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Approximation and symbolic calculus for

Toeplitz algebras on the Bergman space

Daniel Suarez

Abstract

If f € L>*(D) let Tt be the Toeplitz operator on the Bergman
space L2 of the unit disk D. For a C*-algebra A C L>®(D) let T(A)
denote the closed operator algebra generated by {Tf : f € A}. We
characterize its commutator ideal €(A) and the quotient T(A)/€(A)
for a wide class of algebras A. Also, for n > 0 integer, we define the
n-Berezin transform B, S of a bounded operator S, and prove that if
feL*D)and f, = B, Ty then Ty, —T}.

1. Introduction and preliminaries

Suppose that A is a C*-algebra with unit. The commutator ideal € is
the closed bilateral ideal generated by the elements [z,y] = zy — yx, with
x,y € A. The quotient A/€ is a commutative C*-algebra with unit, which by
the Gelfand-Naimark Theorem is isometrically isomorphic to C'(M), the al-
gebra of continuous functions on some compact Hausdorff space M. Follo-
wing the arrows

A= Aje = 0(M)

we can associate to every x € A a function f, € C'(M), which is the ‘sym-
bol’ referred to in the title of the paper. Since the algebra A is determined
by € and C(M), the study of these two objects is an important tool for a
better understanding of A. The possible advantages of this point of view are
that C'(M) can be treated by topological methods, since it depends exclu-
sively on the space M, and that € is usually much smaller than A. Of course,
the first step of this journey is to determine € and C'(M). The whole process
is known as abelianization, and it can be carried out for a much wider class
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of algebras than C*-algebras. In particular, these ideas have being widely
studied in the context of Toeplitz algebras acting on the Hardy space H?
(see [18, pp.339-392]). The literature shows some partial attempts to de-
velop a similar scheme for Toeplitz algebras acting on the Bergman space
L? = L%(dA), where dA is the normalized area measure on D (see [14, Ch. 4]
for a general discussion). We give below a brief summary of known results.

Let £(L2) be the algebra of bounded operators on L2. If B C L>(D) is
a closed subalgebra, let T(B) be the closed subalgebra of £(L?) generated
by the Toeplitz operators {1, : a € B} and €(B) be the commutator ideal
of T(B).

In [11] Coburn proved that €(C(D)) is the ideal of compact operators and
T(C(D))/€(C(D)) is isomorphic to C(dD). In [17] McDonald and Sundberg
characterized the quotient T(U)/E€(U), where U is the C*-algebra in L>°(D)
generated by H>. Later, the two papers by Axler and Zheng ([4], [5]) pro-
vided additional information on Coburn’s and McDonald-Sundberg’s the-
orems by giving characterizations of the respective commutator ideals in
terms of the Berezin transform. We give precise statements of these results
in Sections 6 and 7. In [20] the author showed that €(L>*(D)) = T(L>(D)).
Despite these results, no systematic theory of abelianization has been given
so far for Toeplitz algebras on the Bergman space. One of the purposes of
this paper is to develop a general theory of abelianization for Toeplitz alge-
bras ¥(B), where B belongs to a special class of C*-algebras in L>°(ID) that
we call hyperbolic. Our main goal is to explain the underlying phenomenon
that is apparently common to Coburn’s and McDonald-Sundberg’s theo-
rems, and to apply it to other hyperbolic algebras.

Let A C L*(D) be the algebra of functions on D that are uniformly
continuous with respect to the pseudohyperbolic metric. If n is a nonnegative
integer, we define the n-Berezin transform B, : £(L?) — A. This is a linear
operator, and we show that if a € L*(D) and a,, = B,T,, then T, tends
to T, in operator norm. In particular, the Toeplitz algebras associated to
L>*(D) and A coincide. This will allow us to reduce the study of T(B) and
&(B) for some C*-algebras B C L*>(DD) that are not hyperbolic, to the case
of hyperbolic algebras. Once the reduction is made, we can use the maximal
ideal space of A as a powerful tool to describe €(B) and T(B)/&(B). We

begin fixing some notation.

For z € D denote
Z—w

=) = 1—Z2w’

The pseudohyperbolic metric on D is defined as p(z,w) = |p.(w)|. This
metric is invariant under the action of Aut(DD). Sometimes, especially in



TOEPLITZ ALGEBRAS ON THE BERGMAN SPACE H6)

estimates involving the triangle inequality, it will be useful to use the hy-
perbolic metric

1+ p(z,w)

1— /)(Z7 w) 7
instead of p. The passage from one metric to the other is justified because
flz) = logif—z is a strictly increasing function of z € (0,1). For z € D,
r € (0,1) and s € (0, 00) write

h(z,w) = log z,weD

K(z,r)={weD:p(z,w) <r} and Kp(z,r) ={w e D: h(z,w) < s}

for the closed pseudohyperbolic (resp. hyperbolic) disk of center z and ra-
dius r (resp. s).

Let B C L*(D) be a closed subalgebra, where by algebra we always
mean a unitary algebra. The maximal ideal space of B is

M(B) ={a:B—C: «is linear, multiplicative and «(1) = 1},

provided with the weak * topology induced by the dual space of B. It is a
compact Hausdorff space. We can look at a function f € B as a continuous
function on M (A) via the Gelfand transform

fla)=alf) (e M(B))

If BC C(D)N L>*(D) separates points of D then evaluations at points of D
are members of M(B). So, D is naturally imbedded into M(B), and f is an
extension to the whole maximal space of the function f. Unless the contrary
is stated we avoid writing the hat for the Gelfand transform and look at f
as a function on M (B). The algebra

A={f € L>®(D): f is uniformly continuous with respect to p}

will be a major protagonist of this paper. It is C*-algebra such that D is
dense in M(A). Indeed, there cannot be a € M(A) \ D, because otherwise
there is f € A with f(«a) = 0 while |[f| > 0 > 0 on D (since A is a C*-
algebra). Since such f is invertible in .4, it is not in the maximal ideal
Ker a. Further information on M (A) can be found in [§].

If a € L>*(D) let M, be the multiplication operator on L*(D) and T, be
the Toeplitz operator on L2. That is, T, = Py M,, where P, : L*(D)—L? is
the Bergman projection. It is clear that [|[M,| = ||la]lc and ||T,] < @ so-
A big difference with Toeplitz operators on the Hardy space H? is that the
latter inequality is not always an equality, although we still have that T, = 0
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only when a = 0. For z € D, the ‘change of variable operator’ is given by
U.f = (fop.)¢,. That is,

(U=f)(w) = flp=(w))

2* — 1
(1—7w)?

Is easy to prove that U,T,U, = Ti.,, for every a € L>(D), and since U, is
unitary and self-adjoint, then

(1.1) (T, .. Ta,) . = (UTL,U,) ... (U.T,,U,) = Tayop. - - Taoo.
for ay,...,a, € L*(D). We will write
S, =UT,U, for S € £(L?).

The paper is organized as follows. The main results are Theorems 5.7, 6.4
and 6.5. In Section 2 we introduce the n-Berezin transform of a bounded
operator and study its basic properties. If a € L*(D), B, T, coincides with
By(a), the more familiar n-Berezin transform of a function. In Section 3 we
study the maximal ideal space of A and use some of its features to define
the notion of hyperbolic algebra. A characterization of these algebras is
obtained in terms of interpolating sequences.

If S € ¥(B), where B is a hyperbolic algebra, we construct in Section 4
a continuous map W& from the maximal ideal space of B into T(B), when
provided with the strong operator topology, and study its interaction with
the n-Berezin transform. We prove that ¥% is multiplicative as a function
of S, which translates into a kind of asymptotic multiplicative behavior
of B,,. This will be a fundamental tool for much of what follows.

Theorem 5.7 shows that T, (4) tends to T, for a € L>(ID). As a conse-
quence we obtain that if B,,(a) belongs to a hyperbolic algebra B for infinitely
many values of n then T, € ¥(B). This argument will reduce the study of
T(C') for some non-hyperbolic algebras C' C L>°(D) to the hyperbolic case.

Theorem 6.4 gives a characterization of €(B) and T(B)/€(B) when B is
hyperbolic. If S is a finite sum of finite products of Toeplitz operators with
symbols in L*>°(D) and B is a hyperbolic algebra, Theorem 6.5 provides a
necessary and sufficient condition for S € T(B) and S € €(B).

Section 7 is devoted to applications of the previous results. It is shown
that the theorem of McDonald-Sundberg and part of Coburn’s theorem are
particular cases of Theorem 6.4. An example will be given to illustrate how
Theorems 5.7 and 6.4 can be used to characterize €(C') and ¥(C)/€(C) for
some C*-algebras C' C L>°(ID) that are not hyperbolic.

Finally, we give a partial result towards a possible characterization of
the center of T(L>*(D))/XK, where K denotes the ideal of compact operators.
We finish the paper posing some open problems.
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2. The n-Berezin transform.

If n is a nonnegative integer and z € D, the function

KM (w) = ﬁ (we D)

is the reproducing kernel of z in the weighted Bergman space L2(dA,,), where
dA,(w) = (n+1)(1 — |w]*)"dA(w). The n-Berezin transform of an operator
S € £(L?) is defined as

21) (B.S)() ™ (0 1)1 — Y (") (C1Y (SWK), W K),

=0 \J

It is clear that B,S € C*°(D) for every S € £(L?). Using that

> (n) (F1Y el = (= fP)"

=0 ™
we see that if S =T,, with a € L>*(D), then

(Buoa)(z) £ (B,T)(z)

= -3 (M) [ S i

/Da(w)%(n +1)(1 - [w)" dAW)

22) = /D a2 (O))(n + D)(1 — [CP)" dA(C),

where the last equality comes from the change of variables w = ¢.(().
Since dA,,(§) is a probability measure that tends to concentrate its mass at 0
when n—oo, then (B, a)(z) is an average of a satisfying || B, (a)|lec < |||
for all a € L>(D). A straightforward calculation shows that B,, maps L>(D)
into A for every n > 0, and we will prove in Corollary 4.6 that the same holds
for £(L?). The last expression in (2.2) clearly shows that || B,(a) — a/|s—0
when n—oo for every a € A. That is, the sequence {B,} works as an
approximate identity for A. In particular, lim,, |75, @) — T4|| = 0 for a € A.

The 0-Berezin transform of an operator is the usual Berezin transform,
which has been extensively used in recent research (see for instance [2], [4], [5]
and [19]). The n-Berezin transforms of functions (not necessarily bounded)
were introduced by Berezin in [6]. Many of the results of this section were
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proved by Ahern, Flores and Rudin [2] for n-Berezin transforms of functions
of several variables. However, the results here do not follow immediately

from theirs, because there are a priori several ways to define B,S for n > 1
and S € £(L?) so that (2.2) holds when S = T,. If for instance S €
£(L*) N L(LA(dA,)), then the usual Berezin transform of S with respect to
the weighted Bergman space L2(dA,) is (1—|2|2)2*"(SK™, K™) 4., which
differs from our definition of B,,S. It is precisely because of the results of this

section (especially Proposition 2.4) that I convinced myself (and hopefully
convince the reader) about (2.1) as the right definition of B, S for S € £(L2).

Lemma 2.1 Let S € £(L?) and n > 0. Then
(2.3) (n+2)(1 = |2[*)Bu(S — TeST,)(2) = (n+ 1) Byy1(T1-5:5T1 ) (2)
for every z € D.

Proof. A simple rearrangement of terms gives

n

> (M) 1P S K, KO — (S R, K0

— \J
]:0
= (SK"™, K(”) ) 4+ (=) TS (W KM, W R M)

[() ( " ] s e

(S(w K™, W/ K™,

n+l
( j

Multiplying by (n +2)(n + 1)(1 — |2]?)*™ and using that
T, (WJK(W‘H)) w]K(")

the above equality becomes (2.3). |

Lemma 2.2 B,S, = (B,S) o ¢, for every n >0, S € £(L?) and o € D.

