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Critical nonlinear elliptic equations with

singularities and cylindrical symmetry

Marino Badiale and Enrico Serra

Abstract

Motivated by a problem arising in astrophysics we study a non-
linear elliptic equation in RY with cylindrical symmetry and with
singularities on a whole subspace of RY. We study the problem
in a variational framework and, as the nonlinearity also displays a
critical behavior, we use some suitable version of the Concentration—
Compactness Principle. We obtain several results on existence and
nonexistence of solutions.

1. Introduction

This paper continues the work begun in [1], which was concerned with
the problem

—Au(z) = ¢(r)|ulPu in R3
(1.1) w(@) >0 in R
u € DY2(R3).

Here x = (21,79, 23) € R3, 7 = \/2? + 22 and the model function for ¢ is

T2a

(1.2) o(r) = m>

where « is a positive number.

The equation in (1.1) displays a cylindrical symmetry and its motivation
comes from some research in astrophysics where it was proposed as a model
for the study of elliptic galaxies (see [9]).
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There is a vast literature concerning the modeling of astronomical ob-
jects like galaxies or globular clusters of stars (we refer to the bibliography
in [1]) and several elliptic equations arising from this questions have been in-
vestigated. As far as we know most of these models are radial, because they
model radial objects (e.g. globular clusters of stars). Much less is known in
the case of cylindrical symmetry (derived from the axial symmetry of ellip-
tic galaxies) and many interesting problems from the mathematical point of
view are still open.

An analysis of the model proposed in [9] was carried out in the paper [1],
where it was proved that problem (1.1) can be handled by a variational
approach in the case p € [4,6], and where various results about existence
and nonexistence of solutions were obtained.

The case p = 4 turned out to be particularly interesting since for the
problem

—Au(z) = ¢(r)u> in R?
(1.3) u(z) >0 in R3
u € DY2(RY),

only a negative result was obtained, that is, the nonexistence of solutions
for the minimization problem associated to (1.3) when ¢(r) satisfies suitable
hypotheses, and in particular when it has exactly the form (1.2). The reason
for this is that in the case p = 4 the equation has a critical nature. Indeed, as
¢(r) is asymptotic to 1/r when r — oo, problem (1.3) admits the equation

(1.4) —Au(a:):%u?’ in R?

as a “limiting” problem, and this is critical in the usual sense, namely it
is invariant with respect to a class of dilations. If w is a solution of (1.4),
then wuy(x) = AY/2u(Az) is still a solution. As usual, this invariance gener-
ates some lack of compactness for the Palais-Smale sequences when dealing
with the variational problem associated to (1.4), and this in turn takes place
also in problem (1.3), in the form of an invariance manifested by the limit-
ing equation.

Motivated by these observations, in this paper we study equation (1.3)
and a more general problem in RY, with N > 3, given by

—Au(z) = ¢(J2'))u>~t in RN
(1.5) u(r) >0 in RY
u € DYA(RY),

where we have set z = (2/,2) € RF x RV (2 < K < N) and 2, = 24=5,

with 0 < s < 2; the function ¢(r) is asymptotic, at 0 or at oo (or both),
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to the function 1/r®*. Exactly as problem (1.3) admits (1.4) as a limiting
equation, the more general problem (1.5) admits

—Au(x) = |m}|5u2*_1 in RN
(1.6) u(r) >0 in RY
u € DVYA(RY),

as a limiting problem, and this is critical because it is invariant with respect
to the scalings

uy(z) = )\¥u(>\x).

We will associate to (1.3) or to (1.5) a variational formulation and we will
give some sufficient conditions for their solvability. As usual in critical prob-
lems, these conditions are expressed as strict inequalities between critical lev-
els (see Theorem 3.1). For this abstract result we use a nice version of the cel-
ebrated Concentration-Compactness principles of P. L. Lions. This version,
which in some sense gives a unified treatment of the different Concentration—
Compactness principles, is due to S. Solimini [16]. We then give some easy
applications of the existence result, and we also describe some cases where
nonexistence occurs (see theorems 4.1 and 4.2).

In the particular case of problem (1.3) we obtain some additional results.
To begin with, we obtain some information about regularity and decay prop-
erties of solutions (Lemmas 2.2 and Corollary 4.6), and from these results
we obtain the existence of solutions in the case in which the ¢’s are small
perturbations of the function (1.2), for which, as proved in [1], the mini-
mization problem associated to (1.3) has no solutions. These results show,
once again, how critical problems are sensitive to perturbations.

Critical problems with nonlinearities exhibiting a singularity have been
much studied in recent years (see for example [5, 6, 7, 8, 10, 12, 18]), but to
our knowledge in the past literature the singularity is always concentrated
at a point, while in our case there is a whole subspace of singularities. The
only exception that we are aware of is the paper [14] by Ni, that studies an
equation of type (1.5) where K > 3 and where the existence of solutions
bounded away from zero is established. These results are therefore very
different in spirit from ours.

For problems with singularities and cylindrical symmetry much work
has still to be done, for example about regularity or uniqueness of solutions,
even for the limiting equation in (1.6). Note for instance that this equation
cannot be reduced to an ordinary differential equation as is the case for
example with the analysis of the minimizers of the usual Sobolev quotients;
therefore problems of uniqueness of positive solutions appear to be genuinely
multi—-dimensional and a general approach is still lacking.
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The present paper, along with [1], presents some initial results.

In Section 2 we give some preliminary results, we describe the regularity
properties and we give some nonexistence results. Section 3 is devoted to
the proof of the main compactness result, which is then applied in Section 4
to prove existence of solutions for problems (1.3) and (1.5).

After this work was completed, we became aware of the paper [15] where
some results similar to ours are obtained as far as existence problems are
concerned. Our results however treat also regularity, Pohozaev identities
and decay properties, and we make an analysis of the lack of compactness
for the minimizing sequences associated to problem (1.5).

Notation

We collect below a list of the main notation used throughout the paper.

e For any z = (z1...,2y) € RY and K > 2 we write z = (2/, 2) with
v = (x1,...,7x) € RE and 2 = (2g41,...,25) € RYV"E. We also
write r for |2|. We define A = {x € RV |2’ # 0}.

e DLE(RY) is the closure of C§°(RY) with respect to the norm

1/2
|ul| = </ \Vu]de) )
RN

As no misunderstanding is possible, we will also write D!? instead
of DLV2(RY).

o 7= LYRYN), Ll = LI (RY) are the usual Lebesgue spaces. For a
Lebesgue—measurable function g we will write L(g) to mean the space

LY(RY) with respect to the measure g(z)dz.

° 2" = ]\2,—1172 is the critical exponent for the Sobolev embedding and
2, = 2,(s) is 202,

e For any P € RY and r > 0 we denote by B(P,r) or B,(P) the open
ball in RY with center P and radius r, while B, = B(0,r).

e We will use C' to denote any positive constant, that can change from
line to line.

e z -y is the usual scalar product in RV,

e We set R = [0, +o00[ and R, =]0, +o0.
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2. Preliminary results

We first give our main hypotheses on the function ¢. We assume that for
some 7 € (0,1) and s € (0,2)

¢ S CO,W(R+7R+>7 ¢(T)rs € LOO(RJr)a

loc
(2.1) and at least one between hH(l) ¢(r)r® =1 and lirp ¢(r)r® =1 holds.

