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Endpoint estimates from restricted

rearrangement inequalities

Maria J. Carro and Joaquim Martin

Abstract

Let T be a sublinear operator such that (T'f)*(t) < h(t,| f]1)
for some positive function h(t,s) and every function f such that
|fllcoc < 1. Then, we show that 7" can be extended continuously
from a logarithmic type space into a weighted weak Lorentz space.
This type of result is connected with the theory of restricted weak
type extrapolation and extends a recent result of Arias-de-Reyna con-
cerning the pointwise convergence of Fourier series to a much more
general context.

1. Introduction

Let S be the Carleson maximal operator (see [6])
Sf(x) = sup|S,f(z)],

where S, f(x) = (D, * f)(x), being D,, the Dirichlet kernel on T = {z €
C;|z| = 1} and f € LY(T). Then, it was proved in [6] and [13] the following
restricted weak-type estimate:

Sup y sy (1)177 < —— A,
y>0 p—1

for every 1 < p < 2 and every measurable set A, with C' independent of p,
where \;(y) = [{x € T: |g(z)| > y}| is the distribution function of g with
respect to the Lebesgue measure. Using this estimate and Yano’s extrapo-
lation theorem (see [22] and [7]), one can easily see that

S: L(log L)* — L'
is bounded.
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However, in [18], this boundedness was improved by using that if we
take the infimum in p in the above inequality then, for every measurable

set £ C T,

(1) S = 15 (14108" o),

(g*(t) = inf {s: A\y(s) <t} is the decreasing rearrangement) and, proving
that this estimates also holds by the so called special functions. Then, the
boundedness of

S : Llog Lloglog L — L'

was proved. Some years later, F. Soria in [20] improves the above extrapo-
lation result by showing that

S B — LY

is bounded with ¢(t) = t(1+1log" 1/t) and B; a block type space such that
Llog Lloglog L C Bg.

In 1996, Antonov (see [1]) proved the following lemma:

Lemma 1.1 (Antonov) Let S f(x) = supo<,<y |Snf(z)|. Then, for ev-
ery e > 0, every N € N and every 0 < f(z) < 1, there exists a measurable
set F such that |F| = ||f|, and ||S™ (f — XF)HOO <e.

Using this result and the above estimate on characteristic functions one
can conclude that

(12) spy) < (1 +log* L) ,
: 17T,
for every f € L' such that || f|| < 1, and from it, Antonov proves that
S : Llog Llogloglog L — LY
is bounded. Quite recently, it has been proved by Arias-de-Reyna in [2] that
S: QA — Lb>®
is bounded where QA is a rearrangement invariant space such that

Llog Llogloglog L C QA and B, C QA.

Moreover, QA is strictly bigger than both spaces and therefore QA is, up to
now, the biggest space where the pointwise convergence of the Fourier series
is known to hold.
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Antonov’s lemma has been extended in [19] to more general operators,
namely to any maximal operator of the form

Tf(z) = sup|K; = f(z)],

where K; € L', and therefore, (1.2) holds for any operator T of the above
form such that 7" satisfies (1.1). Examples of such operators are given in [19]
in the setting of differentiation of integrals and the Halo conjecture.

In particular, (and this is the connection with the weak extrapolation
theory, see [14] and [20]) if T is an operator such that, for every 1 < p < 2,

* 1/p 1
(Tf) (B < P £l

then, for every f € L' such that ||f|. <1,

T VR
(p—1)m t/r ’

(Tf)(t) <

and taking the infimum in p, we conclude that

e < M (4 e "
(1.3) (TF)(t) == (ng ||f||1> '

Our main purpose (see Theorem 3.1) is to show that if 7" is a sublinear
operator satisfying

(T) @) 2 h @t 1f1L),

for some positive function h and every || f|lo < 1, then
T: QD — M(R)
is bounded, where h(t,s) < D(s)R(t),

Qp={f:f= Zekfka [felloo < L [[fllQp < o0},
K
with
. 1
[ fllon= mf{ZekD(kaHl)(l +log a—k>; > a=1a,> vazzekfk},
! K K

and (1)
1 lnrry = TR

In particular, if
1
D(s) = s(l + log™® —)
s
and T" = S, then our space () p coincides with the space of Arias-de Reyna Q) A.
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Our proof turns out to be very simple and is based in the following basic
result (see [9]):

Lemma 1.2 (Basic result) Let f = ) f, and let ¢, > 0 be such that
Yoncn=1. Then

ren< Y (nos g [ sie).