Proof. We shall prove the lemma by induction on n. The easy identity

(2.4) (1= pa(w)z) ' = (1 —az) (1 - aw)(1 - pal(2)w) "

implies that

() — (Jol* = 1) _ (o =1) o
(UaFCT) () (1 —aw)?!(1 — pa(w)z)2 (1 — az)? K%(Z)( )

Thus
(BoSa)(2) = (1= lpa(2) ) (SEY ) KO ) = (BoS)(pal2).

This takes care of n = 0.
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The main tool for the inductive step will be formula (2.3), that we
rewrite as

(25)  (BunrS)(2) = call — [5)BalTo s+ (S — ToSTL) Ty (2),
where ¢, = (n +2)/(n +1). By (1.1) then
Ttws)-1 (UaSUs — ToUn SUSTL) Tt ooy
= UuT\y 57552915 — TorgSTva)T-pawin-1Ua = J.

Pa(w)

Then (2.4) yields

= |]- - O./§|_2 UaT(l—cpa(z)w)*l[Tl—aESTl—aw - TE—USTa—w]T(l_%ﬂa(Z)w)fl Ua
(1—1ef?)
(26) - mlj T(]_ [S T ST] (1 Por (z)w 1Ua.
Hence,
(Bn+15a)(2) = ¢n(1 — |z|2)Bn(J)(Z)
= (1 = [9a(2)*) Ba(UaT(-pueym)1 [S — ToST T 5o -1Ua) (2)
= ca(1 = [@a(2)*) Bi(Ti-pu (o)~ 1[5 T5STLT, mw)—l)(wa(z))
= Bn—l—l(s)(@a(z))7

where the first equality comes from (2.5) with U, SU,, instead of S, the second
from (2.6), the third by inductive hypothesis and the last one from (2.5) with
©va(z) instead of z. |

Corollary 2.3 If S € £(L?) and n > 0 then ||B,S|le < (n+1)27|5]|.
Proof. Since ||[K| = (1 = [z[2)"! then
(BoS)(2)] = (1 — |21 [(S(EL), KO)| < |1 S]].

Suppose that the corollary holds for n, and we shall see that it holds for n+1.
By (2.3) (Bn415)(0) = (n+2/n+ 1)B,(S — 155T,)(0). Thus

n-+ 2
|(Bn+1s)(0)| S n+1 (HBnSHoo + HBn(TESTw)“oo)
2
< "2+ 2SI + (n + )27 TuSTL)

+1
< (n+2)2"1S].

Replacing S by U,SU, the result follows from Lemma 2.2. [ |



570 D. SUAREZ

The (conformally) invariant Laplacian is A = (1 — |2[?)2400, where O
and O are the traditional Cauchy-Riemann operators. So, when f is analytic
onD, Of = f,0f =0,0f = f and df = 0. It is easy to check that
(Af) ot = A(f o) for every ¢ € Aut(D).

Proposition 2.4 Let S € £(L%) and n > 0. Then
(2.7) AB,S = 4(n +1)(n + 2)(B,S — Bn1S).

Proof. By Lemma 2.2 and the conformal invariance of A it is enough to
prove that the equality holds at z = 0. Using the mentioned properties of 9
and 0, a tedious but straightforward calculation gives

Al(1 = )" (S (@ KM), ? KI))(0)
(2.8) = 4(n+2)(—(Sw’, W) + (n + 2)(Swi T Wi th))
for every 0 < j < n. So, writing X; = (—1)7(Sw?, w?), we have

A(B,S)(0) = 4(n + )(n+2) Y (Zl) X, — (n+2)X;41]

J=0

— 4(n + 1)(n+2){—X0 — (04 2) Xt —i[(?)Jr (n +2) (j " 1)])9}.

J=1

On the other hand,

(BoS = BrirS)(0) = —(n+2) X s +i0 [(n+1) (") —(n+2) (”*, 1>]Xj.

J J
A comparison of the coefficients for each X; gives the result. [ |

Corollary 2.5 If S € £(L%) andn > 1 then

(2.9) B,S = (1 - ﬁ)&ﬁ
and
(2.10) B,S = G, (A)B,S,
where i
-1 er)

k=1

Proof. Formula (2.9) is a rewriting of (2.7), while (2.10) follows immedia-
tely from (2.9). |
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Lemma 2.6 If S € £(L2) and n > 0 then ABy(B,S) = ByA(B,S).

Proof. If f = B,S, Corollary 2.3 and (2.7) imply that f and Af are
bounded. Hence, Lemma 1 of [1] says that AByf = ByAf. [

Corollary 2.7 Let S € £(L2) and k,j > 0. Then (ByB;)(S) = (B;By)(S).

Proof. Combine (2.10) with the previous lemma. |

3. Algebras related to the maximal ideal space of A

For the next two subsections, if £ C M(A) then E denotes the closure of F
in the space M(A).

Since the M (A)-topology agrees with the Euclidean topology on D, E
has the same meaning in both topologies when £ C rID for some 0 < r < 1.
Later on, we will have to distinguish between closures in different spaces. A
sequence {z,} C D is separated if p(z,, z;) > d > 0 for n # k.

3.1. One-to-one maps from D into M(A)
Lemma 3.1 Let E,F CDD. Then ENF =0 if and only if p(E, F) > 0.

Proof. If ENF = () then thereis f € Asuch that f=1on F and f =0
on F'. The uniform p-continuity of f implies that

p(E,F)=p(END,FND) > 0.
Now suppose that p(F, F') > a > 0 and consider the function

1 if p(z, F) < /2
fz) = { 0 if Z(z,E) > /2

Simple estimates show that B,,(f)—1 uniformly on {z: p(z, E) < a/4} and
B,,(f)—0 uniformly on {2 : p(2, F) < a/4}. Since B, (f) € A, it separates £
from F' for n big enough, showing that they are disjoint. [

Let z € M(A) and suppose that (z,) is a net in D that tends to x.
We can think of (., ) as a net in the product space M (A)?. By compactness
there is a convergent subnet (g@zaﬂ), meaning that there is some function
¢ :D— M(A) such that fo gpzaﬁ—>f o ¢ pointwise on D for every f € A.

We aim to show that the whole net (z,) tends to ¢ and that ¢ does
not depend on the net. So, suppose that (w,) is another net in I con-
verging to x such that ¢, tends to some ¢ € M(A)P. If ¢ # ¢ there is
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some £ € D such that p(§) # (). Then there are closed disjoint neigh-
borhoods U,V C M(A) of ¢(&) and 1(§), respectively. Since Pras (&)—p(&)

and ¢, (§)—1(€), there are tails of both nets satisfying

E={¢z,): 0=/} cU and F={p, (§):7=%}CV.

By Lemma 3.1 then p(E, F') > p(UND,VND) > 0. Since for every z,w € D
there is a constant c¢; > 0 such that

p(p=(8), u(§)) < ceplz,w),

then

p(E,F) < C¢ inf{p(zawwv) 18> B, =) =0,
where the last equality holds because both nets (z,,) and (w,) tend to z.
We obtain a contradiction and consequently ¢ = 1. The map ¢ will be
denoted ¢,, and notice that ¢,(0) =lim ¢, (0) = lim z, = =.

The following lemma is in [20, Lemma 2.1].

Lemma 3.2 Let S be a separated sequence and 0 < o < 1. Then there is
a finite decomposition S = S U ... U Sy such that for every 1 < j < N:
p(z,w) > o for all z # w in S;.

Lemma 3.3 Every x € M(A) is in the closure of some separated sequence.

Proof. Suppose that 2 € M(A) and let (w,) be a net in D such that w,—x.
Take a separated sequence S such that p(z,S) < 1/8 for every z € D, and for
each w, pick some z, in S such that p(z,,ws) < 1/8 for every a. Therefore
there is £, € 87! so that w, = ¢._(£,). Taking subnets we can assume that
£a—E& with [€] < 1/8. We claim that ¢, (&) tends to z. Indeed, if f € A
then

[f(#2(8)) = F(@)] <1 (20(€)) = [Pz (&a))| + [f(wa) = f(2)],

where the first summand tends to 0 because p(., (§), ¢.. (a)) = p(&, €a)—0,
and the second summand tends to 0 because w,—x. Thus, x is in the
closure of the sequence 7 = {¢,, (§) : 2z, € S}. By Lemma 3.2 we can
split S = &1 U ... U Sy, where for each 1 < j < N, p(z1,22) > 1/2 when
21,72 € §; are different. We also have the corresponding decomposition
T =T U...UTy, where 7; = {p,(§) : z € S;}. Hence, there is at least
one jp such that z is in the closure of 7. The lemma will follow if we show
that 7;, is a separated sequence. If z;, 2, € §;, are different then

p(z1,22) < p(21,02,(8)) + p(02(8), 02 (8)) + P02, (£), 22)
= 2[] + p(p2 (), 02, (8)).

S0, Pl (€), 22 (€)) > (1/2) — 21¢] = 1/4, proving our claim. m
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Lemma 3.4 Let (z,) be a net in D converging to x € M(A). Then

(1) @s is a continuous one-to-one map from D into M(A),
(i) foy, € A forevery f € A,
(iii) f o ., —f o, uniformly on compact sets of D for every f € A.

Proof. Suppose that w € D and f € A. Given ¢ > 0 there is § > 0
such that |f(u) — f(v)] < € if p(u,v) < 0. Take w; € K(w,d). Since

PPz (W), Pz, (W) = plwr,w) < 0 then [f(pz, (w1)) — f(pz(w))] < & for
every «. Then

| f(pz(wr)) = fpa(w))]
< f(pa(wr)) = f(@za (@) + [f (@2 (wi)) = fp2n (w))]
+ (P2 (W) = fpz(w))]
< |f(pu(wr)) = f(@n (@) + | f (02 (W) = fpz(w))| + &

for every a. Taking limits in a we get |f(p.(w1)) — f(pz(w))| < e when
p(wy,w) < 6. This proves the continuity of ¢, and (ii).

To prove that ¢, is one-to-one, for an arbitrary 0 < r < 1 we will
construct a function f € A (depending on r) such that (f o ¢,)(w) = w
when |w| < r. It is convenient to deal with the hyperbolic metric h instead
of p. Write s = log % By Lemma 3.2 there is a sequence {z,} in D whose
closure contains x and such that h(z,, z,,) > 5s if n # m. Therefore

(3.1) R Ky (2n,25), Kp(2m,2s)) > s if n#m.

Take g € C(D) such that g(w) = w if h(w,0) < s (ie.: if |w] < r) and
g(w) =0 1if h(w,0) > 2s. Thus go ¢, is supported in Kj(z,,2s) and

[ = Z(g °,,) € C(D).

n>1

Since g is uniformly continuous with respect to the Euclidean metric then it
is h-uniformly continuous. Hence, given € > 0 there is §, with 0 < § < s5/2,
such that

(3.2) 19(1) — g(&2)| < e if h(&1, &) <.

Let wy,wy € D such that h(wy,ws) < 6. By (3.1) Kj(wi,d) cuts at most
one of the disks Kj(z,,2s). If it doesn’t cut any, then f(w;) = f(wy) = 0.
If it cuts Kp(zng,2s5), then f(wi) — flwa) = g(pz, (1)) — (2, (W2)),
and since h( ., (w1), ¢z, (w2)) = h(wi, wy) < ¢ then (3.2) says that
|f(w1) — f(w2)] < e. Thus f € A.
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If k is any positive integer and |w| < r then h(0,w) < s and ¢, (w) €
Ki(zk,8). So, (3.1) and the inclusion: supp (g o ¢,,) C Kp(zn,2s) imply
that (g o ., ) (s, (w)) = 0 for n # k. Consequently

f(spzk(w)) = (g o 902k>(90zk(w)) = g(w) = w.

Thus, if (2,) is a net of points in {z,} that tends to x then (fop, )(w)=w

for every a and every w € rD. Therefore (f o ¢,)(w) = w when w € rD.
Suppose that (iii) fails. This means that there are f € A, 0 <r < 1 and

e > 0 such that |(f o p..) (&) — (f 0 ¢)(&a)| > € for some points &, € rD.