As we said in the introduction, we will obtain existence results for prob-
lem (1.5) by the study of a minimization problem of a standard type. The
basic tool here is an embedding result obtained in [1], reminiscent of the
inequalities in [4], which we recall in a form well-suited for our study. In
its statement we consider RY = RF x RV=X with K > 2, and we set

= (r1,...,2K).

. _ 2(N=-s)
Theorem 2.1 (Theorem 2.1 in [1]) For each 0 < s < 2, let 2, = 7.

Then there exists a positive constant Cy such that, for all u € DY3(RY),

1 2,/2
(2.2) / luf?de < C, / Vuldz
RN 7[5 RN

Theorem 2.1 implies that in the space D'?(RY) the integral [py ﬁ lu
is finite, so, for u € DY?(RY)\{0}, we can define

2
J(u) = f]RN |Vul®dx - and () =
(Jo 5 lu-dz) (o 001"

It is easy to see that J and J, are C'* functionals over D'? . We also define

S=inf{J(u) |ueD"\{0}} and Sy =inf{Jy(u) |ue D"*\{0}},

2 dx

Jan [Vu|?dz
Q*dx)z/Q* ’

u

and we consider the minimization problem
(2.3) find u € D"*\{0}, u >0, such that Jy(u) = S,.

A solution of (2.3) gives, up to a constant, a good candidate to solve
problem (1.5). Indeed, usual arguments imply that a solution of (2.3), suit-
ably normalized, yields a weak solution to the equation in (1.5). Due to the
presence of ¢ this solution may be singular on 2’ = 0, and therefore the con-
dition u > 0 in R must be interpreted with some care. In view of further
applications we now investigate the regularity and positivity of solutions in
some particular cases.

By standard elliptic regularity theory, it is obvious that the solutions
of (1.5) are C? when 2’ # 0. The regularity across 2’ = 0 depends on the
values of s and N.
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Lemma 2.2 Assume (2.1) and let w € D2, u > 0, be a weak solution of
the equation

~ Aufr) = g(j !
If sN < 4, then v € C2Y(RYN) for some 6 € (0,1).

loc

If sN < 2, then u € CLY(RN) for some 6 € (0,1).

Proof. We first claim that u € L{ (RY) for all ¢ < +o0c. To prove this we
use a result due to Brézis and Kato [2], that we apply in the form that one
finds in the book of Struwe (Lemma B.3 p. 218 in [17]).

We write o1
Ol = ¢l T (1 + ),
and we set o1
o) = ol1D .

so that wu satisfies
—Au = a(x)(1 4+ u).

We now prove that a € L/2(RY). Once this is proved, Lemma B.3 in [17]
implies our claim, that is, u € L} (RY) for all ¢ < 4+o00. To prove that
a € LN2(RN), we write

2.-2
U u

|2’|* 1+ u

a(z) = ¢(|2'])|+’]

and notice that, of course, 11, is bounded (as u > 0), while ¢(|z'[)[2'[* is

bounded by (2.1). Hence we have to prove that

2,—2 w@+—2)N/2

N/2 : 1
€ L7/*,  that is, —’x/’Ns/Z eL .

To show this we notice that since sN < 4, so that Ns/2 < 2 < K, we can
use the embedding results of [1] in the form (2.2). We just have to realize
that the exponents match correctly, namely

(2. -2y = XN

as a trivial computation shows. In this way we have proved the claim.

To complete the proof we observe that since v € Li  for all ¢ < oo,
u2*71
EdR

the local integrability of ( )p can be deduced from the local integrability

of (==)".

|"[*
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Now if sN < 4 we can take some p > % such that sp < 2; since K > 2,
we see that (ﬁ)si)
in LY for some p > q > % By the usual elliptic regularity theory and the
Sobolev embeddings, it follows that u € C2?(RY) for some 6 € (0,1).

Finally, if sV < 2 we can repeat the above argument using some p > N
such that again sp < 2, to obtain that u € CL?(RV) for some 6 € (0,1). W

loc

w2

is locally integrable. This implies that W_Sl is locally

Remark 2.3 Regularity questions for general N and s are open, but we no-
tice that not much more that the previous results is to be expected. Indeed,
equation (1.4) when K = N = 3 admits the solution u(x) = v/2(1 + |z|)~,
which is only Lipschitz continuous. Singular solutions might also be present
in some cases.

Notice however that the previous lemma covers some important par-
ticular cases such as problem (1.3). Furthermore, we remark that in the
astrophysical problem the function ¢ is not singular at zero (see (1.2)), so
that in this case the solutions are classical.

We now turn to the question of the positivity of solutions in all RV,

Lemma 2.4 Assume (2.1) and let u € D, u > 0, be a weak solution of
the equation

—Au(z) = o(|a')u* .
If sN < 4, then u > 0 in RV,

Proof. By standard elliptic regularity, u € C2"(A) for some n € (0,1),
where we recall that A = {z € RY | 2/ # 0}; hence we can apply the
classical strong maximum principle to obtain that u > 0 in A.

To conclude we first notice that, by Lemma 2.2, u € C’loo’f, for some 0 €
(0,1). Let 2o € RY be such that z{, = 0 and consider the ball B = B;(x).
Define ¢(r) = min{1, ¢(r)} and remark that ¢ is Holder continuous, because
so is ¢. Let v be the classical solution of the problem
(2.4) { —Av(x) = §(|a'u in B,

v(x)=0 on OB.

Notice that ¢(|2’|)u®~" is Holder continuous. Clearly now —Au > —Av
in the weak sense in B, and v > v on 0B, so that, using the maximum
principle for weak solutions, we have v > v in all of B. But v is a classical
solution of (2.4), —Av > 0 and v is not a constant, so by the strong classical
maximum principle we have v > 0 in all of B and hence also u(xy) > 0. B
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We now want to prove some Pohozaev—type result for (1.5). We will
obtain that, under some very natural hypotheses, (1.5) has no solutions. In
the next section we also will prove some existence results for (1.5) and, as
usual in critical problems, we will see that one passes from existence to non
existence of solutions by small perturbations.

The first nonexistence result is a consequence of the following identity
of Pohozaev type. The validity of this identity is affected by the regularity
properties of the solutions, and for this reason we will state it in a form that
will suit our applications.

The argument to derive the identity is the standard one (see for example
the book of Kuzin and Pohozaev [13], Theorem 29.4), except of course for
the fact that in general our solutions are not C? in all of R¥.

Proposition 2.5 Let a: RY — R be a function such that
(2.5) a(z)|2'|* € L®(RY), with a € C(A),
and let u € DYA(RY) be a weak solution of

(2.6) —Au = a(x)|uf?u in RY.

Assume that u € CLY(RN) N LP(RN) N C2(A) for some 0§ € (0,1) and
also that

(2.7) alul’ € L'RY)  and Va(z) - z|ulf € L'(RY).

Then the following identity holds:

(2.8) /RN K% - %)w:) - %Va(:v) 2| JulPdz = 0.

