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Singular Radon transforms and maximal

functions under convexity assumptions

Andreas Seeger and Stephen Wainger

Abstract

We prove variable coefficient analogues of results in [5] on Hilbert
transforms and maximal functions along convex curves in the plane.

1. Introduction

The purpose of this paper is to prove L boundedness results on singular
Radon transforms and maximal operators for variable curves in the plane.
We shall prove a diffeomorphism invariant extension of the result for trans-
lation invariant averages along along convex curves in [5].

To fix our notation let g, 1,  be open sets in R? with compact closure,
so that 2 CC €y CC Qy. We assume that for each x € 0y we are given a
curve

(1.1) t— (1), —cp <t<c

so that I'(z,t) € Q for all z in a neighborhood of the closure of §2; and all
t € [—co, ¢o]. Furthermore assume that I' satisfies

(1.2) ['(x,0) =z,

for all z € Q. We denote by I'(z, t) the t-derivative of I' and assume that r
is an L*> function, and that I" and I depend smoothly on . We shall assume
that for |t| < ¢y the map z +— I'(z,t) is a diffeomorphism on a neighborhood

of ©; (for small ¢ this is of course implied by (1.2)). The inverse is denoted
by I'; thus z = I'*(y, t) iff y = I'(z, ).

2000 Mathematics Subject Classification: 42B20, 42B25.
Keywords: Singular Radon transforms, Hilbert transforms along curves, Angular
Littlewood-Paley decomposition.



1020 A. SEEGER AND S. WAINGER

The two operators under consideration are the maximal operator

h
(1.3) Mf@) = sup — [ [F(T(, )t

o<h<e 2h J_y,
and the singular Radon transform

(1.4) Rf(x) =p.v. /w(m,t)f(F(x,t))%

where w is a C§° function supported in Qg x [—¢,¢]. Here € < ¢. Since [ is
bounded it is not hard to see that for f € C! the principal value integral (1.2)
is well defined. Our task will be to show that under suitable assumptions the
operators M and R are LP bounded. We observe that it suffices to prove
LP estimates under the assumption that ¢ < ¢y as the contribution for ¢
bounded away from 0 is easy to handle.

As we are seeking to generalize the result in [5] we wish to make two
assumptions on I', namely a convexity hypothesis and a doubling hypothesis.
Since we consider a variable situation our assumptions ought to be invariant
under changes of variables (and the usual assumptions of convexity fail to
meet this requirement).

In order to introduce an invariant convexity assumption we follow [23]
and say that a function h defined on an interval J is quasi-monotonic on J
if there is a constant x > 0 so that h'(t) = a(t) + E(t) for t € I where a
has constant sign in I and |E(t)| < k|h(t)] (typically h is monotonic modulo
a function in the ideal generated by h). A family of functions is uniformly
quasi-monotonic if in the latter inequality we can choose a universal .

The relevant quantities are

(1.5) G(z,t) = det (F(x,t) r’*(w,()))

w=I(z,t)

(16) G* (y7 t) = det (F*(y’ t) F(Z’ O))Z=F*(y7t)

We now make the following

Convexity Hypothesis (C.H.). For all x € Qq, y € Q the functions
G(z,-) and G*(y, ) are uniformly quasi-monotonic on [0, co] and on [—cy, 0].

We turn to our doubling hypothesis. We say that a non-negative con-
tinuous function g on [0, ¢o] is a doubling function if g(0) = 0, g(t) > 0 for
t > 0 and if there is A > 1 so that
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An immediate consequence is that

(1.8) g(t1) S (t1/t2)°g(ta), t < Ay, 1 < cp,

for some 6 > 0.

Doubling Hypothesis (D.H.) There is Cq > 1 and a doubling function g
on [0, co] so that

(1.9) Co tg(A7Ht]) < |G(x,t)] < Cog(Alt])
and
(1.10) Co tg(A™Ht]) <G (y, 1) < Cog(Alt]).

forall z € Qq, y € Oy and |t| < c.

In particular the inequality (1.8) holds for G(z,-) and G*(y,-) if t; <
A%y, 1y < ¢
2, l2 < Co.

We can now formulate our main result.

Theorem A. If the convexity hypothesis (C.H.) and the doubling hypoth-
esis (D.H.) are satisfied then M is bounded from LP to LP(QY), for p > 1;
moreover H is bounded from LP to LP(Q) for 1 < p < oc.

Under very general finite type conditions the LP boundedness of M
and H has been proved by Christ, Nagel, Stein and Wainger [7] (see also
Greenblatt [11]). Thus we are mainly interested in the flat case. The trans-
lation invariant model case of the theorem (where I'(z,t) = (2141, xo+u(t)),
with u convex) was obtained in Carlsson et al. [5] (¢f. also [9]); the special
case p = 2 goes back to [19], [20] and in [19] it was also shown that our con-
dition is necessary when u is an even function. See also [9] for a necessary
condition in the general case. In the “semi-translation invariant” case where
[(z,t) = (z1 + t,x9 + s(z1,t)) the L? result had been obtained by one of
the authors in [23]. LP theorems in somewhat different variable coefficient
settings are in [3], [4] and in [2]. More closely related to the setting here is
the recent paper by Carbery and Pérez [1] who proved LP bounds for the
semi-translation-invariant case under more restrictive third order assump-
tions. Optimal results on the Heisenberg group related to Theorem A were
obtained by J. Kim [15], [16].
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1.1. Invariance properties and alternative formulations

The main feature of hypotheses (C.H.) and (D.H.) is the invariance under
diffeomorphisms. This is easy to check. Namely if y = I'(z,t), and y =
®(z), z = ®(u), then 2 = ['(u,t) with I'(u,t) = & 1(T(®(u),t)); moreover
T*(u,t) = & H(I*(®(u), t)). Hence we get

[(u,t) = DP;]

@l (2(w), 1),

and similarly

*(w,0) = DBL.  T*(®(w),0).

