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On the product theory

of singular integrals

Alexander Nagel and Elias M. Stein

Abstract

We establish LP-boundedness for a class of product singular inte-
gral operators on spaces M = M7 x My x -+ - x M,,. Each factor space
M; is a smooth manifold on which the basic geometry is given by a
control, or Carnot-Carathéodory, metric induced by a collection of
vector fields of finite type. The standard singular integrals on M; are
non-isotropic smoothing operators of order zero. The boundedness of
the product operators is then a consequence of a natural Littlewood-
Paley theory on M. This in turn is a consequence of a corresponding
theory on each factor space. The square function for this theory is
constructed from the heat kernel for the sub-Laplacian on each factor.

1. Introduction

The purpose of this paper is to develop an LP theory of product singular
integrals in sufficient generality so that it can be used in a number of different
situations, and in particular for estimates of fundamental solutions of [, on
certain model domains in several complex variables. These applications will
be described in [NS03]. Beyond these applications, this theory would seem
to have an interest in its own right, as it differs in its setting from the product
theory studied in earlier papers. We now describe this background.
Any analysis of product singular integrals on a product space

M:MlxMQX---an

must be based, to start with, on a formulation of standard singular integrals
on each factor M;. Such a class of operators on M; can in turn be defined in
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relation to the underlying geometric structure of each M;. As a first example,
take the factors M; to be Euclidean spaces, and the class of operators on M;
to be the convolution operators of (loosely speaking) Calderén-Zygmund
type. Then a corresponding product theory is developed in [FS82], but its
roots go back, at least implicitly, to [JMZ35]. A generalization to the case
where the M; are appropriate nilpotent groups and the operators are of
convolution type is carried out in [MRS95] and [NRSO01].

For the applications we have in mind, we need to generalize this situation
and replace each M; by a space of more general type: one with a geometry
determined by a control distance defined in terms of a collection of distin-
guished vector fields {X;, X5, ..., X;} having the property that they and
their commutators span the tangent space at each point.

There are now at least two paths open to us. One is to generalize the class
of operators on each factor M; to the extended class of the T'(1) theorem
of David and Journé [DJ84], and then pass from this to a corresponding
product theory. This idea was carried out in [Jou85] in the setting where
each factor is a Euclidean space.

One might be able to carry out this approach for more general M;. How-
ever, because of the inherent complications, we choose a second, simpler ap-
proach. We develop a theory which is more tractable and directly applicable
on the product M even though the theory on each factor is somewhat less
general in scope. Specifically, we consider on each factor an intermediate de-
gree of generality— the class of singular integrals of NIS type (non-isotropic
smoothing operators of order 0). These operators occur naturally on the
boundary of various domains in C" (see [NRSW89], [CNS92], and [Koe02]).
They may be viewed as Calderén-Zygmund operators whose kernels are C'*
away from the diagonal, and whose cancellation conditions are given quite
simply in terms of their action on smooth bump functions. It is a combi-
nation of these two properties that make the operators on each M; easy to
handle, and this carries over to the product-type operators on M.

The precise definition of the class of operators on each M; is given below
in section 2. Any product theory tends to be burdened with notational com-
plexities. It seems easiest to first present full details of the product kernels
when there are only two factors, and then consider the general situation.
Thus the definition of the corresponding class of product operators for two
factors is given in section 3, and the definition of the class of operators on
an arbitrary finite Cartesian product is given in section 4.

The key to the proof of the L? and L” boundedness of these operators
is the existence of a natural Littlewood-Paley theory on M, which is it-
self a consequence of the corresponding theory on each factor. The square
function that we use is constructed in terms of the heat equation, and the
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details of this are carried out in section 2. The basic interplay between the
singular integrals and the square function is provided by Proposition 3.3.1
in the single-factor case, and Proposition 4.2.4 in the general product case.
Our main theorems, (Theorems 4.1.2 and 5.1.1), on the L” boundedness of
product operators then follows easily from these considerations.

2. The Littlewood-Paley Theory

We are interested in demonstrating the L” boundedness of product singular
integrals on a product space M = M; x My x --- x M,. To carry this out
we shall first need to describe a Littlewood-Paley theory for each factor M;,
1 <4 < n, and then pass to the corresponding product theory. We begin by
concentrating on a fixed M;, which we denote by M, dropping the subscript <.
We describe the corresponding underlying geometric structure, and then the
resulting square functions defined in terms of the heat equation.

For the sake of simplicity, and because of the applications we have in
mind (see [NS03]), we shall focus our attention on two specific settings:

(A) Here M is a compact connected C*°-manifold. We suppose that we are
given k smooth real vector fields on {X;,..., X} on M which are of
finite-type m in the sense that these vector fields together with their
commutators of order < m span the tangent space to M at each point.

(B) Here M arises as the boundary of an unbounded model polynomial
domain in C2. Thus let Q@ = {(z,w) € C?| Sm[w] > P(z)}, where P is
a real, subharmonic, non-harmonic polynomial of degree m. Then M =
09 can be identified with C x R = {(z,t), z € C,t € R}. The basic
(0,1) Levi vector field is then Z = % —1 %—1; %, and we write Z = X, +
i Xy. The real vector fields {X;, X5} and their commutators of orders
< m span the tangent space at each point. Thus this M is a special

non-compact variant, with k = 2, of the manifolds considered in (A).

2.1. Geometry on M

The most important geometric object we need is one of a class of equivalent
control distances constructed on M via the vector fields {X7,--- X;}. One
variant of the control distance can be defined as follows. For z,y € M,
let AC(z,y,0) denote the collection of absolutely continuous mappings ¢ :
0,1] — M with ¢(0) = z, ¢(1) = y, and for almost every t € [0,1],
O(t) = Z?Zl ar Xk (p(t)) with |ai| < 8. Then the control distance p(z,y)
from x to y is the infimum of the set of § > 0 such that AC(x,y,d) # 0. For
details, see [NSW85], and [NSO1b].
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The result we need here is that there is a pseudo-metric d ~ p on M
equivalent to this control metric! which has the optimal smoothness; i.e.
d(z,y)is C* on {M x M — diagonal}, and for x # y

(2.1) |0% Oy d(z,y)| < dlx,y) "

(Here 0% is a product of K of the vector fields {Xi,..., X} acting as
derivatives on the w-variable, and 0% are a corresponding L vector fields
acting on the y-variable). For the existence of such a pseudo-metric, see
Theorems 3.3.1 and 4.4.6 in [NS01b] where d is denoted by p. We shall also
assume that in the case (A), upon using an equivalent pseudo-metric, we
have d(z,y) <1 for all z,y € M.