Proof. For any R, e > 0 we consider the ball Bg and the sets
O = Ql(R, 6) = {l’ € Bgr ‘ x> 6}, Oy = QQ(R, 6) = {.CC S BR|$1 < —6}.

By our assumptions, u is a classical solution of (2.6) in €; U s, so in each
of these sets we can repeat the standard arguments one uses to derive the
Pohozaev identity, that is, we multiply (2.6) by x - Vu(z) and we integrate.
Recalling that

1 N —2
x - VuAu = div ((:13 -Vu) Vu — §|Vu|2$) + T!VUJP

and

x - Vua(z)|ulfu = div (%a(:cﬂu]px) - %a(:cﬂu]p — ]%]u|pVa(x) - T,
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we obtain, setting €2 = Q; U Q,

/ (—x Vua—u+—|Vu|2x n)da—u/|Vu|2dx
50 on 2

1 1
:/ —a(x)|ulPz - nda——/ |u|pdx——/x-Va|u|pdx,
oo P Q

that is

ou 1 9 1 »
/m<—x VU%+§|VU|I‘ n—;a(:p)|u| x n)da

N =2

(2.9) =5 /Q |Vul|?dx — % /Q (Na(z) + Va(z) - z) |ulPdz.

Here n is the outward normal at 02 and do is the (N — 1)-dimensional
measure of J€2. Now we pass to the limit in (2.9) as ¢ — 0. It is obvious
that the limit of the right hand side in (2.9) is

N=z / Vuldz — * / (Na(z) + Va(z) - ) [u]da.
2 Br P JBg

For the left hand side, we have

00 ={x € 0Br|z1 > e} U{x € 0Br|z1 < —€} U{x € Br|z; =€}
U{$€BR|J]1:—€}
251U52U53US4,

with obvious definitions of S; = S;(¢). Again it is obvious that

ou 1 1
lim <—x Vi 4 ~|Vul’z - n — —a(z)|ufPz - n) do
e—0 S1US5 8” 2 p

1 1
= / (—J;-Vua—u+—|Vu|2x-n— —a(x)|u\px-n) do.
OBg on 2 P

We have now to see what happens in S3 U S, as € — 0. Notice that in S3,
= (—1,0,...,0), while in Sy, n = (1,0,...,0). Hence we can write

1
/ ( T - Vua— + = ]Vu|2x n——a(z )\u|pxn> do
S3USy a 2 p
1 1
= / (m -VuDyu — = |Vul?r; + —a(x)|u|px1) do
S5 2 p

1 1
+/ (—m - VuDyu + =|Vul?r; — —a(x)\u\pxl) do.
Sy 2 p
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By the hypotheses, the function —z - VuDyu + 3|Vul*z; — %a(m)|u|px1 is
continuous everywhere, so that we can conclude that

1 1
lim (—ZL"VU@ + = |Vul?zr - n — —a(x)|u|px-n> do = 0.
S3USy an 2 p

e—0

Hence, after passing to the limit as e — 0, (2.9) implies

1 1
/ (—:E-VU%+—|VU|2:L‘-H— —a(x)|u|px-n> do =
OBg on 2 P

(2.10) = %/E |Vul*dz — %/B (Na(z) + Va(z) - ) |uPdz.

Now the argument can proceed in the standard way (see [13]), so we will be
sketchy. The hypotheses |Vu| € L? and alulP € L' imply that there is a
sequence of radii R, — +oco such that

0 1 1
lim (—x Vi 4 ~|Vul’z - n — —a(x)|uf’z - n) do = 0.
OB, on 2 D

n—-+00

Therefore, passing to the limit in (2.10) we obtain

N -2 1
—/ |Vul*dz — —/ (Na(z) + Va(z) - z) |ulPdz = 0.
2 RN D JrN
But since [n |[Vul*dz = [,y aluPdz, the result follows. |

We now apply this Pohozaev identity to problem (1.5), with the suitable
limitations on the values of s and .

Corollary 2.6 Assume that sN < 2, that ¢ satisfies (2.1) and also that
(2.11) ¢ € C(Ry) and &' (r)r**t € L(R,).

Define ¥(r) = ¢(r)r* and assume that v is monotone (increasing or
decreasing) and not constant. Then problem (1.5) has no solutions.

Proof. We apply Proposition 2.5 with p = 2, and a(z) = ¢(|2'|). Let us
notice that Va(z) - x = ¢'(|2'])|2'|, so that (2.1), (2.11) and Theorem 2.1
imply that the hypotheses (2.5) and (2.7) of Proposition 2.5 are satisfied.
So, if we assume that u is a solution of (1.5), by Lemma 2.2 we have u € C.’
and by Lemma 2.4 we obtain that u > 0 everywhere.
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Moreover, computing

N-2 N 1 5 |
<T_ Z)a(x) g V(@) @ = —5a(z) - 5-Va(z) -z
1
=3 (so(|2']) + ¢'(|2"])]2"] )
1 1 .
= g e (sl ) + ¢ (DIe'17) = Gme= (),

we see that (2.8) gives

2 dx.

1
(2.12) 0= /RN |x,|5_1w’(\fc’|)\u

Under the hypothesis that ¢ is monotone and not constant we obtain
that ¢’ is not zero and has constant sign. Therefore (2.12) gives a contra-
diction and this implies that (1.5) has no solutions. |

Remark 2.7 Notice that the nonexistence result can be applied to prob-
lem (1.1), since its solutions are regular. Therefore we obtain a generalization
of the nonexistence result in [1], which concerned only the solutions of the
minimization problem associated to (1.1).

Let us consider now the minimization problem (2.3). We will prove
that it has no solutions assuming some hypotheses different than those of
Corollary 2.6. We first prove an inequality.

Lemma 2.8 Assume that ¢ satisfies (2.1). Then
Sy < S.

Proof. We know that S is achieved at some w € DV?(RY) (Theorem 2.5
in [1]). Let us define, for A > 0, wy(z) = A"z w(\z). Then, by a standard
change of variables, J(w,) = J(w) = S, while

fRN \Vw|*dz
! 2|8 |wl|2x 2/2* '
(fRN gb(%) |,\l ‘\x|’|5 dx)

To fix ideas, assume that lim, ., ¢(r)r® = 1. Since Illiﬁ € LYRY), it is
casy to see that Jy(w,) — J(w) =S as A — 0. On the other hand, we have
by definition Sy < Jy(w)) for all A > 0, so that the conclusion easily follows.

If lim, ¢ ¢(r)r® = 1, the argument is the same, letting A\ — +oc0. [

Jo(wy) =
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Theorem 2.9 Assume that ¢ satisfies (2.1) and also that
(2.13) o(r)r* <1Vr>0 and ¢(ro)ryg <1 for some 19> 0.
Then problem (2.3) has no positive solutions.

