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Meromorphic functions of the form

f(z) = 2211 an/ (2 — 2n)

James K. Langley and John Rossi

Abstract

We prove some results on the zeros of functions of the form f(z) =
Yoy Zf*;n, with complex a,, using quasiconformal surgery, Fourier
series methods, and Baernstein’s spread theorem. Our results have

applications to fixpoints of entire functions.

1. Introduction

A number of recent papers [7, 11, 21] have concerned zeros of meromorphic
functions represented as infinite sums

Qn,

“n

< 00.

(L) f2)=> —2 z,a,€C. z —o0, Y.

Z — Z
n 2zn#0

n=1

We assume throughout that a, # 0 and that z, — oo without repetition.
By (1.1),

(1.2) n(r) =Y lau| =o(r), r— oc.

|zn|<r

If the z, are all non-zero and the a,, are all real and positive, then (1.1) gives

S T
(1.3)  f=u, —iuy, u(z) :Zanlog|1—z/zn|, Tliﬁrgo@ =0,
n=1

in which u is subharmonic in the plane. We will need the following funda-
mental result [13, p. 327] on functions of the form (1.1) with complex a,,.
Here we use standard notation from [16].
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Theorem 1.1 ([13]) Let f be given by (1.1), and let 0 < p < 1. Then

L) mnf) = o(1), / | Fre®) Pd8 = o(1), 1 — oo,

so that in particular §(oco, f) = 0. If f has finite lower order then 6(a, f) =0
for all a € C\ {0}, and the same conclusion holds for a = 0 if in addition

(1.5) i\an\ < 00, ian#().
n=1 n=1

We state next some of the main results from [7, 11].

Theorem 1.2 ([7, 11]) Assume that f is given by (1.1) with all the a,, real,
and let n(r) be defined by (1.2).

(a) If all the a,, are integers and a, > —1 for all but finitely many n then
f has infinitely many zeros.

(b) If all the a, are integers and n(r) = o(\/r) as r — oo then f has
infinitely many zeros.

(c¢) If inf{a, : n € N} > 0 then f has infinitely many zeros.

Theorem 1.2 (c) represents a substantial step in the direction of the fol-
lowing conjecture from [7].

Conjecture 1.1 If all the a, are real and positive in (1.1) then f has in-
finitely many zeros. Equivalently, subharmonic functions u as in (1.3), with
a, as in (1.1), have infinitely many critical points.

It was conjectured further in [7] that if the a, in (1.1) are real and
n(r) = o(y/r) as r — oo then f must have zeros, but we give counter-
examples to this in Examples 2.2 and 2.3.

The key fact used in [11] to prove Theorem 1.2, (c) is that inf{a,} > 0
implies that T'(r, f) = O(r) as r — oo. The first main result of the present
paper refines Theorem 1.2, (c) to allow finitely many complex a,, and this
turns out to require application of the Ahlfors spiral theorem [18, p. 600].
Our theorem also establishes Conjecture 1.1 when f has finite order and all
but finitely many of the z, lie close to the real axis.
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Theorem 1.3 Let f be given by (1.1), with the a, real and positive. Assume
that f has finite order, that

o

(1.6) Z a, = 00,
n=1
and that either (i)
(1.7) hgigfw < o0,
or (i) there exists € > 0 with
(1.8) 20— Zn| < |2a|'°

for all large n. Let S(z) be a rational function. Then f(z) — S(z) has
infinitely many zeros.

In Theorem 1.3 and some of our subsequent results we consider the zeros
of f— 5, with S a rational function, rather than of f. The effect of this
is to allow in particular finitely many residues which are not real and pos-
itive. In Example 2.1 we show that the hypothesis (1.6) is not redundant
in Theorem 1.3. On the other hand, if f has finite lower order and >_ a, is
absolutely convergent then the proof of Theorem 1.1 from [13] goes through
to give §(0, f —S) = 0 for some choices of rational S: see Proposition 3.1.

Next, we make two remarks about Theorem 1.3, (ii). The first applies a
theorem of Miles [23]. Suppose that the exponent of convergence of the z,
is infinite, but that of the non-real z, is finite. Then if f is given by (1.1)
and S is meromorphic of finite order, f — S has zeros with infinite exponent
of convergence. If this is not the case, we can write

1

in which F' is an entire function of infinite order, with real zeros, and G is
meromorphic of finite order. Miles’ result [23] gives N(r,1/F) = o(T(r, F))
on a set of logarithmic density 1. This implies the existence of a sequence
rm — 00 With

log T'(rm, F)
log r,,
m(TTm f - S) > m(rmv 1/F) - m(Tma G) > (1 - O(l))T(’I",m F)v

— OQ,

which contradicts (1.4) and the fact that S has finite order.
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Second, Ostrowski proved in [27] that if f is given by (1.1) with

(1.9) >

zn7#0

Im(z,)
%

and d(a, f) > 0 for some a, then T(r, f) = O(r) as r — oo. Ostrowski’s
result may therefore, if the a,, are positive, be combined with the method of
Theorem 1.2, (c¢) to show that f has infinitely many zeros. However, (1.8)
only implies (1.9) if 37 _q]z.|7"7° < oo.

We turn our attention next to zeros of f as given by (1.1), with the a,
complex. The following conjecture, which obviously implies Conjecture 1.1,
seems likely to be true.

Conjecture 1.2 [If
(1.10) sup{| arga,|: n € N} < 7/2
then f as given by (1.1) has infinitely many zeros.

Conjecture 1.2 is certainly true if f has finite lower order and ) a,, is
absolutely convergent, by Theorem 1.1. For the case in which ) |a,| = oo
and f has order at most %, we have the following result in support of Con-
jecture 1.2.

Theorem 1.4 Let f be given by (1.1), of order o < %, and write

(1.11) U =T =Ty +iyn, x5 20, x>0, y, €R,
and
(1.12) nt(r) = Z o on(r) = Z x,.

‘angr |ZN‘S7'

Assume that

r—o00

(1.13) lim n(r) = Z la,| = oo,

n=1
and that there exist positive constants 9, d; such that
(1.14) n~(r) < (1=¥8)n*(r), n(r)<dnt(r)

for all large r. Let S(z) be a rational function. Then:

1 1
(1.15) (0, f —95) <1—cosmo, o< 3 00, f=95)<1, o= 3"
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Conditions (1.11) and (1.14) are obviously satisfied if (1.10) holds. Theo-
rem 1.4 allows infinitely many non-real a,,, but the proof is totally dependent
on minimum modulus results for functions of order at most %, and in par-
ticular on results for the extremal case of the cosmp theorem [8]. For f

of order between % and 1 and with arga, sufficiently small, the following

rather weaker result is applicable, based on the method of quasiconformal
surgery [5, 6, 28]. The statement of the theorem is somewhat technical, but
both it and Theorem 1.4 have subsequent applications to fixpoints of entire
functions.