(®(w),0)

The latter we apply for w = I'(u,t) and notice that I*(®(I'(u,t)),0) =
I*(I(®(u), t),0) = T(®(u),t). Now let G denote the determinant (1.5)
corresponding to the curve I'; then we obtain

G(®(u), t) = det(DDHT(P(u),t))) det (F(cb(u),t) F*(r(cb(u),t),())).

A similar calculation applies to (1.6). From this the invariance property
easily follows, with the possible change of the constants A, Cj (see also the
discussion in [23]).

We also note the our assumptions do not depend on the particular
parametrization. If t = wu(z,s) with us # 0 we have 0s(I'(z,u(z,s))) =
ug(z, s)f‘(x,u(:z:, s)) and the independence of the parametrization is easily
verified.

Our hypotheses can also be described in terms of defining functions as
in [21], [24]. Namely let ¥ = {(z,y) : y = T'(z,t), some t} then if we restrict
to small values of ¢ the variety ¥ is a smooth hypersurface in 2 x Q2 and ¥ =
{(z,y) : ¥(z,y) = 0} where W/ # 0 and ¥} # 0. Our quasimonotonicity
and doubling assumptions may be replaced by similar assumptions on the
functions

(1.11) t = det(Vy(z,y), Vy(y,y))

y=I'(z,t)

(1.12) t — det(V,(z,y),V,(z,x))

m:F*(y,t).
If N*E C (TFQ2\ 0) x (T2 \ 0) denotes the conormal bundle of ¥ then
NS ={(z,&,y,m) : E =7V, n =7V, 7 #0,¥(z,y) = 0}

and assumptions on (1.11-12) reflect properties of the projections of N*X to
T7C) and T3
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In order to see that the conditions involving (1.11-1.12) are equivalent
to the conditions involving (1.5-1.6) we first observe that the conditions for
(1.11-1.12) are invariant under changes of variables, moreover they do not
depend on the particular choice of defining function. By the above discussion
we may without loss of generality assume that

(1.13) D(x,t) = (1 — t,y(21, 22, 1)).

Then I'™(y,t) = (y1*+ t,v* (y1,y2,t)) where v(x1,x9,0) = T2, Y (y1,92,0) =
Y2, 88—;2 # 0 and % # 0. In fact 88—;2(1’1,952,0) =1 and %(yl,yg,()) = 1.
The equivalence is now obtained by working with the defining functions
U(r,y) = y2 — v(1, 02,71 — y1) or ¥(z,y) = 22 — 7" (y1,%2,91 — 71). These
are both defining functions and they are related by

(1.14) Yo — (@, 1 — 1) = a(z,y) (22 — v (¥, 51 — 71))
where
1 8,}/
a(z,y) = / B (@1 (L= 8)7"(y, 51 — @) + swp, 21 — y1)ds.
0o 02

To see this expand ys — y(z, 1 — y1) about xs = v*(y, y; — x1) and use that

Y2 = Y(@1, 7 (Y, y1 — 1), T1 — Y1)
Note that if € is chosen small enough we can assume that
(115) |a(x,y)—1| < 1/2 if (fE,y) 691 XQl, |IL‘1—y1| <e.

For later reference we state that the boundedness of 7,, and V~,, (as as-
sumed in Theorem B below) imply that a has a bounded gradient.

1.2. A change of variable

The invariance under changes of variables allows us to make a crucial choice
of coordinates in order to reduce to the situation (1.13) with the additional
normalization 4(z,0) = 0. A related change of coordinates was suggested
years ago by C. Fefferman, in connection with the problem of differentiation
along variable lines. A similar argument was also used in [25].

We set ®(uj,us) = (ug, p(ur,uz)) where the smooth function p is to
be determined and will satisfy p(0,us) = ug. This also implies that for
small u; the function uy — p(uy,us) is invertible, with inverse o, so that
o(uy, p(ur,us)) = ug. Now suppose that are already given ® and we would
then have

(1.16) OIT(P(u),t) = (ug —t,0(uy — t,y(uy, p(ur, us), t)).
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Thus we need to take p(-,uy) to satisfy the equation

(L.17)  —0uy (u1, v(u1,p(u1, uz),0))
+ Oz, (ula 7(u1v :0<u17 u2)> 0))’7<u1’ p(uh UQ)’ O) = 0.

Now ’Y(Ul, Ps 0) = p and oy, (ulv p(uh UZ)) + O,y (ulv p(ula UQ))pm (ulv u2) =0,
and thus (1.17) is implied by o,, # 0 and

(1.18) Puy (U1, uz) + F(ug, p(ug, uz),0) = 0.

Thus if we solve the ordinary differential equation (1.18), with parame-
ter ug, under the initial value condition p(0,us) = uy then we have p,, # 0
and thus o,,(u1, p(u)) # 0 for small u; and therefore y(u,t) = o(u; —t,
y(uy, p(u, us),t)) will satisfy 7(u,0) = 0.

From now on we may and shall work with families of curves defined
by (1.13) which also satisfy

(1.19) 4(z,0) = 0.
By implicit differentiation it also follows that

(1.20) v*(y1,2,0) = 0.