From it, the main result of this paper, which covers as a particular case the
result of Arias-de-Reyna, can be immediately obtained.

The point now is that the space ()p is difficult to handle and, therefore,
it is convenient for the applications to find spaces of Logarithmic type L
such that L. C @p. As was mentioned before, it was proved, in [2], that
the space Llog Llogloglog L(T) C QA. We shall extend this result to our
general context.

Another situation we consider in this work is the following: Let §2 be any
domain in R”, let W'(Q) be the classical Sobolev space and set W, (Q)
the closure of C5°(Q) in W'P(Q), under the norm

||f||W01’p(Q) - Hf”p + vaHpa

where V f is the gradient of f. Let T" be a sublinear operator such that
T: WyP(Q) — L™

is bounded with constant C, for every p € I C [1,00). Then, for every f
such that || f|l + ||V f|lcc < 1, it holds that

Ty < /0 TPV dt)l/pé G /0 OV dt)l/ ’

Consequently,

g
70 < inf (0(Z52) ) = H g )

pel

Then we show that the technique developed in Section 2 can also be extended
to cover this situation and, in fact, our theory can be presented in the setting
of compatible pairs of Banach spaces A = (4, A;) using some of the ideas
developed in [8]; that is, our operator T' will be a sublinear operator acting on
elements of the sum space Ap+ A; and taking values on the set of measurable
functions:

T AD + Al I LO(IIL)

Our first task is to extend the notion of characteristic functions to the setting
of pairs. This will be done in Section 3.
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As usual, the symbol f =~ ¢ will indicate the existence of a univer-
sal positive constant C' (independent of all parameters involved) so that
(1/C)f < g < Cf, while the symbol f < g means that f < Cg. (M, pu) will
be a totally o—finite resonant measure space and we shall denote by L°(u)
the class of measurable functions that are finite y a.e., endowed with the
topology of the convergence in measure. We write [|g[|,, to denote |[g[[ 5,
M(y) = p({z € M: [g(x)| > y}) is the distribution function of g with re-
spect to the measure p and gi(t) = inf {s: M:(s) <t} is the decreasing
rearrangement (we refer the reader to [3| for further information about dis-
tribution functions and decreasing rearrangements).

In what follows we shall omit the indices p whenever it is clear the
measure we are working with.

2. Main results

First of all, given a positive concave function D such that D(0+) = 0, we
define the space

MDY = {7 Il = [ DOy = [ ants) .

Then, we have that the following properties holds:

Lemma 2.1 Given a positive concave function D such that D(0+) = 0, we
have that
A(D) C L' + L™,

and
Qp C A(D),

with continuous embeddings.

Proof: The first embedding is well known, since min(1, s) < D(s) and hence

1 o) 00
s = [ 57(6)ds = [ minOy() 0dy = [ DO(w)dy = 17 aco
0 0 0
For the second embedding, let us observe that if || f||o < 1, then
1 1
Iy = [ DOy < D( [ At ) = DA,
and hence, if f = )", exfi, with || fi|lc < 1, we obtain that

1£llay < D erllfillay < Y el felh) < I1fllqp-
k k
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Now we are ready to formulate our first main result:
Theorem 2.1 Let T be a sublinear operator such that
T L) + L%(n) — LO(p)
is bounded, and let us assume that, for every f € L' N L™ with || fle < 1,
(T (t) < ht £,

for some positive function h : (0,00) x (0,00) — (0,00) such that for every
t >0, the function h(t,-) is increasing and, for every s >0, t-h(t,s) is also
an increasing function in the variable t. Then, if D and R are such that

h(t,s) < D(s)R(t),

and D is a concave function satisfying D(0+) = 0, we have that
T:Qp— M(R)

s bounded.

