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Optimal Orlicz-Sobolev embeddings

Andrea Cianchi

Abstract

An embedding theorem for the Orlicz-Sobolev space VVO1 ’A(G)7
G C R™, into a space of Orlicz-Lorentz type is established for any
given Young function A. Such a space is shown to be the best possible
among all rearrangement invariant spaces. A version of the theorem
for anisotropic spaces is also exhibited. In particular, our results re-
cover and provide a unified framework for various well-known Sobolev
type embeddings, including the classical inequalities for the standard
Sobolev space VVO1 P(@) by O’Neil and by Peetre (1 < p < n), and by
Brezis-Wainger and by Hansson (p = n).

1. Introduction and main results

A form of the standard Sobolev inequality, also called Sobolev embedding
theorem, amounts to the following statement. Let G be an open subset
of R”, n > 2, and let WyP(G), 1 < p < oo, denote the first order Soboley
space of those real-valued weakly differentiable functions in G, vanishing
on G, whose gradient belongs to LP(G). If 1 < p < n, then a constant C,
depending only on n and p exists such that

(1.1) [ull 2o+ ) < CllIVulll e

for every u € W, *(G). Here

the Sobolev conjugate of p, and V stands for gradient (see e.g. [24, 34]).
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If p > n and the Lebesgue measure |G| of G is finite, then there exists a
constant C, depending on n, p and |G|, such that

(1.2) [ull ooy < CllIVull| o)

for every u € W, *(Q).

In the borderline situation where p = n, inequality (1.1) is known to
hold, for every G having finite measure, with p* replaced by any number
greater than or equal to 1. However, a stronger result, proved in [31] (see
also [27, 33]) is available. Namely,

(1.3) [@llexp £ (&) < CllIVulllzn@)

for some constant C, depending only on n and |G|, and for every u €
Wy™(G). Here, exp L™ (G) denotes the Orlicz space associated with the
Young function exp™ (s) = e 1, and n’ = "=, the Holder conjugate of n.
Throughout the paper, a function A : [0, 00) — [0, 0o] will be called a Young
function if it is convex (non trivial), left-continuous and vanishes at 0; thus,
any Young function A admits the representation

(1.4) A(s) = /OS a(r)dr for s > 0,

where a : [0,00) — [0,00] is a non-decreasing, left-continuous function,
which is neither identically equal to 0 nor to co. The Orlicz space L4(G) is
the Banach space of those real-valued measurable functions u in G for which
the Luxemburg norm

(1.5) ull L) = inf {)\ >0: / A(%)dz < 1}
e

is finite. Note that LA(G) = LP(G) if A(s) = sP for some p € [1,00);
moreover, LA(G) = L>(G) (up to equivalent norms) if A(s) is any Young
function which vanishes for small s and equals oo for large s.

After the contributions of [16] and [1], and the result of [29] dealing
with embeddings into L>°(G), in [10] we established a sharp extension of
inequalities (1.1)—(1.3) to the case where Lebesgue norms are replaced by
any Orlicz norm on the right-hand side. This result, in an equivalent form
contained in [11]-[14], can be stated as follows. Let G be either R", or
any open subset of R” having finite measure. Given any Young function A
such that

(1.6) A(ﬁ)ﬁdr < 00,
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define A, : [0,00) — [0, 00] as
(1.7) An(s) = Ao H, '(s) fors>0,

where H,, ' is the (generalized) left-continuous inverse of the function H,, :
[0, 00) — [0, 00) given by

1

(1.8) Hy(r) = (/0 (ﬁ))”lldt)”' for > 0

(and A(oco) is taken equal to co). Then A, is a Young function and there
exists a constant C' such that

(1.9) |l Lan @y < C|lIVul|lpae

for every function u from the Orlicz-Sobolev space W, (G) of those weakly
differentiable functions in G, which decay to 0 on dG, and whose gradient
belongs to the Orlicz space LA(G). Moreover, L4 (G) is the optimal Orlicz
range space in (1.9), in the sense that if an inequality of type (1.9) holds
with LA"(G) replaced by some other Orlicz space, then the latter must
contain LA (@).

In particular, inequality (1.9) reproduces (1.1)—(1.3), and informs us
about the fact that the spaces on the left-hand sides of (1.1)—(1.3) are the
best possible in the framework of Orlicz spaces.