In this situation our convexity hypothesis simplifies to

(1.21) Y(z,t) = a(t,z)+ O(§(z,t)),
(1.22) Yy, t) = a*(t,y) + O(y*(y,1)),

where a(z,-) and a*(y, -) are of constant sign for ¢ > 0 and of constant sign
for t < 0. Our doubling hypothesis becomes

(1.23) Colg(A™t) < iz, )] < Cog(Alt)),
(1.24) Co'g(A™'t) < |y*(y. 1) < Cog(Alt])

for some doubling function ¢ and suitable constant A > 1.
We then have the following result:

Theorem B. Assume that v and v* satisfy the hypotheses (1.19-1.24). Also
suppose |Op,y(x,t)| > ¢4 > 0. Then M is bounded from LP to LP(QY), for
p > 1, and 'H is bounded from LP to LP(Y). The operator norms depend
only on the cutoff function w, the doubling function g, the constants A in
(1.23-1.24) and the L™ norms of Yy, Vays Vayr Vi,

With the change of variables discussed above, Theorem B implies Theo-
rem A.
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Remark. Note that the operator norms do not explicitly depend on the L*
norm of 4. Thus by limiting arguments Theorem B covers examples such as
y(x,t) = z9 +u(t) where u is even or odd, continuous, linear on (277,277+1)
with u(277) = 27™ | as well as variable perturbations.

The organization of the paper is as follows. In Section 2 we introduce
some notation and make a preliminary Littlewood Paley decomposition
of our operators; moreover we prove the LP estimates for the “Calderdn-
Zygmund part” of the operator. In section 3 we give an outline of the proof
of Theorem B, and handle the technical details of the main error estimate
in Section 4.

2. Preliminary decompositions and Calderon-Zygmund
estimates

Let ¢ € C5°(R) be supported in (1/2,2) U (=2, —1/2) and define ¢,(s) =
21¢(27s) for j > 0.

Also let x € Cg°(§2 x ©2), X, ¢ nonnegative so that 0< |y| <Y, 0<|¢|<é
and gb] — 21¢(27.). Define

Rif(x /% r1 — yu)X (2, y1, v2 +y(2, 21 — Y1)

(2.1) B X [y, @2 + y(z, 21 — y1))dy
/d)j(xl — y)X(@, y1, 22 + (2, 21 — 41))

X [y, @2 +v(z, 21 — y1))dya;

here we want to explicitly include the case that the functions ¥ and x and
the functions ¢ and ¢ coincide (and are nonnegative), so that some aspects
of R; and M, can be treated at the same time.

The L? inequality for the maximal function in (1.3) is a simple conse-
quence of the LP boundedness of the maximal operator M defined with
slight abuse of notation by

M f(z) = sup [M; f(z)];

jeJ
here J is a finite set of integers j > C and the bound is not supposed
to depend on the cardinality of J. Working with suitable positive cutoff
functions we obtain uniform bounds for M from uniform bounds for the

maximal function

sup |R; f].
jeJ
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Notice that since every individual operator R; is bounded on L' and L™
we need to take the supremum over large j only. Similarly the boundedness
of the Hilbert transform follows from the LP boundedness of the operator
> i>c R [ under the additional assumption that the cutoff function satisfies
J ¢(s)ds = 0; indeed we can choose ¢ such that Y3 ¢;(s) = 1/s.

Denote by dy the Dirac measure on the real line, at the origin. Follow-
ing [21] we express dg(y2—7(x, t)) as an oscillatory integral distribution using
the Fourier inversion formula,

So(yo — (. 1)) = (27)~* /eiT(yz’y(:c,t))dT’

and then decompose the singular integral operator as in [23] into two parts,
a low frequency part where the cancellation of ¢ is crucially used, and a high
frequency part where this cancellation does not play a role. See also [18],
[12], [22] for earlier variants of this approach. The analogous decomposition
is made for the maximal operator where of course no cancellation of ¢ is
needed.

In order to proceed with this decomposition we set B = 2?°A where A is
the constant in (1.7-10) and define integers a;, b; so that

2-%-1 < 27ig(275IB) < 279

2.2 ROV
(22) 27b—L < 27ig(251 B~1) < 27

For later reference we note that for 277% < (4A4)~! we have 2%~ < 2i—F;
this does not use the full strength of the doubling assumption as it follows
from (1.8) with § = 0. By the doubling assumption the former estimate can
be improved to 2%~ < 20=F1+9) for some § > 0.

Let (B be an even function in C§°(R) so that fy(s) =1 if |s|] < 1/2 and
Bo(s) = 0 if |s] > 3/4 and let B(s) = Bo(27Fs) — Bo(27**1s), for k > 1, so
that (3(s) can be nonzero for k > 1 only when 2¥~! < s < 281 Clearly we
have Y72 Bk(s) = L.

For k > 1 we define operators Rf with distribution kernel

Ri(z,y) = x(z,y)¢;(x1 — 1) /eiT(yQﬂ(z’xl_yl))ﬁk(T)dT

as well as operators H; with distribution kernel

Hj(z,y) = x(x,y)¢;(x1 — y1) / et Gy (27 ) dr;
then our basic decomposition is given by

(2.3) 21R; =M+ » _ RE.

k>aj
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In the remainder of this section we shall first prepare further the term R;?
which for k£ > a; will later be treated as a piece of a singular Fourier integral
operator and then deal with the contribution ), H; (or the associated max-
imal function) which corresponds to a kind of Calderén-Zygmund operator.

In (2.3) the decomposition in k corresponds essentially to a Littlewood-
Paley decomposition in the variable dual to x3. To make this precise we
introduce a Littlewood-Paley operator £* defined by

(2.4) E;f(f) = [50(27’671052) — 50(27“1052)] f(ﬁ)

so that the multiplier is supported where 28710 < |&| < 28 and equals 1
on 2k—9 < |£2’ < 2k;+9.

Lemma 2.1 Forl <p<
IR — LERELH | o S 27°
Lemma 2.1 tells us that for k£ > a; we may replace the operators R? by

Ek”Ré? LF since

(25) YD) IRE = LERELH s S D 278 S Zz %5 < 1.