Although no conditions are assumed on R, it is clear that since ¢ - h(t, s)
is increasing in the variable t, we can assume without loss of generality that
this condition also holds for R.

Proof: Let f € Qp and let us write f = >, ey fi with || f¢||oc < 1. Then, by
the previous lemma, we have that the convergence of the series is in L'+ L™
and therefore, we can conclude that

@y < (S arh) o

Using now the basic result together with the hypothesis, we obtain that, for
every sequence (ay) of positive numbers such that >, a; = 1,

(Tf)(3t) < Zek Tfi)* Zek/ (T /)"
< Dehlt i) + Zﬁ/ u, 1 il

And, using the properties of the function h, we conclude that
« 1
(TF)"3t) < Y exD(Ifsll)REB) + R(B3t) Y ex (|| fll1) log "
k k

and hence,

Il = sup T < 1l
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As was mentioned in the introduction, the point now is to analyze the
space (Jp to make it useful for the applications. To this end, we have to
introduce the following logarithmic spaces:

Definition 2.1 Let p be a positive and concave function such that ¢(07)=0.

(1) The space Llog |log L|(¢) is defined as the set of measurable functions f
such that

(2.1) ||f||L10g|1ogL|<@r=/0 f*(s) (1 + log ([log s| + €)) dip(s) < o0.

(2) The space Lloglog L(p) is defined as the set of measurable functions f
such that

o0 . 1
(2.2) HfHLloglogL(w) = /0 f*(s) (1 + log™ log™ g) dp(s) < oo.

(8) The space Llogloglog L(p) is defined as the set of measurable func-
tions f such that

o . 1
(2.3) 1/l 210g 108108 L) ::/ £ (s) (1 + log™ log™ log™ g) dp(s) < oo.
0
We also need the two following technical lemmas:

Lemma 2.2 Let ®(s) = s(1 +log+§) and let f be such that ||f||A(<p) =L
Then

| e @een ES ~ [T 060060 S 2 1 g s

Proof: To show the first equivalence, let H = f*op~!(s). Then one has that

Ar(s) = p(Af(s))
and, by Proposition 4.3 of [21], we have that

/OOO & (shn(s) E ~ /OOO & (sH(s) L.

S S

A simple change of variable ends the proof of the first part.
For the second part, let us consider the sets

Bo={s <1:0()7"(9) > (tox - +¢) ),

and
Er={s>1:¢(s)f*(s) > (logs + e)_2} :
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Then, we can write

| etrewe) ) -

)_
LA R A B L

Now

L o= | f(s) (1 +log"

Ey

1
f*<s>¢<s>) dels)

Lo 1
[ 7 (12108 (1082 +-¢) ) d6l6) <21 s

On the other hand, since ® is increasing, dy(s) < (p(s)/s)ds and 1 =
||f||A(<p) S ||f||L10g|10gL|((p)’ we Obtain tha,t

/1 (1+2log (log L +e)) dip(s) < /1 (1+2log (log%—l—e))ds
0 (log%—l—e)2 e(s) ~ Jo s(log%—f—e)2

||f||Llog|logL|(<p) :

IN

I, <

=

Similarly,

IS < /1 f*(8> (1 + 21Og (IOgS + 6)) d@(s) = ”fHLlog|logL|(<p) )

and

I S/ (1+2log (logs +e))
1

ds < .
s (10g8 + 6)2 — HfHLlog\logLch)

Lemma 2.3 ([11]) Let w be a positive and measurable function and let ¢
be a positive and concave function such that p(07) = 0. Then

/OOO@(Af(S))w(s)ds = /OOO </0f*(8)w(t)dt> dy(s).

Theorem 2.2 Let D be any positive and concave function such that D(07)=0.
Then,

1) Llog|log L|(D) C Qp.

2) If s < D(s), then
Lloglog L(D) C Qp.