On the other hand, inequalities (1.1) and (1.3) can be improved if the
class of admissible norms on the left-hand sides is enlarged. Indeed, if 1 <
p < n, then there exists a constant C' such that

(1.10) [ull o sy < CllIVulll Loy

for every u € W,*(G), where LP"?(G) is a Lorentz space (25, 26]). Recall
that the Lorentz space LP((G), where either 1 < p < oo and 1 < ¢ < oo, or
p = q = 00, is the space of all real-valued measurable functions v in GG such
that the quantity

1 1

(1.11) [ulleracey = lls~2u™(s)llLaja
is finite. Here, u* denotes the decreasing rearrangement of u. Inequal-
ity (1.10) is stronger than (1.1), since LP" (@) is strictly contained in LP" (G)
for every G C R".

The improved version of (1.3) was obtained in [8] and [21] (and can
also be derived from certain capacitary estimates of [24]) and tells us that,
if |G| < 0o, then for some positive constant C' and for every u € W, ™(Q),

(112) ||u||Loo,n(1Og L)*l(G) S C|||VU|||Ln(G)
where L>"(log L)™!(G) is a Lorentz-Zygmund space.
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In general, if |G| < 0o, a € R, and either 1 < p < oo and 1 < ¢ < o0,
or p = q = 00, then the Lorentz-Zygmund space LP4(log L)*(G) is defined
as the space of all real-valued measurable functions u in G such that the
expression

1_1 o,
(L13)  ullzratos e = 5775 (U4 108(1G1/9)* " (5)]| s

is finite. Again, one can show that L>"(log L)™!(G) is strictly contained
in exp L™ (G).

The spaces LP"P(G) and L>"(log L)~}(G) are known to be the best pos-
sible in inequalities (1.10) and (1.12), respectively, among all the so-called
rearrangement invariant (briefly, r.i.) spaces —see [15, 18]. Loosely speak-
ing, these are the Banach function spaces where the norm of the function
depends only on its size, in the sense that it depends only on the measure of
its level sets or, equivalently, on its decreasing rearrangement. Since L*°(QG)
is contained in any other r.i. space on G if |G| < oo, inequality (1.2) is
also the best possible as far as r.i. range spaces are concerned (although it
can be strengthened on allowing norms of a different nature, such as Hélder
norms, on the left-hand side). Therefore, inequalities (1.1)—(1.3) answer
the question of the optimal r.i. range space in Sobolev inequalities when the
domain space is Wy (G).

In the present paper we solve an analogous problem in the more gen-
eral context of Orlicz-Sobolev domains VVO1 ’A(G). Namely, given a Young
function A, we find the smallest r.i. space into which VVO1 ’A(G) is contin-
uosly embedded. The solution to this problem is provided by a space of
Orlicz-Lorentz type on G (or by its intersection with L>°(G)) from the fam-
ily defined as follows, which includes (up to equivalent norms) the spaces
LP"P(G) and L™ (log L)~1(G) —see Example 1.1 below.

Definition 1.1 Let G be a measurable subset of R”, n > 1. Let q € (1, 00)
and let D be any Young function such that

= D(r)

e dr < oo.

(1.14)

Then we define L(q, D)(G) as the space of real-valued measurable functions
u on G for which the quantity

_1
(1.15) [ullzg,p) @) = lIs™#u"(s)|[ oo,

is finite.
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Proposition 2.1, Section 2, ensures that L(q, D)(G) is an r.i. space and that
the expression ||u||L(,p)() is actually a norm on L(g, D)(G). Hence, also
L(q, D)(G) N L*>*(G), endowed with the norm

1,
(1.16) 1wl Lig, D) @)nL=(@) = |5~ 7u"(s)||Lr0,cp + [ullze @),

is an r.i. space on G. Observe that L(q, D)(G) N L>®(G) trivially equals
L>(G) whenever |G| < co.

The function B4, associated with A and n as in the following definition
plays a role in our embeddings.

Definition 1.2 Let ¢ € (1,00) and let A be any Young function A satisfying

(1.17) /0<A7(;)>q_lldr < .

We define the function By, : [0,00) — [0, 00] as

Bay(s) = /0 “b(r) dr,

where b is the left-continuous function in [0, c0) such that

(1.18) b'(s) = (/:j(s) (/Ot (%)qiidr)q%)liq for s > 0.