Theorem 1.5 Let 0 < o <1 and let f be given by (1.1) with order p <1 and
1
(1.16) Re(a,) > 5 T 1<r,=la,| <1/o, t, =arga, € (—7/2,7/2),

and assume that, for all n,

’tan_l (r sir(l:égt )‘
(1.17) —

r 2 . > m
\/<log (WH%)) + <tan*1 (%))

Let S(z) be a rational function. Then f(z)—S(z) has infinitely many zeros.

Note that (1.16) automatically gives (1.13). The hypotheses (1.16) and (1.17)
are required in order to facilitate quasiconformal surgery and to control the
dilatation arising therefrom, and these conditions seem very unlikely to be
sharp. Obviously if a,, is real and positive and satisfies (1.16) then (1.17)
holds, and Theorem 1.5 provides a result applying when the a,, are suffi-
ciently close to the positive real axis.

Next, for f asin (1.1) but of possibly larger growth than in Theorems 1.4
and 1.5, we have the following result, based on Baernstein’s spread theo-
rem [2].

Theorem 1.6 Let 0 < o < 1. Let f be given by (1.1), of finite lower
order i, such that (1.13) holds and

m
o

2
(1.18) |argz,| < b < C(u,0) = =sin™" \/g , larga,| + |arg z,| < ¢ < )
i

for all n. Let S(z) be a rational function. Then 6(0, f —S) < o.

Corollary 1.1 Let f be transcendental entire, of at most order 1, con-
vergence class, and with zero sequence (z,). If lim,_ . argz, = 0, then

6(0, f'/f) = 0.
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Corollary 1.1 follows at once from Theorem 1.6, since f’/f has a repres-
entation (1.1), and establishes a conjecture of Fuchs [11, 25] in the case
where the zeros of f accumulate at a single ray.

We observe next that the hypotheses on arga, in Theorems 1.4, 1.5
and 1.6 are not redundant. In Examples 2.2 and 2.3 we construct functions f
of the form (1.1), with real a,, such that f(z) has no zeros. Thus results for
complex a, require, in general, some condition on the lines of (1.5) or some
hypothesis on arga,, .

Our methods have an application to the fixpoints of entire functions of
order less than 1. Whittington [31] proved that if F' is a transcendental
entire function with T'(r, F) = o(y/r) as r — oo then F has infinitely many
fixpoints z with either F'(z) = 1 or |F'(2)| > 1, the proof based on applying
the cosmp theorem [3, 18] to F' and the residue theorem to 1/(z — F(2)).
In the same paper Whittington gave an example of an entire function F' of
order 3 with only attracting fixpoints i.e. F(z) = z implies [F'(z)| <1 (see
also [14]). We prove here the following theorem.

Theorem 1.7 Let F' be transcendental and meromorphic in the plane, with
finitely many poles and of order at most % Let 0 < ¢ < 1. Then F has
infinitely many fixpoints z with F(z) = z,|F'(2)| > c.

Theorem 1.7 is proved by writing 1/(z — F(z)) in the form (1.1) and
applying Theorem 1.4. Using again the method of quasiconformal surgery
[5, 6, 28] we establish the following result on the multipliers at fixpoints of
functions of order between % and 1.

Theorem 1.8 Let I be transcendental and meromorphic with finitely many
poles in the plane, and with order p € (%, 1). Let

T - 1—0p
V16(log1/d)2 +72 1+p

0<d<l1,

Then F has infinitely many fixpoints u,, with
Fup) = uy, |F'(u,)] > d.

The dependence of d on p in Theorem 1.8 seems unlikely to be sharp, in
particular as p — % However, the function z + 1 — e* has order 1 and only
superattracting fixpoints.

We conclude the paper by proving some results when the denominators
in (1.1) are replaced by a larger power.
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Theorem 1.9 Let k > 2 be an integer, and let

G

(1.19) F@):ZW, 200, Y

n=1 zn7#0

G

k+1
Zn

< Q.

Then, as r — oo outside a set of finite measure,

(1.20) (1= o(1))T(r, F) < (%) N(r,1/F).

Example 2.4 shows that the constant in (1.20) is sharp, and that Theo-
rem 1.9 fails for k£ = 1, even if

(1.21) >

2n#0

Qn

1+d
“n

< oo Vd>O0.

However, if we assume that (z,) has finite exponent of convergence, and that
> a0 [an/ 2] < 00, then we do get a result for k = 1.

Theorem 1.10 Let F be as in (1.19), with k = 1, and assume that

n

(1.22) Y el <oo, Y Z—

zn#0 zn#0
for some L > 0. Then 6(0, F) < 1.

< 00

n

The authors thank the referee for some very helpful comments and sug-
gestions.

2. Examples

Example 2.1
The following example shows that (1.6) is not redundant in Theorem 1.3. Let
7
22(e* — 1)’
and let S be the principal part of —g at 0, so that
S(c0) =0, g(z)+S5(2)=0(1), z—0.

9(z) =

Let

1
n€Z,n#0
Then f satisfies (1.1), (1.7) and (1.8), using (1.4), and h is entire. Since
g(z) = o(1) as z — oo in the union of the circles |z| = 7(2m + 1),m € N,
we have h = 0 by (1.4). Thus f — S has no zeros.
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Example 2.2

Let z, be real and positive with z; large and z,,1 > 4z, for each n > 1,
and let

9(=) = [T =2/z), ru=2]l.

We estimate ¢'(z,,) in the following standard way. For |z| = r,, with m large
we have

00
n:1Z_Z"

Let h(z) = g(2)/(z — zn). Applying the maximum principle to 1/h(z) in
Tm—1 < |z| <7, shows that

= 2
<> — <00, loglg(2)] > log M(rm, g) = O(1).

n=1 "

g'(2)
9(2)

1
logg'(2m)| = log [A(zm)| > 5 log M (711, 9)

and it follows that

o0

Z lan| <00, a,=1/d(z,) € R.

n=1

Let f be defined by (1.1). Then f(z) — 1/g(z) is entire. But on the circle
|z| = 7y, for large n, the function g(z) is large, while

@ <2 Y fam| = o(1).