Proof. Assume by contradiction that w is a positive solution of (2.3). Hence
Js(u) = Sy and u(z) > 0. We then obtain

1
o(|2')u*dx < / ——u*du,
RN ry |2[°
which implies
Jan [VulPdz Jan [Vu|?dz

v - > S,
(flRN ¢(|x’|)u2*dx)2/2* (fRN ﬁqﬂ*dv@) "

contradicting Lemma 2.8. [ |

Remark 2.10 Corollary 2.6 and Theorem 2.9 suggest the following open
question: suppose that ¢(r)r* < 1, ¢(r)r® # 1, but ¢(r)r® is not monotone.
Then, by Theorem 2.9, the minimization problem (2.3) has no solutions, but
Corollary 2.6 does not apply. Is there any solution of problem (1.5)7

3. A compactness result

Throughout this section we will use the following hypothesis on ¢:

(3.1) lim sup ¢(r)r® < 1.

r—0,+00

This section is devoted to the proof of the following Theorem 3.1. In the
next section we will apply it to find some existence results for problem (1.5).

Theorem 3.1 Assume that ¢ satisfies (2.1) and (3.1). If Sy < S, then
problem (1.5) has a solution.

The main tool we use to prove Theorem 3.1 is the following Theorem 3.3, due
to Solimini, [16]. It is a version of the Concentration—-Compactness Principle.
To state Theorem 3.3 we first define rescalings of functions in D2,

Definition 3.2 For any fized X\ > 0, p € RY, the rescaling T = T(\,p) is
the function

—2

T : D(RY) — DY (RY)  defined by Tv(x) =2 v(Az —p)).
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Notice that if T'= T'(\,p) then T~! = T(1/\, —\p), that is,
O
T v(z) =X\ v(}\a:—l—p).

Theorem 3.3 ([16]) Assume that {vy}y, is a bounded sequence in DVZ(RY).
Then, up to a subsequence, one of the following alternatives holds:

(1) vy, — 0 strongly in L*" (RY).

(17) There is a sequence {T}}r of rescalings such that Trvy — v weakly in
L¥ (RY) and v # 0.

We will state now two preliminary results. The first is an easy consequence
of Theorem 2.1.

Lemma 3.4 Assume that {uy} is a bounded sequence in DM?(RY) such

that uy, — 0 strongly in L* (RN). Then uj, — 0 strongly in L* (—r).

‘I/ls

Proof. Recalling that

2
2, —2=—"—(2—
N5 (2—9)

N N

5 5 N-21s’ we obtain

and applying Holder’s inequality with exponents

24 2
/ |Uk, d:c:/ |wf| g | 722 ) g
Ry |2]° ey 7]

N—2+4s

’Uk|NE—]"’V+S "
< ﬁdﬁ |uk
RN |zf|F 2t RN
[l
RN

by hypothesis. We now apply Theorem 2.1 replacing s by 22—, so that

2—s

« N
2 dx) .

We have that

Ydr — 0

N—2+s’
2, = 2%:; is replaced by NE—];JFS; notice that still 0 < Nf];rs < 2. We obtain
[ua 57 o
u —24s - s
/ JLW—M§C</|V%© <C,
RN |af|N—2Fs RN
and the conclusion follows immediately. [

We will also use the following version of a well known convergence result
by Brézis and Lieb, [3].
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Lemma 3.5 Assume that {wy}, C DV*(RY) satisfies

2y

de <C Vk.

W
w, — 0 a.e. and / |
R

N |l’/|5
Let {vx}r € L>®(R) be a sequence of uniformly bounded functions, i.e.,
Vel < C for all k. Let u € Lz*( 1 > Then we have, as k — oo,

|='|*

1
2 /
*dy = y

1
/
+ [ Dl

i1) Assume also that yx(z) — 1 a.e., as k — +o00. Then

1 1
! 2
*d —
Jo Ot = [ gl
1
+ /
[l

We now begin the study of problem (2.3). Throughout this section {uy }y
will be a minimizing sequence for (2.3). Without loss of generality we can

assume that
| oDl
RN

/ |Vug|*dr — Sy, w, — u weakly in DV*(RY).
RN

2 dx

. 1
i /

2 dx + o(1).

2 dx

>dx + o(1).

Zedr = 1,

(3.2)

Remark 3.6 If u # 0, it is not hard to prove, for example by using a suit-
able version of Ekeland’s variational principle, that u solves the minimization
problem. Therefore we could suppose in what follows that © = 0; however
we prefer to carry out all the computations in the general form to have a
better insight of the compactness properties of the minimizing sequences.

In what follows we will pass several times to subsequences of {uy}, and
we will use the same indices. Let us define vy, = uy, — u, so that {vg}y is a
bounded sequence in D*?(RY) such that v, — 0 weakly in D?(R”); passing
to a subsequence we can also assume that vg(z) — 0 a.e., which, from now
on, will be taken for granted.

From Theorem 3.3 we deduce that one of the alternatives 7), ii) therein
must hold. It is very easy to see that if ¢) holds, the sequence {uy} is
actually compact in D2, so that in this case we obtain a solution. This is
proved in the following lemma.
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Lemma 3.7 Assume that v, — 0 strongly in L? . Then uy, — u strongly in
DYA(RY) and u is a solution of the minimization problem (2.3).

Proof. By Lemma 3.4 we have that v, — 0 strongly in in L2*(ﬁ), so that
1

|CISI|S

u, — u strongly in L% (—). Then of course

1
[ oDl ude = [ (DI ol — ufda
RN RN |='[*
1
SC’/ ——|ug — u|**dr — 0,
N [2]*
which implies that
/ o(|2')) |u|*dx = lim/ o(|2'])|up*dr = 1.
RN ko Jry

Therefore u # 0, and
Jy(u) = / |Vu|?dr < lim inf/ |Vug|?de = liminf J(u;) = Se-
RN k RN k

This proves that v minimizes J; over D*\{0}. To obtain the strong con-
vergence of u, in D'? we compute

Sy +o(l) = / |Vu|2de = / |Vup — Vu + Vul|*de =
RN RN

/ |Vuk—Vu]2dx+/ |Vul?dz 4 o(1) :/ |Vuy, — Vul*dz + S, + o(1),
RN RN RN
which gives [on |[Vu, — Vul?dz = o(1). |

The rest of this section is devoted to the study of case i) of Theorem 3.3.
From now on we will therefore assume that i7) holds. Notice that, as {Tjvy }«
is bounded in D'?, we can also assume, up to subsequences, that

(3.3)  Tipvp — v weakly in D"? and Ty (z) — v(z) a.e., with v Z 0.

Let us write Tpvpy = v + wy, so that vy, = kalfu + T,;lwk. We have
therefore obtained that the minimizing sequence u; can be represented as

(3.4) up = u+ T, v+ T g,
with the obvious properties
(3.5) wp — 0 weakly in D'? and  wi(z) — 0 ae.

We now begin to analyze the behavior of Js(uy). The starting point is
the following lemma. In its statement recall that T}, = T'(\g, px) and that
Tk_1 = T(1/ Xk, —Axpr), for some A\, > 0 and py € RY.
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Lemma 3.8 There is no subsequence of (A, px) converging to (Ao, po) with
Ao # 0.

Proof. We argue by contradiction by assuming that for some subsequence,
(3.6) M — X #£0 and  pr — po.

