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Two—microlocal Besov spaces

and wavelets

Shinya Moritoh and Tomomi Yamada

Abstract

We give a characterization of the two—microlocal Besov spaces in
terms of the local Besov type conditions. As an easy consequence, we
obtain the inclusions between the two—microlocal Besov spaces and
the local Besov spaces. These results are natural extensions of those
obtained by Jaffard and Meyer, who treated the pointwise Holder
regularity in terms of two—microlocal estimates. The Daubechies
wavelets play a key role throughout the paper.

1. Introduction

Our aim in this note is to characterize the two—microlocal Besov spaces in
terms of the local Besov type conditions.

This characterization is a natural extension of Theorem 1.2 in [3]. As
an easy consequence, we obtain the inclusions between the two—microlocal
Besov spaces and the local Besov spaces, which are a natural extension of
Proposition 1.3 in [3], too.

In Section 2, we begin with the definition of the homogeneous Besov
spaces B;’q(]R") from [5]. After introducing an orthonormal wavelet basis
composed of compactly supported smooth wavelets from [1], we define the
two-microlocal Besov spaces B;:;/(U ), where U is an open subset in R".
However, we treat only the case where p = ¢ in our theorems, which are
stated in Section 3. The proof is carried out in Section 4. The main point
is the dyadic decomposition of the domain under consideration.
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2. Notations and definitions

Let R™ be n—dimensional real Euclidean space and Z" be the lattice of all
points k = (ki,...,k,) € R, where the components ki, ..., k, are integers.
Let 8" = S§'(R") be the set of all tempered distributions on R™. If f belongs
to the Schwartz space S = S(R"), then

n

Ff() = (27r)"/2/ e’”x’&)f(x)dx, e R,

denotes the Fourier transform of f. Here (x, &) = 2?21 x;&; is the scalar
product of z = (z1,...,2,) and £ = (&, ...,&,). The inverse Fourier trans-
form F~1f is given by

Flfw) = @m e [ dwopo ser

n

The transforms F and F~! are extended in the usual way from S to S'.
Let {¢;(z)}32 ., C S(R™) satisfy
1) supp ¢; C {z € R 2771 < 2| <27H}, jeZ
2) for every multi-index « there exists a positive number C,, such that

2j|a‘|Dag0j(:c)| < Cy, jE€L, xR,

and
o0

3) Y pix)=1,  zeR"\{0}

j=—o0

Here D in 2) above are classical derivatives. Let s > 0 and 1 <p, ¢ < o0.
Then the homogeneous Besov space Bj (R") is defined as the set of all
tempered distributions f (modulo polynomials) satisfying

) .. 1/q
1183800 = (3 207 o DL EI) <o
j=—o00
(usual modification if ¢ = oo). Here || - |[L,(R™)|| stands for the usual

L,norm. See Definition 2 of Section 5.1.3 in [5]. The definition of B;yq(R”)
is independent of the choice {¢;(z)}52_, . See Theorem 5.1.5 in [5].

Let us now consider an orthonormal wavelet basis on R". Such a basis is
composed by translations and dilations of (2" —1) functions ™ (i € {0,1}"—

(0,...,0)). We assume in the following that these wavelets are compactly
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supported smooth wavelets, whose supports are included in a ball centered
at the origin. See [1]. Let 1/1](’,1@) = 2M/2)( g — k), j€Z, k€ Z" Then
the wavelet decomposition of f € &’ will be written

f(z) = Z Z Cixin(x),  Cir = (f, Yixr),
JEZ keLr
where we can forget the index 7.
Let us recall the fact that f € B;q(R”) if and only if

q/p
Z 2iq(8+n/2—N/p)< Z ‘Cjk‘p) < 0o,

jEZ kezn

See Chapter VI, (10.5) in [4].
After these preliminaries we can define the local Besov spaces B, ,(U) and
the two—microlocal Besov spaces B;:;'(U ), where U is an open subset in R™.

Definition 2.1 Let s > 0 and 1 < p, ¢ < oco. Then f € S'(R") is said
to belong to the local Besov space By (U) if there exists an F € B;jq(R")
such that f|y = Fl|y, where f|y denotes the restriction of f to U. The norm
1 £1B; ,(U)|| of f is then the infimum of all possible norms of I in B;q(R").

Definition 2.2 Let s > 0, s € R and 1 < p, ¢ < 0o. Then f € S'(R")
15 said to belong to the two—microlocal Besov space B;ZS'(U) if the following
two—microlocal estimate holds:

g1
’ . n_n . . s P P q
11535 @)1= 2t DY [+ 2w, 0)” o'} | oo
JEZ keznr

where d(k277,U) denotes the distance from k277 to U (usual modification if
p=00 0rq=00).

The two—microlocal estimate in Definition 2.2 above can be described equiva-
lently by using the Littlewood—Paley decompositions. See Definition 1.1 and
Proposition 1.4 in [3].

Let xg € R™. Then by taking the inductive limit with respect to zo € U
of the function spaces in Definitions 2.1 and 2.2, we can define the pointwise
function spaces as follows:

Definition 2.3 Let s >0, s € R and 1 <p, ¢ < o0o. Then

1) Bs (o) = lim B3 (U), and 2) By (o) = lim B2 (U).

zg€U zo€U
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It is easy to see that f € §'(R™) belongs to the two—microlocal Besov space
B;:;l(xo) if and only if the following two—microlocal estimate holds:

If1 Bya (o)l =

. ' 4 p p ) 4/P11/a
_ [Zgjq(sm/w/p){ 3 ‘(1 +291k27 — mo|) } } < o0.
jeZ kezm

In order to state the local Besov type conditions in Theorem 3.1 below,
we shall use the following notation: If p(¢) is a function of the real variable ¢,
defined for all positive ¢, we write p(e) = OP)(¢7*) if and only if

| w0y = [ e < o

€

We can say that the symbol O® is a homogeneous L,~version of the Hor-
mander symbol O®) used in Theorem 7.1 in [2].