It follows that f(z) — 1/g(z) = 0, and so f has no zeros. Thus a function
f(2) as in (1.1) may have real residues a, and arbitrarily small growth, but
fails to have zeros.

Example 2.3
Let

H(z) = 1 J(Z)ZE_FZ% : wk:w_

2008z’ z wi(z — wy,) 2

Then it is evident that J(z) satisfies (1.1), and there is an entire function
G such that H — J = . However, since there exist arbitrarily large r such
that H(z) is small on the whole circle |z| = r, estimate (1.4) shows that
G =0 and so J has no zeros. Again J has real residues a,, this time with

Z la,| = O(logr), 1 — 0.

|zn|<r
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Example 2.4

We show here that the constant in (1.20) is sharp, and that Theorem 1.9
fails for k = 1. Let g(z) = 1/(e* — 1). A simple induction argument shows
that, for each k € N,

(k) o GZPk_l(ez)
g (Z) o (ez _ 1)k+1’

in which P,_; is a polynomial of degree at most k£ — 1. Expanding the
numerator in powers of e* — 1 we see that there exists d; > 0 such that

1
g < dun (2 ) = o),

and so
T(r,g®) ~ (k+ 1)T(r,e*), N(r,1/¢®) < (k= 1)T(r,e*) + O(1).

In particular, ¢’ has no zeros. By periodicity there exists a constant ¢, such

that
g®(z) = (2_2;# +0(1), z—2min, neZ.
Set
Gr(z) = ¢ Z ﬁ, Zn = 2min.

nez
Then each Gy, k € N, is of the form (1.19). Also g*) — G}, is entire of order at
most 1. Let § be small and positive and let z be large with |arg z| < 7/2—4
or |r —argz| < /2 — 6. Then g¥)(z) is small and, with the d; positive
constants,
|2 = 2l 2 dymax{|z], |zal},  |Grl(2)] < dalzl 72D Jeal 72,
nez

so that G(z) is also small. Applying the Phragmén-Lindel6f principle now
gives g®) = G}.. Clearly G, which has no zeros, satisfies (1.21).

3. Preliminaries

We need the following lemmas.

Lemma 3.1 ([21]) Suppose that d > 1 and that G is transcendental and
meromorphic in the plane of order less than d. Let Ry > 0. Then there exist
uncountably many R > Ry such that the length L(r, R, Q) of the level curves
|G(2)| = R lying in |z| < r satisfies

(3.1) L(r,R,G) < r®tD2 r >]og R.
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Lemma 3.2 ([9]) Letl <r < R < oo and let g be meromorphic in |z] < R.
Let I(r) be a subset of [0,2n] of Lebesgue measure u(r). Then

1 - 11Ru(r) 1
— log® |g(re?)|dd < ———= (1 +1logt — ) T(R, g).
5w s latre i < S ) T(R)
Lemma 3.3 ([17]) Let S(r) be an unbounded positive non-decreasing func-
tion on [rg,00), continuous from the right, of order p and lower order ju. Let

A>1,B>1. Then G={r >rqg: S(Ar) > BS(r)} satisfies

— log A log A
logdensG < p (IO§B> , logdensG < p (IOEB) .
0 S o

The next lemma is a standard application of Tsuji’s estimate for har-
monic measure [30].

Lemma 3.4 Let u be subharmonic and non-constant in the plane, and let U
be a domain such that w =0 on OU and sup{u(z) : z € U} > 0. Fort >0 let
0f:(t) be the angular measure of the intersection of U with the circle |z| = t,
except that 0;,(t) = oo if the whole circle |z| =t lies in U. Then there exists
Ry > 1 with

"owdt
<log B(2r,u) + O(1), r — oo,
it = e er -+ 000

in which B(2r,u) = sup{u(z) : |z| = 2r}.

Lemma 3.5 Let f be as in (1.1), of finite lower order, and suppose that
3(0, f = S) >0, for some rational function S. Then S(oco) = 0.

Proof. Since f — S has finite lower order Lemmas 3.2 and 3.3 give ¢y > 0
and arbitrarily large r such that f — S is small on a subset E, of the circle
|z| =7 of angular measure at least ¢y. If S(00)#£0, this contradicts (1.4). W

Since several of our results (Theorems 1.3, 1.4, 1.5 and 1.6) rely on the
assumption that Y |a,| diverges, we include for completeness the following
immediate extension of the method of Theorem 1.1 from [13].

Proposition 3.1 Suppose that f is given by (1.1), with > 7 |a,| < oo,

and that f has finite lower order. If S is a rational function with

(3.2) lim 25(z) # X\ = Zan,

then 6(0, f —S) = 0.

Examples 2.2, with S = A = 0, and 2.1 show that (3.2) is not redundant
in Proposition 3.1.
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Proof. Assume that f and S are as in the hypotheses, but that 6(0, f —S5) > 0.
Then S(c0) = 0, by Lemma 3.5. Following [13, p. 333], write

2(f(2) = 5(2)) = g(2) + A = 25(2),

in which

— nZn
9(2) = ; p—
satisfies the requirements of (1.1). The assumption (3.2) gives

lim (A — 25(z)) # 0.

zZ—00

Now (1.4), applied to g, shows that

for all z on |z| = r, apart from a set I(r) of angular measure o(1) as r — oo.
Lemma 3.2 gives

(00, f =5) —o(W)T(r, f = 5) < o(T(2r, f = 5))

which contradicts Lemma 3.3, since f has finite lower order. [ |

4. Proof of Theorem 1.3

To prove Theorem 1.3 assume that f,ay,, 2, are as in (1.1) and (1.6) with
the a, real and positive. Assume further that f satisfies at least one of (1.7)
and (1.8), but that f—S has finitely many zeros, for some rational function S.
We may assume that all z,, are non-zero. Let G and the positive integer N
satisfy

(4.1) N>34p(f). f(2) - S() = e

NG(2)
Then G is transcendental and meromorphic in the plane, of finite order and
with finitely many poles. By Lemma 3.5, we have S(c0) = 0.
Let ¢ be large and positive, so large that neither G nor S has poles in
ro < |z| < co. Thus log |G(z)| is subharmonic in |z| > ry. Using Lemma 3.1
and (4.1), choose a large positive R, in particular with

(4.2) R> M(2r0,G), L(r,R,G) <r¥' Vr>logR.