8) If s < D(s) and, for every 0 < s <1, D(s*) < sD(s), then
Llogloglog L(D) C Qp.
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Proof: 1) Let f € Llog|log L|(D) be such that ||f|lapy = 1 and let us

write
f = Z 21+1fi7
i€Z
where f; = 2% IXq2i<|fj<2i+13. Then, for every sequence of positive number

(a;); such that )., a; = 1, we have that

I flles = ZT’D(HfZ-nl)(l +1og§) < ZQiD(Af(T))(l +10g5>.
i€Z g icZ 7

Taking now ’ .
2'D(As(2))

YT 2D (A (2))

we conclude that

I£lles = [~ DO (14 10w 55 ) s

and the result now follows by Lemma 2.2.

2) Since s < D(s) we have that Lloglog L(D) C A(D) C L'. Let f €
Lloglog L(D) be such that || ]|y, = 1, and decompose [ as

= Ixgnsn + (ZQHIJ‘}),
i>0
where f; = #fX{2i<‘f|§2i+l}. Then, for every (a;); such that >, a; = 1,
i i 1
I£ll0s = DUIF + 32 D02 (14 1o 1),
i>0 v

and taking (a;); as in 1), we get

I fllop, =1+ /100 D(\s(s)) (1 + log m> ds <1+1.

To estimate I, it follows, by Lemma 2.2, that

I < /{ At (1 +log ﬁ) aD(s),

and since sAz+(s) < 1, we get that Ap«(s) < 11if s > 1. Hence, {f* > 1} C
[0,1] and using the same argument than in the proof of Lemma 2.2, it
follows that

r= [ (1 on g ) 406 2 U s
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3) In this case, we take f € Llogloglog L(D) such that || f||ap) = 1 and we
write

f=TIxaney + 2" fi
=0

where ]
fi = WfX{22i<|f|§22i+1}-

Then, if ). a;, =1,

z+l 1
17len = 1+Z22 D11+ 1o )
2011

= 1+Zz2+ D(W > 2JAf(2J)) (1+log;),
i=0 v

j=21
and since D is concave,

2i+1_q

- it1 2j . 1
Iflop = 1+ -2 50 D grarst)) (14108 ).

i=0 j=2i

Now, using D(s)/s decreases, and that 2° < j < 2°7! we obtain that
i+1 2j . 2 )\f(QJ)
2°"° D (fo(zﬂ)) <(2)"D (T .

Now we take a; = 6/(72(i + 1)?), and hence

e < 1435 (@) ( /(2 ))<1+1og<z+ D)

=0 j= =91
oo 211 2 )
=< Z Z 27)? ( ) (1 + log™ log™ log™ 27)
1=0 ] 21
< / sD ()\f—@) (1 + log™ log™ log™ s) ds.
1 s

Using that sAf(s) < 1, we get that

S

1 N2
v < @)

and since sD(1/s) increases

0 (M) < on ().

S
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Moreover, since Af(s) < sAy(s) < 1,if s > 1 and D(s") < s D(s),
1 2
IO ((A1())7) 2 D (As(s)).-

Using this estimate and Lemma 2.3 we get

I =< / D()\f(s))(1+10g+log+log+s) ds
0

0 fr(s)
= /0 </0 (1 +log™ log™ log™ ¢) dt)dD(s).

Now, since (1 +logT log™ log™ t) is increasing and sf*(s) <1
I < / f*(s) (1 +1og* log™ log™ f*(s)) dD(s)
0

o 1
< [7r (14 108 0w 0g" 1) dD(6) = I lbsvutenrion g
0

Let us now define the space G = {f;||f|lc < oo}, where

> L2 N (y)dy

'Wb:m%EJ%H—@D(%

k=0

) log(k +2) < oo},

Cr+1 — Ck

where the infimum extends over all sequences increasing (cg)r such that
co = 0 and limy_ o, ¢, = 00.

Proposition 2.1 [t holds that G C Qp.
Proof: Let f € G and let (¢;)x be a sequence such that

> Chrl )\ d
> (er1 — Ckz)D(—f )y

Ck
k=0

) log(k + 2) < oc.
Ck+1 — Ck

Then we write

f = Z(Ck—i-l - Ck)fk + min(|f‘7cl)7
k

where . '
, — min(lfl.cesr) = min(fl.co)
Ck+1 — Ck ’
and since s
| full = 22—
Ck+1 — Ck

we conclude that f € Qp and ||fllg, =< || fllc- [
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Remark 2.1 By taking ¢ = 22k, one can easily see that under the condi-
tions of Theorem 2.2, 8), we have that Llogloglog L(D) C G.