We consider a volume measure on M as follows. When we are in the
compact situation (A), then we take any fixed smooth measure on M with
strictly positive density. In the situation (B) we take Lebesgue measure
on C x R. In either case, when integrating we write the measure as dzx.
We denote the measure of a set E by |E].

We define balls B(x,0) = {y € M, d(xz,y) < ¢}, with 0 < § < 1in
case (A), and 0 < 0 < oo in case (B). We have the following formulae for
the volume |B(x,d)|:

(2.2) |B(x,0)| ~ Z Az (z)|61] in case (A);
[1|<r
(2.3) 1B(z,0)| ~ (ZAk(x) 5’f) 5? in case (B).

Here |A\;| and Ay are the appropriate Levi-invariants, and are continuous,
non-negative functions on M (see theorem 2.2.4 and section 4.1 in [NSO1b]).
The balls have the required doubling property

(2.4) |B(x,20)| < C'|B(x,6)|, forall § >0.
We also introduce the volume functions

Vs(z) = |B(x,0)],
V(z,y) = |B(, d(z,y))|.

It is important to observe that

(2.5)

(2.6) Vi(z,y) = V(y,z).

'Here, and throughout the paper, A ~ B means that the ratio A/B is bounded and
bounded away from zero by constants that do not depend on the relevant variables in A
and B. A < B means that the ratio A/B is bounded by a constant independent of the
relevant variables. We shall also assume that the pseudo-metric satisfies d(x, y) = d(y, ).
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In fact if d(z,y) < 6, then B(y,d) C B(z,C9), so |B(y,0)| < | B(z,Cd)| <
C"|B(z,0)| by the doubling property. If we take § = d(z,y), this gives
V(y,z) < C'"V(z,y), and by symmetry (2.6) is established. Also note that
in case (B), it follows from (2.3) that we have

(2.7) |B(z, s0)| > s* |B(z, 0)| for s > 1.

Remark 2.1.1 Whenever a > 0, there is a constant C, so that

d(z, y)* d(z,y)~"
2.8 / ——dy < C,, and / dy < C,.
( ) (zy)<1 V(x’y) d(z,y)>1 V(Qf,y)

In fact we can write the first integral as

Z / d(z,y) a0,
2=k=1 < d(z,y) <2kV(I’ y)
On the other hand,

d _
/ (z, y)* dy < 2ka ’B( 2—k—1)| 1 / dy
2-k—l<d(z,y)<2—F V( ) d(z,y)<2—k

o |B(x,27")]

B2 ) S
Summing in k gives the estimate for the first integral. The second integral
in (2.8) is non-zero only in case (B) and is dealt with in the same way.

< 0927k,

2.2. The maximal function

The analogue of the standard maximal function is defined as follows:

Mifie) = sp s [ 1@l

6>0

Note that for a > 0,

. (d(z, )~ )
o) s [ RISy < O M)
In fact,
o d(z,y)~°
’ /2k+152d(x,y)>2k5 V(z,y) (@)l dy
<ok L F)ldy < C27% MIf](x)

|B(2,250)| J\B(a2x+15))

and summing in k establishes (2.9).
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Standard arguments (see [Ste93, Chapter I]) using the properties of the
balls, and in particular the doubling property (2.4), prove that

(2.10) I MU leony < Ap | f llzrony, 1 <p<oo.

We shall also need a vector-valued form of this inequality, which we
formulate in its continuous version. Suppose f(s,z) = fs(x) is a measurable
function on R* x M so that f; € LP(M) for almost every s. Then for

1 < p < oo there is a constant A, so that
00 1/2
([ 1eas)
0

(2.11) H </000/\/l(fs)2 ds)l/z

The proof of (2.11) follows as in [Ste93, Chapter II, Section 1].

< A
Lp(M)

P

Lp(M)

2.3. The Heat Equation

We consider the sub-Laplacian £ on M in self-adjoint form, given by

k
L = ZX;Xj.
j=1

Here (X7 ¢,9) = (¢, Xj1p), where

(0,9) = /M () D@ d,

and ¢, € C§(M), the space of C* functions on M of compact support.
In general, X7 = —X; + a; where a; € C*(M).

We are interested in the initial value problem for the heat equation:

%(w,s) + Lyu(x,s) = 0, with u(z,0) = f(z).

The solution we have in mind is given by

u(z, 5) = Hy[f](z),

where H, is the operator given via the spectral theorem by H, = e~**, and

an appropriate self-adjoint extension of the non-negative operator L initially
defined on C§°(M). (See [NSOla], and in particular the remarks preceding
Theorem 2.3.5). One can then assert:
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Proposition 2.3.1 Whenever f € L*(M), we have

H,[f)(x) = /M H(s,2,y) f(y) dy.

Moreover

1. H(s,z,y) € C*=([0,00) x M x M\{s=0 and z =y}). For s >0,
OH
g(saxﬂy) = _‘Cx H(vaay) = _‘Cy H(Saxuy)‘

2. H(s,x,y) satisfies the following differential inequalities for every inte-
ger N > 0:

(a) When d*(z,y) > s,

| d(z,y) "5+ s\
|07 0% 05 H(s,z,y)| < ( sz v) (dz(x y)) '

(b) When d*(x,y) < s,
o i—K/2-L/2

V()

In particular, for every L and K, there is a constant Cp x so that for all
s € (0,00) and all x,y € M

|01 0% 05 H(s,z.y)| <

d(z,y) *
Vi(z,y)

3. For each integer L > 0 there exists an integer Ny, and a constant C, so
that if ¢ € C3°(B(z0,9)), then for all s € (0,00)

0% H (] (z0)| < Cpo~Fsup > 0| 0%e(x)|.

PR

|8)L< o H(s,x,y)| <CkrL

4. For all (s,xz,y) € (0,00) x M x M,
H(s,z,y) = H(s,y,x);
H(s,xz,y) > 0.

5. For all (s,z) € (0,00) x M, / H(s,xz,y)dy = 1.

M

6. For 1 <p<oo, | H(f) e <l f llzequ) -

7. For every ¢ € C3°(M) and every t > 0,
lim | H[¢] = ¢lls = 0

where || - ||¢ denotes the Sobolev norm.
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Proof.  The assertions (1), (2), and (3) of Proposition 2.3.1 are proved
in [NSOla]. In establishing (4), the fact that H(s,z,y) is real follows easily
from the fact that the operator L is real, and the symmetry H(s,z,y) =
H(s,y, ) is then a consequence of the fact that e~** is self-adjoint.