Recall that v, — 0 weakly in L?" and Tjv, — v # 0 weakly in L?". Fix

© € C(RY); then
/ Trvppdr — / vpd.
RN RN

On the other hand,

N—2 _N+2
[ Baneds = [ AF uOute—p) ela)ds = [ ol o+
RN RN RN k
From (3.6) we easily deduce that
_N+2 Y _N+2 Y . o
Ay 2 g&(A— + ) = Ay <p()\— +po) strongly in L
k 0

since v, — 0, this implies that

/ Trvrpdr — 0.
RN

/ vdr = 0.
RN

This holds for all ¢ € Cg°(RY), and of course it implies v = 0, contradict-
ing (3.3). |

But Tyv, — v weakly, so that

The next lemma is perhaps well known; we prove it anyway, for com-
pleteness.

Lemma 3.9 Ask — oo, T, 'v — 0 weakly in L*".

Proof. Let us set uy = 1/A\; and qx = —A\gpr. From Lemma 3.8 we easily
see that there exists a subsequence such that at least one among

(3.7) ur — 0,  pp — +oo, and lgr] — +o0

is true (as usual we don’t change indices, passing to subsequences). We now
consider separately the three cases in (3.7) and we show that in each one we
have T} v — 0 weakly in L?".
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Assume first that ju; — 0 and fix ¢ € C°(RY) with supp ¢ C Bg.
We obtain

/ T} todx
RN

- % Yy - 2
/ . v@w«—+qm@]s/" *lollo(2- + a0 ldy
RN 1273 B o

ukR(*ﬂka)
1/2* o8
* _ Yy 2N
= (/ o dy) (/ pe (= + qk)IN+2dy)
By, rR(—Hrak) By, r(—Hrqr) Fek

o vz N W
= (/ v dy) (/ [p(y)| N+ dy) :
By r(—1ikqrk) Br

By the hypothesis pr — 0 and the absolute continuity of Lebesgue integral
we have
/ v[*dy — 0 as k — oo,
B, r(—Hrar)

so that [pn T, 'vdz — 0 for all ¢ € C5°(RY), which of course implies
Tk_lv — (0 weakly in L?".

Let us assume now that p;, — +00. As above we fix ¢ € C°(RY), but
this time we also fix ¢ > 0 and we choose a function w € C§°(RY) such
that ||v — wl|| 2+ < €. Assuming that supp ¢ C Bg and supp w C Bg,, we
compute

/ goTk_lvdx <
RN

<||Ty; "o — T w| o

AuﬁfﬂM@—%ﬁﬂﬂﬂ

N+2

/ o(T v — T 'w)dr| + / oT, twdx
RN RN

-1
el + [ ol olda

N-—2
<eiell o + [ ol - a))llelds
BRl/Mk (Qk)

N—2 N+2
2N 2N 2N
<o+ %th@—%»wzm) ([ relta)
BRry /. (ax) Bry /uy, (ax)
N-2 N2
2N oN N
<e ( |N 2dac) (/ |g0|N—+2dx)
BR1 Bry juy, (ax)

From the hypothesis p, — +00 we see that fBR o (@) |<p|%dx — 0 (abso-
1/HE

lute continuity of Lebesgue integral). It is then straightforward to conclude
that Tk_lv — (0 weakly in L?".
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Last we assume that |gx| — 0o. As we have ruled out the cases p — 0
and p — oo without requiring anything on {q }x, we may also assume that
there exist ¢1, co > 0 such that ¢; < py < ¢ for all k& (passing if necessary to a
subsequence). Arguing exactly as in the first case we have, for p € C3°(RY)
with supp ¢ C Bg,

N42

1 Ni2

Tl vde| < )’ Bade)

Pl vdr| < |v] [p[™2de )
RN By r(—prar) Br

Since pupR < R and |pugqr| > ¢1lqr| — 400, we obtain

By, rR(—pkax)

so that [n ¢T} 'dz — 0 and hence T, 'v — 0 weakly in L?".
So in each of the three cases in (3.7) we obtain T, 'v — 0, and the lemma
is proved. [ |

2% =0

)

For future reference we notice that as a by—product of the previous lemma
we obtain

(3.8) T, 'v =0 weaklyin D“* and T, 'v(z) =0 ae.

and also

(3.9) T tw, =0 weaklyin D'? and T, 'wp(z) =0 ae.,

which should be kept in mind when dealing with the representation (3.4).
We can now go on with the study of J,(uy).

Lemma 3.10 There results, as k — +o0,

/|Vuk\2dx—/ |Vu|2dx—i—/ |Vv|2dx+/ |Vwg|?dx + o(1).
RN RN RN RN

Proof. Since uy = u + T}, 'v + T}, 'wy, from (3.8) and (3.9) and simple
changes of variables we obtain

/ |Vuk\2dx:/ |Vu|2dx+/ VT, 'v|*dx
RN RN RN
+ / VT, | 2dz + 2/ VuVT, 'vdx
RN RN

+2 / VuVT wpde +2 | VT, VT, wpde
RN

RN

:/ |Vu|2dx—i—/ |VU|2d:z:+/ |Vwg|?dx + o(1).
RN RN RN
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Remark 3.11 [t is obvious that the conclusion of the preceding lemma can
also be written as

/ \Vudex:/ |Vu\2da:—|—/ |VT11U\2dx+/ |V Ty twg|*dx + o(1),
RN RN RN RN

where T} and T; are arbitrary rescalings. We will use this freedom at the
end of this section.

2« dx. Most of this section

We now turn to the study of the term [;y ¢|ux
is devoted to this topic.

Lemma 3.12 There results, as k — +00,

ANwmﬂwx:A;¢w

Proof. The lemma follows from Lemma 3.5 writing

[ oD

w(2']) = oI k.

>dx + o(1).

2 da + / O\ T Mo + Ty twy,
RN

e dx

1
2 / /|8
*d I
T = /RN o(|2'])]2"] —|x/‘s‘uk

and

We now proceed to the study of f]RN ¢|Tk_1v + Tk_lwk 2 dx, where we
distinguish three cases, according to the behavior of the sequence (Ag,p).
From now on we will write pr = (p},2x) € R¥ x R¥N"X. The complete
analysis we need will be obtained after a series of lemmas and intermediate
results.

2 dr — 0.

Lemma 3.13 If [p},| — 400 as k — oo, then [y ﬁ lv(z + pr)

Proof. Fix ¢ > 0 and choose ¢ € C$°(RY) such that |[v — ¢|| < ¢, with
supp ¢ C Bpg; then

1
g o0

1 1
gc/" ,!Mx+mﬂ—w@+pwhdx+0/j (@t pi) - da
TIE vV |7']°
1

Br W - p?q‘s

1
2 do :/NW (x4 pr) — o(x 4 pr) + oz + pp) [ dz
R

doe < Ce+C 2*dw,

1
§0\|v—go||+0/ . — o
RN [ — pi
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where we have also used (2.2). Since |2'| < R, we have |2'—p,|* > (|p}|—R)*,
so that

1 ) 1
s e [
/BR v o ¢ =R /sy,

As |p)| — oo, we obtain

C

2
dr = .
(Ipk] = R)*

1
/ T /8|g02*dx—>0,
Br |:E _pk|

so that

1
limsup/ — |v(x + )| da < Ce.
k N [2]°

Since this holds for every € > 0, we obtain the conclusion. [ |

Lemma 3.14 Assume as before that |p},| — +00 as k — +o0o. Then

> da + o(1).