If T is the Carleson maximal operator S, then one can immediately see that
we can take D(s) = s(l +log* %) and R(t) = t. In this particular case, the

above result has been recently obtained by Arias-de-Reyna in [2]. Also, for
such function D, it is very easy to see that

Llogloglog L(D) = Llog Llogloglog L(T),
and the boundedness
S : Llog Llogloglog L(T) — L“*,

was obtained previously by Antonov in [1], and for other more general op-
erators, as mentioned in the introduction, in [19].

3. Extension to arbitrary compatible pairs

Let A = (Ap, A1) be a compatible pair of Banach spaces, that is, we
assume that there is a topological vector space U such that A; CU,i=10,1,
continuously. In what follows we drop the terms “compatible” and “Banach”
and refer to a compatible Banach pair simply as a “pair”.

The Peetre K —functional (see [3], [4] and [5]) associated with a pair A
is defined, for each a € Ay + Ay and t > 0, by

K(a,t) = K(a,t; A) = inf {||ao|l,, + t lasll 4, : @ = a0+ a1, a; € A;} .

It is easy to see that K (t,a) is a nonnegative and concave function of ¢ > 0,
(and thus also continuous). Therefore

t
K(a,t; A) = K(a,0"; A) +/ k(a,s; A)ds,
0

where the k—functional, k(a, s; A) = k(a, s), is a uniquely defined, nonneg-
ative, decreasing and right-continuous function of s > 0.

In order to find the analogue of the set {f € L'; || f|loo < 1} in the setting
of pairs, let us recall that the Gagliardo completion A, and A; of a pair A
is defined by (see [3])

lallz, = supK(t,a;A) < oo,
t

K(t,a; A)
fallg, = sup A oo
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Definition 3.1 Gwen a pair A, we say that a is a characteristic element
of Aifa€ AgN Ay and |lall 5, < 1.

The collection of characteristic elements of a pair A will be denoted

by C(A).
The following lemma was proved in [8] and it is fundamental for our purpose.

Lemma 3.1 Given an element a € Ag+ Ay such that K(a, 0t; A) = 0, there
exist a constant vy (depending only on A) and a collection of characteristic
elements (a;)icz such that

a=" Z 2'a; (convergence in Ag + Ay),
i€z
and

laill 1, < Akga,) (2°).

We say that a =Y >~ __ 2%, is a dyadic decomposition of a.

1=—00

Definition 3.2 ([8]) Given a pair A = (Ay, A1) and a concave function @,

the minimal Lorentz space, A(p; A), is the set of elements a € Ay + Ay such
that K(a,07; A) =0 and

lall o) = / k(a5 A) di(s) < oc.

If A is the classical pair (L*(v), L®(v)), then k(a,s) = f*(s) and hence

A(p; A) = A(yp) is the classical Lorentz spaces defined in the previous section.

Definition 3.3 Given a pair A, and a quasi-Banach lattice B C A(yp), we

define B(p; A) as
(1) BleiA) = {a € Mgs A); lal sy = (e, ) 5 < 00}
Remark 3.1 Obviously,
Llog |log L|(p; A) C Lloglog L(p; A) C Llogloglog L(y; A),
and the above embeddings are, in general, strict. However, if A is an ordered

pair, that is AyCAg) then k(a,t) = 0 ift > 1, and hence Llog|log L|(s; A) =
Lloglog L(p; A).
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Definition 3.4 Let h : (0,00) x (0,00) — (0,00) be such that for every
t >0, the function h(t,-) is increasing and, for every s > 0, t-h(t,s) is also
an increasing function in the variable t. We say that a sublinear continuous

operator
T . AO + Al e LO</J,)7

satisfies a restricted h— rearrangement inequality if, for every t > 0 and
every characteristic element a of A,

(3.2) (Ta)*(t) < h(t, |lall 4,)-

Examples:

1) If A= (L'(v),L>(v)), then C(A) = {f € LY|flleo < 1}, and hence,
any sublinear operator satisfying (3.2), satisfies the condition assumed in
the previous section.