The proof of the non-negativity of H(s,x,y) requires several steps. First,
since L is non-negative, for each A > 0 the resolvent

RN L) = (A + L)

is a bounded operator on L?(M) with norm < 1/) by the spectral theorem.
Notice also that

e /€
(M + £)7f] = lim 1 (e e ™) [f]ds = lim 1 e H,[f]ds

— —
606 60E

with the limit taken in the L?(M) norm. We shall need the following prop-
erties of R(A, L).

Lemma 2.3.2
(a) For X\ >0 there is a constant C so that for all f € L* N L*,

| RO L] ey < Cx || f ooy -
(b) If [ € C3°(M), then R(X, L)[f] € C*(M).

(¢) Let C denote the space of continuous functions on M wvanishing at in-

finity. Then if f € L2NC, it follows that R(\, £)[f] € L* N C.
(d) If f € L* and f >0, then R(\, L)[f] > 0.
Proof of Lemma 2.3.2 Let us write
RO D@ = [ )G dy
Then N
r,\(:ic,y):/o e H(s,x,y)ds.

We make two estimates on ry(z,y). First, we claim that there is a
constant C' so that for all A > 0 we have

d*(z,y)

2.12 <C—%.

( ) |T‘)\(ZE,y)| = V(l’,y)

Second, for each A > 0 we claim that there is a constant C'y so that
d*(z,y)

2.13 raz,y)| <O\ ——.

( ) | >\( )| A V(x,y)

In the compact case (A), only the estimate (2.12) is relevant.
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To establish (2.12), we make no use of the decay given by the term e=**.

In fact using
V(z,y)~™' when s < d(z,y)?,

[H(s,2,y)| S
Vs(z)™'  when s > d(x,y)?

we see that
d(z,y)? oo
Ira(z,y)] < (/ ds) Viz,y)™! +/ V\/g(x)_l ds .
0 d(z,y)?

The second integral arises only in the noncompact case (B). To handle it,
substitute /s = d(z,y)t. Then

/ Vs(z) "t ds = 2d(z,y)? / Ve e(z) " tdt.
d(z,y)? 1

But for t > 1, since we are dealing with case (B) it follows from (2.7)
and (2.5) that
V:i(:p,y)t(x) > t4 ‘/d(:v,y) ($) = t4 V($, y)

Thus
/ Va(2) " ds < d(a,y)? Via,y) / WP du <
d?(z,y) 1

This gives the estimate (2.12).
To establish (2.13) we use the decay of e™**, and the estimate

H < V(e,y) 2
| (s7$7y)| ~/ (l’,y) d<x’y)2
when s < d(x,y)% We get
el 5 ([ s ds ) Ve et [T e (o).
0 d(x,y)?

The second term is dominated by

(/ se ds) V(z,y) td(z,y)?
d(zy)?

d*(z,y)
Ira(z,y)| < W

Thus (2.12) and (2.13) are established.

and so we obtain
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Now using (2.12) when d(x,y) < 1, and (2.13) when d(z,y) > 1, we see that
because of (2.8) we have

| @ wldy <,
M

which leads to conclusion (a) of Lemma 2.3.2.

Next, if f € C§°(M), then f belongs to the domain of £V for ev-
ery positive integer N, and hence by the spectral theorem LYR(\, L)f =
R(\, f) LN f. Since L is sub-elliptic it follows that R(\, £)f € C*, which
establishes conclusion (b) of Lemma 2.3.2.

Notice that in the case (B) when M is not compact, if f € C°(M) the
estimates (2.12) and (2.13) show that R(\, £)f vanishes at infinity. Asser-
tion (c) of Lemma 2.3.2 is then a consequence of an approximation argument
in the sup norm, using conclusion (a).

Finally, we turn to the crucial conclusion (d) regarding the positivity
of R(A\, L£). It suffices to prove that R(\, £)[f] > 0, whenever f € C5°(M)
and f > 0. Let F' = R(\, £)[f]. We have seen that F' is C*, and vanishes at
infinity. Suppose that for some zq € M, F(zq) < 0; we shall show this leads
to a contradiction. We may take zy to be a local minimum of F. Now
(M+L)F = fand hence L(F)(zo) = f(xo)—AF(z0). Since A >0 this implies
k

(X;X;) (F) (o) > 0,

1

j
and hence for at least one j, X7 X;(F)(zg) > 0. However, X;(f) =
—X;(f) +a;f, and X;(F)(xo) = 0, so it follows that X7(F)(zo) < 0. Let
v(t) = F((expt X;)(zo)). Then +'(0) = 0, while v"(0) < 0, contradicting
the fact that y(¢) has a local minimum at ¢ = 0. This completes the proof
of Lemma 2.3.2. n

We can now prove assertion (4) of Proposition 2.3.1. Since R(\, L) pre-
serves L? and positivity, we see that the same holds for (R(), £))", for every
positive integer N. However if s > 0, then

K rwis.0) 5=+ eme™s

and by the spectral theorem this converges in the L2(M) norm to e 4(f) =
H(f); thus we see that Hj is positivity preserving.

To prove assertion (5) of Proposition 2.3.1, let

u(s,r) = /MH(s,x,y)dy.

Note that this integral converges by the estimates (2) in Proposition 2.3.1,
and those in (2.13).
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We show first that 2% (s,2) = 0. Let

U (s, 7) :/MH(S,;C,ym (d(‘?y)) dy

where 7 is a C* function with n(u) =1, if u < 1/2, and n(u) = 0, if u > 1.

Then by the estimates alluded to, the relevant integrals converge and this

shows that u,(s,z) — u(s,z) and 2= (s,z) — % (s,z) as 0 — oc.