/ o(|2']) | T o + T Yy | da = / o(|2']) | T wi
RN RN

Proof. Recalling the definition of 7} !, by the change of variables z = \zy
we can write

/ ¢(\x’\)| T, 'v —|—Tk’1wk‘2*dx
RN

2\ dy

:/ ¢(Ak|y’|))\;_s [v(y + pr) + wi(y + pr)
RN k

1
_ / 15 e [0y + pe) + wiy + pi) > dy,
RN |y|

where we have set v, (1) = ¢(Agr) Ajr®; notice that ||yx||ec <C uniformly in k.

Setting

1
I — ] / D (foly + pe) + wely + po)
RN |y|

2wy + pr)|*) dy|

we want to prove that limy [, = 0. This will end the proof. To this aim
we apply the well-known inequality: Vp > 1,Ve > 0,3C. > 0 such that
Va,b e R

(3.10) | |la+b" — [b| < €[b]” + Celal?
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to get

1
v’}
24 dy .

1
o< O [ty pdPay+ CC [ oty
RN |y| RN

< Ce||wk||2*/2+C'C'€/ (Y + pe)
]RN

1
v’}
By the previous lemma we have lim sup,, I, < Ce, so that limy I}, = 0, as we

needed. [ |

From lemmas 3.12 and 3.14 we obtain the following corollary

Corollary 3.15 If py = (p}., zx) and |p)| — oo, then

[ oDt de = [ ot Dlu

Next, we study what happens in the case in which {p}}; is bounded.
Up to a subsequence, we can of course assume that

ot [ (DI N do + of1),
]RN

(3.11) p, —p €RX as k— oo
Lemma 3.16 Suppose that py, = (p}, zx) satisfies (3.11). Then

2 dx

[ oD+ 1
R

/ 1 T /
= [ oDl )

2dx + o(1).

2 da + / o(12') T
RN

Proof. From now on, with some abuse of notation, we will denote (pf,0)
simply by p). and, likewise, (0, z;) by 2.

Letting y = - + 2, we obtain

2 dx

B12) [ oD T

2 Ay dy

/ 1 / /
[ SO sl + )+ wnly + 51)
RN k

1
| D lot + )+ sl + B
RN /]

where we have set v, (r) = ¢(Agr)Air® (which is uniformly bounded in L*).
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Next we write (denoting (p’,0) by p')

1

= | [ Doty )+ -+ sy
RN /]

1
—/ () oy + ') + wily + )P dy
RN |3/|

2

> — vy + ') +wiy + i) || dy.

1
sc/ oy + ) + wnly + )
RN |y|

Using again the inequality (3.10) we evaluate

24

[o(y + 1) + wi(y + p) > = o(y +p') + wi(y + p1.)
= |[o(y + i) —v(y + ") + vy + ') + wi(y + p})

— vy + ') + wily + pi)*|
< elo(y + ') +wily + p) > + Celo(y + p},) — v(y + ')

24

24

Hence

1
I, < Ce/ o+ 1) + wi(y +pl) [ dy
Ry Y|
1
" CC&/ — vy +p) — oy +p)[*dy
ry Y]

< Ce+o(1),

because p, — p’. Therefore we obtain that limy, [, = 0.
Py —P

From this we see, going back to (3.12), that

1
[ ) oty + ) + wnly + )P dy
RN /|

1
= [ Dol +2) + iy +) P dy+ o),
R

Notice now that we have wy(y+p)) — 0 a.e. Indeed, this follows from the fact
that wy — 0 weakly in D"? and p) — p/, which imply that wy(y + p},) — 0
weakly in D12

We can then apply Lemma 3.5, obtaining

[ i)

= [ D lete+ s+ [ )

ly'[®

1
wE lu(y +p) + wi(y + pi) > dy

1
|y/[®

>dy + o(1).

\wi(y + p)
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Now we set .

Y= M
in the second integral of the right-hand side, and we set y = /\ik in the first
integral of the right-hand side. We obtain

+Zk

1 T
2*dx:/ x v(— + 9
[ D o+

2 dx

(3.13) | ol DT + T

2edx + o(1),

O

RN
and the lemma is proved. [ |
We now refine the previous lemma, by prescribing also the behavior of A.

Lemma 3.17 Assume that in addition to (3.11), either A\y — 0 or A\, —
+oo. Then

2 dx

_ _ 1
| DT o+ Twede < [ (e + 1)
RN RN |x|8

>dx + o(1).

Gl
RN
Proof. Since from the previous lemma we already have (3.13), we only have

to prove that
1

A

(3.14) / () 2y < / ol ) de (1)

x /
_S‘U(Ak—i_p) ‘x/‘s

To prove (3.14) we first set z = Ay and Y, (r) = ¢(Ax7)(Ax7)?, obtaining
x

/ 1 N\ [ 25 . /
[ sl + )y = [ o)

Next, as Ay — 0 or A\, — 400, from (3.1) we easily see that in any case we
have lim sup;, vx(r) < 1, so that by dominated convergence we conclude

1
|y,|8|v(y+p’)\2*dy-

LU DT e+ T
R

1
Zdy < / lv(z + p')|>dx
R

N ‘ZL'/’S

2dx + o(1),

+ [ ol DiT

which completes the proof. [
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From the previous lemmas we obtain the following result.

Corollary 3.18 Assume that (3.11) holds and that either Ay — 0 or A\, —
+00. Then

/ blug > < / olu
RN RN

+ / O\ T} wy,
RN

In the following lemma we treat the last case in which the sequence of
rescalings {7} }r can induce some lack of compactness. As before we set
Pk = (D), 2x) and we denote pj, = (p,0) and z; = (0, zx).

1
2*d1:+/ lv(z + p') > dx
RN

2]

>dx + o(1).

Lemma 3.19 Assume that pi, — p', A\ — Ao # 0 and |zx| — +00. Then

2 dx

[ o0 DIT o+ T
R

2+ o(1).

= [, oD slolse + )

Ao

ot [ ol DI
RN
Proof. From Lemma 3.16 we already know that

[ oD 0+ T e
R

1 x
::/ o(l2') NSWF—+ﬂWW$+/ ¢(|2" Ty wi[* da + o(1).
RN )\k )\k RN

To conclude we set y = /) in the second integral, obtaining

/ 1 z / / S1,,/|8 1
[ oDl + 9)Pde = [ oOuly )X
RN )\k Ak RN

> dy.

v(y +p'
|y,|s\ ( )

Since
P(AlY DAY = d(Noly' DAGIYT"
by dominated convergence we immediately find that

1
¢)\ yl syls
[ oo D

24 dy

vy +p)

1
ly/|*

>dy + o(1)

= [ SOl DRI oty + 1)

= [ Gl Dol + ) dy + ol
RN 0

Ao

which is what we wanted to prove. [ |
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As above, we isolate the result we will need in a single statement.