2) Let Q be any domain in R" and let W?(Q) be the classical Sobolev space

1w = 11l + IV I,

where V f is the gradient of f. Set W&’p(Q) the closure of C§°(9) in WhP(Q).
Then it is known, (see [12]), that if A = (W, (Q), W, >(Q)),

K(t, f; A) ~ t(f**(t) T \Vf\**(t)>,

and therefore C(A) = {f € Wy (Q); | flloe + IV flloo < 1}. Hence, if T'is a
sublinear operator such that

T: WyP(Q) — L™
is bounded with constant C, for every p € I C [1,00), then,

Hf”WOlvl(Q)

o < inf (G )" = bt g

3) Let us now consider, for example, the pair A = (Al(w), L>), where A!(w)
is the weighted Lorentz space introduced by Lorentz in [15] and defined by

& 1/p
£l = ([ Fore@a)” <o
0
Let us recall that the weak type version of these spaces are defined by

[ | apce iy = Stlilg FHHOWYR(E) < oo.
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Consider a sublinear operator 1" such that, for some weights w and W,
T : AP(w) — AP>(W),

with constant less than or equal to C,. Then, since it is known that
K(t, f; A) fo s) ds, we can conclude that

C(A) ={feNw):|fle=<1},

and therefore, for every characteristic element,

(7)) < inf (@(%)W) S AT

Let us now define the space
Qo) = {a =3 cxaw o, < Ll < o0,
k

where

lallgn

. 1
= inf { ZekD(||ak||A~0)(1 + log g), ch =1,¢, > 0,0 = Zekak}.

k k k

Then, we have the following extension of Theorem 2.1:

Theorem 3.1 Let T : Ag + Ay — L°(u) be a sublinear operator satisfying
a restricted h—rearrangement inequality. Then, if D and R are two positive
functions such that D is concave, D(0T) =0 and

(3.3) h(t,s) < D(s)R(2),

we have that

18 bounded.

Proof: Given a € A(D; A) such that lalls(p.a) = 1, we can decompose a as
in Lemma 3.1
a=ry Z 2a,.
icZ

Then, if ay = W/Zij\ifN 2'a;, we have that Tay — Ta in measure, and
therefore,

(3.4) (Tay)" (t) — (Ta)" (t) ae. t>0.
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By the sublinearity of T" we get that

N 00

Tax) 0 <2( 3 21al ) 0 <o 3 2110l )

i=—N 1=—00

and hence
(o)

(Ta)* (t) < 7( > 2i|Tai\) (t) ae. t>0.

1=—00

The proof now follows as in Theorem 2.1. [

We also have and analogue to Theorem 2.2:

Theorem 3.2 Let D be any positive and concave function D such that
D(0%) = 0. Then,
1) Llog [log LI(D; A) € Qp(A).
2) If s < D(s), then
Lloglog L(D; A) C Qp(A).
3) s < D(s) and, for every 0 < s <1, D(s*) < sD(s), then
Llogloglog L(D; A) C Qp(A).

Proof: 1) In this case, given a € A(D;A) such that lallsp,a) = 1, we
decompose a as in Lemma 3.1

a =" Z 2'a;,
i€z
and continue as in the proof of Theorem 2.2, 1).

2) Since s < D(s) we have that Lloglog L(D;A) € A(D;A) C Ay. Let
a € A(D; A) such that ||a||,p. 5y = 1, and decompose a as

azy(ZT&i—l—ZQiai) :7<a0—|—22ia,~).

i<0 i>0 i>0

Then since a® € C(A), and ||as|| 5, < Ak(a,)(2'), we have that

o 1
=< D 0 D( M, l+log—+——F—-]d
fallanis = D (1) + [ DOvas(o) (1+1og ) s

Obviously

I 2D (llall5,) < Dllallxp.a)) = D) < D) llall piogrog 0:4)

and to estimate I, we follow as in the proof of Theorem 2.2, 2).
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3) In this case, given a € Llogloglog L(D; A) such that lallyp.a) = 1, let
a = vy .z2'a; be a dyadic decomposition. Then, if, for every k € N,

ok+1_1q

dp =3 i o 2', we obtain that

| 00
a= Z 2’aZ+de<d Z 2%,-) :a0+deAk,
i=—00 k =2k k=0

where, it is immediate to see that both a® and A}, are characteristic elements.
Then, for every ), ¢, =1,

1
bl = Dl + 3= (Al (1108 ) = (Dl +1).