We may also assume that G has no multiple points with |G(z)| = R.
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Lemma 4.1 The set {z : |G(z)| > R} has finitely many unbounded com-
ponents V. If U is one of the V; then U lies in |z| > 2ry. Further, the
finite boundary OU of U is the union of countably many pairwise disjoint
level curves of G, each either simple and going to infinity in both directions,
or simple closed. Finally, we have

(4.3) I= [ 152) - 5@ ] <1,
oU
and B(0,2ry) lies in an unbounded component of C\ U.

Proof. There exist finitely many Vj, since G has finite order, and each lies
in |z| > 2rg, by the choice of R. The assertion concerning the components of
OU holds since the level curves |G(z)| = R do not intersect. To prove (4.3)
let T' = log R, and partition OU into its intersections with the disc |z| < T
and the annuli 2™7T < |z| < 2™ m € Z,m > 0. Since (4.1) gives

(4.4) 1f(2) = S)| <R Y V<R zeUUI,

we get

_[ S R—l (TN—I + Z 2(N—1)(m+1)TN—12—NmT—N) < ]_7
m=0
using (4.2), since 7o and R are large.

We prove the last assertion of the lemma by contradiction, and thus
assume that B(0, 2r¢) lies in a bounded component of the complement of U.
Then there exists a simple closed curve 7;, a component of OU, such that
B(0,2r0) lies in the interior U; of ;. Since z,, for large n, is a pole of f — S
with residue a,, > 0 we get, using (4.3),

1> / )= SE)| el =27 3 an—01) =20 3 a4, - 0(1),
7 zn €U |zn|<ro

which contradicts (1.6) provided 7y was chosen large enough. |

Lemma 4.2 Let U be one of the V;, and let Cy be the unbounded component
of OU which separates U from B(0,2ry). Let D be the component of C\ Cy
which contains U. Fiz wy € U and define a single valued branch of log z,
continuous on the closure of D, with |argwy| < w. Then we have

log z = O(log |2]|) as z — 00

in the closure of D.
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Proof. Define a subharmonic function v(z) on C as follows:
(4.5) v(z) =log|G(z)| —logR, z€U ; wv(z)=0, z¢U.

Then v has finite order, since G has. The boundary of D is the curve Cf,
and v(z) = 0 there. Thus the Ahlfors spiral theorem [18, pp.600-608] gives
arg z = O(log|z|) as z tends to infinity on dD. Since arg z is monotone on
arcs of circles centred at the origin, the result follows. [ |

Lemma 4.3 Let u be defined by (1.3), and let U be one of the V;. Then

u(z) = O(log |z|) as z — oo in the closure of U.

Proof. Using U = V}, wy, D and the same branch of log z as in Lemma 4.2,
there exist a constant ¢; and a function 57, analytic and bounded in |z| > 7y,
such that

d
(4.6) S(z) = P (c1log z + Si(2))
for z in the closure of D. By (1.3) and (4.1) we have
: 1
(4.7) Uy — tuy = f(2) :S(z)+m.
For each w in U, join wg to w by a path o, consisting of part of the ray
arg z = arg wy, part of the circle |z| = |w|, and part of the boundary of U.

Using Lemma 4.1 and (4.4) we get a constant ¢y such that

/ £(2) = S(2)] 2] <

for all w in U. This gives, using (4.6) and (4.7),

/ (uy — duy)(dz + idy)‘ < e logw| + O(1)

and the result follows using Lemma 4.2. [

Lemma 4.4 There exist positive constants ki, ke with the following prop-
erty. With u as in (1.3), define:

u1(z) = max{u(z)—kilog |z|—kq, 0}, |2] >2r0 ; wi(2) =0, |2] < 2.

Then wy is non-constant and subharmonic in the plane, with uy(z) = 0 on
the union of the closures of the V;, and T'(r,u;) = o(r) as r — oo.

Proof. Choose k; and ks using Lemma 4.3, so that u(z) < kjlog|z| 4 k2 on
|z| = 2rp and on the union of the closures of the V;. Thus v, is subharmonic,
with T'(r,uy) = o(r) by (1.3). Finally, u; is non-constant by (1.6). |
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We may now complete the proof of Theorem 1.3 in case (i), in which (1.7)
holds. Let U be one of the V}, and let W be a component of the set {z :
ui(z) > 0}. Then (1.7), (4.1) and (4.5) give liminf, . T'(r,v)/r < oc.
Since v vanishes off U, while u; vanishes on the closure of U, a standard
application of the Cauchy-Schwarz inequality as in [30] gives

1 1 2

OO

for large ¢, and a contradiction arises on applying Lemma 3.4 to v and wu;.

To finish the proof of Theorem 1.3, it remains only to dispose of case (ii),
and we assume henceforth that (1.8) holds.

Lemma 4.5 Forr >0 and 0 <t < /2 let

Vi t) = {z:|z]=nrt<argz<m—t}
Vo(rt) = {z:]z]=rr+t<argz < 2w —t}.

Let 6 > 0. Then for all v in a set Es of lower logarithmic density at least
1 — 4, we have uy1(z) =0 on at least one of the sets V¥ (r,8), V= (r,9).

Proof. We may assume that ¢§ is small. Then we have
(4.8) f(z)=8(2) =0(), z—o00, §/4<|argz| <m—0d/4,

since S(o0) = 0 and (1.8) gives |z,| = O(]z — z,|) for large z as in (4.8).
By Lemma 3.3, there exist c3 > 0 and a set E of lower logarithmic density
at least 1 — ¢ such that

T4r,G) <csT(2r,G), rekE.
For r € E, since ¢ is assumed small, Lemma 3.2 and (4.1) now give
(4.9) 2log|G(2)| > T(2r,G), 4logl|f(z)—S(2)| < -T(2r,G), z€l,

in which I, is a subset of the circle |z|=2r, of angular measure at least 8J; > 0.
Let 6o = min{d,d;} and let r be large, with » € E. Without loss of
generality I, NV (2r,d2/2) has angular measure at least dy, and we apply
the two-constants theorem [26] to log|f(z) — S(2)| in the interior © of the
region 7/2 < |z| < 2r,05/4 < argz < m — d9/4. This gives positive ¢y, cs
independent of r such that, using (4.8) and (4.9), for z € V*(r, ds),

4log|f(z) = S(2)| < =T(2r,G)w(z,I,,Q) + O(1) < —csT(2r,G) + ¢,

where w(z, I,,2) denotes harmonic measure, and so V*(r,d) C V;, for
some j, using (4.1) again. Lemma 4.5 now follows from Lemma 4.4. [
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Lemma 4.6 u; has lower order at least 1.