Here, a is the function appearing in (1.4), and ¢~ and ! are the (gener-
alized) left-continuous inverses of a and b.

It turns out that B, , is always a (finite-valued) Young function satisfying
condition (1.14) (Proposition 2.2, Section 2), and hence L(q, Ba,)(G) and
L(q, Bay)(G) N L>®(G) are r.i. spaces.

Example 1.1 If A(s) = sP, with 1 < p < n, then By,(s) is equivalent
to sP, and hence

L(n, Ba,)(G) = L(n, A)(G) = L(p*, p)(G),

up to equivalent norms. If A(s) = s for large s and satisfies (1.6), then
B4 n(s) is equivalent to s™log™" (1 + s) near infinity, and by [4, Lemma 6.12,
Chapter 4]

L(n, Ban)(G) = L>"(log L)"(G),

up to equivalent equivalent norms, provided that |G| < occ.
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Our main result reads as follows.

Theorem 1.1 Let n > 2 and let G be either R™, or an open subset of R"
having finite measure. Let A be any Young function satisfying (1.6).

I. If

1

(1.19) /Oo (AZ))ﬁdr = oo,

then there exists a constant C, depending only on n, such that

(1.20) [ulln.an@) < CilllVulllLa

for every u € W (QG).

I1. If
_1

0 r n—1 d
1.21 <
2 [ () o<
then there exists a constant Csy, depending only on n and foco fi—rn), dr , such
that
(1.22) [ullztn,Ba) @) < CaolllVulllLa)

for every u € Wol’A(G). Here, A denotes the Young conjugate of A.

Moreover, L(n, Ba,)(G) and L(n, Ba,)(G)NL>®(G) are the optimal r.i.
range spaces in inequalities (1.20) and (1.22), respectively, in the sense that
if (1.20) [resp. (1.22)] holds with L(n,Ba,)(G) [L(n, Ba,)(G) N L®(G)]
replaced by some other r.i. space X(G), then

L(n, Ban)(G) € X(G)  [L(n, Ban)(G) N L¥(G) € X(G)),
with continuous inclusion.
Remark 1.1 Assumption (1.6) is indispensable for an inequality of the type
[ullx @ < CNVulllpagn)

to hold for some r.i. space X(R"), for some constant C and for every
u € Wy*(R™), as shown by Corollary 2.1, Section 2. When |G| < oo,
assumption (1.6) is irrelevant in Theorem 1.1. Actually, A can be replaced,
if necessary, by another Young function which is equivalent to A near in-
finity and makes the integral in (1.6) converge. Such a replacement turns
|- [|r4(c) into an equivalent norm, up to multiplicative constants depending

on A and |G|, and hence leaves W, (G) unchanged.
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Remark 1.2 Inequality (1.20) is equivalent to the integral inequality

1G]
(1.23) /o Ban(Crts™/mu*(s))ds < /GA(|VU|)dx

for every u € Wy (@). Indeed, (1.23) implies (1.20) by the very definition
of Luxemburg norm in Orlicz spaces. Conversely, on applying (1.20) with
A(s) replaced by A(s)/M, where M = [, A(]Vu|)dz, and observing that
By (s) is transformed into Bga,(s)/M after this replacement, one easily
obtains (1.23).

Remark 1.3 If |G| < oo and (1.21) is in force, then Theorem 1.1, Part II,
reproduces the fact that L>°(G) is the optimal r.i. range space for embed-
dings of W)(G) ([10, 29]).

Remark 1.4 Obviously, Theorem 1.1 and inequality (1.9) tell us that ei-
ther L(n, Ba,)(G) or L(n,Ba,)(G) N L>®(G) is (continuously) included
in LA (@), according to whether (1.19) or (1.21) is fulfilled. However, also
a direct proof of these inclusions can be accomplished, by techniques sim-
ilar to those which will be used to prove the optimality of Theorem 1.1 in
Section 4. This enables to recover inequality (1.9) via Theorem 1.1.