Corollary 3.20 Assume that pj, — p', A\x — Ao # 0 and |zx] — +oo. Then
/ o|ug|* dx —/ dlu z*dm—l—/ gzﬁ)\N . —i—p)|2 dx

+ / oI T
]RN

Conclusion of the proof of Theorem 3.1. We now use all the results
obtained so far to conclude the proof of Theorem 3.1. Before we begin we
recall that we are dealing with a minimizing sequence u;, for Jy such that
dr = 1 for all k. We have shown that this minimizing sequence
can be represented as

>dx + o(1).

Uy, :u+T,:1v+T,:1wk,
where Ty, = T'(\g, &), P = (D), 2) and v #Z 0. We also recall that

/ |Vul|?dr > S (/ 1, lu

RN Y 2]

[ wuarz s, ([ ot
RN RN

and that our main assumption is S, < .S.

We will consider the three cases, depending on the behavior of p and A,
which could give rise to a lack of compactness. We will show that two of
them cannot hold, while the third yields the existence of a solution.

At more than one stage we will make use of the following well-known
inequality: Vp > 1 3C' = C}, > 0 such that Va,b € RY,

(3.15) (a+0b)? > a’ + b + Ca’ "o+ Cab? ™.

2/2.
2*dx> Yu € D'2,

2/2.
2*dx) Yu € D2

A. Assume that |p)| — co. Then from Corollary 3.15 we have

(3.16) 1:/ o|ug, 2*dm:/ olu Q*dzv—f—/ BT} M wy,
RN RN RN

From Lemma 3.10 (see also Remark 3.11) and using (3.15), we compute

2,/2
S22 4+ o0(1) = (/ |Vuk|2dx)
RN
2,/2 2./2 2./2
> (/ ]Vu|2dx) + (/ ]VUIde) + (/ ]VTk_lkadx) +o(1)
RN RN RN

>S5 lufde+ ST | lulFde+ S5 [ oIT  w P da + (1),
¢ RN ¢ RN i RN *

2dx + o(1).
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From (3.16) we see that [, @[T} ‘wy
hence

de = 1 — [on ¢lul**dz + o(1) and

Sz*/Q +o(1) > 5’;*/2/ Plul*dx + S;*/2/ Blv|*dx
RN RN

+ 8572 — sjj/?/ dlul*dz + o(1),
RN
that is,

o) 2 551 | glof*dz,

which is impossible, as v # 0. Therefore this case is ruled out.

B. Assume that p; — p’ and that either Ay — 0 or A\, — co. Then from

Corollary 3.18 we have
2 dy < / olu
RN

RN
T / OlT
RN

Arguing as in case A, we obtain

1
2*d:v+/ lv(z + p')[*dax
Ry 2]

(3.17)
>dx + o(1).

1
S5 o) 2 S [ ofufda s 57 [ oot p)da
RN vy |2]°

+ Sz*/Q /N O\ T} wi > dx + o(1).
R

Using (3.17) this reduces to

1
Si*/2+0(1) > S;*/Q/ olu 2*d:v+52*/2/ lv(z+p) 2*d:t+5¢2)*/2
RN RN |T/[*

1
-5 [ lete PS5 [ ol
R RN

N |l./|s

2edx + o(1),

that is,

1
o(1) > (Sz*/Q — S;*m) /R lv(z + p')[*dz.

N |x/|s

This is impossible because S > S, and v # 0. Also this case is ruled out.

C. At this point we are left with the last case, that is pj — p/, \px —
Ao # 0 and |z;| — oo. )
Let T be the rescaling given by 7" = T'(A,p’), so that

M—1 o *NEQ i /
T v(x) =)\, v(/\Oer).
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From Lemma 3.10 in the form of Remark (3.11) we can write

) 2./2
S;*/uo(n:(/ |Vu|2dx—|—/ IVT_1v|2dx+/ |VTk‘1wk|2d$) :
]RN RN RN

Applying (3.15) two times and getting rid of some extra terms we arrive at

2./2 ) 2./2
S;*/Q +o(1) > (/ |Vu|2dx) + (/ |VT_1v|2dx)
RN RN
2,/2 2,/2-1 )
+ (/ ]VT,;lwk|2dx) +C (/ |Vu|2da:) / VT v|2dz
RN RN RN
2,/2-1
+C (/ |Vu|2dx) / (VT wg|*da
RN RN

. 2./2-1
+C (/ |VTlv|2dx) / VT, hwg|*dz + o(1).
RN RN

Now from Corollary 3.20 we have

1=/RN¢|Uk

:/ ¢|u2*d$+/ ST v
RN RN

so that with the same estimates and substitutions we used in the previous
cases we obtain

2./2-1 )
0(1)z</ |Vu|2dx) / VT lo|2da
RN RN
2./2-1
—I—(/ |Vu|2dx) /|VTk_lwk|2d:I;
RN RN

2./2-1
+ (/ \VT1v|2d:c) / VT, hwg|*dz + o(1).
RN RN

As v # 0, this implies that 4 = 0 and that w, — 0 strongly in D%2.
Since Tyvy, = v + wy, we see that Tpv, —v — 0 strongly in D2, and,
by invariance, v, — T, 'v — 0 strongly in D2,

2 dx

2 dy + / O| T} M wy o, dx + o(1),
RN

Recalling that uy = u+ v, with v = 0 in this case, we finally obtain that
U — Tk_lv — 0 strongly in D%

This implies, by continuity, that {7}, 'v} is a minimizing sequence as well.
Recall now that

_N=2 x
T v(r) =\, ° U<>\_k +pk>
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with py = (p},, z) and Ay, satisfying pj, — p', Ay — Ao and |z| — oco. As J,
is invariant when its argument is shifted along the last N — K coordinates,
we obtain, setting p) = (p},0), that also the sequence

_N=2 x

va(@) = X7 ()

is minimizing for Jy. But it is easy to see that

Vg1 — U strongly in D2,
_N-2
where U(z) = Ay * (55 +p'). Hence in this case we have constructed a
minimizing sequence which converges strongly, yielding thereby a solution
of the minimization problem (2.3), and Theorem 3.1 is proved.

4. Existence results

In this section we give some applications of Theorem 3.1. A first and easy
example is the following.

Theorem 4.1 Assume that ¢ satisfies (2.1) and

(4.1) liII(l) o(r)r® = lim ¢(r)r® =1, with ¢(r)r® >1 for all r > 0.

Then problem (2.3) admits a solution.

Proof. If ¢(r)r® = 1, then the problem reduces to (1.6), and of course
Ss = S. This problem has been studied in [1], where the existence of a
solution has been proved.

Otherwise there exists r; > 0 such that

(4.2) o(r)ry > 1.

Let w € DY? be such that

1
(4.3) / |Vw|*dz = S, and / |w
RN vV [2'[°

the existence of this function is again guaranteed by [1] and we can also
assume that w > 0. Hence, by (4.1) and (4.2) we see that

1
! 2*d /
[ otaDude > [

Zede = 1;

Zdr =1,
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which implies that
Jan [Vw|*dz

S 2*d1’)2/2*

7 (fuw 02w

The conclusion follows then from Theorem 3.1. ]

N

Up to now, we have obtained existence of solutions for (2.3) when ¢(r)r® > 1
(Theorem 4.1) and nonexistence of solutions when ¢(r)r* < 1 and ¢(r)r® # 1
(Theorem 2.9). One may ask what happens when ¢(r)r® has some oscilla-
tions around 1. The next theorem gives a result in this direction.