We can also assume that £,—¢. Since (f o ¢, )(&)—(f o v.)(§), this
contradicts the uniform p-continuity of f. [ |

3.2. The hyperbolic parts

Definition. If z,y € M(A) define p(z,y) = supp(S,7T), where S and T
run over all the separated sequences in D so that € S and y € 7. Defining
h(z,y) in analogous fashion, we have

1 —p(r,y)

h(z,y) = log 7 o)

Lemma 3.5 Let z,y € M(A)\ D. Then
(1) p(z,y) =a <1 if and only if y = p.(w) for some w with |w| = a.

(2) y = wu(&) with & € D if and only if every separated sequences S, T
such that x € S and y € T satisfy p(T,{p., (&) : z, € S}) = 0.

(3) h(@z(fl), @x(&)) = h(€17£2) for every &,& € D.
(4) h is a [0, +00]-valued metric on M(A).

Proof. (1). Suppose that p(x,y) = a < 1 and take b € (a,1). The con-
tinuity of ¢, implies that ¢,(bD) is compact. So, if y & ,(bD) there are
closed disjoint neighborhoods U of ¢, (bD) and V of y. Let S and 7 be
separated sequences in I such that * € S and y € T. If (2,) is a net
in S that tends to x then ,_(&)—¢, (&) for every ¢ € bD. By a compact-
ness argument ¢, (D) C U for a tail (24)a>a, Of the original net. Let
Sy = {2, €S : 2z, = 2, for some a > ap}. Then z € S; and ¢, (bD) C U
for every z, € 8. This means that

(3.3) K(z,,b) C U for every z, € S;.
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On the other hand, since V' is a neighborhood of y then
(3.4) y€T,, where T ={2€T:2€V}.

Since U and V are disjoint, (3.3) and (3.4) say that p(S1,71) > b > a,
contradicting the definition of p(x,y) = a. Since b € (a, 1) is arbitrary then
y € p.(aD), so y = ¢, (w) with |w| < a.

Reciprocally, suppose that y = ¢,(w) with |w| = a, and let S,7 be
separated sequence in ID such that z € S and y € 7. If (z,) is a net in S
that tends to  then ¢, (w)—y. Thusy € 7, where 7; = {¢. (w) : z, € S}.
So,y € T,NT # () and by Lemma 3.1, p(7;,7) = 0. That is, given € > 0
there are z, € S and w,, € 7 such that p(p,, (w),w,) < €, which yields

P(2n;wWn) < p(zn, 2, (W) + p(02, (W), wn) < |w| +e=a+e.

So, p(S,7) < a and by definition p(z,y) < a.

(2). The necessity follows from Lemma 3.1. If y # ¢,(§) then p(y, .(£)) # 0
and there are separated sequences 77,75 such that ¢, (¢) € Ty, y € T and
p(71,T3) > 6 > 0. Let S be a separated sequence such that z € S. Therefore
x is in the closure of &1 = {z, : p(¢., (£),71) < §/2}, because if x € S\ S;
then

a(8) € {92, (6) 120 €S\SINT,
while
p{{¢z.(8) 1 z2n € S\ &1}, T) 2 6/2,
which contradicts Lemma 3.1. So, for z, € 81, p(v., (£),72) > §/2.

(3). Fix &,& € D. By Lemma 3.2 there is a separated sequence & = {z;}
such that z € S and h(2,, 2,) > (€1, &) +h(0, &)+ (0, &) if n # m. Since

h(zn, 2m) < (20, 92, (61)) + B2, (§1); 02, (€2)) + M@z, (§2); 2m)
= N(0,&) + 1(0,&) + h(ps, (§1): ¢, (§2))

then h(p., (&1), @2, (§&2)) = (&1, &) if n # m. Therefore

({2, (61) Fnz1, {0z (§2) Fmz1) = A2, (&1); 92, (E2)) = h(&1,E2),

implying that h(w.(&1), ¢z(§2)) = h(§1,82). For the other inequality let
71,7 be separated sequences such that 0:(&1) € T1 and ¢, (&) € To. For a
separated sequence S such that x € S and € > 0 write

S ={m € S: ., (&), T1) <&, h(p,, (&), Tz) < e}
and 8" =S\ 8.
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By (2) 2 ¢ S”. So, z € S’ and
MTh, Tz) < Wz, (61), 2, (82)) + 26 = (&1, &) + 2¢.

That is, h(p.(&1), 2(§2)) < h(&1,&) + 2. (4). We must prove only that
given x,y,z € M(A),

(3.5) h(z,y) < h(z,z) + h(z,y)

The inequality is obvious if its right member is infinite. Otherwise (1) says
that = ,(&§) and y = ¢, (&) for some &;,& € D. Then (3.5) becomes

h(@2(61), 2(&2)) < Mp.(&1), 9:(0)) + h(2(0), (&),
which holds by (3). |

Definition. If x € M(A) define the hyperbolic part of x as

H(z) ={p(w) : w € D}.

Observe that (1) of Lemma 3.5 implies that
H(x) ={y € M(A) : p(z,y) <1} = {y € M(A) : h(z,y) < oo}
and by (4) of the same lemma, {H(x) : x € M(A)} is a partition of M(A).
In fact if z € H(x) N H(y) then for any u € H(x),
h(u,y) < h(u,z) + h(z, 2) + h(z,y) < co.

So, H(z) C H(y) and by symmetry they coincide.
Lemma 3.6 The map z — @, from M(A) into M(A)® is continuous.

Proof.  Let (z,) be a net in M(A) that tends to z and £ € D. We
must show that if (z) is a subnet such that ¢,,(§)—y then y = . (£). Let
S ={z,} and T = {w,} be separated sequences such that z € S and y € 7.
For 6 > 0 write

U=|JK(z,8) and V =[] K(wn,0).
n>1 n>1

Since there is f € A such that f(z,) = 0 for alln and f =1 on D\ U
then U D {m € M(A) : |f(m)| < 1/2}, a neighborhood of x. So, U is a
neighborhood of & and by the same reason V is a neighborhood of y. Since
rg—x and g, (&)—y, there is 3y such that for every 5 > [,

(i) ¢a,(6) €V, and

(ii) x5 € S, where S5 = {2,(3)}n>1 is a separated sequence in U.
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Assume that 3 > (3. Since

Pzg (g) = {‘Pzn(ﬁ) (§>}n21 N (UnK(wna 5))
then Lemma 3.1 says that p({¢.,5)(£)},7) < 0. So, there is ny such that
P($z,()(§), T) < 20. On the other hand, by definition of U and (ii) there
is some 2y, € S such that p(zy,, 2,,(8)) < d. Since there is ¢ > 0 such that
p(SOZkO (), @zno(ﬂ)(g)) < cep(2kos Zng (8)) < Ceo,
then p(ps, (£),7) < (ce +2)d. This shows that

p{pz,(&) 1 20 € S}, T) < (ce + 2)0,

and since § > 0 is arbitrary, p({¢.,(§) : 2, € §},7) = 0. Since S and T
are arbitrary separated sequences such that z € S and y € 7 then (2) of
Lemma 3.5 tells us that y = ¢,(§). [

3.3. Hyperbolic algebras

A closed self-adjoint subalgebra B of A that separates the points of D and
contains the constants will be called a prehyperbolic algebra. For such B,
Theorem 4.28 of [13] implies that whenever b € B is invertible in A then
the inverse belongs to B. Hence, the disk is dense in M (B), because if there
exists y € M (B) that is not in the closure of D then there is f € B such that
f(y) =0and |f| > > 0 on D. Since clearly f is invertible in .4, then so is
in B and consequently f cannot vanish anywhere in M (B), a contradiction.

The inclusion of B in A induces by transposition a projection 7: M (A) —
M (B). Since (D) = D is dense in M (B) then 7 is onto. For a set £ C D
we write EM | with M = M(A) or M(B), to distinguish between closures in
the corresponding space. No distinction will be made for the closure of sets
in C.

A closed set F' C M(A) will be called saturated if H(xz) C F whenever
xeF. If m: M(A) — M(B) is the natural projection, write

G ={y € M(B): 7 *(y) is a singleton}

and
I'p={y € M(B): n~'(y) is saturated}.

That is, if y € M(B) then y € G if and only if B separates every z € 71 (y)
from any other point of M(A) (so 77! (y) = {z}), and y € ['5 if and only if
bo p, is constant for all x € 7~ !(y) and b € B. Since no single point is a
saturated set then GgNT'z = (. In addition, there could be points in M (B)
that are not in GgUI'z. We will be interested in the cases that exclude the
last possibility.
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Definition. A prehyperbolic algebra B will be called hyperbolic if M(B) =
GpUTs. That is, if 77 (7(z)) = {x} or contains H(z) for every x € M(A).

Lemma 3.7 Let B C A be a prehyperbolic algebra. Then
(1) T'g is closed,
(2) the restriction my : 7 (Gg) — Gg of ™ is an onto homeomorphism.

Proof. (1). If z is in the closure of 77(I'g) take a net (z,) in 7 *(I'g)
that tends to z. By definition of 'z, f o ¢, is constant for every f € B.
Hence, if w € D and f € B, Lemma 3.6 gives

f(@) = f(pe(w)) = lim f(za) = f(Paa(w)) =0,

implying that f o ¢, = f(z), so z € 7~ 1(T'g). That is, 7 '(I') is closed in
M (A) and then w(7=!(T'g)) is closed in M(B).

(2). By definition of Gg, my is one-to-one and onto, so we must show
that 75! : Gg— 7 '(Gp) is continuous. Let (y,) be a net in G such that
Ya—y € Gp and let z, € 77 1(Gp) such that 7(z) = yo. If (24,) is a
convergent subnet of (z,), say to z, then y,, = 7(za,)—7(r) = y. So,
z € 7 (y), but since y € Gp then 7 !(y) = {z}. Hence every convergent
subnet of (z,) tends to x, and then z,—x. [

Proposition 3.8 Let B C A be a prehyperbolic algebra andy € M(B). The
following conditions are equivalent

(a1) y € .

(ag) f o @, ,—c € C uniformly on compact sets for every net (z,) in D
tending to y and every f € B.

(ag) For every separated sequence S such that y € SM®B) and every f € B
there is a subsequence {z,} of S (depending on f) such that fop, —c €
C pointwise on D.

Proof. (a;)=(ay). If y € ' then 7~ !(y) is saturated. Let (z,) be a net
in D such that z,—y in M(B) and take a subnet (z,,) that converges in
M(A), say to z. Thus 7(za,)—7(z) =y in M(B), saying that = € 7~ '(y).
Since H(z) C 7 (y) (because it is saturated) then

[(02(€)) = lim f(p..,,(€)) = const. = lim f(p.., (0)) = lim f(a,) = /(y)

for every f € B and £ € D. This proves that whenever (z,,) is a sub-
net of (z,) that converges in M(A) then f o Py (y) pointwise. By
Lemma 3.4 the convergence is also uniform on compact sets, and conse-
quently f oy, —f(y) in that way.
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(a2)=>(as). If y € SMB) there is a net (z,) in S such that z,—y in M(B).
If f € Bthen by (a3), fop,, —c € C uniformly on compact sets. Therefore
for any positive integer n there is some z, (that we rename as z,) such that

sup{ [(f o ¢z, )(w) — |t Jw| < 1T—n""} <n7h
Therefore {z,} is a subsequence of S that satisfies (as).
(az)=(a;). We will show that (a3) fails when (a;) fails. If y & I's there
is © € m1(y) such that H(x) ¢ 7= !(y). Therefore there is f € B such that
f o @, # const., or what is the same, (f o p,)(w) # f(z) for some w € D.

Put n = [(f o w.)(w) — f(x)] > 0. If S is any separated sequence such that
€ SMW and we take

Si={z€8:|(fop:)w) = f(z) =n/2}
then x € giw(A). Hence y = 7(z) € 3?4(6) and (ag) fails for S; and f. W

Suppose that f is a continuous function from M (A) into a topological
space T'. If B is a hyperbolic algebra, the restriction f|p admits a continuous
extension from M (B) into T if and only if f(7~'(y)) = const. for every
y € I'g. In particular, for T'= C we obtain that f € A belongs to B if and
only if f(7m1(y)) = const. for every y € I's.