In view of Example 1.1, one is led to expect that B4, is equivalent to A
in sub-limiting cases, but that B4, grows more slowly than A in border-
line situations. This is actually the case. Indeed, one can show that A
always dominates By, (Proposition 5.1, Section 5), and that A and By,
are equivalent if and only if A(s) is essentially below s™. A precise statement
of the latter assertion is given in Proposition 5.2, Section 5, and involves the
notion of Matuzewska-Orlicz indices. Recall that if ¢ is a real-valued, in-
creasing and striclty positive function in (0, 00), the upper index I(¢) of ¢
is defined as

1 p(As)
1.24 I lim — o000
(124) (¢) = Jlim ——3

The upper index at infinity I(¢) and the upper index at zero I(¢) are
defined analogously, with sup,., replaced by limsup,_ . and limsup,_,,,
respectively. The lower indices i(¢), io(¢) and iy(¢) are defined with sup,.,
limsup,_,,, and limsup,_,,, replaced by inf,-, liminf, .. and liminf, o4,
respectively. Note that Iy(¢) and ig(¢) are well defined even if ¢ takes the
value co. Combining Theorem 1.1 with Proposition 5.2 yields the following
characterization of non-limiting optimal embeddings.
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Corollary 1.1 Letn > 2 and let A be any Young satisfying (1.6).

I. Assume that (1.19) holds. Then:
(i) L(n, A)(R") is the optimal r.i. range space for embeddings of Wy (R™)
if and only if A is finite-valued and I(A) < n;
(ii) Given any open set G C R"™ having finite measure, L(n, A)(G) is the

optimal r.1. range space for embeddings of WOI’A(G) into r.i. spaces if
and only if A is finite-valued and I(A) < n.
II. Assume that (1.21) holds. LAet A be any Young function which agrees
with A near 0 and satisfies [~ W dr < co. Then L(n,/Al)(R") N L>(R™)
is the optimal r.i. rTange space for embeddings of Wol’A(R") if and only

T

Example 1.2 Let G be an open subset of R” having finite measure. We
shall exhibit the optimal Orlicz range space and the optimal r.i. range
space for embeddings of I/VO1 ’A(G) when A is a Young function which equals
sPlog™ (1 + s) for large s, where either p =1 and a > 0, or p > 1 and a € R.
Let us mention that special instances of this example overlap with results
scattered in various papers, including [2, 3, 8, 10, 15, 17, 18, 19, 20, 21, 25, 26|
Case 1 < p < n. Condition (1.19) is fulfilled. The Young function A,(s)
is equivalent to sp*log%(l + s) near infinity; thus the Orlicz space associ-
ated with this Young function agrees with the optimal Orlicz range space
LA (G). Since I,(A) = p < n, then by Corollary 1.1 the optimal r.i. space
is L(n, A)(G). By [4, Lemma6.12, Chap.4], the latter space agrees (up
to equivalent norms) with the Lorentz-Zygmund space LP"P(log L)*/?(G).
Notice that this reproduces (1.10) when o = 0.

Casep =n, a < n—1. Condition (1.19) is in force. The optimal Orlicz range
space LA"(G) equals the Orlicz space associated with the Young function

ST 1

a—n

The Young function By, (s) is equivalent to s™(log(1 + s)) near infin-
ity. Thus, by [4, Lemma 6.12, Chap. 4], the optimal r.i.range space
L(n, Ba,)(G) agrees with the Lorentz-Zygmund space L>"(log L)*/"~}(G).
In the special case where av = 0, this recovers (1.12).

Case p = n, a = n — 1. Condition (1.19) is satisfied. The Orlicz space
associated with the Young function

is the optimal Orlicz range space.



OPTIMAL ORLICZ-SOBOLEV EMBEDDINGS 435

The Young function By ,(s) is equivalent to
s"(log(1 + s)) ' (log(1 4 log(1 + 5))) ™

near infinity. Hence, by a simple extension of [4, Lemma 6.12, Chap. 4], we
deduce that the optimal r.i. range space L(n, Ba,)(G) agrees with the gen-
eralized Lorentz-Zygmund space L®"(log L)~*/"(log log L)™' (G) equipped
with the norm

(125) HU’HL“’"(Iog L)=Y/7(log log L)~1(G)
= [[s7/"(1+1og(|G|/5)) /" (1+log(1+1log(|G|/5))) " u" ()| Lm0, jc-

Cases p > n, or p = n and o > n — 1. Condition (1.21) is now fulfilled.
The Young function 4, (s) equals oo for large s. Thus, L>°(G) is the optimal
Orlicz range space, and also the optimal r.i. range space for embeddings
of W (G).