Jj k>aj Jj k>aj
Proof. We write RY — LVNRFLF = RNI — £F) 4+ (I — LF)RYLY. Thus it
suffices to show that R’“(I £k) and (I — L")RE satisfy the asserted bounds.
Let P“2 be the convolutlon operator with Fourier multiplier (5,(27&,) and
let Q%2 be the convolution operator with multiplier £5;(27!&). Then by the
support properties the symbols we have

I—LF=(I- gk)<7;k—5,2 n Z Qm)

I>k+5
and consequently it suffices to show that
(2.6) IRFQY | o—pr + | QPR oy S 270 i 1> k45,
2.7)  (IRYPY" 2o + PRy S 278,

These estimates follow by standard integration by parts arguments (see [13]).
For the sake of completeness we include the argument. We first estimate the
kernel of the operator R¥Q" which is given by

K(z,z) = ¢j(x1 — 21 /// x, 21, Y2) (7(y2—7 (221 -21))+€2(y2—22))
X B () Bi(&2) dyz dT d&s.
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Note that on the support of the symbol we have &, + 7| ~ 2! . We integrate
by parts once with respect to y, and then we integrate by parts with respect
to 7 and &. This yields the bound

2k 2!
Ky(x,2)| < |pj(w1—=2 21/ d
Rl DS Vot =2 iy == DY (1 2D 2

and integration with respect to z yields that [ |Ky(x, z)|dz < 27" uniformly
in z. If we take into account (1.15) then we also get that [ |Ky(z,z)|dz S
27! uniformly in z and the asserted bound (2.6) for Rf Q42 follows. The
proof of (2.7) for REP*%? is the same.

Next we examine the kernel of the operator QmRﬁ? which is given by

f?kl(x, z) = ¢j(x1 — 21) /// X (71, ws, 2) el(&2(e2—w2)+7(22—v(z1,w2,21—21)))
X B(7) Bi(&2) dws dT dEs.

The difference is now the nonlinear dependence on the phase in ws. To re-
move this potential difficulty we may again invoke (1.15) and change vari-
ables in the oscillatory integral to o = Ta(zy, ws, z). Thus we get

Kkl(x z) = ¢] T — 21 /// (1,wp, 2 ei&2(z2—wa2)Fo(w2—y"(z,21-21)))

x17w27
X ﬁk(m)ﬁl(£2)dw2d7d€2-

With this representation the estimation of K x 1s exactly the same as for Ky;.
Recall that |a — 1| < 1/2. In the integration by parts with respect to
wo we shall also need the boundedness of 0,,a which is guaranteed by
our assumption, cf. the remark following (1.15). As above we see that
the L — LP bound for REP*>? is O(27%). The proof of the bound
[P*22RE || Lo—r = O(27F) is the same. ]

Concerning the operators H; we make the following simple observation
(which is valid without any cancellation property).

Lemma 2.2 The kernels H; satisfy

(2.8) |00 02 Hy(w, y)| < Ag2/™ +4m2 29445 (1429 [y —yy |) 2 (142% oo — o] )
(2.9) 0002 Hy(w, y)| < Ag2imTeam227405 (1429 |y —yy [ )72 (142% |5 — o )2

T Zxo

for (n1,n2) = (0,0), (0,1) or (1,0).
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Proof. By integration by parts we have

|Hj(z,y)| S 2 X—21-5 90—y (@1 — 91)2%9 (14 2% |yo — y(z, 21 — 1))

Now if |z — y1| < 277! then

1
Iy (s 21— g1 )] = 21— / S, sy —yn))ds| < o —ylg(A29+Y) < 27
0

and thus 1+ 2% |y — y(x, 11 — 11)| & 1+ 2%|yy — o] if |27 — 3| < 2791
This yields the asserted estimate for ny = ny = 0. The estimates for the
derivatives are analogous. [ |

Let Mg, be the strong maximal operator (involving averages over rect-
angles parallel to the coordinate axes). Then the following estimate is an
immediate consequence of Lemma 2.2.

Corollary 2.3 For all x € €2,

(2.10) sup [H; f(2)] S Mo f ().
J

In the case where [¢(s)ds = 0 we get a bound for the sum » H;.
As in [2], the L boundedness is proved by invoking the Hardy space H),; :=
HY(R x R) defined using the two-parameter dilations (see [6], [14], [10]).
Recall from [6] that operators which are bounded on H}, ; and bounded on
L? are also bounded on L? for 1 < p < 2.

Proposition 2.4 Suppose that the cancellation condition [$(s)ds = 0 holds.
Then the operators 3, H; and . H; are both bounded on L? and on H,,,,
and consequently on LP, for 1 < p < oo.

Proof. We first show the L? boundedness. By the almost orthogonality
lemma of Cotlar and Stein it suffices to verify

(2.11) 1Ml 22+ [ H el e S 2797472,

By taking adjoints it suffices to show (2.11) for k£ > j and since the operator
norms of H; are uniformly bounded it suffices to consider the case where
2k=7 > 2104,

We first examine H;H}; its kernel is given by

[ #te BT = Y o)

n>0
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where

H;-lk(x,y) = // ¢j($1 — Z1)¢k(y1 _ 21)ei(T(ZQ_7(9”’”31_21))_”(29_7(%’1_21)))
(2.12) X Bo(279T) 5o (27%0) B, (27 % 0)dzdrdo.
Here we used that >, 3,(27%0) = 1. Observe that in view of the support
properties of the symbol we have the restriction a; +n < a; + 1.