3. Theorems

Our first theorem is now stated as follows:

Theorem 3.1 Let s >0, ' <0 and 1 < p < oo. Let U be an open subset
in R" and A, = {x € R"; d(z,U) < p, v ¢ U}. Then f € S'(R") belongs
to B;:;l(U) if and only if there exists a decomposition [ = fi + fo such that

fl € B;,p(Rn)a

and
12l B (Al = OW(p=)  for every p > 0.

The following theorem is an easy consequence of Theorem 3.1 above and the
characterizations of the homogeneous Besov spaces by using differences. See
Section 5.2.3, Theorem 2 and Section 2.5.12, Remark 3 in [5].

Theorem 3.2 Let s > s >0 and 1 < p < co. Let U be an open subset
i R™ and xqg a point in R™. Then we have the following inclusions:

Byt (U) C B, (U) C By *(U),

and
By % (x0) C By (o) C By, * (o).

Remark 3.3 Theorem 1.2 and Proposition 1.3 in [3] treat the case where
p = oo of our theorems, as mentioned in the introduction.
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4. Proof of Theorem 3.1

We denote by C’ the diameter of the support of the wavelet 1. Let f €
B3#'(U). Then its wavelet coefficients satisfy

< Q.

(1) Yooz N1 4 2d(k27,U)) G|

jez kezn

We write f as

f= > Cutu+ > Cuthin=Ffi+f

supp ¥ kN U#¢ supp ¢; kN U=¢

If supp v, N U # ¢, then 2/d(k277,U) is estimated from above by some
constant comparable to C'. Therefore f; € B, (R"). Next we split the
wavelet decomposition of f, into three sums fo =, +> ,+> 5

The first, ), corresponds to the wavelets whose supports do not inter-
sect A,, and we can forget this sum because of Definition 2.1.

Next we consider the sum Y, whose coefficients satisfy 27p < 10C";
in that case, because 2/d(k277,U) can be estimated from above by some
constant comparable to 10 C’, we have that } , € B, (R").

Finally we consider the remaining sum ) , whose coefficients satisfy
27p > 10C". We decompose A, into the “curved annuli” as follows:

42) A, = |J {zerRm2m'<d@U)<2"}= |J D

mEeZ;27™Lp m; 2™ p>1

By using this decomposition (4.2), we can write (4.1) as follows:

(43) 3 et S (14 a0 m) T ST o < oo

4; 29 p=10C" m;2Mp>1 k;k2=I€Dm,

The case where m > j+ L(C"), L(C") being an integer dependent only on C”,
is negligible because supp ¢, NU = ¢. Therefore we obtain from (4.3) that

(4.4) Z Z 9ip(s+n/2-n/p)g(j—m)s'p Z CiklP =

20 p>10C" m;2Mp21, k;k2—ieD
BEPZ < L{ch €om
= E 9—ms'p E 9ip(s+n/2—n/p+s') E |Cjk|p < 00
m;2Mp>1 j3 23 p>10C7, k;k2=3€Dy,

j=m—L(C’)
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On the other hand, the O®)—condition that for every € > 0,

: s’ s+s’ p dp
| (B <
0 P
follows from the condition that
5 Y 2 Y g Y Y (0 p < oo
UEZ; 27V <Le 7529 p=10C" vEZ;v2u k; k2—I€D,
2-us'P g egti-

mated from above by some constant comparable to 27757 (note that s’ < 0),
this last condition (4.5) follows from that

(46) Z 2—vs’p Z 2jp(8+s’+n/2—n/p) Z |Cj,k|p < 00.

v;2ve>1 j:2d p>10C7, k;k2=3€D,
jzv—L(C")

It follows from (4.4) and (4.6) that the remaining sum ) -, satisfies the local

Besov O®)—condition, as desired.
Conversely let us assume that f = f;+ f, satisfies the following conditions:

Because supp ¢, N U = ¢, and the geometric series )

u; uLv

(47) fl € B;,p(Rn)a
and
(4.8) |f2| B (A,)|| = 0P (p~")  for every p > 0.

We note that if the support of the wavelet v;;, is completely included in A,
then any function extending f, outside A, has the same wavelet coeffi-
cient Cjj. From this remark, Definition 2.1 and the assumption (4.8), we
have that for any p > 0,

@) Y Y gmerteon Y o <o
u; 2% p>1 JEZL kik2-7€A,
The condition (4.9) is equivalent to that

Zij(s+s’+n/2 —n/p) Z 1C; ] Z 27UP oo,

JEZ kezm u; 2%p>1
2ud(k2—7,U)<1

After the calculation of the geometric sum, we arrive at the following:

(410) Dotz SO (d(k2 Y, U) ~ 7)< oo
JEL kezn

Note that s’ < 0. Then as p — oo in (4.10), we obtain that
S metnz o S| (14 (k24 0)”
JEZ kezn

that is, f; € B;Z;/(U)' Taking into account the assumption (4.7) that f; €
B, (R"), we conclude that f = fi + fo € B;j;/(U).

P
< 00,
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