Proof. This is a standard application of Lemma 3.4. Let €2 be a component
of the set {z : ui1(z) > 0}. Let 6 > 0. Then by Lemma 4.5 we have
05(t) < m+26 for all t in a set Es of lower logarithmic density at least 1 — 0.
Lemma 3.4 gives

log B(2r, u1) — O(1) >

/T wdt T / dt (1 —=0—o(1))mlogr
> 2 - =
Ro t@Q (t) ™+ 25 E(sﬁ[Ro,T] t T+ 2(5

as r — 00, and since 0 is arbitrary the result follows. [ |

Lemma 4.7 Let 6 > 0. Then there exists c¢(0) > 0 such that for all large r
we have

(4.10) lui (w)] < c(§)|w|*5, |w|=r, §<|argw| <7 —0.
Proof. By (1.8) there exist ¢g = ¢4(6) > 0 and r; > 0 such that

(4.11) |2z, — w| > cgmax{|z,|, |w|}, ¢ <|argw| <7 —90, |w|=7r>r.
For w as in (4.11) we get, without loss of generality,

1—w/zZ,

1 —w/z,

1+ _UL" — )

0<log|l—w/z,| —log|l —w/z,| = log ( |
Zn(2n — W

= log

and so (1.8) gives for large n, since log |1 + t| < log(1 + |t]) < [¢],

< ‘w’ .
N |Zn‘606 maX{‘Zn‘a |w‘}

log |1 —wW/z,| —log |1 —w/z,|

This gives, for w as in (4.11), using (1.2),
|u(W)— u(w)| <
(4.12) £O®m%m?/tﬁm@+%%/f*ﬂmm:ow%»
1 r

But, by Lemma 4.5, u;(w) vanishes and so u(w) < O(logr) on at least one
of the arcs V*(r,d), V= (r,d), and (4.10) now follows from (4.12). |

Let n be small and positive. Since u; has finite order Lemma 3.3 gives a
positive constant ¢; such that

(4.13) T(2r,uy) < c;T(r,uy), r € Fy,

in which F} has lower logarithmic density at least 1 — /2.
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Let 0 be small and positive, in particular so small that
(4.14) d<n/2, 246c; < 1.

Using Lemma 4.7 we find that, for all r in a set I} of lower logarithmic
density at least 1 — 9, we have

T(r,u1) < 40B(r,u) + O(r' =) < 126T(2r,uw) + O(r'~9),
This gives, by (4.13) and (4.14),
T(r,u) =O(r'™9), re€ Fy=FnF,

and F3 has lower logarithmic density at least 1 — 7. This contradicts
Lemma 4.6, and the proof of Theorem 1.3 is complete.

5. Proof of Theorem 1.4

Suppose that f and S are as in the statement of Theorem 1.4, but that (1.15)
fails. Then we have S(c0) = 0, by Lemma 3.5. We may assume that all
the z, are non-zero. Throughout the proof we use ¢ to denote a positive
constant, not necessarily the same at each occurrence. We also write

(5.1) z=re? r=|z|, §=argzc|0,2n]

Lemma 5.1 Ifr is large and positive and none of the z, lie on |z| = r then

(5.2) en(r) < /0 F|zf(z)|d0.
Further,
(5.3) Slil]élo sM(s,H) =00, H(w)= f(w)—S(w).

Proof. We have, by the residue theorem,
2
I:/ 2f(2)df = 27 Z an,
0
|zn|<r
and so, using (1.14),

> Re(a,)

|zn|<r

|I| > 27 =2m(n"(r) —n~(r)) > en™(r) > en(r),

which proves (5.2). Now (5.3) follows from (1.13), (5.2) and Lemma 3.5. B
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Since (1.15) fails by assumption, it follows immediately from (5.3) and an
application to 1/H of the cosmp theorem for functions with deficient poles
[13, p. 262] (see also [15]) that o = 1. We now write H = f/fo, with fi, fo
entire functions of order at most § with no common zeros. By (1.4), (5.3)
and Lemma 3.5 we have

T(r, H) < N(r, H) + O(1) < N(r,1/ ) + O(1).
Also, since (1.15) fails by assumption, we get
5(0,H) =1, N(r,1/fi) = N(r,1/H) = o(T(r, H)) = o(N(r, 1/ f2)).
Now (5.3) gives

mo(r, f2) = min{|fo(2)| - [2] = r} = o(rM(r, f1)),

and exactly as in [11, pp. 282-284] we obtain
(5.4)  logmo(r, fo) < o(log M(r, f2)), log M(r, fi) < o(log M(r, f2)).

Lemma 5.2 There exist a set Fy of logarithmic density 1 and, for each
r € By, a subset U, of [0,27] such that

(5.5) m(U,) =0(1), =zf(2)=0(Q1), r=lz|, 0 =argz €V, =[0,27]\U,,
in which m(U,) denotes Lebesgue measure.

Proof. The relations (5.4) imply that fs is extremal for the cos 7p theorem.
Let the positive function ¥ (r) tend to 0 slowly as 7 — oco. Results of Drasin
and Shea [8] (see also [19, section II]) give

log|fa(2)] > w(r)log M(r, f3), |z|=7r€ Ey, argze€ V.

