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Asymptotic behavior of the energy
and pointwise estimates for solutions

to the Navier-Stokes equations

Lorenzo Brandolese

Abstract

We study the large time behavior of the energy of a class of Navier—
Stokes flows in R™ (n > 2) with special symmetries. Inside this class,
we construct examples of solutions such that the energy norm decays
faster than ¢~ ("+2)/4,

1. Introduction

In this paper we deal with the asymptotic behavior, in the space-time vari-
ables, of weak and strong solutions to the Navier-Stokes system. For an
incompressible viscous fluid which fills the whole space R", in the absence
of external forces, the Navier-Stokes equations read

Ou+V - (u®u)=Au—Vp
(NS) u(z,0) = a(z)
div(u) = 0.

Here u : R™ x [0,00[— R™ (n > 2) denotes the velocity field and p(z,t) is
the pressure.

Starting with the pioneering work of Leray [21], a considerable number
of papers is concerned with questions related to the large-time behavior of
the L%norm of u(t). The problem of finding optimal decay rates for the
energy of generic weak solutions is now well understood. Indeed, Wiegner
[41] showed that ||u(t)|ls < C(1+1¢)7* (0 < a < (n+ 2)/4), if such decay
holds for the solution e**a of the heat equation starting with the same data.

2000 Mathematics Subject Classification: 76D05, 35Q30, 35B40, 42C40.
Keywords: Navier—Stokes equations, time decay, space decay, symmetric solutions.



224 L. BRANDOLESE

This improved previous results by Kato [17], Schonbek [29] and Kaijkiya-
Miyakawa [19]. The bound on « is now known to be optimal: optimality
was first discussed in [30] and, more recently, in [28], [13], [14] with differ-
ent methods.

However, exceptional flows which decay much faster do exist. For example,
it is known since a long time that, in dimension n=2, there exists a very par-
ticular and explicit solution of the Navier—Stokes equations with radial vorti-
city. This condition on the vorticity implies that the nonlinearity has the po-
tential form (i.e. V-(u®u) = —Vp), so that u is also a solution of the homo-
geneous heat equation. It was pointed out by Majda and Schonbek that for
such flow ||u(t)||2 has an exponential decay at infinity (see e.g. [30, 10, 28]).
In dimension 2, no other examples with such a property seem to be known.

Similar flows with exponential decay exist in higher even dimension and a
general method for their construction is described in [32]. All these solutions,
sometimes called generalized Beltrami flows, turn out to solve simultane-
ously (NS) and the heat equation. As discussed in [32], it seems impossible
to adapt these examples to the n = 3 case or for general odd dimensions.

Beside generalized Beltrami flows, a few other exact solutions of the
Navier—Stokes equations are known (see e.g. [12], [37] and the review [40]).
But, at best of our knowledge, no examples of solutions in R3 with fast decay
of the energy have been constructed so far.

The aim of this paper is to construct, in any dimension n > 2, a class of
solutions such that the energy norm decays at infinity faster that ¢t=(+2)/4,
Such construction will be achieved by imposing some special symmetries on
the initial data, which are preserved by the Navier—Stokes evolution.

As an application of our results in the n = 3 case, we will provide ex-
amples of initial data a such that the corresponding weak solutions u are
non-trivial and satisfy ||u(t)||s = O(t=*/*). These examples answer a ques-
tion raised by M. Schonbek in [30].

Another important feature of our construction is that it provides so-
lutions such that the nonlinear term PV - (u ® u) does not vanish identi-
cally (here PP is the Leray-Hopf projector onto the field of soleinoidal vec-
tors). Thus, in general, our symmetric solutions are not merely generalized
Beltrami flows.

We refer to [13], [14] for an interesting geometrical insight of such rapidly
decaying solutions. We also would like to observe that some of these results
can be adapted in the case of flows in the half-space (see [11]).

In this paper we also study the asymptotic behavior in the space-time
variables of global strong solutions. Pointwise estimates on the decay of u,
as |z|+t — oo, have been obtained by Takahashi [35] and then improved in
[26], [1] and [16], using different methods.
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Miyakawa [26] showed that the Navier—Stokes equations admit a unique
strong solution u which behaves as |u(z,t)| ~ |2|~*t=#/2, for all a > 0 and
£ > 0 such that a + g < n + 1, if the initial data satisfies
(1.1) sup(1 + |z)"*e'®a(z)| < e and sup(l + )" TV/2e2a(z)| < e,

x,t x,t
with € > 0 small enough. Examples of flows satisfying (1.1) are provided
in [26] and [27], but this condition seems somewhat too stringent.

The bound |[|u(t)||ee < C(1 + t)~*Y/2 was obtained (among other
things) also by Amrouche et al. [1] and He, Xin [16] under more nat-
ural assumptions on the initial data: while [1] deals with data belong-
ing to L2-Sobolev spaces, in [16] a is supposed to belong to weighted-1.?
spaces. However, it seems difficult to obtain Miyakawa’s estimate |u(x,t)| <
C(1 + |z])~™+Y under this type of assumptions. Let us stress the fact that
such space decay rate is optimal for generic flows (see [3], [5], [8]).

In this paper we will deduce the optimal decay rates of [26], under a
smallness assumption slightly more general than (1.1). Furthermore we show
that, inside the class of “symmetric flows” in R™ (n > 2), we can find
strong solutions with an over-critical space-time decay. This last result was
announced in [3]. We will present it in a slightly sharper form.

The rest of the paper is organized as follows. In sections 2 we deal with
weak solutions: we start recalling a theorem by Miyakawa and Schonbek [28],
which relates the long time behavior of the energy of v with the following
non-linear integral identities:

(1.2) //uh(x,t)uk(x,t)dxdt:cah,k (hk=1,....n),
0

with 5h,k =1ifh= k, else 5h,k =0.

Then we introduce the class of symmetric vector field in R™ and we
show that, starting with initial data inside this class, allows us to obtain
weak solutions which are symmetric for all ¢ > 0. Thus, we will be able
to prove that nontrivial flows satisfying (1.2) do exist (this was left open
in [28], for n = 3). We finally show that the existence of solutions such that
[[u(t)|]z = o(t~("*2/4) at infinity (n > 2) is an immediate consequence of
our construction and of the result of [28].

In section 3, we study in some more detail the asymptotic behavior of
symmetric weak solutions (n = 3,4). We shall obtain the bound ||u(t)||s <
Ct~ 6/ which seems to be optimal within the class of symmetric solu-
tions. Our method relies on the Fourier transform, and more precisely on
Schonbek’s Fourier splitting device [29]. We also make use of the energy
inequality and of some recent estimates (see [31], [16], [10]) on the decay at
infinity of the first order moments of |u(-, t)|?.



226 L. BRANDOLESE

In section 4 we deal with strong solutions. After treating the case of gen-
eric flows, for symmetric solutions we will obtain the improved decay rates

(13)  Jul O~ a0, 520, a+f<n+3

as |r| +t — oco. A similar result (in the case o + 3 = n + 3) has been
recently proved also by Miyakawa in [27], using the ideas of [3], after the
first version of this paper was completed. However, Miyakawa’s assumptions
on the initial data are slightly more stringent than ours.

We refer to [4] for a more systematic study of the space-time decay in
dimensions two and three and the computation of the optimal decay rates
of solutions which are left invariant under the action of subgroups of the
orthogonal group of R? and R3.

Notations

Throughout this paper we shall use the following usual notations. For any
multi-index v = (71, ...,7) € N* and = = (xq,...,2,) € R", we set

B ' ohl
@ = axl (ZZl,...,TL) 87:m
and
(1.4) =]ty aln.

Further, V = (01, ...,0,), A denotes the laplacian on R" and

ea(r) = /(47rt)_”/26_x_y|2/4ta(y) dy

is the heat semigroup.