Theorem 4.2 Assume that sN < 4 and that in addition to (2.1) and (3.1),
¢ satisfies also lim, ., ¢(r)r* =1 and

1
Jrg >0, 30€ (0,K —s) suchthat o(r)r*>1+ 3 for all r > rg.
r

Then problem (2.3) has a solution.

Remark 4.3 Notice that the hypotheses of Theorem 4.2 require ¢(r)r® to
be above 1 just for large values of r.

In order to prove Theorem 4.2 we need the some estimates on the decay
of w, the solution of problem (1.6). We obtain them by an application of
the following result, due to Egnell (see [11]).

Theorem 4.4 ([11]) Let w € DY*(RY), u > 0 be a weak solution of the
equation

—Au = f(l’, U),
where 0 < f(z,u) < b(z)u’ and

B 2N
" N+2—(N-2)0

l<o< be LI'(RY), 7

+
N -2’
Then limsupy, ., =]V u(z) < 4oo0.

In the next lemma we show that the hypotheses of Theorem 4.4 are
satisfied.

Lemma 4.5 Let w be a solution of problem (1.6) and assume that SN < 4.
Then there exists C' > 0 such that

w(zr) < ¢

— |£IZ”N72

as |z| — oo.
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Proof. Fix some o € (1, %—) very close to 1 and write the equation as
—Aw = b(x)w?, with b(z) = }Ig w* 177 We must show that b € L™(RY),
where

B 2N
~ N+2-0(N-2)
as in Theorem 4.4. To to this we apply the inequality (2.2); we just have to
check that s7 < 2 and that the exponents match correctly, namely
2(N — s7)
N -2
Now since s < 4/N and 7 is as close as we wish to N/2 (by taking
o sufficiently close to 1), we see that s7 < 2. Checking (4.4) amounts
to checking that 2N = ((2, — 1 — 0)(IN — 2) + 2s)7 but, noticing that
(2, —=1—0)(N—=2)+25s =N+2—0(N — 2), we immediately obtain the
conclusion, by definition of 7. [ |

(4.4) =(2,—1—o0)1.

Before the proof of Theorem 4.2 we notice the following application of
Theorem 4.4 to problem (1.3).

Corollary 4.6 Let u be a solution of (1.3). Then there exists C' > 0 such
that
u(r) < — as |x| — oo.
|z
Proof. Writing
3—0o

u
(2" )u’ = o(|2')|2'|
/|
for some o € (1, {%2), and noticing that sN = 3 < 4, and that ¢(|z'|)|2/| €
L> we can argue like in Lemma 4.5 to see that (1.3) fits in the framework

of Theorem 4.4. [ |

u? = b(x)u’

Proof of Theorem 4.2. In order to apply Theorelrvn 23.1, we will prove that
Sy < S. Let w verify (4.3) and define wy(z) = A7z w(Ax). We compute,
setting y = Az,

[ ot )i -
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Let us study the last integral. We write it as

/RN [¢< yX ) ‘yA‘ - 1] ﬁ“ﬂ*d‘y - /y,mo M yX >|i| - 1} |;|sw2*dy
Ny

A

ly'[* 1,
+/Iy’>Ar0 [(b( ) ?is N 1] |y,|5w2 dy

and we consider these two integrals separately. We have, by our assumptions,

/s
/ [¢( )\ys\ _q%wz*dyz/ L1 gy
ly/|>Aro A /| a0 1517 1]

1
= )\ﬁ/ wdy.
ly’|>Aro |y/|s+,8

,y/
A

When A < 1/ry we obtain

1 1
B 24 Jé] 2, _1\f3
)\ /|;//>>\7‘0 |y,|s+6w dy 2 )\ /|;//|>1 |y/|$+ﬁw dy N a)\ ’

where a = f\y’|21 sz*dy is (positive) and finite since

1 24 1 24 1 24
/ | /‘s+ﬁw dyg/ | I‘sw dyﬁ/ | /’sw dy = 1.
ly'|>1 1Y /=1 1Y RN Y

Therefore we have proved that

[

with a > 0. Concerning the other integral we obtain, writing y = (v/, 2),

‘/I <A [gb( >|y/|s B 1} Lw%dy‘ = C/| LwQ*dy
y'|<Aro

A ly/|® Y| <aroz1<cn Y]

yl
A

/s 1
>|y| _1] : wZ*dyZa)\ﬁ,
A® v'[®

y/
A

1
w*dy.

+C

<o zlzcr [Y']°
As w is continuous (Lemma 2.2) we first see that
1 1
/ /sw2*dy§0 /sdy
|y [<Aro,|2|<Cy ’y | ly'|<Aro,|2|<Ch ’y |

Arg 1
< C/ — pf 7t dp = CNE,
o P
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Next, from Lemma 4.5 we obtain

1 1 1
/ / sw2*dy < C/ /s 2(N—s) dy
| <Aro.z=Cn Y] <o lzizcn V1% 1Y

11 1
< C/ ———dy/dz = C)\KS/ - dz
<o fzizcn [Y1° 270 1z |2P )

K—s e 1 N—-K-1 K—s e 1
= O\ P dp = O\

——dp.
o, pPN=9) o, pNHE-2s+1

But since N + K —2s+ 1 > 1 (because s < K < N), we have that

“+oo 1
—————dp < 00,
/Cl pN+K—2$+1

which shows that

1
/ whdy < CXET
|<xwo,1zcn Y]

Collecting all the above estimates we finally arrive at
/ o(|2')widr > 14 aX’ — oA,
RN

with a,b > 0. As f < K — s, when )\ is small we obtain

[ ousdn 1,
RN
which implies that

v |[Vwy?
8, < Jy(y) = —Jmx [V <8

(fun d(ja"yw? dz)*™

The conclusion follows then from Theorem 3.1.

Remark 4.7 As we said in the introduction, problem (1.1) was studied
in [1]. This problem was suggested by some research in astrophysics (see [9]),
where a particular form for ¢ was considered, namely

T?a

o(r) = ——— a>0).

M= e @0
For this ¢ the function r — r¢(r) is increasing, and so by Corollary 2.6 (re-
calling Remark 2.3) we have that (for N = 3 and p = 2, = 4) problem (1.1)

has no solutions.
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Notice that not only the usual minimization problem, but the equation
itself has no solutions. Anyhow, Theorem 4.2 shows that by a small per-
turbation of such ¢ we can obtain a problem which does have a solution.
Indeed, let us fix v € (2a — 1, 2«) and € > 0, and let us define

rv

Ge(r) = &(r) + Gm-

By trivial computations one has, for large r’s,

C
Ge(r)r—12> o
As 0 < 2a — vy < 1 = K — s, the hypotheses of Theorem 4.2 are then
satisfied and we obtain a solution for problem (1.3) with ¢, replacing ¢.
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