However, since 7 (@) is in C§° (as a function of y), we have that

3% /sty w(d( y)) d

and this tends to zero as ¢ — oo. The result is that u(z) = [,, H(s,z,y) dy
is independent of s. We have

)~ o) = [ (o) 1= n) (22 ay

For o > 0 fixed, the integrand is supported where 2d(z,y) > 0. Since

H(s,z,y) S sVi(z,y) td(z,y)™? for s <d(z,y)’

it follows from Remark 2.1.1 and the dominated convergence theorem that
Uy (s,x) — u(x) as s — 0. The same estimate

H(s,z,y) S sV(z,y) " d(z,y)~

shows that for any € > 0 and any x € M there is a constant A > 1 so that

/ H(s,z,y) dy < c / H(s,2,y) dy = culz).
(w,y)>Asl/2 M

A standard argument then shows that if f is bounded on M and continuous
at x € M then

lim [ H{(s,2,y) f(y) dy = u(z) f(2).
S— M
If we apply this to f(y) = 77(0_1 d(z, y)), we see that u(x) = n(0) = 1. Thus
u(s,z) = 1, proving conclusion (4) of Proposition 2.3.1.

As is well-known, conclusion (6) of Proposition 2.3.1 follows from the
facts that

/ H (s, )|dy = / Hs,2y) |de =1
M M

which are themselves immediate consequences of (4) and (5).
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To establish conclusion (7), first note that the spectral theorem shows
that lim,_o || Hs[p] — ¢||2(mr) = 0. Next, since L, H(s, z,y) = L, H(s,,y),
it follows that if ¢ € C3°(M), then for any integer N, LY H,[p] = H,[L ).
Thus for any N, lim,_o |[L" H[@] — L[| 2y = ||[Hs[L™ @] = L0 |2ar) =
0. Since L satisfies a subelliptic estimate, we obtain convergence of H[y]
to ¢ in any Sobolev space. Proposition 2.3.1 is therefore proved. [

We shall next look at the behavior of H[f] as s — oo. To do this we
consider the spectral resolution of the operators H, = e~** given by

Hs:/ e " dE(p).
0

Here E(1) is an increasing family of orthogonal projections, for 0 < u < oo,
with E(u) — I, as p — oo; we set Ey = FE(0). Ej is just the orthogonal
projection of L*(M) onto the null space of the (closed) operator L.

Proposition 2.3.3 Let f € L*(M). In case (A) when M is compact,

we have .
Ef) = o [ Fae

There exists a p1 > 0, so that
(2.14) I Hs(f) = Eo(f) Iz < e || f llz2 -

In case (B) when M is non-compact, we have Eq[f] =0, and

(2.15) | Hs(f) le— 0, as s — oo.

Proof. Consider the compact case first. If Ey(fo) = fo, then Hy(fo) = fo, for
all s > 0; however u(s, ) = H,(fo)(x) satisfies the heat equation

ou
s + L. (u(s,x)) =0,

therefore fo € C*°, and L(fy) = 0. The compactness of M allows us to
integrate by parts, and so

k

0= (Lfo, fo) = Z (X fo, X; fo),

J=1

which implies X;fo = 0, 1 < j < k. As a result, fj is constant. Thus the
subspace corresponding to Ej consists of the constant functions, and

1
Eo(f) = M/Mfdl"
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Next, consider the resolvent R = R(1,£) = (I + £)~'. In view of kernel
estimate 2.12 and the compactness of M, it is clear that R is a compact
operator on L?(M). Hence the eigenvalues of R are discrete and accumulate
only at 0; as a result the spectrum of L is discrete and its eigenvalues accu-
mulate only at infinity. Thus £ has a smallest strictly positive eigenvalue .
The fact that

HS:/ e MdE(p)
0

then establishes (2.14).
Turning to the non-compact case (B), we observe that

H(f)(@)] < ( / rH<s,x,y>\2dy>1/2 T

However

dy
Hsag)Pdy SV [ aye |
/]\/[ ’ ve d(z,y)</s d(z,y)>+/s V('Ta y) d(x7 y)3

by the estimates in Proposition 2.3.1, since V(x,y) > cd(z,y)?. Therefore
by (2.8) we have that

/|H(s,x,y)|2dy—>0, as s — 00.

So if Hs(fo) = fo, it follows that f; = 0, and hence Ey = 0. It follows
therefore that in this case,

o0

| F(f) | = / e ABG)S,f) — 0, ass— oo

+

and Proposition 2.3.3 follows by the dominated convergence theorem. This
completes the proof of Proposition 2.3.3. [

We record here related conclusions that are valid in both cases (A)

and (B). If f € L*(M) then

. 0H, , OH,
(216) }gl{)ﬂo S as [f] . = SILH;IO S 08 [f] L = 0.
In fact, ,
0H, > _
sG] = [ e awin.)

and this tends to zero if either s — 0 or s — oo, by the dominated conver-
gence theorem.
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2.4. A reproducing identity

Define a bounded operator @, = 2s %= s>0 on L*(M) and let Q? = Q,-Q,.
Proposition 2.4.1 For f € L*(M),

(2.17) /OOO QY = f - B, ferron,

S

1/e d
where the integral on the left is defined as lir% / Q%[f] —S, with the limit
€— c S
taken in the L? norm.

Proof. Since H, = e %¢, it follows that Q? = 4s?L£2e 2% = 52 % (Hys).
Therefore

1/e d 1/e 92
[anT = [T sl

1/e B o 1/e B
:/E %(S%Hgs(f))ds—\/e aHQSdS.

On the last line, one term goes to zero as € — 0, in view of (2.16); the
other terms goes to f — Ey(f) in view of Proposition 2.3.3. Thus (2.17) is
established. [

2.5. The square function

For f € L*(M) we define the square function S(f) by
R g ds
S = [ ek
Proposition 2.5.1
1. For f € L*(M),

ST ary + 1B (T2 ary = 122 o -

2. For1 <p<oo, if f€LP(M) then
ISTA o ary + 1B Lo ary = 11 | Lo ary -

The L? equality (1) follows from the identity of Proposition 2.4.1 by
taking the inner product with f. The heart of the matter is the L” esti-
mates (2). To see these, one applies the abstract Littlewood-Paley theory
in [Ste70]. In fact, Proposition 2.3.1 shows that Hg, 0 < s < 00, is a sym-
metric diffusion semi-group in the sense of that reference, and the results in
Chapter 4 of [Ste70] then establish the proposition.
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2.6. The product case

We now assume that M — M; x My where each M; is as above. For each 1,
we have a heat operator H. , and a corresponding @’ , together with the

projection E{. If f is a function on M we define QL - Q% =Ql ®Q7%,
with Q' acting on the M, variable, and Q? acting on the M, variable. The
product square function is then S given by

(2.18) (?(f)(@)2 = /OOO/OOO Q- Q%L (N @)’ dzf?

Proposition 2.6.1 For 1l < p < oo,

(219) 1 50 sy + I ESH Ny + 1 B2 Nowgay = f ity

This can be derived from Proposition 2.5.1 if we observe that this holds as
well for functions which take their values in a Hilbert space.