2. Symmetric weak solutions

We start recalling some known facts about the large time behavior of weak
solutions (see e.g. [7], [19], [34] for their construction). By definition, a weak
solution to (NS) is a function

(2.1) u € Cy([0, 00, L*(R")) N L, (RF, H'(R™)),
such that div(u) = 0, satisfying the integral equation
(u(t), o(t)) — {a, 0(0))
22) = [ {9, 5209 = (Vuls). Volo) = ((u(s) Vyu(s), () } s
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(t > 0) for all smooth, compactly supported and soleinoidal vector fields
¢ € C*(R" x [0, 00[). Here (-, -) is the L?-inner product and C,, is the space
of weakly continuous functions.

For 2 < n < 4, we shall assume that weak solutions satisfy the strong
energy inequality:

(2:3) ||U(t)|!§+2/ V()3 dr < [lu(s)][3,

for s = 0, almost s > 0 and all ¢ > s. Unicity of weak solutions is still an
open problem for n > 3.

Wiegner’s results [41] states that ||u(t)||e — 0 at infinity, whenever (2.3)
holds (see also [17], [22], [29], [19] for previous results). Moreover, if the
solution of the heat equation satisfies

(2.4) lle"®ally < (1 +t)~ (t >0)
then
(2.5) Ju(®)]]2 < C(1+1t)77, & = min{ay, 2

and |[u(t) — e"®all = o(t™) if 0 < ap < 2. Thus, (2.5) is optimal for
such low decay rates. As pointed out in [41], (2.5) holds even if u does
not satisfy (2.3) (and it may be the case, if n > 5), but can be suitably
approximated by functions satisfying (2.3). Since this is true in any space
dimension, Wiegner’s result is meaningful also for n > 5.

A simple consequence of [41] is the following: if a € L2(R") (n > 2)

satisfies

(2.6) /|a(:€)|(1 o) dz < oo,

then there exists a weak solution of (NS) such that u(0) = a and ||u(t)||2 <
C(1+ )2/ Ag it is easy to check, this relies on the fact that the
diverge-free condition implies the cancellation [ a(z)dz = 0.

We now recall a characterization by Miyakawa and Schonbek of the ex-
ceptional solutions which decay faster than predicted by Wiegner.

Theorem 2.1 ([28]) Let a € L*(R") (n > 2) a soleinoidal vector field
satisfying (2.6) and let u be a weak solution to the Navier—Stokes equations
such that |[u(t)|| < C(1+1)~+2/4 We set

(2.7)  bpx = /xhak(x) dx and  Apg :/ /(uhuk)(x,t) dx dt
0

(h,k=1,...,n). Then we have
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1. If (byx) = 0 and if there exists C € R such that Ay = Copy, then

n+2

(2.8) Tim 8 fu(t)] > = 0.

2. Conversely, if (byx) Z 0 or (Apg) is not scalar, then
(2.9) lim inf £ [u(t)|]2 > 0.

As the authors themselves observe, nothing is known about the solutions
satisfying Ap, = Cop ;. In particular, they provided as an example just the
classical two-dimensional flow with radial vorticity: let us recall that such
flow is defined in the phase space by G(&,t) = (—is,i&1)|E| 2e Ty (€),
where Wy is a smooth and compactly supported radial function, such that
¢ = 0 does not belong to supp(&yp).

In this section we will show that part 1 of Theorem 2.1 is non-vacuous
in any space dimension n > 2.

It seems natural to look for solutions with fast decay by studying the
class of initial data which satisfy the following orthogonality relations:

(2.10) /ah(x)ak(x) dx = cop (h,k=1,...,n).

The main difficulty arises from the fact that (2.10), in general, instanta-
neously brakes down during the evolution. We refer to [5] for an example.

This leads us to consider the following sub-class of (2.10).

Definition 2.2 We say that a vector field a = (aq,...,a,) : R" — R" is
symmetric if the the following conditions are satisfied, for all j,k =1,...,n.

(2.11)  a; is odd with respect to x; and even with respect to xy, j # k

(2.12)  ay(z) = ag(ox) = ... = a,(c" ),
where o is the cycle o(xq,...,x,) = (Tp, X1, ..., Tp_1).

In the case of two and three-dimensional periodic flows, similar symme-
tries have been considered by S. Kida [18], with completely different moti-
vations. See also [4] for a geometric interpretation of (2.11)—(2.12) and a
more general class of symmetries.

A simple three dimensional example of a symmetric and soleinoidal vec-
tor field is given by

xy (23 — x%)e*mQ
(213) a(:vl, X, .]73) = CL’Q(I‘? — ZL’?S)@*'IP

w3(a3 — af)e
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This example generalizes in an obvious manner to any dimension n > 3:
(2.14) ap(xq,...,x,) :xh(x%kl—xiﬂ)e_‘”'?, h=1,....n (n > 3).

Here we posed z¢ = x,, and x,,1 = 1.

A simple two-dimensional example is:

—|z|? _1gl2

(2.15) a(xy, z9) = (2} — 3x123)e || - 2(zdrd — wlx‘é)e | 2|
| 7 (23 — 3xdmy)e " — 2(x3ad — wizy)el

These examples were first considered in [5], in order to show that there is no

instantaneous spatial spreading of the velocity field, in general, when (2.10)
hold.

We now state a simple but important result concerning the existence of
symmetric weak solutions to the Navier-Stokes equations.

Theorem 2.3 Let a € L2(R") (n > 2) be a solenoidal vector field. If a
satisfies (2.11) (respectively, (2.12)) then there exists a weak solution u(t)
to (NS) which satisfies (2.11) (respectively, (2.12)) for all t > 0.

In particular, for any n > 2 we can find u(z,t) # 0 satisfying (2.8).

The proof is straightforward and we will only sketch it. We will just follow
the retarded mollifier method of Caffarelli, Kohn and Nirenberg [7] (see
also [19], for the general case n > 2) with slight modifications, in order to
ensure that the symmetries are conserved at any step of their construction.
We would obtain the same result by following other constructions of weak
solutions, such as that of [34] or [16].

Proof: We start by stating simple algebraic properties of symmetric vector
fields in the Hilbert spaces L?(R") and H'(R") (the homogeneous Sobolev

space). We denote by S( the class of functions f : R — R™ which
satisfy (2.11), and by S(;) the class of functions for which (2.12) holds.

Then we have:

Lemma 2.4 Let S be S or Suy. All functions f @ R*™ — R™ can be
decomposed into

f=Ffs+(f—Ts)
where fs € S, and

(2.16) fsL(f—fs) in HY(R"), if feHY(R")
(2.17) fsL(f—fs)  in LAR"), if f € L*R")
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Proof: The proof in the case S = S;) is trivial. Let us consider the case
S = S If n =2, the decomposition simply reads:

( fi(w1, z2) ) _ 1( Ji(z1, w2) + fowe, 21) >+1 < fi(w1,29) — folw2, 1) )
fo(1, 22) 2\ fi(wz, 1) + fa(z1, 22) 2\ —fi(ze, 21) + fa(21, 22)
In the general case the decomposition can be performed by choosing:

fi(z) + falox)+ -+ -+ fu(o" 1)
1 filox) + folo?x) + -+ + fulx)

file" ) + fox) + - + fulo"?x)

The orthogonality of fs and f — fg, both in L?(R") and in H'(R") is simple
to check. [

(2.18) fs(x) =

In the next lemma we show the symmetries (2.11)-(2.12) are invariant
under the linearized Navier—Stokes evolution. We shall adopt the classical
notations of [36]: we thus denote by V the closure in H!(R™) of the set V of all
smooth, compactly supported and divergence-free vector fields. The closure
of V in L#(R") will be denoted by H.