Using (5.4) we get zH(z) = o(1) for z € V, and (5.5) follows, using (5.3)
and the fact that S(oc0) = 0. |

We now apply to zf(z) the method of [24, Theorem 1]. Since n(r)
has order at most 1, we may apply [24, p.198] with M = 6, p = 1 and
Ry = min{|z,|} to obtain (2.1) and (2.2) of [24] for all  in a set E = Ey,
of positive lower logarithmic density. Note that the lemma of [24, p. 198] is
stated only for integer-valued functions, but the proof goes through for n(r)
as in (1.2). We may assume that £ C Fj, with F; as in Lemma 5.2, and
that £ N {|z,|} = 0.
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Assume henceforth that r is large and in E, and that z satisfies (5.1).
Write

I SL) MUTELED DD P

|zn|<r |zn|<r meZ, m<0 |zn|<r
and
zQ za e ad
n n _
(5.6) E =— g — E (z)2,)F = — E z™ E anz, ",
Z— zn Zn
|zn|>r |zn|>r k=0 m=1 |zn|>r

the change of order of summation justified since the first double series in (5.6)
is plainly absolutely convergent. Thus

(5.7) z2f(z) = Z by (r)e™™

mez
in which
(5.8) by (1) = — Z an(r/z,)™, m >0,
|2n [>7
and
(5.9) bn(r) = Y an(r/z)", m <0.
|2n|<r

Fix a large positive integer ¢, in particular with ¢ > 2M(p + 1) = 24.
Then (2.1) and (2.2) of [24] may be applied to (5.8) and (5.9) exactly as
in [24, p.202], to give (2.11) and (2.12) of [24], with b,,(r, F;) and n;(r)
replaced by b,,(r) and n(r) respectively. This leads to

(5.10) > b ()] < en(r)?.
meZ, m¢g{0,1,....q}
Write
(5.11) 2f(z) = P(z2) + s(r.0), P(z) = bu(r)e™.

Then (5.10) gives

(512) Il = sk = (55 | st o)fas)” < enfr),
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Set
4 ) 1 2w '
(5.13) |P(2)]* = Z hi(r)e™, hy(r) = —/ |P(2)2e~*dp,
0
so that
(5.14) [ (r)] < ho(r) = || PII* = Z [bm (
By (5.13), since [0,27] = U, U V,,

|P(2)|?d6 = ho(r)m(V;) — /U Z hy(r)e*?dp

Vr T k;éo

and so (5.5) and (5.14) give

(5.15) |P()[*d0 > ho(r)(m(V;) — 2gm(U;)) > (27 — o(1))ho(r).

Vr

But on V, we have, using (5.5) and (5.11),

and so (5.15) gives

ho(r) < c/ (Is] + O(1))2d0 < c/o "(15] + 0(1))2d.

T

Thus, using (5.12),
(5.16) ho(r) < e(|ls] + O(1))” < en(r)™.

Now (1.13), (5.2) and (5.5) give
n(r) < ( [ \Zf(z)|d9> <om(tr) | |s(: g

and so, using (5.5) again and (5.7), (5.10), (5.14) and (5.16), we get

n(r)? < em(U,)||2f(2)]° < em(U;) Y [bm(r)* < o(n(r)?),

meZ

which is obviously a contradiction. Theorem 1.4 is proved.



304 J.K. LANCGLEY AND J. RossI

6. A theorem on zeros of entire functions

Theorem 1.3 leads to a result on the zeros of entire functions of small growth,
which will be required for the proof of Theorem 1.5. We begin with:

Lemma 6.1 Let h be transcendental and meromorphic of finite order in the
plane, with finitely many poles and with

T
(6.1) lim inf ")

r—00 r

=0.

Assume that (z,) is a non-zero sequence tending to infinity without repetition
such that all but finitely many zeros of h lie in the set {z,}. Assume further
that 1/a, = h'(z,) # 0 for each n, and that

(6.2) i Z—" < .
Then we may write
(63) o = 16 =S,

where [ is given by (1.1) and S is a rational function with S(co) = 0.
Proof. Assume that h is as in the statement. Using (6.2), define f(2)
by (1.1). Then there exists a rational function S, with S(c0) = 0, such that
(6.4 o(z) = T — F(2) + 5(2)

is entire. By (1.4) we have

(6.5) T(r, f) < N(r,1/h) +o(1), T(r,g) < 2T(r,h) + O(logr).

By (6.4) we need only show that g = 0.

Choose p; > p(h), and suppose that r is large and positive and the circle
|z| = r does not meet the union Uy of the discs B(zy,|2,| ™). Then for
|z| = r we have

Oy

|zn|<r/2

Qn

Qn

n

a
+Zzz—

|zn|>2r "

+ (27,);71+1 Z

r/2<|zn|<2r

n ’ZTL

Hence using (6.2) there exist a set Ej of finite measure and a positive inte-
ger py such that

(6.6) [f() <17, [zl =7 & Eq.
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Suppose first that g is transcendental, and set g1(z) = g(z)z~">. Let
ro > 1 be so large that h has no poles in |z| > 7 and

(6.7)  M(ro,g1) >4, M(ro,h) >4 and |S(z)| <1 for |z| > .

Choose K > M (ro, g1) + M(ro, h) and let U; be an unbounded component
of the set {z : |g1(2)| > K}, and U, an unbounded component of the set
{z : |h(2)] > K}. Then both U; lie in |z| > ro. For ¢t > 0 and j = 1,2, let
6,(t) be the angular measure of the intersection of U; with the circle |z| = ¢,
and let 07(t) = 67, (t), as defined in Lemma 3.4.

Then by (6.4), (6.6) and (6.7) we have 0;(t) + 65(t) < 2m for r & Ey
and so

7T 7r

0 + 6 (1) >2, r¢E.
Using (6.1) and (6.5) and the fact that E, has finite measure, a standard
application of Lemma 3.4 and (6.8) now gives a contradiction.

(6.8)

Suppose finally that g is a polynomial. Lemmas 3.2 and 3.3 give ar-
bitrarily large r such that h is large on a subset E, of the circle |z| = r
of angular measure at least ¢3 > 0. Using (1.4), (6.4) and the fact that
S(00) = 0 we get g(z) = o(1) for at least one z € E,. Thus g = 0. This
proves Lemma 6.1. [

Theorem 6.1 Let h be as in Lemma 6.1, and assume in addition that h'(z,)
is real and positive for each n. Then Y " 1/h/(z,) < .

To prove Theorem 6.1, assume that h is as in the statement, but that
> an, = 0o, in which a, = 1/h/(z,). Then we have (6.3) and, by (6.1)
and (6.5), f satisfies the hypotheses of Theorem 1.3. Thus f—.S has infinitely
many zeros and this contradicts (6.3).

The hypothesis (6.1) is not redundant in Theorem 6.1. In [20] an entire
function E is constructed with zero sequence (z,) such that |z,1/2,| > 2

and E'(z,) =1 for all n, while T'(r, E) = O(r) as r — o0.

Corollary 6.1 Let 0 < ¢ < ¢ca < o0 and let h be transcendental and
meromorphic with finitely many poles in the plane. Assume that all but
finitely many zeros z of h have h'(z) € Rye; < B (2) < ¢o. Then h has
order p(h) > 1.