To begin with, suppose E}(f) = EZ(f) = 0. For each fixed x5 € Mo,
set Fy,(x1) = Q2,(f)(21,x2), and consider it as a function on M, with
values in the Hilbert space L2(d52) Note that Ej(F,,) = 0. Therefore, by
Proposition 2.5.1,

N ds; dso 1/2
e - Rl
H 10 22) Lo(My) (//|Q51 QulfIl22)] S1 - 52) L (M)
~ || ||LP(M1)
dsy\ ?
_ (/ Q%I (- )|’ —2)
52 Lp(My)
~fC ozl ra) -

Now raise both sides to the p'" power and integrate in x5 € M, to ob-
tain (2.19) in this case.

For the general case write f = fo+ f1 + fo + f3 where
fo=(1—Ey) (1= ER)[f], fr = Eylf], fo= Eilf], and fs = —Eg Eg[f].

Note that
Qs, - QL] = Qs - QL[]
while

Il E E 1 | oy < IV EGLA) N pogany

by Holder’s inequality.
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3. LP estimates; the single factor case

In this section we again consider the special case where M = M, for some 1,
and we suppose that {X;,..., X} are smooth vector fields on M, which
together with their commutators span the tangent space at every point.
We study LP-boundedness of a class of singular integral operators on M
determined by the geometry studied in section 2.1.

Our operators will be characterized in part in terms of their action on
bump functions. Loosely speaking, these are defined as follows: we say ¢ is
a bump function associated to a ball B(x,d), if it is supported in that ball,
and satisfies the differential inequalities |0%¢| < 07, for all monomials dx in
X1,..., Xy of degree a, and all @ > 0. A useful way to construct such ¢ is by
setting ¢(x) = n(@) with 7 a fixed C* function on (0, 00), n(u) = 0,
when v > 1. Here d(z,y) is the regularized distance used in Section 2.
We give precise definitions in the next subsection.

3.1. A class of singular integral operators on M

We consider a class of singular integral operators 7' which we assume initially
are given as mappings from C§°(M) to C*°(M). We suppose the operator T
has a distribution kernel K (x,y) which is C* away from the diagonal of
M x M, and we suppose the following four properties hold:

(I-1) If v, € C§°(M) have disjoint supports, then
Moty = [ Ko olo) vle) dody.
MxM

(I-2) If ¢ is a normalized bump function associated to a ball of radius r,
then 0% Ty| < r~® More precisely, for each integer a > 0, there is
another integer b > 0 and a constant M, so that whenever ¢ is a C°
function supported in a ball B(xg, ), then

sup r* |(9% T) (x)] < Map sup  sup r°[0%(¢)|.
zeEM c<b zeB(zo,r)

(I-3) If  # y, then for every a > 0
0%y K(z,y)| < d(a,y)™ V(z,y) ™.

(I-4) Properties (I-1) through (I-3) also hold with z and y interchanged.
That is, these properties also hold for the adjoint operator T defined by

(T'o, ) = (T, ).
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Our main result in this section is as follows:

Theorem 3.1.1 Fach singular integral operator T' satisfying the conditions
(I-1) through (I-4) extends to a bounded operator on LP(M) when-
ever 1 < p < o0.

3.2. The relationship with NIS operators

We want to explain the relationship between the class of operators defined
in subsection 3.1 by properties (I-1) through (I-4), and the notion of NIS
operators smoothing of order zero. A class of NIS operators smoothing of
order m was introduced in [NRSW89] and [CNS92]. When m = 0, this
class is closely connected to but more restrictive than the operators con-
sidered in subsection 3.1. For an operator 7', in addition to the proper-
ties (I-1) through (I-4), it is assumed that there is a family of operators
T.(fl(x) = [y, K(z,y) f(y)dy where K, € C™®(M x M) which satisfies
properties (I-2) through (I-4) uniformly in € such that T.[f] — T'[f] in C*.
This condition was imposed in order to prove that the operators in question
formed an algebra under composition. However, as pointed out in [Koe02],
it was implicitly assumed that the identity operator is an NIS operator
smoothing of order zero. In order to overcome this difficulty, a modifica-
tion of the definition of NIS operators is given in [Koe02] where an a priori
Sobolev inequality is imposed for the operator T' instead of the existence of
an approximating family 7,. This definition was used in [NSO1la].

In our present context, we do not need to establish that operators satis-
fying properties (I-1) through (I-4) form an algebra. Thus both previously
defined classes of NIS operators smoothing of order zero are covered by
Theorem 3.1.1.

Remark 3.2.1 Conclusions (1), (2), (3), (4) and (7) of Proposition 1.3.1
now show that the identity operator on L*(M) is an NIS operator smoothing
of order zero in the sense of [NRSW89] and [CNS92].

3.3. Singular integrals and square functions

In addition to the use of the Littlewood-Paley theory in Section 2, the key
tool in proving Theorem 3.1.1 is the following estimate:

Proposition 3.3.1 For each operator T satisfying the conditions (I-1)
through (1-4),

QTQ.f(x)| < (t/s)" M(f)(z), ft<s

where M is the standard maximal function. A similar result holds if s <'t.
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We shall prove this proposition by writing

Q=) QF Q=) Q)
k=0 Jj=0

and showing:
- ~ L (2012 okgl/2
@ 7Qt f)] £ 2% 2 min{ 21 T s

Here QF will be like Q,, except that its support is restricted to d(z,y) <

~

2%, /5. Details of this decomposition will be given in section 3.5 below. Note
that the second decomposition for ); follows from the first, because Q7 = Q.

3.4. Two observations

The proof of Proposition 3.3.1 is based on the following observations.

Observation 3.4.1 Suppose that p,(x,x) is a bump-function (in x), as-
sociated to B(xg,p) and that ¥, (y,yo) is a bump-function (in y) associated
to B(yo,r). Assume further that

/ Pp(, z0)dr = / U (Y, 90) dy = 0.