Lemma 2.5 Let T > 0 and a € L*(R™) a solenoidal vector field. Let W =
(W1,...,W,) a bounded and divergence-free vector field in C*(R™x]0,TY).
Then we know that there exists a unique function u and a distribution p
such that

(2.19) u € C([0,T), H) nL*(]0,T[, V)
(2.20) du+ (W -V)u—Au=—Vp

in the distributional sense and such that u(0) = a. If both a and W (t) belong
to S (S = Sy or Suy) for all t €]0,T], than this property holds true also
for u(t).

In the setting of Lemma 2.5, (2.20) means that

d

%(l@?}) + (W - Vu, U) + ((U, U)) =0

for all v € V, where (u,v) = [u(x)-v(z)de and ((u,v)) = Y77 (Jju, 0jv).

Proof: The solution u is obtained by the Faedo-Galerkin scheme. We refer
to [7] for a proof. Let Vg = VNS and Vg the complement of Vg in V. Let us
denote by Hg and Hg, respectively, the closure of Vg and Vg in H. Thus,

(2.21) V=Vs&Vs and H=Hso Hg,

where the orthogonality in H follows from Lemma 2.4.



ASYMPTOTIC BEHAVIOR FOR THE NAVIER-STOKES EQUATIONS 231

In constructing the Galerkin approximations of u(t), we may choose an
orthonormal basis of V' such that all vectors belong to Vg or Vg. By our
hypotheses, the operator W - V is bounded from Vg to L*(R™) NS. Thus,
by (2.21), when a € Hg, the Galerkin approximations (u,,(t)) (m =1,2...)
still belong to S for all ¢t €]0,7T[. Passing to the limit for m — oo yields
u(t) € S for all t. |

We can now outline the proof of Theorem 2.3. As before, we just indicate
the necessary modifications of the classical construction in order to get the
symmetries. For more details on the classical construction we refer to [7]
and [19].

For each integer N > 1 and uw € L*>(]0,T[,L*(R™)) we consider the
retarded mollification of u:

1 -
Un() = s [ [0 Pt gt - rydydr 5=

As in [7] and [19], ¢ is a smooth, non-negative function, such that

[ [ vt tdzie=o

and suppy C {(z,t) : |z|* < t, 1 <t < 2}. Moreover, a(x,t) = u(z,t) if
t >0 and a(x,t) =0if t <O0.

We now define the approzimate solution uy of (NS) (N =1,2...) as the
solution of the system

atUN + (\IIN(’LLN) . V)U,N — AUN = —VpN
(NSy) { div(uy) =0 (z,t) € R" x [0, TT.
uy(0) = a,

Note that (NSy) can be solved subsequently on the intervals [(k — 1)d, kd]
(k=1,...,N). Thus, solving (NSy), is equivalent to solve N linear equa-
tions of the form (2.20).

We now would like to show that uy is symmetric. But this seems not
to be the case under the previous assumptions on . However, we can
take ¥ (x,t) which, in addition, is radial in R™ for all ¢. Thus, a trivial
computation shows that if u(s) € S for all s €]t — 20,¢ — §[, then ¥ (u)(¢)
also belons to S, for all t. By Lemma 2.5, we get uy(t) € S for all t €]0, T

Usual a prior: estimates and embedding theorems imply the existence of
a subsequence uys of uy which converges (e.g., weakly in L*(]0,T[,V)) to
a weak solution of the Navier—Stokes equations. Hence u(t) € S for almost
all t > 0. But, since weak solutions are weakly continuous in L*(R"), u(t) is
symmetric for all ¢ > 0.
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The second conclusion of Theorem 2.3 is now an immediate consequence
of Theorem 2.1. Indeed, let us start with the symmetric initial data (2.14)
or (2.15). Obviously, (2.6) holds and [ xpax(z)de = 0 (h,k = 1,...,n).
On the other hand, the solution constructed in the first part of the proof of
Theorem 2.3 satisfies [(upug)(x,t) dz = c(t)dpx for all ¢ > 0 (because of the
symmetries). All the assumptions of Theorem 2.1 are satisfied and (2.8)
follows. |

Remark 2.6 Recall that, for a n-dimensional vector field a, the correspond-
ing vorticity field is given by the n xn antisymmetric matrix 2 = Va—(Va)*.
In the symmetric case, 2, x(x) is an odd function with respect to xj, and zy,
(h,k =1,...,n). It follows that nontrivial symmetric flows have nonradial
vorticity. Thus, symmetric solutions are not the natural generalization of
the two-dimensional solution described in [30], [10], [28], but they are quite
different flows.

Moreover, a tedious but elementary computation shows that if a is de-
fined by (2.15) or (2.13), then V- (a ® a) has not the potential form. Thus,
the corresponding solution of (NS) cannot solve simultaneously the heat
equation.

3. Decay estimates for symmetric solutions

In this section we obtain some explicit decay rates for the L2norm of
symmetric solutions. More generally, we shall study the class of solutions
such that

(3.1) /uh(x,t)uk(x,t) dz = c(t)op for almost all ¢ > 0.

Let us observe that we are not able to characterize the initial data such
that (3.1) holds true at least for a suitable weak solution.

We prefer to deal with (3.1), and not with the slightly more general
assumption

(3.2) /0 OO/ wn(, gz, £) d dt = Oy

contained in Theorem 2.1, for the following reason: conditions (3.1) are
invariant under the translations 7 — wu(t + 7). This is obviously the case
also for the condition ||u(t)||; = o(t~("*2/4), but, on the other hand, (3.2)
is not invariant. For a detailed discussion on this point, and the description
of a method (very different from ours) to overcome this type of difficulties,
we refer to [13], [14].
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We now state our main result of this section:

Theorem 3.1 (1) Let a € L*(R") (n = 3,4) a divergence-free vector field
such that

2
/]m|2|a(x)]2dx<oo and ||e®all, <C(1+ )7,  with 040>n+ )

Then there ezists a weak solution u of (NS), such that

u(0) =a and /|x\2]u(x,t)\2dx <oo forallt>0.
If
(3.3) /uh(x,t)uk(x,t) dx = c(t)0n ks a.e. in |0, 00],

then ||u(t) — e*?all, = O(t="*4/4) as t — oco. In particular,
(3.4) u®)]l < C(1+1¢)7°, with & = min{ag, 2}

(2) Furthermore, if [ |z]*|a(x)|*dx < oo, then [ |x*|u(z,t)]*dz < oo
for allt > 0. In this case, if oy > "T+4 and if u also satisfies

(3.5) /xkuk(x,t)uk(x,t) dex = /:ckuh(x,t)uh(x,t) dx

(3.6) /xjuh(x,t)uk(x, t)dx =0, h #k

for all j,h,k = 1,....n and almost all t > 0, then ||lu(t) — e'Palls =
Ot~/ g5t — oo. Thus, (3.4) is improved by

(3.7) u()]], < C(1+1)"7, with & = min{ayg, 22}
A few comments are in order:

Remark 3.2 The result about the persistence of the conditions |z|a €
L2(R") and |z[*?a € L*(R") is due to [31] and [16]. The simplest examples of
data such that ||e*®al|, < C(1+1)72 are obtained by taking a(¢) € L2(R"),
with a suitable vanishing condition for & = 0.

Let us also observe that, if a € L2(R"), then the assumption ||e/®al|, <
C(1 4 t)~? is equivalent to

- —2a,00

(3.8) aeLXRYNB, “C®RY (> 0)

=2 ) .
where B, 0 OO(R”) is the homogeneous Besov space. We refer to the appen-
dix for a definition of Besov spaces and to [6] for a proof this characterization.
Here « is a parameter which is essentially related to the oscillations of a.
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Remark 3.3 We observe that if u(t) is a symmetric vector field then, for
all (7,h, k) € {1,...,n}3, the function

r — zupug(z,t)

is odd with respect to at least one variable. Thus, all the integrals contained
in (3.5)-(3.6) vanish and the second part of the theorem is non-vacuous. As
we will see below, however, the vanishing of [ zjui(z,t)dz (k =1,...,n)
would not be necessary.