Now let h(z) = (bj(xl _ Zl)ei(T(@—W(ﬂwﬁl—z1))—0(22—7(y7y1—21)))' We use the
cancellation of ¢y to replace h(z;) in (2.12) by h(z1) — h(y1) = (21 — v1)
J W (y1+s(z1—y1)) ds; this will be relevant for small n. We write ;.. (0, 7) =
Bo(27%T) 5y (27 0)3,(27%0) and obtain

HE(z,y) = /0 Is(x,y) + I (z,y) + [1I(x,y)]ds

where

I(z,y) = /// (72— (z,@1—=21))~0 (22— (y,y1—21)))

X Cirn(0, T)Xj k1 (2, y, s)dzdrdo,

I (x,y) = /// (T (z2=v(@m1—y1+s(y1—21)))—0 (22— (y.y1—-21)))

X Cirn(o, T)TX k2(2,y, s)dzdrdo,

[[Is(ﬂj,y) = /// ei(T(ZQ*’y(:D,ml721))70-(2277(%5(7;17Z1))))

X Gk (0, T)oXjk3(2, Yy, s)dzdTdo.
with
Xk (2:9,8) = (v = 206 (21 =y + 51 = 2))0u(1 — )

Xjk2(2,y,8) = ¢j(x1 — 21) (v — 21)(y1 — 21)F (2, 21 — y1 + s(y1 — 21))
Xjk3 (2, Y, 8) = ¢j(21 — 21)r(y1 — 21) (y1 — 21)F(y, s(y1 — 21))-

Since |y; — 21| < 2751 we then have

X1 (2, y,8)] < 2%7F
2 Xjka(r,y,8)] S 2Vg(2 T A)2TF S 27
297 Xk p(2,y, 8)] S 29 Mg (217 A)27R S 2
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These estimates are used after additional integration by parts in 7 and o. For
the term I, we obtain (taking into account the symbol properties of ¢ .n)

I(a,y)| S 297+ 2" //
[ [(z,y)] (14 2% |29 — y(x, 21 — 21)|)V

|Il—21|§2_j+1
|y —z1| <27k H

9a; +n

X
(1 429+ 20 —y(y,y1 — 21)|)

N ledZQ.

Observe that the integral [ 2%(1+4 2%z, —y(z, 21 — 21)|)Vday is O(1) in
view of (1.15). Thus in evaluating [ |I(z,y)|dz, for fixed y, we perform an
To integration first and see that

A 2aj+n 1
I T, dx S_, 22] // / dzo dz1dx < 2]—k
/I (z,y)| (1429020 — y(y, 00 — 2) )N - 0

|z —21|<279F1
ly1—z1|<27F+1

We argue similarly for the terms I/, and I11;. By integration by parts we
get the pointwise estimate

[[8 x7y S 2]+k2aj_ak //
| ( )‘ (1+2aj|22—'y(x,561—21+5(21 _yl))’)N

|.Z‘1—Zl |§27j+1
ly1—z1| <27k H

9aj+n
v 2 m —lgm — )y
and
IT1,(z,y)| < 27+kom—axtn // 9a;
- |x1—z1|§2*j£11 * 2%‘22 N 'Y(l', 1= Zl)DN
ly1—z1|<27F+1 o
W 2572 — (s — )y

Since 2%~ < 277F we obtain the same bound O(2/~%) for [ |II;(z,y)|dz as
above, similarly for [ |I1I(z,y)|dz we obtain the bound O(2%~%*") which
is O(277%+") Thus

1
(2.13) /IH?k(x,y)!d:cS/ /[IISH|Hs\+\HIS|}da;ds§2J"“+”.
0

The same bound is obtained for [ |Hjj. (2, y)|dy, uniformly in z.
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For large n the estimate (2.13) is not sufficient but we can now use an
integration by parts in 2o, in order to gain a factor 27%~"; this is followed
as above by integration by parts with respect to 7 and o. The result is that
for n > 10

/ HE (2, y)lde < 274

uniformly in y and again the same bound holds also for [ | Hjy (2, y)|dy,
uniformly in x.
We sum in n and obtain the bound

| HHpl 22 < 0(23'*’“ 4 2% % Z min{2°%"", 2j*k+n})'

n>10

Now if n > 10 we use the bound 2=%~" for n > (k — j)/2 and the bound
207kt for n < (k—j)/2. We sum in n and obtain the asserted bound (2.11)
for the term || H,;H; ||

The estimation of ||HjHy| is largely analogous. However we first use
(1.15) to represent the kernel of H; as

D . d
Hj(v,w) = ¢j(v1 — wl)X(U,UJ)/6”(7}2_7 b <2_a] - >a( -

a(v,w)/ a(v,w)’

Thus the kernel of H}'H,. is given by

/ TG il y)de — / / 93z — X D)ok (21 — )X (2, )

X e_i(T(ZQ_V*(x’zl_zl))—"(zrv*(y,y1—21)))ﬁo< il )
a(z, x)

dz

><50<2*“’“ o )a(dT do

a(z,y)/ a(z,z) a(z,y)

and by using this expression the above proof for H;Hj can be repeated here.
Again the only difference is that we have to take into account the limited
differentiability of the symbol, but our assumptions on ,, and its gradient
still allow us to integrate by parts once with respect to zs. [ |

In order to complete the proof of the H}, ; — L' boundedness we use the
following Lemma which is proved by standard arguments.

Lemma 2.5 Let {H;}jecr be a finite family of Schwartz kernels and let H;
be the associated operators. Assume that T := Zjel H; is bounded in L?
with operator norm Ay, and suppose that the inequalities (2.8), (2.9) hold
for (n1,m3) = (0,0), (0,1) and (1,0). Then T maps H,., to L' with norm
< C(Ap+ A1) (in particular C is independent of I).
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Proof. This is a straightforward consequence of a theorem of R. Feffer-
man [10] which says that it suffices to check the operator on rectangle atoms.
Suppose that f is supported on a rectangle parallel to the coordinate axes,
with center (c;,cy) with sidelength 27 x 27 and that ||f]|, < 2(1+¢)/2]
moreover f satisfies the strong cancellation condition [ f(x1, 29)dz; = 0 and
f f(z1,x9)dzy = 0. Fefferman’s theorem states that if T is L? bounded and
if the estimate

(2.14) / / T f(2)|dardars + / / T () daydas < 2
‘xl—cl‘ZQ_Zl'HL ‘1‘2—02‘22_22+"

holds for some & > 0 then T' maps H},,(R?) boundedly to L'(R?). Since we
assume L? boundedness it suffices to prove (2.14).