Let K (x,y) be the distribution kernel of an operator T satisfying (I-1) to (I-4),
and set

Iz// K(z,y) pp(z, m0) ¥r(y, o) dz dy

If r < p then
r
(¢) Il S = Vilyo);
p
r Volzo) - Valyo)
b I < .2 if d(xy, > 10p.
®) s d(zo, o) V(xo, yo) f (o, 0) > 10p

To see this, first consider (a). Note that since ¢, is a bump-function associ-
ated to a ball of radius p, conditions (I-2) and (I-4) show that

B(y) = / K (2, ) @p(, 70) d

< p~? But

~Y

satisfies |0f O(y)|

1= [ 0w vt dy= [ [20) - 2w) vr(s.00)dy
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Let y € B(yo,r), and let v(t) be an appropriate path joining yo to y
whose tangent is in the span of {Xy,..., X;}. Then |®(y) — ®(yo) | S p~'r
since

o) ~ 2 = [ 5 @0O)
and hence
(3.1) D(y) — <mww§}ww<n g
Since

/ e (v 90) | dy < Vi (o),

this establishes assertion (a).
To prove assertion (b) write

I = // (2,y) — K(z,90)] ¢o(,20) Ur(y, yo) dz dy.

If x € B(xo,p), y € B(yo,7), d(zo,y0) > 10p and p > r then
r

‘ ~ V(zo,y0) - d(xo,y0)
This fact is a consequence of (I-3) and the argument leading to (3.1). Since

/|%@%WMMMM@5W%WM%

this establishes assertion (b). (Clearly an analogous result holds if r > p.)
This completes the discussion of Observation 3.4.1.

)K(J/}y) — K(z,y

We next replace ¢, and v, by adjusted bump-functions. That is, define

SDZ(ZL‘?:EO) = ‘/p<x0) @P(IVIO)
Uiy, o) = leo) U (Y, 40)

and set
=/Kmm@@mwmmmw

The following is now an immediate consequence of Observation 3.4.1.

Observation 3.4.2 For the adjusted integral I* we have

r 1
a I 5 - ;
(% p Vi(zo)
(b) |I"| < L if d(xg,y0) > 10p.

~ d(il?o’ Z/O)V(SUO, Z/o)’
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3.5. Decomposition of (),

0H,
Let gs(z,y) be the kernel of Qs =25 s Note that
s

/ gs(z,y)dx =0,

since Qs(1) = 0, in view of conclusion (5) of Proposition 2.3.1.

Lemma 3.5.1 We can write

o

QS<377 y) = Z 272]6 90;’@\/5 (23, y)
k=0

where gogk\/g(:t,y) is an adjusted bump function (in x) for the ball of ra-
dius /5 2% centered at y. Moreover for each k

/ Pk sz (T, y) do = 0.

Similarly we can write
Qt<x7 y) = Z 272j w;\/{ <$, y)
j=0

where 1/11*/22]. (x,y) is a normalized bump function (in y) for the ball of ra-
dius \/t2? centered at x. Moreover for each j

/ U e () dy = 0

Remark 3.5.2 The factor 272 can be replaced by 27*N, for any N > 0.
Similarly the factor 2=% can be replaced by 277V .

Proof of Lemma 3.5.1 Fix a function a € C®(R) so that a(t) = 1 if
t<1/2and a(t) =0if ¢t > 1. Let

ante) = o () e,

Ap(z,y) = {a (ﬁf%) —a (Q‘ffi’%)] (z,y), k>1.

Then -
gu(z,y) = D Axlz,y).
k=0
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Since Q, = 2t 24 at , it follows from the estimates of the heat kernel and its
derivatives in Proposition 2.3.1 that for all N >0

1 s )
lgs(, )| S V() (s+d2(l’,y)) '

As a result it is easy to see that for all N/ >0

1

Ap(z,y)| < 27FV ——— .
Au(,) T

Note that if we define a; by

oly) = [ Aulavy) de.

then ax(y) = O (27*V'). Moreover,
> anly) = /qs(w,y) dr =0
k=0
since Qs[1] = 0. Put sy = >, a;, and note that sy = — > . a; since

5% a; = 0. Tt follows that s, = O(27*V).

Next, let
(e) = mie) = o (522)).

Then 7j is a bump function for the ball B(y,2*/s). Set
-1
(o) = nte) | [intea]

so that ny is an “adjusted” bump function for that ball. Set

Ap(z,y) = An(z,y) — an(y) me(@) + sk (@) (6 — Ner) (@)

Then
Ai(z,y) Z Ar,y) =D ar@)me(x) + Y sk(y) (o — neg) ().
k=0 k=0 k=0 k=0

However, . A = qs and Y apnr = Y, k(M —Mk+1). Also, observe that
J Ap(z,y)dx = 0, all k. Thus, if we take

Phe ss(,y) = 28 Ai(,y),
Lemma 3.5.1 is proved. [ |
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We turn now to the proof of Proposition 3.3.1. Let Q" be the operator
whose kernel is Q*ngo;k\/g(x, y) and let (Q7) be the operator with the adjoint

kernel 2727 47, v W, x) . Apply Observation 2 to (Qi)* TQk. The result is
easily seen to imply that

- o ags . [ 2712 2ks1/2
‘(Qi) TQ];f(x)‘ < 272F . 972 min {W’ W} M(f)(x)

This follows directly from the two inequalities in Observation 2, together
with the estimate (2.9) for the maximal function, with a = 1.

However,

QTQ. ()] < Y [(Q) TQk f()].

k,j=0

Since
NP 9if1/2 gk 1/2 _ /2 6172
; ]EO min —21‘351/2 s —2Jt1/2 ~ min 517, m s

the statement of Proposition 3.3.1 is established.

3.6. Proof of Theorem 3.1.1

Consider first the case (B) of the “model domain”, when M is non-compact
and E = 0 in Proposition 2.5.1 We have by (2.17),

@TZQTAWQW%@ZAWQT%%%@.

S S

Hence
o /412 g1y ds
Rt (5 [ (45 5 ) mi@n ©

Now by Hardy’s inequality if
oo /yl/2 g1/2 ds
F(t) = \/0 min <m, m) G(S) ?,

[Tirer S <o [Tiemr L

t S

Vo)

then

Hence

0
/ﬂwwwﬁéc T M E
0 t 0 s

and the result is obtained by appealing to Proposition 2.5.1 and the vector-
1
valued maximal inequality (2.11), with f, = s72 Q[f].



PrODUCT THEORY OF SINGULAR INTEGRALS HH3

In the compact case, (situation (A)), we have the additional term Ey(7Tf).
Its estimate is easy because Eo(F) = ¢(F, 1), with ¢ = |M|7!, and therefore
Ey(Tf) = c(Tf,1) = e(f, T*(1)). However, according to our hypotheses
T*(1) is a C* function on M, and hence obviously || EoT(f) ||r»< A || f ||z»
for all p, 1 < p < oo, and the proof of Theorem 3.1.1 is complete.