Let B C L>*(D) be a closed algebra. A sequence {z,} C D is called
interpolating for B if for every {n,} € (> there exists f € B such that
f(zn) = ny for every n. It is clear that if B is a subalgebra of A then every
interpolating sequence for B must be separated and that every separated
sequence is interpolating for A. We say that f € A separates two sets
E,F C M(A) when f(E)N f(F)=10.

Proposition 3.9 Let B C A be a prehyperbolic algebra. For y € M(B)
consider the following conditions

(bl) Yy S GB.

(bg) There is an interpolating sequence S = {z,} for B, whose closure in
M (B) contains y, such that for every 6 > 0 sufficiently small there
exists f € B that separates {z,} from D\ U, K(zn,6).

Then (by) implies (b1), and if B is hyperbolic, (by) implies (bs).

Proof.  (bg)=(by). Let y € M(B) and S as in (by). We claim that
7Y y) € SMWA because otherwise there is z € 7 '(y) and a separated
sequence 7 C D, with 2 € 7Y such that p(S,7) > a > 0. The
continuity of 7 implies that y = 7(x) € TM®) but this is not possible
because by hypothesis there is f € B such that f(S) N f(7) = @, which
contradicts y € SMB) N TM®B),
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Now suppose that there are two different points 1,2, € 7 (y). Then
there is a disjoint decomposition & = &1 U Sy, where

<M (A)

r1 €S8 and Ty € géw(A)

Since § is interpolating for B there exists f € B that separates S; from Ss,
leading to the same contradiction obtained before. Hence, 7=!(y) is a single
point.

(bl):>(b2) for B hyperbohc If y € Gg then 7 '(y) = {x} for some
€ M(A). Since 7 1(T'p) is closed in M(A) (by Lemma 3.7) and = ¢
~1(T'g) then there is a closed neighborhood F' of z in M(A) such that
Fﬂ7r 1(T's) = 0. Hence there is f € A such that f=1on F and f =0 on
~'(T's).
Let T C D be a separated sequence such that + € 7MW, Since f =1
on a neighborhood of z then z € S¥“  where

S={ze€T:f(z) =1} ={z.}.

Hence, y = 7(z) € SY® Observe also that SMA ¢ F ¢ 7 HGp).

Let {n,} be an arbitrary sequence in (> and take g € A such that
g(z,) = n, for every n. Since f = 0 on 7 '(I'z) then so is h = fg € A,
and consequently h € B. In addition, h(z,) = f(zn)g9(z) = 1, for every n,
which shows that § is interpolating for B. Since f is p-uniformly continuous
and f(z,) = 1 for all n then

UK 8) € {2 1£(2) > 1/2)
when ¢ > 0 is small enough. Take a € A such that
(3.6) a(z,) =1 forall n, and a=0 on D\ UK(zn,(F).

Since f =0 on 7 1(I'g) then

M(A)

) € T PN < /AT c D\ K (20,0

implying that @ = 0 on 77 '(I's). Hence a € B and (3.6) says that it
separates S from D\ |J,, K(zn,d). So (by) holds. |

Propositions 3.8 and 3.9 provide criteria to decide whether a given pre-
hyperbolic algebra is hyperbolic or not. Let us summarize these criteria in
the next corollary.

Corollary 3.10 A prehyperbolic algebra B is hyperbolic if and only if every
y € M(B) satisfies some of the conditions (a1), (a2), (ag) or some of the
conditions (by), (ba).



TOEPLITZ ALGEBRAS ON THE BERGMAN SPACE D81

4. Operator-valued compact maps

We recall that if S € £(L?) and z € D then S, = U,SU,, where U,f =
(f o .)¢.. Consider the map ¥g : D —£(L?) given by ¥g(z) = S,. We
will study the possibility to extend ¥g continuously to M(A) when £(L2)
is provided with the weak or the strong operator topology (WOT and SOT,
respectively). We will also look for a possible extension to M (B), where B
is an arbitrary hyperbolic algebra.

Theorem 4.1 Let (E,d) be a metric space and f : D —FE be a continuous
map. Then f admits a continuous extension from M(A) into E if and only
if f is uniformly (p,d) continuous and f(D) is compact.

Proof. Suppose that f € C(M(A), E). Since D is dense in the compact
space M (A) then f(D) = f(M(A)) is compact. If f is not uniformly (p,d)
continuous there are two sequences z,,w, € D such that p(z,,w,)—0 and
d(f(zn), f(wn)) = 6 > 0 for every n. By the continuity of f on D the sequence
does not accumulate on D. Let z € {2,}M \ D and (z,) be a subnet of
{z,} that tends to x. Since every z, is some Zn(a), WITLING Wy = Wy(a) WE
have a subnet (w,) of the sequence {w,} such that

(4.1) P(Zaswa)—0 and d(f(za), f(wa)) > 6 for all a.

The first condition in (4.1) implies that g(w,)—g(x) for every g € A, mean-
ing that w,—x in M(A). Since f is continuous on M (.A) then lim f(w,) =
f(z) =lim f(z,), contradicting (4.1).

Now assume that f is uniformly (p,d) continuous on D and f(D) is
compact. For x € M(A) write

F(x) def {N € E: f(z4)—A, for some net z,—z, 2z, € D}.

The compactness of f(DD) assures that F(x) is nonempty. Then F is a
multivalued function defined on M (A), and a standard diagonal argument
shows that f can be extended continuously to M (A) if and only if F(x) is
single-valued for every x € M(A). So, let x € M(A) and assume that there
are A\, Ay € F'(z) such that d(A\, \a) = a > 0. Let B(A,r) denote the open
ball in E of center A € E and radius » > 0, and consider the sets

Vi={z€D: f(z) € B\, a/d)}, i=1,2.

Since \; € F(z) then z € Vfw(A) for i = 1, 2. Lemma 3.1 then tells us that
p(V1,V2) = 0. On the other hand,

AU (VR), F(V2)) 2 d(B(\i,a/4), B(h,a/4) = 5.

By the uniform (p,d)-continuity of f, the last inequality implies that
p(V1,V2) > 0, a contradiction. |
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Lemma 4.2 For z,a € D put A = Az,a) = (az — 1)/(1 — z&@). Then
Up.()U. = ViU, where (Vi f)(w) = Af(Aw) for f e L2.

Proof. Since the function p,_(,) 0@, 0@, is an automorphism that fixes the
origin, it must be a rotation. A little bit of algebra shows that this function
maps A to 1. Since ¢, (q) is its own inverse then ¢, o Yo (Aw) = @y (a)(w).
Therefore

Upo@)U=f)(w) = (f 092 © 0y () (@) ©L(#. (@) (W) 0. (o) (W)
= (f 002 092 0 0a)(Aw) YLz © Pa(Iw)) ¢ (Pa(Aw)) @ (Aw) A
)

= (fopa) M) @, (Aw) A = (VaiUaf)(w

where the third equality holds because since ¢,0p, = id then (¢, op,)¢., = 1.
[

Lemma 4.3 Let f € L2 and € > 0. Then there is 6 = §(f,€) > 0 such that
plz1,22) <0 = ||Usf —Usfl <e

Proof.  Since the polynomials are dense in L2 and ||U,| = 1 for every
z € D, it is enough to assume that f is a polynomial. If p(z, z2) < d then
z9 = @, (o) with |a| < J. By the previous lemma,

Y 21
(I =Up.,@Ua) f(w) = flw) = f (1a— a;:) (1|a—‘ am) A

Y

where A comes from the lemma. When a—0 we have A\(z;, &)——1 uniformly
in z1, so the above expression tends to 0 uniformly in z; and w. Hence,

U f = Upey @ f Il = [ (Up., @ Us = DIl <

if |a| is small enough. That is, if 0 is small enough. |

Proposition 4.4 Let S € £(L?). Then the map Vg : D—(L(L2), WOT)
extends continuously to M(A).

Proof. The closed the ball B(0, ||S]|) C £(L2) of center 0 and radius [|S]| is
compact and metrizable with the WOT-topology. Since Wg(D) is contained
in B(0, ||S]|), Theorem 4.1 reduces the problem to show that Wg is uniformly
continuous from the disk with the pseudo-hyperbolic metric into B(0, ||S]|)
with the weak operator topology. This amounts to see that for every f,g €
L2, the function z — (S, f, g) is uniformly continuous from (I, p) into (C, | |).
For z1, 2o € D we have

U.,SU., — U.,,SU., = U, S(U,, — U.,) + (U, — U,,)SU., = A+ B.

If f,g € L7 then [(Af,g)| < |0, S| (U = Us)fll2llgll2 and [(Bf, g)| =
I[(f, B*g)| < [ fll2 US| [[(Uz, — Us,)gll2- By Lemma 4.3 both expressions
can be made small if we take p(z1, z2) small enough. [
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Theorem 4.5 Let S € T(A). Then the map
g : D—(L(L2), SOT)
extends continuously to M(A). In addition, Vs(M(A)) C T(A).

Proof. First suppose that S = T,, with a € A. If z € D tends to
x € M(A), Lemma 3.4 says that a o p,—a o ¢, uniformly on compact sets.
Thus, if f€ L2and 0 <7r <1,

1(Taog. = Taop, ) fII” < Supa o p; —ao ol 1% + 2||a||§o/ |fI? dA.

D\rD

We can choose some 7 = r(f,||a|ls) close enough to 1 so that the second
term is smaller than a given € > 0, and for such r the first term tends to 0
as z—x. Since

Voir = Vg + Ur,

the case of a polynomial in Toeplitz operators reduces to the case S =
Ty, ... Ty, where a; € A and ||ajljoc < 1 for j = 1,...,k. Consider the
operators

g _ Torops - Ty vop.Tajops - Tupo, 1< <k
! Torow. - - Tapon. if j=k+1

If f € L2 then

k
1(Ske1 = SO < D 1(Sier = S

j=1

and since we have proved that Taj0p0. — Tajop,— 0 in the strong operator
topology as z—ux, then

H(Sj-i-l - S])f” = HTalosoz . -Tajqosaz (Tajocpz - TajOtpz)TaHlowz o -Takowsz
< ||(Taj0<.0z - Tajos%)TajHOsOx e 'Takosﬂme —0

when z—z. Finally, if S € T(A) is arbitrary, given € > 0 there is a polyno-
mial in Toeplitz operators with symbols in A, say T, such that ||S—T|| < e.
By Proposition 4.4 there is some S, € £(L?) (i.e.: S, = Ug(x)) such that

S, -1, — S, —1T, weakly when z—ux.

Weak limits do not increase norms, so ||S; — T,|| < e. The result follows
because ||S, — T%|| < ¢ for all z € D and T,—T, strongly when z—z. |
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Corollary 4.6 If S € £(L?) and n > 0 is an integer then B,S € A.
Besides, B,S, = (B,S) o ¢, for every x € M(A).

Proof. By (2.1) and Lemma 2.2

(BuS)(2) = (BuS)00.)(0) = (BuS.)(0) = (n+1) (fj) (~1) (S, ).

J

Since by Proposition 4.4 the map z — (S.w’/,w’) extends continuously
to M(A), it belongs to A for every 0 < j < m. For the second asser-
tion take a net (z,) in D that tends to x and then take limits in the equality
(BnS.,) (&) = (B,S)(p,,(€)) for each fixed £ € D. The first term tends to
(BnS:)(§) because Proposition 4.4 says that

2 (Szijé(n),ijén)>
extends continuously to M(.A), and the second term tends to (B,S)(y(£))
because B,,S € A. [ ]

Corollary 4.7 If S € £(L?) and v € M(A) the following conditions are
equivalent

(i) Sy = M for every u € H(x)

(ii) Sy, = Al for some u € H(x)

(iii) BoS =\ on H(x).