We estimate the corresponding integrals with 7" replaced by H;. We use
the size estimate in (2.8) obtaining the bound O(2%~"79) for the L' norm
in {z: |1 —¢;| >27%%"} and we use the cancellation in y; together with
the estimate (2.8) for the y;-derivative to get the bound 2=, Thus

// [H; f(z)|derdes S min{2*€1+ﬂ'7 Qflfj*n}'
|z1—cy|>2—C1+n

We sum in j and estimate the first term on the left of (2.14) by C27™/2,
Similarly (using now cancellation with respect to the ys variable) we
obtain

// |H; f(2)|dz1dry < min{2~ 1% 2f-a—n1
|zo—co|>2—t2+n

Clearly the right hand side is O(27™2). Let j, be the maximal j with
22¢j < 27n+282 Then there is an absolute constant O} so that 2% < 2% 2JJo
lfj S j() - Cl. Thus

Z 2—52+a]‘ < 2—€2+aj0 < 2—71/2.
J<jo—C1
Similarly if j, denotes the minimal j with 22 > 27"+2 then there is Cy so
that for j > j; + Cy we have 27% < 279127177 and thus
Z 2€z—aj—n < 2@2—(1]'1 -n < 2—71/2‘
J2j1+C2

We have only a bounded number of terms with jo — C; < j < 71 + Cs; for
those we use the bound O(27"/2). Combining the three estimates yields the
bound 272 for the second term in (2.14). |
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3. L’-boundedness of the Fourier integral contributions

We now give an outline of the proof of Theorem B and consider first the
maximal operator. In view of Lemma 2.1 and Corollary 2.3 it suffices to
consider the maximal function

(3.1) sup ‘ Z L'kaEkf‘.
j

k>(l]‘

where the sup is extended over a finite index set J. We use a familiar
square-function technique and dominate

sup ‘ ZEkaﬁkf‘
J k>(lj

(3.2) < <Z | Z 'CkR?Ekf‘QY/Q N (Z | Z /LkR;?Ekf‘Q)l/Q

a‘7-<k§b]- J k,‘>b]'

We define an operator 9 acting on F' € LP(¢?) and an operator m acting
on G € LP({1((?)) by

(MF); = M;F;

3.3 —~—
(3:3) (MG = M;Gix;

here the /% norm is taken with respect to the k variable. We denote by [|97]|,,
the LP(¢7) — LP(¢7) operator norm of 91 and by ||§JVTHp,q72 the LP(09(¢%)) —
LP(£9(£2)) operator norm of 9.

We follow M. Christ [7] (see also Nagel, Stein and Wainger [17] for a
closely related earlier argument) and observe

Lemma 3.1 For1 <p<2

(3.4) R
(3.5) 192,22

(1 + | M| opo) P72

S
S A+ Mllrmpn) P2
Proof. Since the operators M; are bounded on L?, uniformly in j, it is
clear that the operator norm of 9t on LP(¢P) is O(1); the same applies to
the vector-valued setting by which we see that the operator norm of 9t on
LP(r(£?)) is finite.

Since |[M;f;| < M(sup, |f,|] we see that the operator norm of 9t on
LP(£>) and the operator norm of 9t on LP({*°(¢?)) are bounded by the L?
norm of M. Interpolation gives the assertion. |
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We now consider the first term on the right hand side of (3.2). First
observe that there is a pointwise bound

(3.6) RS9l S Mtr (M;(19])) ().

To see this we use integration by parts in 7 to estimate

286 (1 — y1) X (Y
Rigl s [ 2 g a (o = ) + )ldnds

and change variables s = y(z1, 9 + u, 1 — y1) — y(21, T2, 21 — y1) which is
legitimate since 7,, is close to 1.

By Littlewood-Paley theory for the operators Ly, the pointwise bound (3.6)
and the Fefferman-Stein theorem for the strong maximal function we get

H(Z\ > EkR;?Ekf‘z)lﬂ ng( S |MstT(Mj(|£ka)‘g)me
J o oa;<k<b;

Jrk:a;<k<b;
5”( Z |Mj(£kf)}2>1/2Hp§||ﬁ/t”p72’2 ( Z |£kf|2>1/2Hp

j7k:a]‘<k’§bj j,k:a]‘<k‘§bj

B.7) S [Mp22llf1lp

where for the last application of Littlewood-Paley theory we have used that
for fixed k the cardinality of the set {j : a; < k < b;} is bounded.

Similar but somewhat more complicated arguments apply to the second
term in (3.2). We need to introduce an additional dyadic decomposition in
the variable dual to z; and define operators P;, Q,, 11,,, by

~

PE) = B2 6)f(E)
Q€)= AENE)

and
Hm - Pm—a,j—HO - Pm—b]-—l()

and decompose for fixed k the identity operator as

(3.8) I=Pigp0+L+ > Q.

I>j4+k—a;+10

Then we change variables k = b;+n, | = j+k—a;+m = j+(bj—a;)+m+n
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and see that

(> DI ) WH < Z I( Z 2Ry o)
i k>b; ‘
(SIS emiemar) ),
J

k>b;

(3.9) + Z Z H( }Cb i+l 7+nQ]+n+m+b 7%51, +nf’ ) /QHP.

n>0 m>0

We need to show part (1) of the following proposition (part (ii) will be
needed for the singular Radon transform).