4. The product case: two factors

We now consider M = My x Ms, where each M; is as above, and now define
an appropriate notion of product singular integrals.

4.1. A class of singular integrals

We shall consider linear mappings 7', initially defined from C§° to C’OO(M ),
which have an associated distribution kernel K(z,y), which are C* away

from the “cross” = {(z,y) : &1 = y1, or X9 = yo; v = (x1,22), ¥y = (Y1,%2) }
and which satisfy the following additional properties.

(I-1) (T(p1 ® p2), Y1 @ o) =

- / K (1, g1, 22 ) 01012 (92) (1) () dy

1,11 € C§° (M) and have disjoint support,
whenever o
2,9 € C§° (M) and have disjoint support.

(II-2) For each bump function ¢y on M, and each z9 € My, there exists a
singular integral T¥2"2 (of the one-factor type) on Mj, so that

(T'(p1 @ p2), Y1 @ 1g) = / (T2 oy, 901) Pa(2) day .

Mo

Moreover, xy +— T¥2%2 is smooth and uniform in the sense that 7%2%2,
as well as py 0%, (T¥>*2) for each L > 0, satisfy the conditions (I-1)
to (I-4) uniformly.

(I-3) If ¢; is a bump function on a ball BY(r;) in M;, then
00, T (o1 ® @2)] < iy

In (II-2) and (II-3) both inequalities are taken in the sense of (I-2)
whenever s is a bump function for B(QTQ) (in Ms).
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di(z1,91)" " do(22, Y2) ™ *
Vi(z1, 1) Va(2e, y2)

(II-5) The same conditions hold when the index 1 and 2 are interchanged,
that is if the roles of M; and M, are interchanged.

(I14) 0% 4, 0%, v, K (21, 51522, 92)| <

(II-6) The same properties are assumed to hold for the 3 “transposes” of T,
i.e. those operators which arise by interchanging x; and y;, or inter-
changing z, and ys, or doing both interchanges.

Remark 4.1.1 If T are singular integral operators on M; (for the one-
factor case), j = 1,2, then T = T} ® Ty satisfies the above assumptions.
Here T9>*2 = T multiplied by the factor Ts(ps)(x2).

The main result of this section is the following:

Theorem 4.1.2 For 1 < p < 00, each product singular integral satisfying
conditions (II-1) to (II-6) extends to a bounded operator on LP(M; x M)
to itself.

4.2. Two additional observations

To begin the proof of Theorem 4.1.2 we make two observation analogous to
Observations 3.4.1 and 3.4.2 in Subsection 3.4.

Observation 4.2.1 Suppose

(i) gop(yl)) is a bump function on B} (1) (the ball of radius py, centered
at Y

() O, (x1) is @ bump function on B} (Z1)
(i1i) ©p,(y2) is a bump function on B2, (i)
(W) ry(2) 15 a bump function on B, (T2) .

Assume also

[entwin = [ontwan = [inode = [vntedn = o

Let
I =(T(thr, @ Ury), ©p ® 0py) = (T @0, @ 0py), hr, ® ry).

Suppose that r1 < py, 1o < py. Then we have the following estimates for I:



PrODUCT THEORY OF SINGULAR INTEGRALS HHH

(a) For all values of the parameters,

ns (2) (2) v vie,

P1 P2
(b) If d(Z1,91) > 10py,

) < (2)( ! >V7~22(372)Vp21(571)v7~11(371)‘
~ A\ p2 di(Z1,7) VI(Z1, ) ’
(c) If di(T1,91) = 10py and dy(T2,72) > 10p,,
0% () () VA @)V () V2 ) VA (@)
~ \di(T1, 1)) \da(Z2, 92) V1, 41) V22, U2)

Similar results hold of the indices 1 and 2 are interchanged, as well as if the
imequalities 1 < py or ro < po are reversed.
Proof of (a):
Let

(b(ybyQ) = Tt(SOpl ® 90/32) (y17y2) .
Then

I = /‘I’(yh Y2)Ury (Y1) Uy (Y2) dy1 dys -

Since the integrals of the 1’s vanish we have
I = / [D(y1, y2) — P(y1, 92) — P(Y1, y2) + P(F1, 92)] ¥, (1) Yy (y2)dyn dy.

We need the following lemma, akin to the argument leading to (3.1):

Lemma 4.2.2 Suppose sup,, ,, |[D1D2®(y1,92) | S A, where D; is any dif-
ferentiation with respect to a distinguished vector field in M;. Suppose
y1 € B} (i) and y» € B2, (y2). Then

(4.1) |P(y1,92) — P(y1,92) — P(U1,42) + (71, 92)| S Arirs.

Proof. Since y; € Bﬁj(gj), there exists curves t; — 7v;(t;) € 09;,0 < t; <
t;, so that each 4;(t;) is a linear combination (with coefficients < 1) of good
vector fields, and so that ;(0) = y;, v;(¢;) = g;, while t; < r;. Then

D(y1,m) — Dy, 7) — DG, 1) + B, o)
— || i [Blnen) o)) st

where R is the rectangle [0,7;] X [0, #3]. The estimate (4.1) then follows from
the hypothesis on ®, proving Lemma 4.2.2. [ |
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Returning to I, we see that the hypothesis of Lemma 4.2.2 is satisfied
with A < (p1p2)~! by property (II-3) (applied to T* instead of T, where
the ¢,’s are supported in balls ng). Thus

r To

T
|I|SEE/B /B ’ )dy1dyz— — 2V1( 1) V2 (52)
1 y1 ro Y2

and conclusion (a) is established.
Proof of (b):
By (II-2),
I = / (92 1, 1) ha(2) das .
My

Since /%(xg) dry = 0, we see that I equals

/ (T2 o1,91) — (T#2e ©1,Y1)) Ya(x2) dxy
Mo

where Z is the center of the ball associated to 1, (which has radius ry).
The difference T%2%2 — T%2%2 leads to a factor O(r, - p;*) multiplied by the

factor - -
(] ‘//11 (xl) ) V;“l(yl)
d(z1,51)  V(Z1,7)
coming from the estimate (b) in Observation 1. Taking into account the

volume of integration of the ball By we finally get as an estimate for || that
it is bounded by a multiple of

r V(@) V()
di(T1,71)  V(Z1,92)

.
2V2 () -

and (b) is proved.
Proof of (c¢):

Because the supports of ¢, and ¢, are disjoint, as well as the supports
of ,, and ¢,,, we have by (II-1)

I = / K(xh Y1, Tg, y2) 77ZJ7’1 (yl) 1/}1”2 <y2) Pp1 (ml) Pp2 (w2>dx1d$2dyldy2 .
In I we replace K = K(- ,y1;-y2) by

K(- oy oye) — Ky 92) — KCyun - ,02) — K915 05 92)-
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Applying the lemma above we see that this double-difference is
O(ry - r2(diVi) ™" - (daVa) ™)
in this range, where d;V; = d;(z;,y;) V;(d;(z;,9;)), since
1 1
D.. D K(u:- < .
’ Yy1--Y2 <y17 y2>’ ~ (d1‘/1> (dg‘/g)

in this range. An integration then gives the desired conclusion, and com-
pletes the proof of Observation 4.2.1.

