ly (1))

and it only remains to observe that || T ||Lp(Ql)_,L;U(Q1) =T ||LP(Q)_,L§J(Q) )

Now fix f € L,(2) and o > 0. In the following we use the symbol < to
indicate domination up to constants independent of f and «.

Consider the Calderén-Zygmund decomposition f = g+ b, at height «
according to Theorem 3.1. We write B; = B(x;,7;) instead of B} and let
tj == (2r;)™. We then decompose > _;b; = hy + hy, where

hi=Y (I=D"S;)b; and hy=Y (D"S, )b
J J
Then

{z e [Tf(x)] > ol
<z eQ;|Ty() >a/3} + Y {zeQ; |Th(x)| >a/3}|

and we shall estimate the three terms separately where we write o instead
of a/3. We start with the first term. The assumption 7" € £(L,, (), L, (2)),
the properties (iz), (vi) in Theorem 3.1 and the hypothesis p < p, imply

{ze;[Ty(z)| >a} 2 o™l = o P[f} -
We turn to the second term, i.e. the term involving h;. We have

{z€Q; [Thi(x)>a}| 2 a™™ | (I—D"S,)b,
j

where we used T' € £(L,,(€2), L, (€2)) again. We shall show

(4.1) HZ = D"54,)bjllpy = allle lpo -

Indeed, by the properties (zii), (v) this implies

1D (= D"Sy)bill = (YIB! = a2/ flip/ee
J J

which leads to the desired bound for the second term :

{2 € Q: [Thi(@)| > )| < a?|f]E.
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Now for the proof of (4.1). For any ¢ € L, and any j we have by prop-
erty (iv)

(¢, (I =D"Si)bj)l = I = D"Sy;)"¢, bj)| < |[1s;(I = D"Sy) bl 105l

= a|Bj| Ny, (U - DnStf)*¢) ()

1/m

Here we used Lemma 3.4(a) in the last step, recall 2r; = ¢,/ . Observe that

I-D"S, = =) (Z) (=1)*Sy,  forall t>0

k=1

where we used the assumption Sy = I. Therefore, we obtain by hypothe-
sis (1.2) and Lemma 3.3(b) :

p,

Ny jim ((1— D"St)*f> (z) = Myf(z) foral t>0.

Hence, since My is bounded on L, (here we use the hypothesis 1 < p, < ¢q!):

0. 3= D)) = a [(y0) > 1n, < @Myl 1 310
ol 1315

Since ¢ € Ly, was arbitrary, this is (4.1). We turn to the third term, i.e.
the term which involves hy. Denoting B} := B(w;,8r;) we have

IA

(4.2) {x € Q; |The(z)| > a}| < Z | B[+ [{z € Q\U; B} ; [Thy(x)| > a}l.
For the first term on the RHS, (v) together with the volume doubling prop-
erty yields
MBI = D IBL = a Pl
J J

The second term is estimated as follows by using (ii) :

|{$€Q\U D [Tho(z)| > a}t] <a” p||ZT D"Sy;)b; ||pQ\UB

J

= 0| Y 1 (DS ) by oy e < 0771 Gyl
J

J

where G =1 B*)cT(DnSt )
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We shall establish

(4.3) 1Y Gibsll, =l 1l
J J

and can then argue as before to obtain the desired bound

\{wGQ\UB*,\Tfh )| >a}] =2 a7

But the proof of (4.3) follows the lines of the proof of (4.1) :

({0, Gibp)l = G590, bj)| < 115, G0l [1bsllp = By Ny vy (G50) ()

< a/ Np’,2rj(G;¢) = a/ Mq{,¢
B; B,

where we used hypothesis (1.3) in the last step. Now we may finish as before
since My is bounded on L, due to 1 < p < ¢,. [ |