Proposition 3.2 Let py > 1, let po < p < 2 and define 0 € [0,1] by
(1/po—1/p) = 0(1/po — 1/2). Then for n >0, m >0

(i)

o . 1/2 .
(3.10) | (IR Prvaro 1 P) 7| < 2 ml A

J

1/2

(3.11) |(Z 1 e mbermy?) | < 105350 11

i k>b;

i+n +n 1/2 n m
312) [[( IR Qimiminy-a £ 4) || S 200 11,

J

(i)
313 (SRR )| Sz,
J

j T +n p|2 1/2 (n+m
3.10) (X2 1Qutmemon, o R0 )| s 2 mamyizoy g,
J

If we use the Fefferman-Stein theorem for vector-valued maximal func-
tions we see that (3.9) and Proposition 3.2 imply the bound

H(Z | Zﬁ"%kﬁ’“f ) S 0+ 1R+ )11,

(3.15) S @+ M po—re) P2 f

where for the last inequality we have used Lemma 3.1. This in conjunction
with (2.5), (2.10) and (3.7) shows that

(3.16) Moz S (1+ M52

~Y
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which implies of course the LP boundedness of M for 1 < p < 2, with
bound independent of J. Since M is bounded on L* the LP boundedness
for 2 < p < oo follows as well. By the monotone convergence theorem this
shows the LP boundedness of the maximal operator in Theorem B.

We turn to the proof of Proposition 3.2. The main technical Lemma
used here concerns L? estimates for the kernels R;?Pj+k_bj_10 and Rf Q.

Lemma 3.3 We have forn >0, m >0

(3.17) IRFQl|emre S2772,  ifk=bj+n,l=j+k—a;+m,
and
(3.18) IREP kb —10llp2—re S 2702 if k= b; +n.

The estimates (3.17)-(3.18) also hold with RY replaced by its adjoint (R5)*.

The proof of Lemma 3.3 will be given in the next section. The estimates
involving the adjoint operator are only needed for estimating the singular
Radon transform. Taking the lemma for granted we can now give the

Proof of Proposition 3.2. The scheme of the proof is the same as for
the chain of inequalities in (3.7). For the main term (3.11) we use the
Littlewood-Paley inequality

1/2
319)  |[(Sicmas?) | il 1< <o,
ik P
and with (3.19) the proof of (3.11) follows by the argument given in (3.7).
The inequality (3.19) in turn follows by the usual argument involving the
Marcinkiewicz multiplier theorem and Rademacher functions (see [26]). Here
it is necessary to show the LP boundedness of the operators ) ik +LFT1;
(for any choice of £) and the doubling assumption on g is crucially used here.

We note that (3.19) is essentially a version of the angular Littlewood-Paley
theorem used in [17], [5], [7], [25] and elsewhere.

For the terms (3.10), (3.12) we use that for fixed n the LP(¢?) norm of
{L£b7F7 f}icz is bounded by C|| f||, and the argument in (3.7) shows that the
left hand sides of both (3.10) and (3.12) are dominated by C||9|,2|fll,
if p> 1.

For p = 2 we have better bounds by Lemma 3.3; indeed the left hand side
of (3.10) for p = 2 is dominated by C27°"|| f||2, the left hand side of (3.11)
by C|| f||2 and for (3.12) we obtain the bound C2~¢"*™)|| f||,. Interpolation
yields (3.10), (3.11) (3.12). The proof of (3.13) and (3.14) is analogous if we
take part (iii) of Lemma 3.3 into account. |
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3.1. LP-boundedness of the singular Radon transform

In view of Proposition 2.4 and estimate (2.5) we have to prove the bound-
edness of the Fourier integral operator F given by

(3.20) Ff=>_ Y cC'RICEY

J k>aj

By a Littlewood-Paley estimate in the x5 variables we see that

HZ Z EkRkEka <H(Z‘ Ek:R?Ekf‘Q)l/z

Joa;j< Jjia;<k<b;

p

(3.21) S [Mp22l f1lp

where we argue as in (3.7). Next we use the decomposition (3.8) and obtain

HZZLWW ZI + 11+ Y Y 1k,
Jj k>b;

n>10 m>0

where

4n bj+n 4n
I, = Zﬁbﬁ 7)jJrnfloRj‘Jr Lot f )

J
IT= 1)) oy RECE

J k>b;

— § bj+n bj+n pb.4n
]Ilm,n - L% Qj-l—n-i—m—l—bj—aj Rjj L% f
p

J

Now using for fixed n the Littlewood-Paley decomposition {£%7"} ;o7 we see
that I, is estimated by the left hand side of (3.13) and thus by C27®| f|,,
with e(p) > 0. Similarly I71,,,, is dominated by C2-(m*™)e®)|| £||,,, by (3.14).

Finally by Littlewood-Paley theory

us|(SEmer), -

Jj k>b;

Now we decompose as in (3.8), but to the right hand side of R]. Thus

ISy n+1r+> Yy 111,

n>10 n>10m>0
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where I, is the left hand side of (3.10), and I11;, , is the left hand side
of (3.12). Moreover

' =|[(S E memat) ",

J k!>bj

which is dominated by C||ﬁ||p,2||f||p; here we use again (3.19) and the
Fefferman-Stein inequality.

Since we have already established the LP bounds for the maximal op-
erator we know now by (3.4), (3.5) that ||90[,2, [|9M,2.2]/p22 are O(1) and
thus the combination of previous estimates shows the L? boundedness of
the Fourier integral operator F in (3.20). As pointed out above this yields
the LP boundedness for the singular Radon transform, for 1 < p < 2. The
estimates can be applied to the adjoint operator which yields the estimates
in the complementary range 2 < p < oc. B

4. Proof of Lemma 3.3

The kernel of R;“ Q, is given by

(4.1) K($’ y) = ///ei(’f(w—’Y(xvl‘l—21))+§1(Zl—yl))X(x’ 21, y2)¢j(l'1 _ Zl)
x Bi(27FT) 31 (271 )dérdrdz .