The analogue of Observation 3.4.2 in Subsection 3.4 now follows imme-
diately from this. We replace the bump functions ¢, , ¢,,, ¥y, ¥y, by their
adjusted variants i.e.

Po; Ur,

(,0*. — ' , w:] - 7
" V2 () Vi (1)

and setting
I = (T (¢, @ L) 05 @),
Observation 4.2.3 Assume py > ry, py > 1o
(a) For all values of the parameters we have

L To 1
p1 p2 Vi (p1) V2 (p2)

| <

(b) If di(Z1,91) > 10p, then
7’_2 1 (a1 1
po V2 (p2)  di(Z1,51) Vi, (di(Z1,71))

(C) ]fd1<i'1,g) Z 10,01 and dg(fg,gg) Z 10p2, then

1| <

| < ISR 1
T di(Z1,51) da(T2,Y2) Vi, (dy, (T1,91)) Ve, (da(T2,92))

These observations lead directly as in Section 3 to the proof of the ana-
logue of Proposition 3.3.1.

|1

Proposition 4.2.4 Suppose T is a product singular integral satisfying 11-1
to I1-6. Then

L 2 et ho )"
Qr, - QLTQs, - Qs [ S : MiMs(f),

51 52

if t1 < 81 and ty < so. Here My and My are the usual maximal functions
on My and My respectively. There are similar inequalities if s1 < t; and/or
S9 S tg.
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4.3. Proof of Theorem 4.1.2

We shall now abbreviate by writing

A 1 2
QS = 81 . S9°
Then we have that
~ [~ dsid
ar— [ [ are e
o Jo S1 82
Hence, arguing as before
~ dsy ds
QTS [ [ mle ) MM Q) T2
S1 * S
1/2 1/2
where m(s,t) = min (81 , t1) - min (52 , E) )

We then have the following two-dimensional version of Hardy’s inequal-

ity: if
= [ mesce S
o Jo S1 - 52

/oo /oo |F( 2 dtl dty < / / 2 dSl dss
o Jo t1ta - 89

Applying this we get that

R Bl P 2 dtydt oo [ dsy d
[ lean] B2 s [ o S
0 0 1l2 0 0 5152

and invoking Proposition 2.6.1 we will have completed the proof Theo-
rem 4.1.2 once we verify that

42) | B @) Ny SIS lwiany i = 1.2,
for 1 < p < oo.
To prove (4.2) note that if f € C§° (ZT/[/), then

then

ES(N) (w1, 2) = Fi(pn) ©1, where Fy(y1) = ¢ [ f(y1,92) dya .

Mo

and ¢ = |M;|7'. We claim that
(4.3) TE§ (f) (w1,22) = TH2 (F1) (21).-

In fact
<TE§ ([ @1bg) = (T (F1 @1),91 @ thy) = / (TH72 (fr), Y1) o () ds
Mo

by property I1-2, if we take ¢; = Fi, ps = 1.
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This means that both sides of (4.3) have the same value when tested
against ¢; ® 1y, Since ¢; and 1)y are arbitrary bump functions, (4.3) is
established, and from this it follows by the one-factor theory that T E2
is bounded on LP. Using duality, and the fact that the class of product
operators is self-dual then proves (4.2). Similarly, the analogue with E
replaced by E} also holds, and Theorem 4.1.2 is proved.

5. The case of n factors

We now consider the case when there are n factors, M = My x -+ x M,.
To define the class of singular integrals on M we proceed inductively, as-
suming we have already done so in the case of n — 1 factor. The passage
from n — 1 to n will be completely analogous to the passage from 1 factor
to 2 factors carried out above. N .

We assume that 7" is a linear mapping from C5° (M) to C°° (M), which has
an associated distribution kernel K (z,y), (z € M,y € M), which is C> away
from the cross = {(z,y); x; = y;, for some j, 1 < j < n}. We assume also

(1) (T (p1r @ -+ @ @n), 1 ® Wy -+ @ Py) =
- /K(x,y)H%-(:ci) bilys) da dy

whenever ¢; and v; are bump-functions on M;, with disjoint sup-
ports, for 1 <i < n.

(III-2) For each bump function ¢, on M, and each z, € M,, there is a
singular integral 7% ®" (of the n—1 factor type) on My XX M,_1,
so that z,, — T¥™* is smooth in the sense below and so that

(T(pr @ -+ @n), ¥1 @ -+ & Y) =

= / <T<Pn,3?n (301 X Q Spn—l) 7¢1 K- ® ¢n—1> wn (wn) dxn .

Moreover, we require that T%»*" satisfy the conditions for M,
factors uniformly, as well as pZ 9% (T#"), for each L, when p, is
the radius associated to ¢,.

n n

(IT1-3) [T (027 @2 e) s [In"
j=1 j=1
where r; are the radii of the balls associated to the ;. In (III-2)

and (III-3) the inequalities are taken in the sense of (I-2).
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Y o T d;(z),y;)
(II1-4) (a J ) (2, y ‘ %5 i)
j:HI XJ:Y} E ‘/J x]? y])
(III-5)  The same conditions hold for any permutation of the indices 1, . .., n.

(I1I-6) The same properties are assumed for all 2" — 1 of the “transposes”
of T" which arise whenever we interchange the z; with the y;, for
(some) of the j.

5.1. The main theorem
In complete analogy with Theorem 3.1, we then have:

Theorem 5.1.1 Fach product singular integral on M = My x -+ x M, sat-
isfying conditions (I111-1) to (III-6) extends to a bounded operator on LP(M)
to itself, whenever 1 < p < 0.
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