Proof. Since H(u) = H(x) when u € H(z) then every v € H(x) has the
form v = p,(w) for some w € D. By the previous corollary

(BoS)(v) = (BoS)(¢u(w)) = (BoSu)(w)-
This identity and the fact that By acts in a one-to-one fashion on £(L2) give

all the equivalences. [ |

Since for a € A we have

(Ta)* = T50¢Z—>T50% = (Ta)*

z x

in the SOT-topology when z—x, then also (7,)*—(T})* in the SOT-topology
for all T € F(A). Also, since the product of a WOT-convergent and a
SOT-convergent net in £(L2) tends weakly to the product of the limits,
Proposition 4.4 and Theorems 4.5 imply that

(4.2) S, T, =(ST), and T,S, = (T9),

for every S € £(L?), T € T(A) and z € M(A). This fails if we only assume
S, T e £(L?).
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Indeed, consider the operator defined by Sf(w) = f(—w). Since S? =T
then (52), = I for every € M(A). On the other hand, since SK\” = K
then
(L — =2
(1+1z2)>
So (ByS)(z)—0 when |z|—1, and then (ByS)(z) = 0 for all z € M(A) \ D.
Corollary 4.7 then tells us that S, = 0 for x € M(A) \ D, making (4.2)
impossible for this choice of S and T'=S.

Lemma 4.8 Let S € £(L?) and v € M(A). Suppose that there is some
no > 0 such that (Bp,S) o v, = g harmonic. Then (B,S) o p, = g for
every n > 0.

Proof. By Corollary 4.6, A(B,,S,) = Ag = 0, which together with (2.7)
yields B, 115, = By,S: = g. Then B, S, = ¢ for every n > ny. Thus
By(B,S;) = Bog = g for n > ng, implying that

n—oo

(BoS)(2) = (1 — |z (K, K" =

where the second equality follows from Corollary 2.7 and the last one because
since ByS, € A by Corollary 4.6, then B,,(ByS;)— BS, uniformly. Taking
ng = 0, we have proved above that B, S, = g for every n > 0. |

By the lemma we can add two more equivalences to Corollary 4.7, saying
that B, S = X on H(z) for every (or for some) n > 0.

Theorem 4.9 Let S € T(A) and B be a hyperbolic algebra. Then the follo-

wing conditions are equivalent,

(1) S, = M when x € 7= (y) for every y € T'z, where A € C depends only
ony,

(2) there is a continuous map W5 : M(B) — (Z(A), SOT) such that
\Ifg om = \Ifs,

(3) B,S € B for somen >0,

(4) B,S € B for alln > 0.

If S € £(L2%) the theorem holds replacing (T(A), SOT) by (L£(L?), WOT)
in (2).

Proof. If (1) holds then for every y € M(B) and = € 7 !(y), S, is an
operator that only depends on y. Hence U5(y) = S, is well defined and
satisfies the equality in (2). The continuity of ¥2 from M (B) into any of the
metric spaces (T(A),SOT) or (£(L?), WOT) (according to the hypothesis)
follows from the respective continuity of Wg, which is given by Theorem 4.5
and Proposition 4.4.
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Now suppose that (2) holds. This means that if y € M (B) then S, is the
same operator T' for every x € 7 !(y). Since (D) C 7 '(y) for y € T,
then S, () = T for every w € D. Corollary 4.6 then says that

(BoS)(¢z(w)) = (BoSy,w))(0) = (BoT)(0)

for every z € 77!(y) and w € D. Writing A = (ByT)(0), we obtain that
ByS = X on H(z) for every x € 7~ !(y). Hence ByS is constant on 7~ *(y) for
every y € 'z, meaning that (ByS)|p extends continuously to M (B). Since
the Gelfand-Naimark Theorem identifies B with C(M(B)) then ByS € B.
This proves (3) for n = 0. If (3) holds for some ny > 0 then B, S =
A\, € C on 7 !(y) for every y € I'z. Lemma 4.8 then implies that the same
happens with B,,S for all n > 0. This proves (4). Finally, if (4) holds then
(BoS)|r-1(yy = Ay € C for y € I'p. In particular, ByS = A\, on H(x) for
every x € 7 '(y). Then (1) follows from Corollary 4.7. [

If S € £(L?) satisfies the conditions of the theorem then the map z — S,
admits a continuous extension to M (B) given by U5, Write

VE(y) = 5
when y € M(B). If B = A we keep the previous notation ¥g(y) = S, for
y € M(A). Also, since it is clear that we can identify S with S, when
z € D, we do not make this notation distinction for z € D. Observe that if

y € M(B) and (z,) is a net in D that tends to y in M(B), then §f admits
the two alternative and equivalent expressions

B
S, = h;n S
a WOT-limit in general and a SOT-limit if S € T(A), or
aoB _ -1
S, =S, for some (or all) =€ (y),

where 7w : M (A) — M (B) is the natural projection. Also, if b € B we can look
at b as a continuous function on M(B) or on M(A). If B # A we write [
when we need to distinguish the domain of the function, otherwise b will be
looked as a function on M (A). Of course, if z € D then b(z) has the same
meaning either way.

If B is a hyperbolic algebra, b € B and y € I's, then for every z € 7 1(y)
we have
(Th) s = Thop, = Al
with A € C depending only on y (actually A = EB(y)). Since T(B) is gen-
erated by these Toeplitz operators, the same holds for every S € %(B).

Theorem 4.9 then says that B, S € B when S € ¥(B), for every nonnegative
integer n.
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5. Approximation and truncation by Toeplitz operators

If A C L*>*(D) is a subalgebra, we write To(A) for the algebra generated
by the Toeplitz operators T,, with a € A, without taking closure. In [4]
Axler and Zheng found simple but very ingenious estimates for the norm
of operators in To(L>*(D)). The present section (especially Lemmas 5.2
and 5.5) makes heavy use of their method.

5.1. Norm estimates and truncation

The following lemma is a particular case of Lemma 4.2.2 in [21].

Lemma 5.1 If ¢ <0 andt > —1 then

Jer(2) = (1_—M2)t dA(w), z€D,

D ’1 _ Zw’2+t+c
18 bounded.

The next result appeared in [4] for p = 6. The proof sketched here is a
standard modification of that proof involving Lemma 5.1.

Lemma 5.2 Let p > 4. Then there is a constant C, < oo such that if
S € £(L?), then

1- |w|2 1— |z

for all z € D and

1— |wl?
for all w € D.
Proof. To prove (5.1) let S € £(L?) and fix z € D. Since
Ul=(z?-1DK® and UU,=1I

then
U.S.1=(|z> = 1)SK©

Thus

|(SKZ7)(w)| |(S21) (@2 (w))] |2 (w)]
/ 1—|w|2 Al == z\?/ 1—|w|2 ddw).
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Making the substitution w = ¢,(\) in the last integral and using Holder’s
inequality with 1/p + 1/¢ = 1, we obtain

| w | dA(\
/ 1—|w\2 dAlw) = «/1—|z]2 \1—ZA| 1—]>\|2 )
15,11, < dA(N) )”q
)q/2

V1= 1212 \Up |1 = ZA[7(1 — [A]?
HSZlup J(Z)l/q,
V1—]z|?

where

— |)\]2)—9/2
J(z):/ (1= ]AP) dA(N).

pll— 2,\|2—(Q/2)+(3/2)q—2
Since p > 4 then ¢ < 4/3, which yields ¢/2 < 2/3 < 1 and (3/2)qg — 2 < 0.
By Lemma 5.1 there is J, > 0 such that J(z) < J, for every z € D. This

proves (5.1) with C), = Jo/%. Replace S with S* and interchange the roles
of w and z in (5.1) to obtain

[ LSO 4y i
\/1—|Z!2 1= fw]?
Then use the equality (S*Kﬁ,o))(z) = (SKgO))(w) to obtain (5.2). |

Lemma 5.3 Let S € £(L2), a,b € L=(D) and p > 4. Then
Tzt < C (el o) sup {1l )} sup 1, o)y,
where Cy, is the constant of Lemma 5.2.
Proof. For f € L? and w € D, we have
(STuf)(w) = (ST.f, K<°>> = (af, S'KL)
- / F:)a()(5KL) ) dA(:)
- /D F(2)a()(SK®)(w) dA(2).

Thus, if M, denotes the multiplication operator,

(M,ST,)f / f(z w)(SKW)(w) dA(z).
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If ®(z,w) = |a(z)b(w)(SK”)(w)| and h(z) = (1—|2[2)"/2 then (5.1) yields

/D Dz, w)h(w) dA(w) < CylbllulIS 1], la(z)| (2)
< Gyl sup{1S:11) a(2) }h(2).

and by (5.2)

/D‘I)(Z,w)h(Z)dA(w) < Gllalloo][Se1lp [b(w)| A(w)
< Ghllalloe sup{fiSu Ll [b(w)[}h(w).

By Schur’s theorem (see the proof in [21, p. 42]) the operator M,ST, satisfies
an inequality as in the lemma. The result follows because

I(ToSTo) fllz < [[(MySTa) £ 2

for every f € L2 [ |
Suppose that 1 <p < p' < oo, f € LP(D) and 0 < r < 1. Split the integral

115 = I Xl + 11 xep I,

where x g denotes the characteristic function of the set E. Taking a = p'/p
and 3 = p'/(p’ — p) we have a !+ 37! = 1. By Holder’s inequality

-5
| xownlls < 11, Ixownlls = £ (1 =)+,

and consequently

-2,

(5:3) LA < AU (1 =) + [ fxen 7.

Proposition 5.4 Suppose that S € To(L*(D)) and F C M(A) is a closed
saturated set such that ByS = 0 on F. Given € > 0 there is an open
neighborhood Q of F in M(A) such that if U C QN D is measurable, then

(5.4) [Taxy Sllerzy <& and [[STay, ez <e
for every a € L*(D) with ||a|l. < 1.

Proof. Since F' is saturated and ByS = 0 on F, Proposition 4.4 and
wWOoT

Corollary 4.7 say that S, — S, = 0 when z—x € F, with z € . Thus
S.1—0 weakly in L? and consequently

(5.5) S.1—0 uniformly on compact sets as z—z (z € D)

for every x € F.



590 D. SUAREZ

Write

s=2 117
i=1 j

—

with aé- € L>*(D), and fix p,p’ with 4 < p < p/. Then

56 15y = | S TT7en], < o Thew il =

=1 j=1 =1 j=1

where ¢, is the norm of the analytic projection P, acting on L” (D). For
0<r <1, (5.3) yields

1%
1215 < [[S:115 (1 =7) " + [[(S:D)xen 1}

By (5.6) there is 7 close enough to 1 so that the first member of the sum is
smaller than €/2, while (5.5) and the compactness of F' imply that there is
a neighborhood Q of F' so that the second member is smaller than /2 for
every z € QN D. In particular, if U C €2 N D this holds for every z € U.
Since ||lallo < 1, Lemma 5.3 gives

ISTuno | < CEsup 5.1, = € U} sup 31, < CEeet”

where ¢ comes from (5.6) with S* instead of S, and C, is the constant of
Lemma 5.3. To prove the first inequality of (5.4) observe that ByS* = ByS
also satisfies the hypothesis of the proposition and ||T5,, S|| = ||S* 1%, ||

5.2. Approximation properties of the k-Berezin transforms

Lemma 5.5 Suppose that {Sy} is a bounded sequence in £(L2) such that
| BoSk||co—0 when k—oo. Then

$up |(Sk)-1]—0
zeD

uniformly on compact subsets of D when k—oc.

Proof. Since there is a constant C' such that ||Sk|| < C for every k, then
it is enough to prove that for every S € £(L?), n > 0 and r € (0, 1), there is
a function ¢(r,n) > 0, independent of S, such that

(5.7) sup [(S:1) ()] < e(r,n) | BoSlleo + IS

zeD

when u € rD.