By integration by parts with respect to z; we obtain

K(x,y) — /// ei(T(y2—7(%rl—Z1))+£1(21—y1))i—1a(x7Zby%T, 51)d§1d7d21

where a = a; + as with

Y(z,r1 — 21)
(X, 21 — 21) + &1

a1 (z, 21,42, 7,61) = ( )2X<I7217y2)¢j($1 — 21)

X (275 7) 31 (27'1)

0, (X(% 21, Y2)9j(x1 — Zl))

(x, 21 — 21) + & Bi(2757)Bi(27°&).

(IQ(ZL', 21,Y2, T, 51) =

The localization of the symbol in (4.1) implies that here

&1 > [Ty (2, 21 — 21)].
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The following fact will be crucial in the estimation of the L! norms in x or y.

Sublemma. For large 7 we have the estimates

(42 () / 2y — 21)|dz < 27,
|Z1 —"E1|S27j+1

|’7(I7 Ty — Zl)|

4.3 ii / 27 dzy < 2%,
(43) (#) 2-3=1< |z —ay | <2941 (Y(z, 21 — 21))? '

Proof. Let I;(x1) := {2 : 0 <z — 2y <2777} By the quasimonotonicity
assumption we have for ¢ > 0 that

Y(x,t) = az,t) + O((z, 1))
where a does not change sign and thus
/ Y(z, 11 — 21)|dz1 S ‘/ Y(z, w1 — Zl)dzl‘ +/ Y (2, 21 — 21)|dz
I (z1) Ij(z1) Ii(z1)
Sglazi) s

The same bound holds for the contribution over z; < z;. This proves (4.2).

Now we turn to (4.3) and let J;(z1) := {21 : 27971 <2y — 2 < 277H1}
Again by the quasimonotonicity of 4 we get

(2, 21 — 21| / (o, 21 — 21)
- dz; < - dz
/Jj(xl) (Y(z, 21 — 21))? ' ‘ J;(x1) (Y(z, 21 — 21))? '

+/ 1Y(x, 21 — 21)| " dz.
J.

(1)

The first term on the right hand side equals

‘ 1 1

(a2 A(z,290) < (g2 /A < 2k

~

and the second term is estimated by
/ (2797 JAYdz < 2% < 2
Jj(z1)

The contributions for 27771 < z; — 27 < 277%! are estimated in the same
way and (4.3) is proved. |
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Proof of Lemma 3.3, cont. Integration by parts yields

22182 )N<] - 22]6872_)]\7&(1.7 21,Y2, T, 51)
K(x,y |N/// dz1déydr.
14 2% yy — y(2, 21 — 20) P)N (1 + 22 yy — 1[N

Assume that |C| < 1, |7, || > 1 and that either |CT| > 2|&| or |&1] > 2|CT|.
(actually, for the present proof of (3.17) we need this for |§| > 2|C7|).

It is easy to verify that under these assumptions we have the product
type symbol estimates

0108 (Bu(27F7) B (2 ) (Cr + 6) )| S 27t a ks (iCr + [6a]) 2,

g0 (B2 )BT ') (Cr + &) 71) | S 27" 2mrer((Cr] + &)™

~Y

We apply this with C = 4(x, 7 — 21) and see that

a O‘Qalle,yg,r 1) S s 7a2|: + :|,
Crl+160)*  |C7] + &l
|05 022 as( &)| S 27tk 2
as(x, 21, Y, T, < —_—
AT cr+ el
Consequently
/// 2R | 5(z, 21 — 21) 22
+— ]
- Wi o =2+l iz, e —z)] + &
|€1|~2
\T1|z2k
|z1—21 | <279+
(4.4) x (14 2%|ys — y(w, 21 — 20) D)V (1 + 2%y, — 212) Ndzdérdr.

We now examine the L' norm in y. We interchange the order of integration
and first integrate out in the y-variable. We take into account that now
|&1| > 2|79 (x, 21 — 2z1)| and obtain

(4.5)

/ K (e, y)ldy < / / / 273 (2, 01 — 20) |2 + 29)60) ]2 F e de dr
|&1]~2!
|T|z2k

|$1721 |S2_j+1

By part (i) of the Sublemma this is dominated by a constant times

(46) 2—l—k //[22j+k—aj—2l + 2j—l]d§1d7_ 5 [22j+k—aj—2l + 2j—li| 5 2—m—n‘

|€1]~2!
|7|~2k
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It is possible to show the same inequality for [ |K(z,y)|dz but we can get
away with the bound O(1) for the latter integral and still get (3.18).

We proceed similarly for the estimation of the kernel K of R§Pj+k—b‘j—1o-
Now however we have the restrictions |&| < 207+%=9 and |79(z,t)] >
2=1g(27971/A) > 214375 g0 that the latter expression is dominant.

The above analysis leads to

2J+k\fy (v, m1 — 21) 2%
K (2,)] <  + —
1 S TEr A T
131 \SQJ

2k71§‘7‘§2k+1
‘x1—21 |§27j+1

X (14 2%|yy — y(w, 21 — 20)|2) V(1 4 2205703 gy — 21 2) N dzydé dr.

and as above we get

~ 2j+k by _ 22]'
/IK(:c,y)\dyS / [ (@, 2, Z1)|+ dzd&dr

|2k,7($71,1 - Zl>|2 |T’.)/(£U,.Z’1 — Zl)|

‘1‘1—21 |§2_j+1

S 2bj—k 5 2—77,

where for the second to last inequality we use (4.3). Combining this with
J|K(z,y)|dz = O(1) we obtain (3.17). |
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