Remark 3.4 We point out that this theorem implies also the existence of
solutions u such that ||[u(t)||s = o(t~(™*2/4), but which do not satisfy the
conditions of the theorem of Miyakawa and Schonbek (the same remark is
done in [14]). Indeed, Theorem 2.1, relies on the assumption

(3.9) /|a(x)|(1 o) dz < oo,

which is slightly more restrictive than |z|a € L?(R"), at least from the
localization point of view.

An important difference between this last condition and (3.9) is that the
former is conserved for all ¢ (see below, or [16], [31]), while the second, in
general, is not. More exactly, as shown in [3], (3.9) instantaneously brakes
down, unless the orthogonality relations

(3.10) /ah(a:)ak(m) dr = cop (hyk=1,...,n)
hold.

Proof of Theorem 3.1: The finiteness and the decay of the first order
moments of |u(x,t)|? was studied e.g. in [31], [16] and [10]. In particular, it
is now well known that the moments of |u(x, t)|? are finite up to the order 3
(at least when n = 3,4), if the datum belongs to the corresponding weighted
L%-spaces. To be more precise, we recall that if (1 + |z|)a € L*(R"), then
there exists a weak solution w which satisfies the energy inequality (2.3)
and such that sup,sq |[(1 + |z])u(t)||]2 < co. Moreover, if we also have (1 +
|z|3/?)a € L*(R"), then there exists a constant C' such that

(3.11) /(1 e u(@)2 de < Clog(2 + 1),

We refer to [16] for a detailed proof in the case n = 3, and to [10] for n = 3,4
(see also [31]). There it is also shown that it would be possible to get rid of
the logarithmic factor in (3.11), under some supplementary assumptions on
the localization of the data, which we will not need in the sequel.
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By Hoélder’s inequality,

/|x| lu(x,t)|* dx < (/ |u(x,t)|2da:) " (/ |x|2|u(m,t)|2dx) 1/2.

Thus, by (2.5) we get

(3.12) /OOO/ @] [u(z, £)[2 d dt < oo,

We now follow Schonbek’s approach [29] and we bound the energy of u
by splitting ||a(+,)||3 into two time dependent domains, namely

[ jaeopds and [ jaeopd
l€l<g() l€l=g(t)

As in [29], we will choose

(3.13) g(t) = Va(l+1) 17,

where o > 0 is a large constant.
The first of these two terms is treated in the next lemma.

Lemma 3.5 Under the assumption (3.3) we have:

Gy [ qaeoRds < ool + g0+
l€l<g(®)

If (3.5)-(5.6) also hold, then

a1) [ JaE 0P < OISl + o))
l€l<g(®)

Proof: Taking the Fourier transform of the j-component (j = 1,...,n) of
the Navier-Stokes equation in its integral form yields

(3.16) T (€, 1) = e~ (6) i / IS g (@,k—%>m<f, ) ds.
0 hk=1

This is justified by the application of the Plancherel theorem and a simple
limiting argument, choosing in (2.2) ¢ in the following way:

(3.17) 66 5) = TIEG ) (0<s <),

for any fixed ¢ and t* (0 < t < t*), where ¢y € CP(R™) is an arbitrary
solenoidal smooth vector field. We refer to [41] for the details of this argu-
ment (see also [30]).
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By (3.3), we have

1
(318)  TH(E 1) = c(t)hr + € - / V(0.0 o, ae in]0, 00,
0

for all b,k =1,...,n. Here the application of the Taylor formula is justified
by (3.12).

But, for any fixed j (j =1,...,n),
D (G — &€ )00k = D bin — & =0
hk=1 k=1

Hence, (3.16) and (3.18) yield
aj(€,1) = e (6) -
t prl
(3.19) —1/0/0 e~ (=9 Z gh< ik — fg%)g-vm(ge,s) ds df.

h,k=1

Thus, |a(¢,t)| < e " [@(€)|+C|¢? I3[ 2| lu(z, s)|* dz ds and (3.14) imme-
diately follows.

The proof of (3.15) is very similar, but we have to postpone it, since it is
a consequence of the first part of Theorem 3.1 (namely, estimate (3.4)). W

As in [41], Schonbek’s Fourier splitting idea will be used with the inte-
grated equation. We have

(320)  [[Vu(®)|; > g(t)Q/ [a(€, ) dg = g(t)*[[u(t)]]; — B(L),

|€]>g(t)

where
(3.21) 5= g0° [ [P
§l<g(t)
Integrating this inequality and (2.3) yield

B2 @I+ [ a0 Pl <@+ [ e)ar

for s =0, almost all s > 0 and all ¢t > s.
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We now state the following lemma (we use the same notations as in [41]).

Lemma 3.6 Let g(t), y(t) and ((t) be three functions defined on [0, 00,
such that g is smooth, y(t) > 0, B(t) > 0, y is locally bounded and 3 is
locally integrable. Assume that (after suitable modification of the values of
y(t) on a set of measure zero)

t
(3:23) o)+ [ ot Putr)dr <o) + [ 50
holds for s=0, almost all s > 0 and allt > s. Let also e(t) = exp fo )2dr).
Then,

t
y(t)e(t) <y(0) + / e(r)B(r)dr for allt > 0.
0
Proof: This lemma is implicit in Wiegner’s paper [41], but we give the
proof for reader’s convenience.

Let us fix T > 0 and consider ¢ and h such that h > 0, t — h > 0 and
t <T. We start observing that, by Taylor’s formula,

e(t) — e(t — B) = e(t — ) /t_hg(r)Z dr + e(h),

where |e;(h)| < Co(T)h?, for some positive constant Cy(T') and all ¢ € [0, T.
Then, for almost all h,

y(B)e(t) —y(t —hle(t —h) =
(3.24)  =y(t)e(t —h) /t_h g(r)* dr +e(t — h)(y(t) — y(t — b)) + y()e(h).

Using . .
s =stt=m <= [ aePynars [ s

t—h
we see that the right hand side of (3.24) is bounded by

(=1 [ ) =gl ar+ et =) [ B0 dr o
But, Lih(y(t) —y(r)g(r)*dr < Cy(T hft , B(7) dr. Thence,

y(t)e(t)—y(t—h)e(t—h) < C3(T / B(r d?“—l—/ e(r)B(r) dr+Cy(T)h*.

The conclusion of Lemma 3.6 immediately follows by summation, let-
ting h — 0. [ |
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Choosing y(t) = [|u(t)|3, g as in (3.13) and 3 as in (3.21), we get

(3.25) a1 +8)* < [lalf3 +/0 (14 5)%3(s) ds

By (3.14), B(s) is bounded by Cu(1 4 8)7'[(1 4 s)72% + (1 + 5)~+49/2],
Now (3.4) immediately follows, by choosing a > (n + 4)/2.

We now come to the proof of (3.15) and (3.7). Let us take ag > 244,
Since

1/3 2/3
/|x| u(z, 1) dz < (/yu 1) |2dx) (/yx|3|u(x,t)\2dx) ,
by (3.4) and (3.11) we get

(3.26) /O /|:B|2|u(:v,t)|2da:dt < .

Then, by Taylor’s formula,

Untn(€,t) = c(t)6pi + Z@a Unun(0, 1)

=1
Y21 -0) .,
3.27 v o7 0 do
(3.27) +h§:2£ /0 7 upug (68, 1)

We claim that under the assumptions (3.5)-(3.6) the identities

(328) Y &&0k — G&IET0MwuR(0,) =0 (j=1,...,n)

ih k=1

hold true, for almost all ¢ €]0,00[. Then, (3.15) follows from (3.16), (3.27)
and (3.28), by the same argument that we used to get (3.14).