TOEPLITZ ALGEBRAS ON THE BERGMAN SPACE 591

Since
(5.8) Kéﬁ)(w) = i(m +1)z2"w
then for z, A € D we have "
(BoS)(=(N) = (BoS2)(A) = (1= [A]%)? Z (j + 1)(m + 1)(Saw?, W™ MA™,

where the first equality comes from Lemma 2.2. Then, for 0 < § < 1/2 (to
be chosen later) we obtain

BS) . OON S
/513 - A2 dA“)—m;U“)( +1)(S, >6ZA X" dA(N)
= ' (7 + 1)<Szwj,wj+”>52j+2”+2

= (<sz1, S+ (S, wf+”>5”)‘

j=1

Since 0 < § < 1/2 and ||w’|| = (j + 1)7"/2 then

" 1 S dA(N = Ry
(. < gl BuSlle [ s SIS0 + Dl o5
D =t
(5.9) < 267" BoSllee + 3115,
where the last inequality holds because » 77, 6% < § when 0 < ¢ < 1/2.
By (5.8)
(S.1)(u) = (S:1, KV) = "(n+ 1)(S.1,w")u"

n>0

implying that
(5.10) (Sl < Y (A DUSLW Y (n+ DYES "

0<n<N-1 n>N
for 2 € D, w € YD and N > 1. Since r € (0,1) we can fix some integer
N = N(r,n) big enough so that the second sum is bounded by (n/2)|S]|.
Using (5.9) in (5.10) we get

(S:D)(w)] < N> (81,0 + (n/2)]15]
0<n<N-1

< 2NN BoSllee + N?3|1S|| + (n/2)[1 S
for z € D and u € rD. Choosing § = d(r,n) < min{n/2N? 1/2} we ob-
tain (5.7) with c(r,n) = 2N25—N. |
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Lemma 5.6 Let {S).} be a sequence in £(L?) such that for some p' > 4,

(5.11) |1BoSkllo—0, when k—oo,

(5.12) sup [|(Sk):1l[y < C and sup[|(Sp)ullly < C,
z€D weD

where C' > 0 does not depend on k. Then
1Sk 2(z2y—0 when k—o00.
Proof. By (5.12) and Lemma 5.3 with a =b =1,

ISklless) < G sup{(Sk)-1ll}7> Sup (St }2 < Gy

Hence, {S;} is a bounded sequence in £(L?) that satisfies (5.11). Under
these conditions Lemma 5.5 says that

(5.13) sup [(Sk).1| — 0 uniformly on compact sets of D.
z€D

Let p with 4 < p <p'. By (5.3)
sup [|(Se)= 1[5 < sup [| (k)15 (1 = )"~ + sup | [(Sk)-1xrpll5
z€D z€D zeD

for every 0 < r < 1. By (5.12) the first member of the sum is bounded by

e

CP(1—r)7,

which can be made small by taking r close to 1, and by (5.13) the second
member of the sum tends to 0 as k—oo. Therefore,

sup ||(Sk)-1|,—0 when k—o0
zeD

for every p € (4,p"). Using again Lemma 5.3, this time with p instead of p/,
we obtain

1Skllez) = G Slelg{H(Sk)lep}”2 Slelg{H(Sii)lep}”2

< G, Sﬁgﬂi(&)zulp}wcl/zeo

when k—o0, where the last inequality holds by (5.12), since || ||, < || ||, ®
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Theorem 5.7 If a € L*(D) then Tp,)—1T, in operator norm when k—o0.
In particular, T(A) = T(L>(D)).

Proof. Write Sy = T, (q) —T5. Since Corollary 2.7 says that BBy = BBy
on £(L2) then

By Sy = BT, (a) — Bolu = BoBy(a) — Bo(a) = ByBo(a) — Bo(a),

which tends uniformly to 0 when k—oo because By(a) € A. That is, {Sk}
satisfies (5.11). On the other hand, if p’ > 4 then
1(Sk): 1|y = 1P+ M(By(a)-a)o. Ll < e ([[Br(@)|loo + llallos) < 26y ||alloo,

where ¢,/ is the norm of the analytic projection P, acting on LP' (D) (see [21,
p.54]). Since

(SZ)Z = P+M(m—a)o<pz
then also

16SE)=1lp < 2¢p[aloo-
So, {Si} satisfies (5.12) and Lemma 5.6 then says that |[Sk|/ g2y — 0
as k — oo. n

Remark 5.8 An obvious consequence of the theorem is that Theorems 4.5
and 4.9 hold for S € T(L*(D)). The argument of Theorem 5.7 works word
by word for any S € £(L?) such that Tz, ¢ — S satisfies (5.12) for some p’ > 4.
So, T, s —S for such S. Maybe this holds for every S € T((L>(D)), which
would imply that T(L>(D)) is the closure of {T, : a € A}.

6. Abelianization

Lemma 6.1 Let F' C M(A)\ D be a closed saturated set, Q@ C M(A) an
open neighborhood of F' and k > 0 an integer. Write U = QN D and
S={a€L*D):a=0onU}. Then

Bra=0 on F for every a € §.

In particular, if B is a hyperbolic algebra and F = 7= *(I'g) then Bya € B
and T, € T(B).

Proof. By Lemma 4.8 it is enough to prove the lemma for £ = 0. Let z € F
and take a net (2,) in D such that z,—z. We claim that for every r € (0, 1)
there is ag = ag(r) such that ¢, (rD) C Q for a > ag. Otherwise there is a
subnet (z,,) and points &3 € rID such that Pras (&5) & Q2 for all 8. We can
assume that {g—&y, with |§| < r. If f € A, the inequality

(e, &)= el < [f(g, €))—flg, (C)l+Ifle, (€0)—F(4(&))
and the uniform p-continuity of f imply that f (gpzaﬁ (€3))— f(wz(&0))-
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Therefore
szaﬁ (fﬁ)_&pm(§0) S H(l’) C F,
and since €2 is a neighborhood of F' then Pz (&g) € Q for B > [y, a contra-

diction. So, if a € F and 0 < r < 1, there is o such that (a0 ¢, )(w) =0
for |w| < r and a > «ap. Hence for a > ay,

(Boa)(za)| < [ oo, J@)ldA@) = [ [faogs ) dAW) < falo(1-12),
D D\rD
which can be made arbitrarily small by taking r close enough to 1. Therefore
(Boa)(za)—0, but since also (Bya)(zq)—(Bpa)(x) then (Bya)(x) = 0, and
this happens for all z € F.
Now suppose that F' = 771(I's), with B a hyperbolic algebra. Since

Bra € A identically vanishes on 77 1(I's) then Bra € B. Consequently
Tp.o € ¥(B), and since by Theorem 5.7, T, ,—T, as k—o0, then so is 7.1

Let FF C M(A) be a closed set. A set U C D will be called a relative
neighborhood of F if there is some open neighborhood 2 C M (A) of F' such
that U = QND. Since the disk is dense in M (.A) and € is open, it is clear

that UM contains €, and consequently it is a neighborhood of F. Also,
for V'C D we will denote V¢ =D\ V.

Lemma 6.2 Let S =) " 1]_[ a , with aé- € L*(D) for1 <i <m and

1 <j<mn; and FF C M(A) be a closed saturated set such that BpS = 0
on F'. Then given € > 0 there exist relative neighborhoods U,V of F' such that

5= (X070 )1

i=1 j=1

< E.

Proof. Without loss of generality we can assume that ||la[ls < 1 for ev-
ery ¢, j. By Proposition 5.4 there is a relative neighborhood U of F' such that

(6.1) IS — ST,
By Lemma 6.1 and (4.2), for 1 < i < m each of the operators

Z def i
(HT > Xuc) 1§k§n17 Sni+1:TXUc

satisfies ByS, = 0 on F. Hence, a new use of Proposition 5.4 provides a
relative neighborhood V' of F' such that

= 15Tl < e

Xue

Sé+1|| <e

1T

forevery 1 <i<mand 1<k <n,.
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Indeed, the proposition says that there are relative neighborhoods V!
of F' that satisfy the inequality for each ¢ and k, but it also says that their
intersection satisfies the inequality. Therefore

|| al Ixve * XVCS,IZ;J _Ta'iXVc "'Ta};XVcS/ic—i-lH
= ||T ajxve * T _1Xve a Sk+1 Talich e TaZXVcSli+1||

IA

H( ak - Ta};ch)Slic+1”

H QIXVC t ak 1Xve
< HTa};XVSk—I—lH <ég,

which leads to

Ty - Tos, T, T. T,

Xue T Ttajxve *ctag xve

T.

Xue

< ZHT ivpe o L XVLSIZ_Taix\/c"' XVCS]Z</'+1H < ne.

Therefore

(6 - (e ]S

i=1 j=1 =1 j=1
Since STy, = (O _im, [1)2, ) Ywe and € > 0 is arbitrary, the lemma fol-
lows from (6.1) and the above inequality. |

If B C L>*(D) is a subalgebra, we write €y(B) for the bilateral ideal of T (B)
generated by commutators [T,, T, = T,T, — T,T,, with a,b € B. Therefore,
€(B) is the closure of €y(B) in £(L?).

Lemma 6.3 Let B be a hyperbolic algebra. If S € €o(L>*(D)) is such that
ByS € B and ByS® =0 on 'z then S € €(B).
Proof. By hypothesis

S = ZTH Ty, [T, T) Ty o T
where n;, k; and m are some positive integers and all the symbols are in
L>(D). If BOSB = 0 on I'p, Lemma 6.2 says that given ¢ > 0 there are

relative neighborhoods U, V' of I'z such that if

R:ZTbixvc...Tbgixvc[Ti Toinve) Teinpe - - Tt e T

ajxve? ciXve "t T e Xye T Xue
K2

then [|S — R|| < e. By Lemma 6.1 every Toeplitz operator involved in the
last expression is in T(B). So, R € €(B) and then so is S. |
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It is well known that if B, D are C*-algebras and ¢ is a *-homomorphism
from B to D, then ||¢|| < 1 and ¢ is an isometry if and only if ¢ is one-to-one
[13, p. 100].

Theorem 6.4 If B is a hyperbolic algebra then

(1) €B) = {S € T(B) : BS® =0 on I's} = {S € T(B) : 58 =0
for all y € Tg}.

(2) S —1Tg,s € €(B) for every S € T(B).

(3) The C*-algebras T(B)/E€(B) and C(I'p) are isomorphic via ¢ : S +
(’:(B) = B()SB|FB.

Proof. (1). The equality of the last two sets follows from Corollary 4.7.
Suppose first that S € €y(B), so

S = Z Ai[Taiasz‘]Bi7

1<i<n

where a;,b; € B and A;, B; € To(B). If x € 771(T'5) then a; o ¢, and b; o p,
are constant functions for all 1 <i < n. By (4.2) then

S:r = Z <A1>:p [Taio(,Oz?TbiO(pz] (B'L)x =0.

1<i<n
Since every S € €(B) can be approximated by operators of this form, then
S, = 0 for every z € 7!(I'z). By Corollary 4.7 then ByS =0 on 7 ('),

which is another way to say that ByS® = 0 on I's. This proves the inclusion
of the first set into the second one.

Suppose now that S € (B) and EOTS‘B =0 on I'z. We can assume that
S]] = 1. Let 0 < e < 1 and take @ € To(B) such that ||Q — S|| < e. Since

Q € T(B) then @5 = M and (ByQ)B(y) = X for every y € I'z, where A € C
depends on y. Thus

B 1 _ _
<TBOQ)?J - zliny T(BOQ)O% = T(an)g(y) = A.

Then
B()(Q — TBOQ)AB = 0 on FB

by Corollary 4.7, and since 5(:98 =0 on I'g then

—

By(T,s)° =0  onTjg

by the same corollary.
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So, if
S1=Q —Tg,g + Tgys

then ByS;8 = 0 on 'z and
(6.2) 151 = S < 1Q = Sl + [Tses = Thyell < 2[Q = S| < 2.
In [20, Thm. 1.1] it is proved that

¢(L=(D)) = T(L*(D)),

so it contains the identity /.
Since Theorem 5.7 implies that €(L>*(D)) = €(A) then I € €(.A). Con-
sequently there is R € €y(.A) such that |R — I]| < e. Thus

(6.3) [1BS) = Si|| < |[R = I[[[|S:]] < e([IS]| + 2¢) < 3e.

Since ByS; = 0 on 7~ }(T'g), Corollary 4.7 says that (S;), = 0 for all z €
7 YTp). By (4.2) then (RS)), = R.(S1), = 0 for all z € 7~ *(T'g), which

means that
Bo(RS))€B  and  By(RS)® =0 on Dy

But since R € €(A) and S € T(A) then RS; € €y(A), which together
with Lemma 6.3 gives RS; € €(B). By (6.2) and (6.3), ||RS; — S| < 5e
and (1) follows.