To prove Corollary 6.1, assume that h has order less than 1. Then we
may choose a sequence (z,) such that all but finitely many zeros of h lie

in {2,}, and //(2,) € (c1, ca), and such that > |z,|™* < oo. Since > 1/ (z,)
obviously diverges, this contradicts Theorem 6.1.

The obvious example h(z) = ¢* — 1 shows that Corollary 6.1 is sharp.
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7. Application of quasiconformal surgery

Lemma 7.1 Let 0 < p < 00,0 < kK < 1, and let g be quasimeromorphic
with finitely many poles in the plane and with the following properties:

(i) there exist Jordan curves o,,T, in C such that o, lies in the interior
domain V,, of 1,, for each n € N, and V,, U 7, lies in the exterior
domain of T,, for n' # n;

(ii) g has no poles in V,UTt, and maps V,, into the interior domain U,
of op;

(i1i) g is conformal on U,, for each n, and meromorphic on

Y =C\ G(VnUTn);

n=1
(iv) we have
(7.1) log M (r,g) < r*tM r — oo;
(v) we have
(7.2) =] < klg.| a.e.

Set K = if—: Then there exist a K -quasiconformal homeomorphism ¢ of the
extended plane, fizing 0,1, 00, and a function h meromorphic in the plane of
order at most pK , with finitely many poles, such that g = ¢"ohog. Further,
¢ is conformal on W = J,_, U, and on the interior of C\ |J,>_, g™ (W).

Proof. This is basically Shishikura’s lemma on quasiconformal surgery
[5, 28]. Let

Wo=W, Wpua=g"'W)\g™W), m=>0, H=C\|Jg "W).
m=0

Define a Beltrami coefficient p(z) on C as follows. For z € WyUH set u = 0.
Assuming that p has been defined on W,,, define p for w € W, 1 by

(7.3) () = po(w) + plg(w))A(w) —  _ Gu

L+ pu(g(w)) pg(w) Alw)” Gu

Thus p is defined inductively a.e. in C. We assert next that (7.2) and (7.3)
give

(7.4) n(w)| <k ae.
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This is obviously true for w € Wy U H, and we have (7.4) for w € V,
using (7.2), since p(g(w)) = 0 for such w, by (ii). Now suppose that

weW, w¢gkFE= U(VnUTn).

n=1
Then py(w) = 0, by (iii), and so (7.3) gives |p(w)| < |u(g(w))|. Thus
induction gives (7.4) on the W,,.

We then define ¢ to be a quasiconformal homeomorphism of the extended
plane fixing 0,1, 0o, and with complex dilation p, and (7.3) gives figoqg = [
a.e., so that ¢ o g = h o ¢, with h meromorphic, with finitely many poles.
It remains only to prove that h has order at most pK. But this follows
from (7.1) and the fact that h = ¢ogo¢p~!, using the standard estimate [1, 22]

6(2)] < ealzl, o7 (2)] < ol 2|, 2 — o0 -

Next, for 0 < R < § < 00, a € C\ {0} and § € [—7/2,7/2], define
U(z) =¥(o, B, R, S, z) by

(7.5) ¢(2) =¢(a, B, R, S,2) =az (]2 <R), ¢(z)=az (2| >9),
and

iflog|z|/R

(76)  ¥(2) =¥(a, 5, R, 5,2) :aze"p( log S/R

) (R< |2 <8).

In the domain {z € C: R < |2| < 5,0 < argz < 27} write

¢ = logz=o0+16,
¢(z) = logt(2)/a=0+i(0+ B(oc —log R)(log S/R)™")
with o, 0 real. Then
20z = ¢ + iy = iB(log S/R)™",  2¢¢ = ¢po —ipg = 2+ i3(log S/R)™".
Thus ¢ is quasiconformal in the plane, with

52
2
(7.7) )™ < Moz SR+ 72 a.e.

Lemma 7.2 Let 0 < ¢ < 1 and let F' be meromorphic with finitely many
poles in the plane, and with order p < 1. Suppose that (u,) tends to infinity
without repetition, and that all but finitely many fixpoints of F' lie in the set
{u, : n € N}. Suppose further that, for each n € N,

(7.8) F(up) = tn, F'(u,) =X\ 0< N\, <e<1, 6,cR,
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and that 0, satisfies

(7.9) min{|0,|, 6, — 7|} <9, < 7/2.
Then
) 1—0p On
7.10 limsupg, > —— , ¢, = :
(7.10) e =T T A log L 1 02

In (7.10) we set g, = 0 whenever \,, = 0.
Proof. Assume that F,u, are as in the statement, but that (7.10) fails.
Then we may assume that there exists ko € (0, 1) such that, for all n,
On 1
qn = S Ko, pKO < 17 KO - + o
V4(og 1/A,)2 + 02

(7.11)

]_—I{Q‘

We define a quasimeromorphic function g by modifying F' as follows.
Let u,, be such that A, # 0. Then (7.8) and Schrdder’s functional equation
29, p. 66] give a neighbourhood B(uy, p,), with p, small and positive, and
a function ¢,, defined and conformal on B(0, p,) such that

(712)  a(0) =0, ¢,(0) =1, F(2) = up =, (Aue™ du(z — un)),

for z € B(uy, ps). Take a small positive r,,, with B(0,7,) C ¢,(B(0, 3p)),
and define 1, by

wn<w) = w(AneiPna en — Pn, )\nrna Tn, w)a

with ¢ as in (7.5) and (7.6). Here p, is 0 or 7 and is chosen according
to (7.9) so that |0, — p,| < d,. Then (7.7) gives |uy, | < kKo, With ko as
in (7.11). Set

Up=A{u,+v:0,(v) € B0, \y1)}, Vo= {u,+v:o,(v) € BO,r,)},
so that U, CV,, C B(uy, %pn), and set
9(2) = un = & (Vu(Pn(2 = wa))), 2 € Vi
Then g is conformal on U,, with
9(2) = tn = & (EX(Dn(z —wn))),  g'(un) = FA € [—c,c].

Also g maps V;, into U,,. For z not in the union of the V,,, we set g(z) = F(2).
Thus ¢ is quasimeromorphic and has the same poles and fixpoints as F'.
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By Lemma 7.1 there exist a quasiconformal homeomorphism ¢ of the
extended plane, fixing 0,1, 00, and a function H meromorphic with finitely
many poles in the plane, and with order at most pKy < 1, with K, as
in (7.11), such that g = ¢! o H 0 ¢. Also ¢ is conformal on the union W of
the U, and on the interior of C\ |J°_, g~™(W).