Our claim is an immediate consequence of the following very simple
lemma.

Lemma 3.7 Let pipe € R (i,h,k=1,...,n), such that
Mihk = Hikh fOT’ all i, h, k= 1, .o, n.

Then the two following conditions are equivalent:

(1)
3 29 Z ﬂzhk&f]ghgk _Z “zh]£z§h|£| fO?“ allg € R" and ] - 1 sy 1

i,h,k=1 i,h=1
(2) The coefficients ppy satisfy

(3.30) Pkt = Hrnn  (Byk=1,...,n)
(3.31) e = 0 forallh#k (i,hk=1,...,n).
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Proof. This is elementary: indeed, if (3.29) holds, then for any j the
polynomial > "7, | pi;&:&n is divisible by &;. Hence, p;,; = 0 if ¢ # j and
h +# j. Further, Unn; = tnin = 0 if b # j. This gives (3.31). But from (3.31)
and (3.29) we immediately get (3.30).

Proving that (3.30) and (3.31) imply (3.29) is an obvious computation. Hl

We are now in position to prove (3.7). From (3.15) and (3.21) we get an
improved bound for (5. Indeed,

5(8) < Ca(l + 8)71[(1 + 5)720‘0 + (1 + 8)7(n+6)/2].
Conclusion (3.7) now follows from (3.25).

To finish the proof of Theorem 3.1 we now have to show that the decay
rates (3.4) and (3.7) are optimal. This will be done by showing that, under
the assumptions of the first part of Theorem 3.1, we have

[u(t) — e®ally = Ot as t — oo,
Further, we have to show that
[u(t) = eBall; = OO, (t — o0)

under the supplementary conditions (3.5)-(3.6).

To do this, we will use a well known strategy (see e.g. [29], [19], [41]): we
replace u(t) with D(t) = u(t) — e®a and we proceed along the same lines.
Note that D satisfies an energy inequality (in slightly modified form):

t t
ID@IE+ [ IVDOIBdr <D+ [ llutr)|Blleal 2 dr

for almost all s > 0 and all ¢ > s (see [41]).

Let us choose g as in (3.13). Next we observe that
[ ibeolds < cotor
€1<g(t)

(and the better bound [ ID(&, 1) d€ < Cg(t)™*® holds, under the as-
sumptions of the second part of Theorem 3.1).

Then, conclusion
[[D(t)||2 < C"(1 +t)~ED/% (respectively, ||D(t)]]s < C'(1 + t)~(H6)/4)

follows applying Lemma 3.6 with

y(t) =ID@Il;  and ﬁ(t)zIIU(t)IlglletAa||§o+/ D(&, )] de.

1€1<g(t)

This completes the proof of Theorem 3.1.
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4. Pointwise estimates of strong solutions

In this section, motivated by previous results of Takahashi [35], Miyakawa
[26], He and Xin [16] and Amrouche et. al. [1], we want construct global
strong solutions u to the Navier—Stokes equations with profiles at infinity of
the form

(4.1) [u(e, )] ~ x|t 2,

for any « > 0, > 0 such that a + =~y and 1 <y <n+ 3.

The existence of such solutions is already known in many important sit-
uations, namely the under-critical case 1 <y < n+1 (see the the previously
cited papers and the remarks below). To deal with the case v > n + 1, we
will use symmetric initial data.

It should be emphasized that the existence of solutions with profile (4.1),
in the special situation a = 0 and n + 1 < 8 < n + 3 immediately follows
from Theorem 3.1 and the results of [1]. Indeed, Amrouche et al. prove
that, under suitable assumptions on the data,

[u®)lloo < CA+HHu@®ll: (2 <n<5).

Moreover, decay estimates for the spatial derivatives of u would also follow
from [1] but, for sake of simplicity, we will not discuss such estimates in
this paper.

However, in the case o > 0, profiles (4.1) are not a consequence of the
results of [1]. Further, we want to derive (4.1) in any space dimension.

To prove (4.1) we will apply the fixed point theorem to the integral
form of (NS), in some L*-weighted subspaces of C([0,c0[, L (R")) (here,
L = L™> denotes the weak L™ space). This approach have already been
used in [26].

Recall that the integral formulation of (NS) reads

(IE) u(t) = e®a — /Dt VAPV - (u @ u)(s) ds.

Here e'”PV is a convolution operator and the components of its kernel
F(z,t) are given by

(4.2) Fini(€,) = i€ne (5,5, — ;641€72).
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We will prove the following:

Theorem 4.1 Let 1 <~ <n+3 and let a be a divergence-free vector field
such that

(4.3) (14 |x])7a(z) € L=(R").

Ifvy=n,n+1, n+2 orn+ 3 we also assume

(4.4) sup (14 |z])7|e"®a(z)| < oo.
zeR™,t>0

In the case v = n, we also suppose that t"/?|e®a(x)| is uniformly bounded
m x and t.

Whenn+ 1<y <n+4 3, we assume a to be symmetric.

Then, there exists an absolute constant n > 0 with the following prop-
erty. If
(4.5) sup |z| |a(z)| <,

zeR”

then there ezist a constant C' and a solution u of (IE) such that u(0) = a
(e.g. in the distributional sense) and

(4.6) u@, Ol < CAL+[a))7,  fule, )] < CL+8)

Remark 4.2 Conclusion (4.6) is due to [26] in the case 1 <~y <n+1 (see
also [35], for the case 1 < v < n and [16], for v = n,n + 1). The result
in the over-critical case v > n + 1 was announced in [3], but the proof was
only sketched. A recent proof in the case v = n + 3 (under slightly more
stringent assumptions), based on the ideas of [3], is contained in [27].

We also recall that if u(z,t) is a solution to the Navier—Stokes equations,
then the same is true for uy(z,t) = Au(Az, \?t) (A > 0). But the smallness
assumptions of [26], [16], [1], [3] and [27] are not invariant under this natural
scaling. On the other hand, (4.5) is invariant.

Remark 4.3 The solution is unique in C([0, co[, L3°(R")), where L3°(R")
is the space of all functions f such that (1 + |z])?f(x) € L>®°(R™) and the
continuity in ¢ = 0 is defined in the distributional sense (as it is usually done
in non-separable spaces). The proof of the continuity with respect to the
time variable is straightforward and will be omitted (the standard argument

is described e.g. in [24]).

The proof of Theorem 4.1 will be based on three lemmata, which are
useful to describe the space-time decay of the linear evolution e‘“*a(z). The
first lemma gives examples of initial data satisfying (4.4) and explain why
the assumptions of Theorem 4.1 are slightly more stringent in the particular
cases Yy =n,n+ 1, n+ 2, and n + 3.
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Lemma 4.4 Let a such that (1 + |z|)7a(x) € L®°(R"™). We set I(r) = [r]
(the integer part), for any noninteger real number r, and I(r) =r —1 if r
18 integer.
1. If 1 < v < n then, for some constant C' > 0,
(4.7) sup [e"%a(x)] < C(1+|a)™

£>0
Estimate (4.7) holds true when v > n, provided that (1+ |z|)*"a € L*(R")
and the moments of a vanish up to the order I(y —n).

2. Forv>1 and v # n, let a be such that (4.7) holds. Then

(4.8) sup |e®a(z)| < C'(1 +t)77/?
rER™
Conclusion 1 is well known: see e.g. [26]. Conclusion 2 is slightly
more deeper and follows from the theory of weak Hardy and Besov spaces.
In the appendix we will provide a proof of this second statement, which is a
straightforward adaptation of an argument due to [25] and [26].