Since a; € C(A) and D is subadditive, we have that

ok+1_1 ok+1_1

Dilads) a3 D (S lalls) < 3 0 (Zhan))
i=2k i=2k
and the proof now follows as in Theorem 2.2, 3). [

4. Applications

Let T be a sublinear operator satisfying a restricted h-rearrangement in-
equality, where

t\m
h(t,s) = ;(1 +log™* ;)

with m > 0, as it happens with the examples we have mentioned in the
introduction. Then,

t\™ 1\m1
h(t,s) < ;(1 + log™ ;) < s(l + log™ g) ;(1 +logt )™

and we can take D(s) = s (1+1log* 2)™ and R(t) = 3(1 +log™ t)™ in our
Theorems 3.1 and 3.2 to conclude the following result.

Theorem 4.1 IfT : Ag+A; — L°(u) satisfies a restricted h-rearrangement
inequality with h(t,s) = % (1 +log™ i)m, T can be extended continuously

T:Qp(A) — M(R),
where D(t) =t (1+1log" 3)™, and R(t) = 1(1 + log" )™
In particular, T : Llogloglog L(D; A) — M (R) is bounded, where
Llogloglog L(D; A) = {a € Ay + Ay; k(a,-) € L(log L)™logloglog L},

with ”aHLlogloglogL(D;A) = Hk(a> ')HL(logL)mlogloglogL-
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Examples

(I) If A = (LY(T), L>=(T)), k(f,-) = f* and we recover the result of Section 2.
(1) If A = (Wy' (), Wy () where Q has finite measure, and

T: WyP(Q) — L™

is bounded with constant say 1/(p — 1), then, applying Theorem 4.1, we
obtain that
T :Wo(Q) — LV

is bounded, where Wy(€2) is the closure of C5°(Q2) in W () with
W(Q)={f; |f|+|Vf| € Llog Llogloglog L}.

(III) In all our previous applications we have considered sublinear operators
with values in LP*° where the constant blows up when p tends to 1. This
was the unique interested case since if p tend to py with pg # 1, then we can
substitute (7f)* by (T f)*™* without a change in the behaviour of the constant
and hence we can apply the strong type extrapolation theory studied in [7]
and [8] instead of the theory developed in this work to obtain better results.
However this is not the general case.

Our third application deals with the theory of weighted Lorentz spaces
and with a sublinear operator 7" with values in spaces of the form AP> (W)
where f* can not be, in general, substituted by f** even if p # 1. Let wy
and W, be weights in (0,00) and let T' be a sublinear operator such that

T : AY(wp) + L — L°(R")
is continuous and, for every p > 2,
T : AP(wg) — AP*(W7)

is bounded with constant p (see, [16], [17], [10] to find examples of opera-
tors T satisfying the above condition); that is

(TF) &)W < p (/OOO f*(s)wo(s) dS) l/p-

Now, if we take A = (A'(wg), L), we have that Ay = A'(wg) and hence, it
follows, taking the infimum in p > 2, that

(TF)"(t) 2 h(Wi (D), llall 5,),

where h(t,s) = inf,o p(s/t)'/P = (s/t)Y2(1 + log™ (s/t)). Therefore, we can
deduced the following result.
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Theorem 4.2 Let T be a sublinear operator as above. Then, T can be
extended continuously

T : Llog|log L|(D; A) — M(R),
-1
where D(s) = sY/2(1 4+ log™ s), and R(t) = Wy(t)~4/? <1 +log” W11(t)>

Open Question: When is is true that the space Lloglogloglog L(D; A) C
Qp(A) or in general, Llog™ L(D;A) ¢ Qp(A)?
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