Proof of Theorem 2.1. We repeat the proof of Theorem 1.1 and modify
only the estimation of the second term in (4.2). We denote again G; :=
1(g5)eT(D"Sy;)1p,. Moreover, we recall that, by definition of the b; in (3.1),

we have > [b;[ < [f] + ]T/[/p f, where J\Ajp denotes the uncentered p-maximal
operator which is of weak type (p,p). Hence we can estimate as follows,
using the R;-boundedness hypothesis (2.5) in the third step :

y{er\U *|The(z)| > a}| < {zeQ; Z]Gb ) > all

< a3 IGH ey 2 a1 Il Iy
j J

< @ Pl + Mpf [y 2 aPILFI-

Before we prove Theorem 1.2 as an application of Theorem 1.1, we recall
some definitions. For v € (0, 7], we denote by ¥, the open sector ¥, :=
{z; |larg(z)] < v} and by H*(X,) the set of all bounded holomorphic
functions on ¥, . Finally we say that an operator A has a bounded H>(X,)
calculus on L, if there is an algebra homomorphism H>*(X,) — £(L,), F —
F(A) such that

||F(A) ||£(L’V‘) S C ||F||H°°(Z,,) for all F € HOO(Z,,)
F(A) = (A+ X" if F(z) = (2 + \)!
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and the following approximation property is satisfied: If (F},) is a bounded
sequence in H*(X,) which converges, uniformly on compact subsets of 3,
to F' '€ H*(X,), then F,(A) converges strongly to F'(A). If u € (v,7) and
Y € H>*(X,) with

[W(2)] < Clzl*(1+]z2])7% forall 2 € ¥, and some s > 0
then ¢(A) can be computed by the absolutely convergent Cauchy integral

— Al
_2m/w (2 4z,

where the path ~y consists of two rays re*®, r > 0 and v < 6 < p, described
counterclockwise. We denote the class of those functions ¢ by ¥(X,). By
the approximation property the values on such functions v define the map
F +— F(A) uniquely. We refer to [M] for details.

Proof of Theorem 1.2. As before, we can assume = ;. We fix
v € (w,m/2). By applying our weak type (p,p) criterion Theorem 1.1 for
Sy = e p, := 2, q, ;== q, we shall establish a weak (p,p) estimate for
the operator T'= F'(A) where the constant does not depend on F' € ¥(X,)
with || F||ge(s,) < 1. Applying the argument in the dual situation leads to a
weak (g, q) estlmate. By interpolation we hence obtain a bounded H*(%,)
calculus for A on each L.(2), r € (p,q).

By hypothesis (1.4), the condition (1.2) in Theorem 1.1 is satisfied. We
fix p,0 € (w,v) with > 6 and n € N with n > =72 Dy pﬁ)n and are then
left to check that

(44) Ny (F(A) D"S)* Pogyapimycf ) (9) < C My f(a)

whenever y € B(z,t/™/2). Indeed, in this case the desired weak (p,p)
estimate for F'(A) follows from Theorem 1.1. Claim (4.4) will be established
by combining estimates for

(4.5) Nyt (€7 Pogyanimyef ) ()

obtained from hypothesis (1.4) and Lemma 3.3(a) on the one hand, on the
other hand a Laplace integral representation for F'(A)D™S; in terms of the
e~*" and the Laplace inversion Lemma 3.6. In the following we use the
symbol < to indicate domination up to constants independent of t > 0, x €
Q,y € B(x,tY™/2) and the functions f,F. We follow the notation of

Section 3.3 (for @ = 0) and set §:= ”g mD, V= pj?m

wz) = 2P (1+]2))" and E(z Z ( ) Jeehe

k=
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Observe that 0 < 7,3 < n by hypothesis k9 > D and choice of n. The
weighted norm estimate (1.4) yields by Lemma 3.3(a) the following bound
for the term in (4.5):

Np’,tl/m/Q( (e7*)* Py at/mye f ) (y)

1/q' ,
< (X ) AP My )

k22t1/7”‘z|_1/m
= (LAt TP (T2 My f(a) = w(t™2) My f(2)

For the second part of the proof of (4.4) we observe first that D"S, =
(0:F)(A), where 0; denotes the dilation operator d;g(z) := g(tz). Now we
apply the inverse Laplace transform £7! as in Section 3.3 and obtain the
following integral representation of the operator appearing in our claim (4.4):

F(A)D"S, = (F§E)(A) = / e ALY FO,E) () dz

- / ALY (B, F)(t2) d
r
Here we denote I' := 9%, /o and use the fact that £71(6,9) = t716,-1 (L 1g).