(2). Let y € I'z. Since S € (B) then 55 = M. Thus

(BOS)B(y) =A and (TgOS)y = T(E()\S)B(y) =

M.

The result then follows from (1).

(3). By (1) the map ¢ is well-defined and one-to-one. It is clear that ¢
is #-linear. Suppose that S, T € T(B) and y € I'z. Then

SE=XsI and TB=)I
for some Ag, Ay € C that depend on y. Hence
Bo(ST)2(y) = zli_rI>1y<Sszl, 1) = (STT01,1)
= (AsArl, 1) = Ashr = (BoS)(y) (BoT)"(y),

and ¢ is multiplicative. If f € C(I'5) we can extend f to a continuous
function F' on M (B). Therefore F' € B and

6(Tr + €(B)) = BoF®lry = f.
So, ¢ is onto. [ |
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Theorem 6.5 Let B be a hyperbolic algebra and S € To(L>*°(D)). Then
(1) S € T(B) if and only if ByS € B.
(2) S € &(B) if and only if ByS® =0 on I's.

Proof. (1). We know the necessity from Theorem 4.9. Suppose that

m  n;

=S
i1 o1
where all a} € L>*(ID), and ByS € B. Then Tg,s € T(B) and
BO(S - TBgs)AB =0 on FB.

Consequently Lemma 6.2 tells us that given € > 0 there are relative neigh-
borhoods U,V of I'g such that

m N
1S = Tpys — Z HTa§xchch + T(Bos)xve e ll < &

i=1 j=1

By Lemma 6.1,
T

aj.XVc ?

TXUC’ T(BOS)XVC S (Z(B)

for all 1 <i¢<m and 1 < j < n;. Therefore S € T(B).
(2). The necessity follows from (1) of Theorem 6.4. For the sufficiency,
observe that it is implicit in the condition ByS® = 0 on 'z that ByS € B.

By the previous assertion then S € T(B). So, (1) of Theorem 6.4 says
that S € €(B). |

If B is a hyperbolic algebra and a € A, then a € B if and only if Bya € B.
Therefore the theorem says that 7, € T(B) if and only if a € B and that
T, € €(B) if and only if a = 0 on 7 '(T'g).

The algebra C(D), of continuous functions on the closed disk is hyper-
bolic, its maximal ideal space identifies with D, and it is immediate that
I'o@m = OD via this identification. Since by Coburn’s theorem ¢(C(D))
is the ideal of compact operators, then part (2) of the theorem says that

S € Tp(L>*(D)) is compact if and only if
(ByS)(z)—0 as |z|—1".

That is, we recover the theorem of Axler and Zheng [4, Thm. 2.2]. It is clear
that the above condition is equivalent to S, = 0 for all x € M(A) \ D, or
what is the same, S,—0 in the SOT-topology when |z|—1.
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7. Applications

7.1. Continuous functions up to a boundary set

Suppose that £ C 0D is a closed set and consider the algebra C'g formed by
the functions of A that extend continuously to E. Then Cg is a hyperbolic
algebra. If id € A denotes the function id(z) = z and for A € 9D we write

My, ={x € M(A):id(x) = A}

for the fiber of A over M(A), then M(Cg) consists of M(A)/ ~, where ~
is the equivalence relation that collapses M) to a single point (depending
on A) for each A\ € E. Thus, ¢, can be identified with E. Theorem 6.4
then says that

¢(Cp) = {5 € T(Cg) (BoS)(2) = 0} and %(Cp)/€(Cp) ~ C(E).

: lim

z—FE
As mentioned before, when E = 0D, the above isomorphism is part of
Coburn’s theorem. Now consider the algebra C'L3 formed by the functions
in L>(D) that extend continuously to E. Since CLY ¢ A, it is not a
hyperbolic algebra. So, at a first sight it is not possible to apply our results
to this algebra. Fortunately, Theorem 5.7 gives us a way to overcome this
apparent difficulty. In fact, it is easy to prove that if f € CL¥ then By f €
Cg for every k > 0 and (Byf)(A) = f(A) for A € E. By Theorem 5.7 then
T(Cg) =F(CLE) and €(CE) = €(CLY).

7.2. The McDonald-Sundberg Theorem

Let U be the C*-subalgebra of L>(D) generated by H>* = {f € L*(D) :
f is analytic}. The celebrated corona theorem of Carleson [10] states that D
is dense in M (H*), the maximal ideal space of H*. This translates into the
alternative description of U as C'(M(H®)). Since Schwarz Lemma implies
that H* C A then U C A. Therefore U is a prehyperbolic algebra and we
aim to prove that it is hyperbolic.

Clearly, every interpolating sequence for H* is interpolating for /. The
interpolating sequences for H> were characterized by Carleson in [9]. Sup-
pose that € M(H>)\ D is in the closure of some interpolating sequence
{z,} for H*, where we can assume that z, # 0 for all n > 1. It is known
that the infinite product

bw) = [ U oo ()

represents a function b € H* such that b(z,) = 0 for all n > 1. This b is
called an interpolating Blaschke product.
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We also know (see [15, p. 404]) that if § € (0,1) then there is £(6) > 0
such that
|b(w)| > €(0) for every we D\ U K(z,,0).
n>1
Thus z satisfies condition (by) of Proposition 3.9. On the other hand, if
x € M(H*)\ D is not in the closure of any interpolating sequence for H>,
it is known that for every net (z,) in D that tends to =,

fop,,—AeC

uniformly on compact sets for every f € H> (see [15, Ch.X]). Since U is
the C*-algebra generated by H* the same holds for every f € U. Thus z
satisfies (ag) of Proposition 3.8. Consequently Corollary 3.10 tells us that U
is hyperbolic and that I'y is formed by the points z € M (H®) that are not
in the closure of any interpolating sequence for H°°. Such points are usually
called ‘trivial points’ because they can be characterized as the x € M(H™)
whose Gleason part (with respect to H*) is just {z}. For the definition and
further information on Gleason parts the reader may consult the original
paper of Hoffman [16] or Garnett’s book [15, Ch. X].

Theorem 6.4 now tells us that T(U)/C(U) ~ C(I'y), a result obtained by
McDonald and Sundberg in [17]. Theorem 6.4 also says that €(U) = {S €
TU) : BoSY =0 on 'y} and S — Tp,s € €(U), which are recent additions
to the McDonald-Sundberg Theorem discovered by Axler and Zheng [5].

7.3. The algebra of nontangential limits

Consider the algebra N'= {f € A : f has nontangential limits a.e. on dD}.
It is clear that A/ is prehyperbolic, and we are going to use Corollary 3.10 to
show that it is hyperbolic. To do so we need to characterize the interpolating
sequences for M. For v € 9D and 0 < a < 7/2 let Ay(u) = {u —w :
|argw —argu| < , and 0 < |u —w| < 1} be an angular region with vertex
u of total opening 2a.. If V' C D set

NT (V) ={u€dD:ueVNA,(u)} and NT(V) = | ] NT.(V).
0<a<m/2

Geometrically, NT(V) is the subset of JD that can be approached nontan-
gentially by points of V. If u € 0D, 0 < r < 1 and 0 < a < 7/2, there is
some 0 < (§ < 7/2 depending on « and r such that the r-pseudohyperbolic
neighborhood of A, (u) is contained in Ag(u). Thus

(7.1) NT(V)=NT({zeD:p(z, V) <r}).

We write |E| for the one-dimensional Lebesgue measure of £ C 0D.
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Lemma 7.1 A separated sequence S = {z,} is interpolating for N if and
only if |NT(S)| = 0. If that is the case, for any r > 0 sufficiently small there
exists f € N that separates S from D\ Up>1 K (2,,7).

Proof.  Suppose that |[NT(S)| = 0 and p(z,, 2z,) > § > 0 for n # m.
By (7.1) then [NT(U, >, K(24,6/4)| = 0. Take f € A such that

f(zn) =1for all n and f =0 on ]D\U >1K(zn,5/4).

So, f has null nontangential limit a.e. on dD. Thus f € N and separates S
from D\ U, >, K(2n,6/4). If {n,} is an arbitrary sequence and we take
g € A such that g(z,) = n, for every n then fg € N and f(2,)9(2,) = M
for every n. So, S is interpolating for N.

Now suppose that [NT(S)| > 0. If 0 < ag < apy1—7/2 is a strictly
increasing sequence, then NT(S) = |J, NT,,(S). So, there is some oy, =
a such that [NT,(S)| > 0, and consequently there exists a compact set
E C NT,(S) of positive measure. That is, u € A,(u) NS for every u € E.
So, if u € E there is some z, € A,(u) N'S. Since A,(u) is open, it is
geometrically clear that there is a an open neighborhood I, of u in 0D such
that 2z, € A,(v) NS for every v € I,. By the compactness of E there
is a finite set Ry in S such that A,(u) N Ry # 0 for every u € E. If
rp = max{|z| : 2 € Ry} and §; = {z € § : |2| < ry} then we also have
Ay(u) NSy # O for every u € E. We can repeat this process with S\ &
instead of S to obtain ro € (r1,1) such that if So = {z € S :r; < |z| < 1o}
then A, (u)NSy # B for every u € E. We keep going to construct a sequence
O<r <--<r,<---<lsuchthatif S, ={z €S :m_1 <|z| <r,}
then

(7.2) Ap(u) NS, #0 for every u € E.

The sequence {r,} must tend to 1 because if r,, < r < 1 for every n then
{z : |z| < r} NS is infinite, which is not possible because S is separated.
Now take
T = U S; and T, = U S;.
j odd j even
Since (7.2) holds for all n > 1 then E C NT,(7;) N NT,(73), and since
|E| > 0, the interpolation problem

1 for z, €Ty
f<zn)_{0 for z, € 7,

cannot be solved by a function with nontangential limits almost everywhere
on FE. [
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Theorem 7.2 The algebra N is hyperbolic. In addition, y € M(N) is
in G if and only if y is in the closure of some interpolating sequence for N.

Proof. Let y € M(N). If y is in the closure of an interpolating sequence
for N the previous lemma says that y satisfies condition (by) of Proposi-
tion 3.9, so y € Gr.

If y is not in the closure of an interpolating sequence for A and S is a sep-
arated sequence with y € SMW) then Lemma 7.1 says that [NT(S)| > 0. So,
if f € N there must be some point u € NT(S) such that f has nontangential
limit A at «, and for some o € (0,7/2), u € Ay(u)NS. Let {z,} be a
subsequence in A, (u) N'S that tends to u. If 0 < r < 1 then the argument
preceding (7.1) says that there is some 3 = («,r) € (0,7/2) such that

UK r) € Ag(w).

So, f(¢.,(w)) — A for |w| < r when n — oo. Thus y satisfies (a3) of
Proposition 3.8, and consequently y € I'yr. By Corollary 3.10 then N is
hyperbolic. |

The nontangential limit function of f € A will be denoted f. So, f € L>(0D).
Also, we write z 2% u to indicate that z tends nontangentially to u € JD.

Lemma 7.3 Let f € N. Then fN =0 on Ty if and only if f = 0.

Proof. If there is y € I'y such that ]]/‘\N(y)\ =0 > 0 and S is a separated
sequence such that y € SMN) | then y is in the M (N)-closure of

S =1{2e8:|f(z)| >d/2).

Since y € Iy then Theorem 7.2 and Lemma 7.1 imply that [NT(S;)| > 0,
and since |f| > §/2 for almost every point of NT(S;), the sufficiency holds.

Now suppose that f # 0, so there is some d > 0 such that |f| > & on a
set of positive measure. It is easy then to construct a separated sequence S
such that [NT(S)| > 0 and |f(2)| > 6/2 for every z € S. The necessity will
follow if we show that SMWN) ATy # 0, because for any y in the intersection
we would have |fV (y)| > /2.