In Theorem 4.1 we made no assumptions on the moments of a. Actually,
these assumptions are implicit for localized symmetric and solenoidal vector
fields. Indeed the divergence-free condition implies many conditions on the
higher-order moments of a:

Lemma 4.5 Let m € N and let a be a solenoidal vector field such that
(1 + |z))™a € LY(R"™). Then, for any a = (cu,...,a,) € N such that
1 <|al <m+1, we have

(4.9) ozl/xf”lxg‘? cooanray () de-- - -+an/x‘f1x§2 cata,(r) dr = 0.

In particular,

(4.10) /aj(x) dr = /xjaj(x) de = ... = /x;-"aj(x) dx =0

and, if m > 1,

(4.11) /xhak(:v) dx = — /;Ekah(a:) dx (h,k=1,...,n).
Conditions (4.10) and (4.11) are due to Truesdell (see [38]), at least for

three-dimensional vector fields. The general conditions (4.9) are not so much

known, but they can be probably deduced from the slightly more difficult

Truesdell’s identities after some computations (and conversely). Here we
give a more direct and elementary proof of (4.9), using the Fourier transform.
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Proof: We start observing that, for £ = 0,1..., m we have

(4.12) Z Z 5 L an(€) =0

h=1 |y|=t

(here we use the notations introduced in (1.4)). Indeed, this is obvious for
¢ = 0. The general case follows by induction on m: for any fixed k = 1,... n,
let e, = (0,...,1,...,0) be the k-th vector of the canonical base in R™. If
v=1(",---,7) € N* and |y| < m — 1 then we have:

O (Z 5’*@6@(5)) = E0 )+ WE TG (€)Y €6, i (€).
h=1 h=1 h=1

Multiplying this expression by &./v! and summing on k and ~ yields, by
induction,

(4.13) Z > & 5’“0”” O+ > > 7’f;ghmah(g)

k=1 |y|=¢ : hok=1 |y|=¢

+ Z > ! ghf’“makah(g).

hok=1 |y|=¢

If (4.12) holds true for all £ (0 < ¢ < m — 1), then we see that the two first
terms on the right hand side of (4.13) vanish. But,

Z Z Skt 0" 0pan(§) = (0 +1) > fﬁaﬁah(g).

k=1 |y|=¢ ! |Bl=¢+1

Thus, (4.12) holds true also for £ =m

Now, if a € LY(R", (1 + |x|™)dx), the left hand side in (4.12) is a contin-
uous function in &, for all £ =0,...,m. Taking £ =rn, n € R", |n| =1 and
r — 0, we get

szah Pe=0, |nl=1, £=0,...,m

h=1 |y|=t

and the vanishing of this homogeneous polynomial is equivalent to (4.9).
Choosing o = (0,...,¢ 4+ 1,...,0) (with ¢ = 0,...,m) yields (4.10).
In order to see that f xpag(x) dx is skew-symmetric, we just take oo = ej, + ¢y,

(hk=1,...,n). u
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The following lemma is now immediate:

Lemma 4.6 Under the assumptions of Theorem 4.1 we have, for any 1 <
v <n+3,

(4.14) Stl>l%)) lePa(x)| < C(1+ |z])7, and
(4.15) sup |e®a(x)| < C(1+1)77/2
TER™

Proof: Indeed, this is obvious for y=n and it is a consequence of Lemma 4.4
for v # n. To apply Lemma 4.4, observe that the vanishing of [a(z)dx
(when v > n), as well as the vanishing of [ z;a;(z)dz (when v > n + 1)
comes from Lemma 4.5. On the other hand, the vanishing of the integrals
[ zjap(z)dz (j # k) comes from the symmetry of a. When n +2 < v <
n + 3, the vanishing of [ x;zpar(z)dx (j,h,k = 1,...,n) is an immediate
consequence of the symmetries as well. [
We are now in position to prove Theorem 4.1.
Proof of Theorem 4.1:

We first consider the case v = 1. By (4.3), (4.5) and a rescaling argument,
we can assume that sup, (14 |z|)|a(x)| is small (if necessary, we replace a(x)
by Aopa(Aox), with a suitable Ay > 0).

Our solution to (IE) will be constructed applying the standard fixed point
argument in the space defined by (4.16) below. To do this, let us introduce
the bilinear operator

B(u,v)(t) = /Ot eIAPY - (4 ® v) ds.

Then we define the approximate solutions u(® = e!?q, ub+) = ¢t2q —
Bu® u®) (k=1,2,...).
Let us show that B is bounded on the space of functions such that

(4.16) sup(1l + |z|)|u(z,t)| < oo and sup(1 4 )2 |u(z, t)| < oo.
x,t x,t
This is due to [26] and it follows from some well known decay properties
of the kernel F'. Indeed, by (4.2) we have

(4.17) |F(xz,t)] < Cla|~™*Y, \F(z, 1) < Ct=mD/2,
418)  IPC )l < O Fla,t) = =002 (112, 1)

(

(see e.g. [26]). Then the bound

(4.19) sup(1 + |z|) | B(u, v)(z,t)] < oo
z,t
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easily follows by splitting B(u,v)(t) into

/Ot/l <lzl/2 Flz =yt =s)(u@v)(y,s)dyds

and

/0/|>| /2 Flz =yt =s)(u®v)y,s) dyds.

On the other hand, we can write

t

(4.20) B(u,v)(t) = e*?B(u,v)(t/2) +/ F(t—s)x(u®wv)(s)ds.

t/2

Because of (4.19), applying Lemma 4.6 to B(u,v), we see that the first term
on the right hand side is bounded by Ct~/2. The estimate of the second
term is obvious, by (4.17) and (4.18).

On the other hand, applying again Lemma 4.6 with v = 1, we see that
the linear term e'“a belongs to the space given by (4.16) (with a small norm).
Theorem 4.1 is thus proved for v = 1.

To prove the theorem in the case 7 > 1 we could apply the fixed point
theorem in the space of functions such that |u(z,t)] < C(1 + |z|)™” and
lu(z,t)| < C(14t)~7/2. This was done in [26], [3], [27]. We will not use the
approach, since it leads to too stringent assumptions on the data

We will obtain the conclusion in the case v > 1 by means of some boot-
strap arguments. A first essential step is the following lemma.

Lemma 4.7 Let v > 1 and a as in Theorem 4.1. Then there exists 0
(1 <6 <#) and a constant C such that the solution u obtained for v = 1
satisfies

(4.21) lu(z, )| < O+ |z[)~° and
(4.22) lu(z,t)] < C(1+1)792,

for all x € R™ and t > 0.
Proof: We first show that w satisfies
(4.23) V(- O)||nys < ct P20 0<pB<1,

for some small constant ¢ > 0 and all £ > 0.
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The proof of (4.23) is almost the same as in [17] and relies on two simple
facts. Firstly,

IVe2allnss < ClIVgillum/m-ioa|al|Lme < nCt0/2)

(here and below, g,(z) = (4nt)~"/2e~"/(4) ig the gaussian) by Young’s
inequality for Lorentz spaces (see [2]).