Now we finish the proof of (4.4) and thus of Theorem 1.2 as follows by using
Lemma 3.6 :

Nyt p1/m 2 < (F'(A) D"Sy)* PB(y,4t1/m)cf><y>

< 0 [ Ny Pagaasme ) )17 (B0 FYE )] a2

(PN

¢ /F w(t=12) LN (E6 F)(£12)] |d2| M, f(x)

= LB F) [, rw@ias) My f (@) 261 F ||,y My f(2)

= || Flla=,) My f(x) < My f(z). .

Proof of Theorem 2.2. By extrapolation as in [C, §1], our hypothesis
(2.6) yields

L
7

4.6 AN < Ctn TP forall t>0.
p—p

Now fix 7 € (p,p’) and then s such that p < s < 2,7 < s'. By interpolation
between the unweighted L, — L, -norm estimate (4.6), the weighted Ly —
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—tA)

Ly-norm estimate (2.7) and the Lo-analyticity of (e as in the proof of

[BK1, Thm. 1.6], we obtain for all § > w :
I e PlE) g=2A o pd(@,) llsmy < Ch |z|%(ff—%) ecolel™ 12l for all 2 € Yz _p

and all z € Q, p € R. By [BK1, Prop. 1.5], this yields for all § > w :
(4.7) | Ppaaprmy € 4 Paa i gy llsms < 3Co || 7 =3) g mbok™/ 7Y
forall z € Oy, k € No, 2 € ¥z_p and some by > 0. Since, by duality, the
(weighted) norm estimates (4.6),(2.7) and the Lo-analyticity hold also for
A* instead of A, we obtain (4.7) also for A* instead of A. In other words,

we have for all 0 > w :
—z D1 _l — m/(m—1)
(48) H PA(x,|z\1/m,k) € 4 PB(x7|z\1/m) HS—>8’ < 309 ‘Z| ( € bok '

for all z € O,k € Ny, 2 € ¥z_4. Hence, in view of (4.7) and (4.8),
the hypotheses of our main result Theorem 1.2 are satisfied, and A has a
bounded H*(%,) calculus on L, () for all v > w. |

We now prove the applications of Theorem 2.2 in Section 2.3.

Proof of Proposition 2.3. Following Davies [D1] one defines the twisted
forms
g (u,v) = ale , u,v € H™(RP)

where A € R and ¢ is a real-valued C'*°-function with compact support
satisfying [|0%¢]|s < 1 for all 1 < |a| < m. The space of all such functions
is denoted by &,,. Observe that the functions e*® are pointwise multipliers
on H™(RP). Then

2, e”\‘ﬁv)

laxo(u,w) —a(u,u)] < e[[V™ully + C)(1+A")|ull;

forall u € H™, A € R, ¢ € &,, and for each € > 0. Following the lines
of [D1] (for the case D = 2m one has to argue as in [AT, p. 59]) one can
show the following'

If po = 52 +D V 1 then there are constants M,w > 0 such that
(4.9) ||6—A¢€ftAeA¢||p0Hp/O < M #D/Cm-(1/po=1/p) it

forallt > 0, A € R, and ¢ € &,,. By arguments as in [D1] or [LSV] this yields
that the semigroup (e~*4) is bounded in L,, and Ly, The last estimate in
(2.6) and the estimate (2.7) can be obtained from (4.9) by interpolation,
[D1, Lemma 4] and Sections 3 and 4 in [BK1]. (Actually, these estimates
may be obtained as intermediate steps when proving (4.9).) The assertions
follow by application of Theorem 2.2. |
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Proof of Proposition 2.4. Given r € (p(y),p(7)") we fix p € (p(v),2)
such that r € (p,p’). We choose ¢, such that (e *#+¢)) is bounded in L,
and L,. The (weighted) estimates (2.6), (2.7) we need for an application of
Theorem 2.2 are proved in [LSV]. |

Proof of Proposition 2.5. Given r € (Pmin, Pmax) We ix p, ¢o € (Pmin, Pmax)
such that r,2 € (p,qo). The (weighted) norm estimates (2.6), (2.7) are
proved in [LSV]. Hence the assertion follows by application of (a variant of)
Theorem 2.2. |
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