Obviously z is a fixpoint of g if and only if ¢(z) is a fixpoint of H. If u,
has A, # 0 then g and ¢ are conformal on U,, and we get

H(w,) =w,, H'(w,) =g (u,) =x\, €[—¢,c], w,=d(uy).

Suppose next that u,, has A\, = 0. Then u, lies in an open disc Y,, disjoint
from the closures of the V,,,, with F(Y,) C Y, and ¢ = F on Y,. Hence g
and ¢ are analytic on Y, and in this case we get H'(w,,) = 0.

The function h(z) = z — H(z) thus satisfies the hypotheses of Corol-
lary 6.1, since
h(w,) =0, h'(w,) €[1—¢c14.

But h has order less than 1, and this contradiction proves Lemma 7.2. W

8. Proof of Theorem 1.5

Assume that f and S are as in the statement, but that f — S has finitely
many zeros. Define F' by

1

z——F(z) = f(2) — S(2).

Then F' is transcendental and meromorphic in the plane, with finitely many
poles, and with order p < 1. Further, each pole z, of f is, for large n,
a fixpoint of F' with

1 .
Fl(zy)=by, by=1——=1—7r"te
G,

By (1.16) we have

1+ 7’2 — 2r, cost,

X = [bnf” = 3 <My <1, Re(b,)=1-r,"cost, >0
TTL
and -
sin
b, =6, € (—7/2,7/2), tan(d,) = —in
g (~n/2.m/), tan(ln) =

Applying Lemma 7.2 gives (7.10), which contradicts (1.17).



310 J.K. LANGLEY AND J. ROSSI

9. Proof of Theorem 1.6

Assume that f and o are as in the statement, but that §(0, f — 5) > o, for
some rational function S. By Lemma 3.5 we have S(co) = 0. The second
condition of (1.18) allows us to assume that b < /2. Choose by, by, by with

b<by<b <by <min{n/2,C(u,0)}.

Lemma 9.1 There exists My > 0 such that for all large z lying outside the
region | arg z| < by we have |f(z)| < M;.

Proof. This follows from (1.1), since there exists My > 0 such that for
such z we have |z — z,| > M|z,| for all n. [

Since 0(0, f — S) > o, Baernstein’s spread theorem [2] gives a sequence
rm — oo and, for each m, a subset I, of the circle |z| = r,,, of angular
measure at least

min{ 27, 2C(u,0)} — o(1) > 2bs,
such that )
10g|f(2)—5(2)| < _T(Tmaf)§7 ZEIm-
For large m, we consider the subharmonic function v(z) =log|f(z) — S(2)|
on the domain

Q=A{z:r,/4 <|z| <rmby <argz < 2w — by},

and v is bounded above on €2, by Lemmas 3.5 and 9.1. Since the intersection
Jm of I, with the arc {z : |z| = rp,, by < argz < 2m—b; } has angular measure
at least 2(by — by), the two-constants theorem [26] and a standard estimate
via conformal mapping for the harmonic measure of J,,, at —r,,/2 now give

Tm(f(_rm/Q) - S(_Tm/2)) - 07 m — O0.
Since S(o0) = 0, applying the next lemma gives a contradiction.
Lemma 9.2 We have lim ,cr, ,— 400 7| f(—7)| = 00.

Proof. If r > 0 then (1.18) gives | arg(r + z,)| < | arg z,| and so there exists

M3 > 0 such that
Re< n >>M3
T+ zn

This gives, as r — 00, using (1.13),

An

T+ Zn

Qn

T+ 2z,

M.
> 75 Z la,| — oo.

|zn|<r

) = Myr Y

|Z7L|Sr
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10. Proof of Theorem 1.7

Assume that F'is transcendental and meromorphic with finitely many poles
in the plane, of order at most %, and that all but finitely many fixpoints w
of F' have |F'(w)| < ¢ < 1. Set h(z) = z— F(z). Then h has infinitely many
zeros w, of which all but finitely many have

1—h(w)|<ec<l, 1—c<|hW(w)|<l+ec
By Lemma 6.1 we have (6.3), in which S is a rational function and
an = 1/h'(z,), |an] >1/(1+¢), sup{|larga,|:n € N} <7/2,

and each z, is a zero of h and so a fixpoint of F'. The function f thus satisfies
the hypotheses of Theorem 1.4. But this implies that f — .S has infinitely
many zeros, contradicting (6.3). This proves Theorem 1.7.

11. Proof of Theorem 1.8

Assume that F,p and d are as in the hypotheses. Since p < 1 and F is
transcendental with finitely many poles, F' has infinitely many fixpoints w.
If we assume that all but finitely many of these have |F'(u)| < d, then
applying Lemma 7.2 with ¢,, = 7/2 gives a contradiction.

12. Proof of Theorem 1.9

We need the following special case of a result of Frank and Weissenborn.

Theorem 12.1 ([12]) Let f be transcendental and meromorphic in the
plane with only simple poles, and let k > 2 be an integer. Then

(k= 1N(r, f) < N(r, 1/ f®) + o(T(r, f))
as r — oo outside a set of finite measure.

Assume now that F'is as in (1.19). Then we have

Applying (1.4) to f(2)z7%, with a, replaced by a,(—1)%(k!)"'2* and us-
ing (1.19), we get

m(r, f) < o(1) + klogr, T(r,f) < N(r, )+ O(logr).
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Thus (1.4), (1.19) and Theorem 12.1 give
T(r,F) <N F)+S(r, f) <(k+14o0(1))N(r, f)

< (% + 0(1))N(7~, 1/F)

outside a set of finite measure. This proves Theorem 1.9.

13. Proof of Theorem 1.10

Assume that F'is as in the statement of Theorem 1.10, but with §(0, F) = 1.
The assumptions (1.22) give

FE) =), f&)==3 ="

in which f is meromorphic of finite order, using (1.4). Then
N(r,1/f") = N(r,1/F) = o(T(r, F)) = o(T(r, f))

and so the counting function of the multiple points of f is o(T'(r, f)).

By a theorem of Eremenko [10], the function f has positive order p and
sum of deficiencies 2, and at least one deficient value, a say, of f is non-zero.
But then the results of [10] show that there exist arbitrarily large r such
that f(z) is close to a on a subset of the circle |z| = r of angular measure
close to m/p, and this contradicts (1.4).
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