Secondly, B(u,v) is bounded in the subspace of C([0, oo[, L™*°(R")) given
by all solenoidal vector fields satisfying (4.16) and (4.23). To see this, we
first observe that, by the divergence-free condition, VF(t—s)*(u®w)(s) can
be written as Ve 2P(u - V)v. Next, the kernel F' of Ve""2P essentially
equals F', and satisfies the same bounds (4.17) and (4.18). By Young and
Hélder’s inequality, and since ||u(s)]], < Cllu(s)|[i2|[u(s)||2™" (n < r <
00), we have, if 0 < g <l and n <r <n/(1—[),

IIVB(u,v)(t)Hn/aS/O 1t = )| = w1 V0 (8]l ds

t
< K(u,v)/ (t — )" 1/2n/2r g=3/240/2045/2 g
0
< K(u,v)t0/2,

Here,

K (u,v) < Csup ™2 || Vo(t)[[ (Sup [[u()]ene + sup ¢1/2 Hu(t)||oo>,
t>0 t>0 t>0

where C' is an absolute constant,

It is now easy to show that u(t) belongs to LP(R™), for all p such that
max{1,n/v} < p < oo, uniformly in time. This is obviously true for ¢ = 0,
by (4.3). Moreover, the approximate solutions u® (see the first step of
the proof) converge in the space of functions which satisfy all the previous
conditions and which, in addition, belong to L*(]0,c0[,L?(R")). Indeed,
leall, < [lall, and

t
0
< Csup |[Vu(s)|lnss sup [[v(s)]],
s>0 s>0

1B (u, 0)(0)[l, < C/ (t = )72 Vu(s)|lnssllv(s)llp ds

for any 0 < 8 < 1. Thus, [[u*(@)]], < Jlally + ¢ sup,so [[u® (5)]], where,
by (4.5) and (4.23), ¢ is a small constant independent of ¢. This in turn gives

sup [|u(t)|], < oo.
t>0
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We are now in position to improve estimates (4.16). Let us choose p =

(1 + %) Then we write u(t) = e®a — B(u,u)(t) and we apply Young’s

inequality to the linear evolution. This yields
||6tAaf||oo < Ot = 0/

Moreover, if 3 > 0 is small enough, so that 2% + g < 1, we have

[1B(u, u)(#)]]o0 < C/Ot(t = 5) O Ju(s) |V () [ 5 ds
< C/t(t — S)—n/Qp—ﬁ/23—1+ﬁ/2 ds
0
< Ot = o /(D)
Thus,
(4.24) lu(z,t)] < C(1+t)0FD 2 e R ¢ >0,

which is slightly better than the second of (4.16).
By the first of (4.16) and (4.24), we get

(4.25) lu @ ul(y,s) < C(1+ |y|)_(1+(7_1)/(27))(1 + s)_l/Q.

We now split B(u,u)(x,t) as before into

/0 /|< /2 Flz =yt =s) (u®u)y,s)dyds

and

/0 /|>| \/2F(x — Yt = s)(u@u)(y,s) dyds.

Using |F(x,t)] < Clz|™t~Y/? and (4.25), we see that the first integral is
bounded by c|z|~1+0=D/(7) " But this estimate holds true also for the
second integral, because of ||F(-,t)||; = Ct~'/2? and (4.25).

Since 1 < 1+ (y—1)/(2y) < v (when 7 > 1), Lemma 4.4 and u(t) =
e'®a — B(u,u)(t) imply

u(z, )] < C(1+ |o)~H+OD/ED 0w e R ¢ > 0.

Lemma 4.7 is thus proved. [ |
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Proof of Theorem 4.1 in the case 1 < v < 2:

Let § be as in Lemma 4.7. We may assume 1 < § < 7 < 2. By (4.21)
and (4.22), we have

(4.26)  |u®ul(y,s) < C(1+ |y|)~2+ 1+ 5)~ 12 (y e R", s >0).

Let us first treat the case n = 2 and 3/2 < § < v < 2: arguing as in
Lemma 4.7, (4.26) yields |B(u,u)(z,t)] < C|z|™2. Thus, |u(z,t)] < (1 +
|z[)7". If n = 2 and § = 2, the bilinear term is bounded at infinity by
|z|~?1og(x). But this allows us to improve the rate of decay in (4.26). Thus,
we can obtain the bound |u(x,t)] < C(1 + |z|)™7 as we did for n = 2 and
J>3/2.

We now consider the other cases, i.e. n =2 and 1 < § < min{%,y},
orn>3and 1 <6 <~ < 2. The same argument as above implies that
| B(u, u)(z,t)| is uniformly bounded by c|z|~2*!. Thus,

lu(z,t)] < C(1+|z))™, 91 = min{y, 20 — 1}.

This is slightly better than (4.21).
Let us show that we have also

(4.27) lu(z,t)| < C(A+1)"%/2 2R t>0.

We start by splitting B(u, u) as in (4.20). For the second term, we obviously
have

t
/ IF(t = 5) % (u@ u)(s)|| ds < £~/
t/2

For the first term, we have
122 B (u, u) (t/2)] |00 < 70172,

This can be seen as follows. If 4; < n we simply use ||B(u, w)(t/2)||pn/s.0 <
C and the duality between L™/ (=0):1(R") and L*/°°(R"). If §; > n (since
d < 2, this happens only if 6; = n = v = 2), we have

1622 B (w, w) (t/2)] |00 < [1guylloo|[B(u, w)(t/2)]]1
t/2
(4.28) < Ctl/ 1F(t/2 = s)|hllu(s)][zds < Ct,
0
where ¢ is the gaussian and g,(x) = t™/%g(x/\/1).

This implies (4.27). If 0, = ~ the proof is finished. If §; < ~ the
conclusion follows after finitely many iterations.
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Proof in the case 2 <y <n

By the above proof, in (4.21) and (4.22) we can choose § such that 2 < § < n.
We easily obtain e.g. |B(u,u)|(x,t)] < C|z|~°~L. Hence,

lu(z,t)| < C(1+|z))°, & =min{y,d +1}.

If § <~ <n, (4.20) and (4.22) imply || B(u,u)(t)||ec < Ct0/2 4 Ct=0+1/2,
Thus, |u(z,t)] < C(1 +t)~%/2. After finitely many iterations of this argu-
ment, we find 6 = v < n. Hence, |u(x,t)] < C(1+ |z])7.

On the other hand, if 7 < n the estimate |u(x,t)| < C(1+t)~/2 now fol-
lows from (4.20) and the duality of Lorentz spaces. If v = n, the conclusion
follows by arguing exactly as in the case vy =n = 2.

Proof in the case n <y <n+1

In this case we may choose 6 > n in (4.21) and (4.22). In particular,
I uly, s)Pdyds < oco. By (4.17) and (4.18) we get |B(u,u)(z,t)| <
Clz|=*+Y. Thus, |u(z,t)] < C(1+ |z|)7.

The time decay estimate of the bilinear term is also immediate. Indeed,

t

t/2
HB@MMGNWEQA HF@—SWWWKﬁﬁd&+Z;HF@—SWHWSN&d&

The first term is bounded by t~*1/2 and the second by ¢~°*/2. Thus,
lu(®)]lee < C(L+ )72

Proof in the case n+ 1 <y <n+ 3 (a symmetric)

A A

Let us first observe that approximate solutions u(®) = e*®a, u( =e'%a —
B(u'™, u(™) are symmetric for all £. This can be seen by induction, in the
following way: we first introduce the vector fields 0(x,t) and ¢(z,t) which
are defined in the phase space by

m+1)

/9\(5, t) = Z {“hu,(lm)u(m) (&)
h=1

and

(), (7

S(E ) =¢&lEl 2D a&uu™ (€ 1).
hk=1
If «(™(x,t) is a symmetric vector field for all ¢, then the same is true for

@(5 .t). Thus, 6(¢,t) and ¢(&,t) are symmetric for all ¢, with respect to
the & variable.
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Then,

B(u™ ™) (&, 1) =i / - G(e, ) — (e, 5)) ds
0

is symmetric. Passing to the limit for m — oo, implies that the solution
u(t) obtained in the first step of the proof is symmetric for all ¢.

Before going further, let us recall some known decay estimates for the
spatial derivatives of I (see e.g. [10]). For any a € N we have

(4.29) 0“F (x,t)] < Ozl
(4.30) |0°F (x,t)] < Ct~(F1tlah/2,

The conclusion of Theorem 4.1, at least in the case n > 3, will be an
immediate consequence of the following lemma.