Since A is hyperbolic, if SMN) O Ty = ) then S¥N)  Gyr. So, Propo-
sition 3.9 says that for every y € SMW)\ S there is an interpolating sequence
7, for NV, such that y € Z,MN). Hence, for every 0 < r < 1 the M(N)-
closure of J,c, K(z,7) is a neighborhood of y (by Lemma 7.1). By the
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compactness of S¥N) \ S there are finitely many interpolating sequences
Ti,..., Ty for N such that the closure of

v U U K(z,r)

1<j<N z€T;

is a neighborhood of S¥™) \ S. Thus there is 0 < o < 1 so that SN {z €
D : |z| > p} is contained in U. Together with (7.1) this yields

NT(S)c |J NT(| K(z,m) = | NT(T)),

1SN 267 1<j<N
which is impossible because [NT(S)| >0 while [INT(7;)|=0 for j=1,...,N.
|
Lemma 7.4 If S € T(N) then for almost every u € D there is A(u) € C

such that S, SgT/\(u)] when z 2 u.

Proof. Let a € N and suppose that v € 9D is such that a(z)—\ € C
when z 5 w. If 0 < a < 7/2and 0 < r < 1 there is 8 = S(a,7) in
(e, w/2) such that ¢,(w) € Ag(u) when z € A,(u) and |w| < r. Therefore
a o ,— A\ uniformly on D when z—wu inside A,(u). Since r is arbitrary the
convergence is uniform on compact sets, implying that (73,), = Tho,. — AL
in the SOT-topology when z—u inside A, (u). Since « is arbitrary and the
product of operators is continuous with respect to the SOT-topology, the
lemma holds for every S € To(N). If S € T(N) take a sequence {S,} in
To(N) that converges to S. So, for every n > 1 there is a set E,, C 0D of
full measure such that
(Sn). “Z Au(w)I  when 2 ue B,

Therefore the set £ = NE, has full measure, and given € > 0 there is
no = no(e) such that if u € E,

(7.3) [An (1) = A (u)| < hnItn 1(Sn)z = (Sm)zll = IS0 — Smll < €

for all n,m > mg. This implies that there is some A(u) € C such that
A (u)—A(u) for every u € E. If f € L2 has norm 1, u € E and n > ny, (7.3)
yields

[S=f=A() I < 1520 = (Sn)=FII 4+ [1(Sn)=f = Aa(w) fIl + | An(u) = M) [ f]]
< IS = Sall + [An(w) = AMw)] + [[(Sn)=f = An(u) f]]
< 26+ [|(Sn)=f = An(u) S| = 2¢

when z 2 u. Thus S, f—A(u)f in L2 when z 25 u € E and the lemma holds
for S. |



604 D. SUAREZ

Theorem 7.5 T(N)/EC(N) ~ L>(ID) and

(7.4)  CWN)={S € TN): ByS =0}
(7.5) ={SeTN):S, 910, when z 2 u for a.e. u€ oD}.

Proof. Equality (7.4) follows immediately from Theorem 6.4 and Lemma 7.3.

By Lemma 7.4, for every S € T(N) there is a set Fg C 0D of full measure
and \g : F'g — C such that

(7.6) g, As(u)I when z 2w e Eg.

Then (ByS)(2) = (ByS,)(0) = (5.1,1)—Ag(u) when z = u € Eg, which

S~

means that (ByS)(u) = Ag(u) for every u € Eg. This proves (7.5).

Let @ : T(N)/€(N) — L®(dD) given by ®(S + €(N)) = ByS. By (7.4)
® is well-defined and one-to-one. It is also clear that ® is x-linear. To prove
that ® is multiplicative let S, T € T(N) and use (7.6) to obtain

By(ST)(u) = lim (S.T21, 1) = As(wAr(u) = (BoS)(w) (BoT) ()

Z—>u

for every u € Es N Ep. Hence ¢ is a *-homomorphism and we only need to
show that it is onto. Let a € L*°(9D) and consider the Poisson integral

1 2m 1 — 2 )
A(z) / L=l a(e™)dt.
0

" or |1 — ze—|2

So, A is a bounded harmonic function such that A = a. Since A is uniformly
continuous with respect to p then A € N. So, Ty € T(N) and

®(Ts+€(N)) = ByTs = ByA= A =a. u

Let U be the algebra of the McDonald-Sundberg Theorem. Since every
f € H* has nontangential limits a.e. then f C N' C A. Therefore

CU) C E(N) C €(A).

We shall show that both inclusions are proper. The function

. 1+ |2
a = sin logl_ B

is in A but has no nontangential limit at any point of 9D [8]. Hence,

T, € €(A)\ TN).
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The Shilov boundary of H*, denoted 0H®, is the smallest closed set
F C M(H®) such that

1 f oo = sulg |]/CU(CL’)‘ for every f € H™.
S

It is known that OH is properly contained in Ty [15, p. 438|, and that a
function f € U satisfies ]/”\“ = 0 on 0H* if and only if its nontangential
function vanishes a.e. on 9D (see [3, Thm.7]| and [7, Coro.1.3]). So, take
y € Ty \ OH® and f € U such that fY = 0 on 9H> and fY(y) = 1. Since
f(2) has trivial nontangential limits almost everywhere then Ty € €(N) but
since fY # 0 on Iy, then Ty & €U).

Let AN'L* be the algebra of functions in L>(ID) that have nontangential
limits a.e. on dD. From the paragraph preceding (7.1) it easily follows that
if f € NL*™ then By f has the same nontangential limits as f a.e. on 9D for
every k > 0. Thus Theorem 5.7 tells us that

TN) = TNL®)  and  €N) = CNL).

Moreover, let E C D be a set of positive measure. Then all of the above can
be generalized (with similar proofs) for the algebras

NLY ={f € L*(D) : f has nontangential limits a.e. on E}

and

Ng=NLFNA.
Hence, we obtain a version of Theorem 7.5, where N 1is replaced by Ny
or N'L% and 9D is replaced by E.
7.4. Constant on hyperbolic parts
Definition. If FF C M(A)\ D is a closed saturated set, define
CO(F)={fe€ A: f|p = const.}.

and

COH(F) ={f € A: flu(z) = const. for every x € F}.
These notations stand for ‘constant on F’ and ‘constant on hyperbolic parts
of F’, respectively. It is clear that CO(F) and COH(F') are hyperbolic
algebras and that

F = Wl_l(rco(p)) = 71'Q_I(FCOH(F))a

where 7; and 7y are the projections from M (A) onto the respective maximal
ideal spaces.
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If B is a hyperbolic algebra and 7 : M (A) —M(B) is the usual projec-
tion then

(7.7) {S € To(A) : BoS|r1(r) = 0} CE(B) C{S € T(A) : BoS|p1(rg) = 0},

where the first inclusion follows from Theorem 6.5 and the second from
Theorem 6.4. Observe that since the first set contains €y(5), it is dense
in €(B). The significance of CO(F') and COH(F') is given by the following

Proposition 7.6 Let B be a hyperbolic algebra and F C M(A) be a closed
saturated set. Then the following conditions are equivalent

(1) F=x(g),
(2) €(B) = ¢(COH(F)),
(3) CO(F) C B c COH(F).

Proof. We prove first the equivalence between (1) and (2). If (1) holds then
the comment following (7.7) says that {S € To(A) : BoS|r = 0} is dense
in both €(B) and €(COH(F)), so they must coincide. If (2) holds, (7.7)
implies that

{5 € %o(A) : BoSla-1(rs) = 0} C {5 € T(A) : BoS|r = 0}

Therefore F' C 77 ('), and a symmetrical argument gives the other inclu-
sion, so (1) holds.

If (1) holds the functions of CO(F") are continuous on M (B) and the func-
tions of B are continuous on M(COH(F')). Since these are all C*-algebras,
(3) holds. If (3) holds then

C(CO(F)) € €(B) C €(COH(F)),

so the proof of (2) reduces to show that €(CO(F')) = €(COH(F)). But this

equality is a special case of the equivalence between (1) and (2). [

Let us write COH for COH(M (A)\ D). In this case the last proposition
says that €(COH) = ¢(C(D)), and this is the ideal of compact operators XK.
Then Theorem 6.4 tells us that S — Tg,s € K for every S € T(COH).
In particular,

T(COH)/X = {T, + K : b € COH}.

The center of an algebra B is formed by the elements that commute with
all the members of B. Our next result relates T(COH)/X with the center of
T(L>(D))/X.
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Suppose that S € K and for z € D let k2 = (1—|2|2) K. Since ||K0|| = 1
and k%—0 weakly as |z|]—1, then

(BoS)(2)] < IS =0 when [2]—1,
Therefore S, = 0 for every x € M(A) \ D.
Theorem 7.7 Let 3= {S € T(L>®(D)) : S, =0 for x € M(A)\D}. Then
{T, + X : b € COH} C Center(%T(L*(D))/X) Cc {T, + 3 : b € COH}

Proof. We prove first that if S € T(L>*°(D)) and b € COH then [S,T;] € XK.
Let S, € Fo(A) such that S,—S. Since (S, T, — Tp,5,) — (ST, — T,S) we
can assume that S € Ty(A). By (4.2),

(ST, — TpS)y = Su(Ty)r — (13) S, for every x € M(A),
and since (7). is a constant operator for every x € M(A) \ D, then
[S,Ty]. =0  forx € M(A)\D.

The comment after Theorem 6.5 then says that [S,T}] is compact. This
proves that {7, + X : b € COH} is contained in the center of T(L>*(D))/X.

Now suppose that S € T(L>*(D)) is such that
S+ K C Center(T(L*(D))/X).
This means that ST, — T,S € X for every a € L>(D). So,
Se(Ta)s — (Ta)sSz =0 for every x € M(A)\ D,
or equivalently,
(7.8) S.(Th). — (T0).S. 270 as |z|—1.

Let z € M(A)\ D and take a net (z,) in D converging to x. The closed
ball of center 0 and radius [|S]| in £(L?) admits a metric d with the SOT-

topology. Since S, o S, then for every integer n > 1 there is some point
of the net, that we rename as z,, such that d(S,,,S.) < 1/n. So,

SOT

(7.9) S, = S

If {r,} is a sequence in (0,1) that tends to 1, we can assume (taking a
subsequence of {z,} if needed) that K(z,,r,) N K(zj,7;) =0 if n # j. For
an arbitrary a € L*°(D) consider the function

bw) = D (a0 @2)(@)Xr(zy.ry) (@)-

Jj=1
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Hence (1), = Thoy., , where

(bow.)(w) = alw)Xxk@rm)(w)+ Z (@0 @:)(2, (W) XK (g2 (25).m) (W)
Jij#n

= gn(w) + hy(w).
Since the support of h,, is disjoint from K(0,r,) = r,D then

|hn(w)] < lallsoXD\rnD (W) for all w € D.

Since r,—1, it is clear that T}, %OT 0 and T, Sof T,. Thus

(7.10) (Th)., = Ty, + Th, "2 T,

By (7.8)
SOT

Szn(Ta)zn - (Ta)znszn - 0;
which together with (7.9) and (7.10) gives S,T, — T,S, = 0. This means
that S, commutes with every Toeplitz operator with symbol in L>*(D).
By [12, Thm. 10.28] then S, = AI for some A € C, and consequently ByS =
A on H(x) by Corollary 4.7. Since x € M(A) \ D is arbitrary then ByS €
COH and
(S —=TBys)z = Sz — T(BoSyop, =M — A =0

for every x € M(A)\ D. That is, S — Tp,s € J. |

The concept of center plays an important role when studying localizations
of C*-algebras (see [13, Th. 7.47]). I believe that the ideal J in Theorem 7.7
is K, so the inclusions of the theorem should be equalities. If S € £(L2),
the essential spectrum o.(S) is the spectrum of S+ X in the Calkin algebra
L(L?)/XK. Let o(S) denote the usual spectrum of S. Is it true that

o(S)= |J o(S.) forevery S € T(L®(D))?
zeM(A)\D

There is strong evidence to support an affirmative answer. This holds for
S € T(COH), while the example preceding Lemma 4.8 shows that this fails
for a general S € £(L?). This example appeared in [4], where it is also
shown that there is an infinite dimensional orthogonal projection P such
that ByP(z)—0 when |z|]—1. We do not know the answer even for a general
Toeplitz operator with bounded symbol.

Acknowledgement. I thank Manuel Flores for many interesting discus-
sions regarding the Berezin transforms.
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