Lemma 4.8 Letn > 3 and u(z,t) a symmetric vector field such that (4.21)
and (4.22) hold with § =n+ 1. Then

(4.31) |B(u, u)(x,t)] < O+ |z])~ ) and
(4.32) |B(u, u)(x,t)] < C(1+1t)~ 372,
Proof: For h,k =1,...,n, we introduce the functions
Thg = uptg(x,t) — ANt)g(x)n ks
where \(t) = [ui(x,t)de = ... = [uZ(z,t)dz and g is the gaussian, nor-

malized by [ g(x) dx = 1. By the parity conditions on u, we have

/Th,k(fgt) dr = /Iﬂ“;uk(x,t) dx =0,

for all h,k,l =1,...,n and all ¢ > 0. Moreover, by (4.2) we have

Zthh(.’t) * g = O
h=1

Thus,
Z/ k(- s) * rpi(s)ds (j=1,...,n).
hok=1

Using (4.18), we see that [} Suyispey2 1F (@ =yt = 8)||r(y, s)| dyds is
bounded by (1 + |z[)72"~!. Since the moments of 7}, vanish (up to the
order 1), we can split

t
// Finp(x —y, t —s) xrpp(s)dy ds
0 Jy|<]x]/2
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into
t
I = // [Fon(z =yt — 5) = Fya(, t — )
0 Jy|<|z|/2
(4.33) — > O (e, t — )| k(y, s) dy ds
a

nd
t
I=- // [Fini(x,t —s) + > ui0 Fink(x,t — 8)]rn(y, s) dy ds.
0 Jy|>|x|/2

The first integral is treated by means of the Taylor formula. By (4.29) (with
|a| = 2), and the fact that

/ /|y|2|7’h,k(y,8)|dyds < 00
0

(here we use n > 3), we get I} < |z|" 3.

The second integral is treated by means of (4.29) and (4.30). We imme-
diately find that |I5| is bounded at infinity by |#|72"~!. This ends the proof
of (4.31).

To obtain (4.32), we split

¢
//F]hk(x —y,t —8) *rp(s)dyds
0

into
t/2
J = / /[thk(x —y,t —8) — Fjpp(z,t —9)
0
(4.34) — 2O Fjni(x,t — 8)rnx(y, s) ds
and

t
Jy = / /thk<x —y,t — $)rai(y, s)dyds.
t/2

By the Taylor formula and (4.30) we get |J;| < Ct~(*3)/2. On the other
hand, (4.18) yields |Jo| < Ct™""1/2 and (4.32) follows. u

Theorem 4.1 is completely proved for n > 3. An obvious modification is
necessary for n = 2. Indeed, under the assumption of Lemma 4.8, we only
have [°[ |y| [u(y, s)|* dy ds < oo. But the same argument as before gives

[Blu)l(a,) < C(L+ 2)™02 and [ Blu,w)|(e,t) < O(1+£)~0+272
The theorem follows for n =2 and 3 <y <4. If 4 <~y <5, we get

[l dys < o
0

Thus, the same arguments above now applies also in the n = 2 case.
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Appendix

Besov and weak-Hardy Spaces

The aim of this section is to recall the basic definitions and properties of
the Besov and weak Hardy spaces. Next we recall an useful injection by
Miyakawa which will play an important role in the proof of the second part
of Lemma 4.4. More details can be found e.g. in [2], [9], [23] or [25].

Recall that a tempered distribution f is in the Hardy—Lorentz space HP¢
(0 <p<ooand0<q<oo) if and only if:

f*(@) = sup |2 f(x)] € LPI(R™),

where LP2(R™) is the usual Lorentz space (see [2]). Moreover, ||f||gra =
|| f*||Le-a. In particular, H? = HP? is the usual Hardy space and H? = HP»>°
is the weak Hardy space.

This space can be also defined by real interpolation. Indeed, for 0 <

po<p1 <1,
(435) HiI(Hpo,le)gpo, 1/p:(1—9)/p0—|—9/p1 (O<9<1)

(see [15]).

Besov spaces can be easily defined by means of a Littlewood-Paley de-
composition: let us choose a scalar function ¢ € S(R") such that ¢ is
supported by {1/2 < |¢| < 2} and |1Z(§)\ >c>0,if 1 < [£] < 2. We next
define v¥;(x) = 2"4(2/x) (j € Z). The homogeneous Littlewood-Paley de-
composition of a tempered distribution u is the series Z;’;_OO Aju, where
A, is the convolution with ;. As it is well known, this series converges in
the distributional sense, modulo polynomials.

For any s € R, 0 < p < o0 and 0 < ¢ < 00, the homogeneous Besov
(quasi-)norm is defined by

o9 1/q
o = ( 3 <2ﬂ8HAjur|p>q) .

j=—00

(4.36) [|ul

Now, let m = [s—n/p] (the integer part) if s—n/p & Z and m = s—n/p—1
if s —n/p € Z. Let us denote by P, the set of polynomials of degree < m
(P, = 0 if m < —1). The homogeneous Besov space are then defined in the
following way: f € BZ’Q(R”) if and only if f = > Aju, withu € §'/Pp,
where the series converges in §'/P,, and || f|50 < o0.

Since AjAj =0, for [j — j'| > 2, and Ay A; is essentially equal to Aj,
for |7 —j'| <1, the space B;?(R") is independent of the particular choice of
the test function .
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A basic interpolation result on Besov spaces reads
(4.37) BY® = (BB g, 1/s=(1-0)/s0+0/s1, 0<b<1

(see [2]).

We refer to [9] for a Littlewood—Paley characterization of the Hardy
spaces. Such characterization immediately gives the injection

(4.38)  HPCB"PUIRY), 0<p<l, 1<¢< oo

Using this, with so = —n(1/py—1), sy = —n(1/p1 —1), (4.35) and (4.37),
we get Miyakawa’s injection (see [25])

(4.39) H? c B{"MPTU Ry (0<p < 1)

Time decay for the heat equation

We can now prove the following statement, which we used in the proof of
Theorem 4.1.

Lemma 4.9 Lety > 1,7 #n and a € 8'(R™), such that sup, e a(z)| <
c(1+ |x])~7. Then, there exists a constant C' > 0 such that, for allt >0,

(4.40) sup |e®a(z)] < C(1 + t)"V/Q.
zeR?

Proof: Let us first consider the case v > n. Then (14 |z|)~” belongs to the
Lorentz space L/ "(R™). Thus, a € Hi/™ and, by (4.39), a € B; 7" °(R").
We now consider the Littlewood-Paley decompositions | ; Ajgrand ) i Aja,
respectively, of the gaussian and a. The two series obviously converge in
S'(R™). Then (4.40) follows from the straightforward duality argument be-
low:

le®alles < C Y [1(Aja) * (8590l

j=—00

< C’supQ_j(V_")HAja\h( Z 2j(7_n)||Ajgt||oo)
J

j=—o00

< C!]aHB;m,n),mHgtHBg,nm < Ct*'Y/Z,

In the case 1 <y < n we do not need Besov spaces. We simply observe
that a € Ly/”(R") and the conclusion follows from the duality of Lorentz
spaces. [
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When |a(z)] < C(1+|z|)77, the estimate sup,> [e"®a(z)| < ¢(1+|z|)™?
follows easily if e.g. [(1 + |z[)P™™|a(z)|dz < oo and the moments of a
vanish, up to the order [y—n] (or y—n—1, if v is integer). We point out that
in this slightly more restrictive case, the estimate |e'®a(z)| < C(1 +t)77/2
can be proved by simple computations (without the using of Hardy or Besov
spaces). We refer to [27] for more details.
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