Theorem 1.1 can be extended to deal with anisotropic Orlicz-Sobolev
spaces, involving Orlicz type norms depending on the full gradient of a
function and not necessarily on its modulus — see e.g. [22, 32]. These norms
are defined by means of generalized Young functions, namely of continuous
convex functions A : R" — [0, oo] satisfying A(0) = 0, A(§) = A(—¢) and
such that {£& € R" : A(¢) < t} is a compact set, whose interior contains 0,
for every ¢ > 0. The anisotropic Orlicz-Sobolev space Wy(G) is defined as
the space of real-valued weakly differentiable functions u in the open set G,
decaying to 0 on 0G, for which the quantity

(1.26) |Vul|paq = inf {)\ >0: / A (%) dx < 1}
e

is finite. Simple instances of generalized Young functions are those obeying
(1.27) A©) =D A& for € eR,
i=1

where A;(s), i = 1,...,n are Young functions and § = (&,...,&,). In
particular, the choice A;(s) = sPi, with p; > 1, reproduces to the usual
anisotropic Sobolev space (see e.g. [5, 30]). A less standard example (a
modification of one from [32]) is provided, for n = 2, by the generalized
Young function defined as

(128)  A(&1,&) = |6 — &I + |&]?log™(k + [&1])  for (61,&) € R?,

where k is a sufficiently large constant, p; > 1, and either p, =1, @ > 0, or
po>1, a € R
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Our embedding for the space W, ’A(G) makes use of the Young function
A, : [0,00) — [0,00] whose graph yields the profile of the graph of the
symmetric rearrangement of A. In other words, A, is the Young function
satisfying

{E e R" - A(S) <t} = {€ e R": A([¢]) < t}| fort>0.
In particular, it is not difficult to verify that, if A has the form (1.27), then

A, (s) is equivalent to the function A whose (right-continuous) inverse is
given by

(1.29) 7171(7’) = (f[Af(r))lm for r > 0.

The anisotropic version of Theorem 1.1 can be stated as follows.

Theorem 1.2 Let n > 2, and let G be either R™, or an open subset of R™
having finite measure. Let A be any generalized Young function satisfying

(1.30) /O(Aj(r))ﬁm < .

Let By, ,, be given as in Definition 1.2, with A replaced by A,.
I. If

(131) / (Af(r))ﬁd’” -

then there exists a constant C, depending only on n, such that

(1.32) [ull Ln,Ba, (@) < CillVullpag)

for every u € Wi A(@).
IL. If

(1.33) /Oo (A:n(r))ﬁdr < o,

then there exists a constant Cy, depending only on n and fooo fﬁ(z/) dr, such that

(1.34) [ullLin,Ba, )@= < Cof| V| paca)

for every u € WiA(G).

Moreover, L(n, Ba, »,)(G) and L(n, By, »,)(G)NL>*(G) are the optimal ..
range spaces in inequalities (1.32) and (1.84), respectively, in the sense that
if (1.32) [resp. (1.34)] holds, for every generalized Young function A hav-
ing prescribed A, with L(n, Ba, »,)(G) [L(n, Ba, »)(G)NL>(G)] replaced by
some other r.i. space X (G), then L(n, B4, »))(G) C X(G) [L(n, Ba, »)(G)N
L>(G) C X(G)], with continuous inclusion.
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Remarks analogous to those following Theorem 1.1 hold for Theorem 1.2.
Moreover, an inspection of the proof will reveal that A, may be replaced in
the statement of Theorem 1.2 by any equivalent Young function if G = R",
and by any equivalent Young function near infinity if |G| < co. In analogy
with Corollary 1.1, a description of non-limiting situations in terms of the
indices of A, can be provided. Furthermore, inclusions like those described
in Remark 1.4, involving A, instead of A, may be proved; hence, one can
recover the optimal embedding, established in [14], for I/VO1 ’A(G) into the Or-
licz space associated with the Young function (A, ), defined as in (1.7)-(1.8),
with A replaced by A,.

Example 1.3 Let G be an open subset of R". Assume that A has the
form (1.27) with A;(s) = s?*, p; > 1. The function A,(s) is then equivalent
to A, defined by (1.29), and A(s) = sP, where % =30 p%" Thus, on
making use of Theorem 1.2 and of the subsequent remarks, and proceeding
as in Example 1.2, the following conclusions can be derived about optimal
embeddings of VVO1 ’A(G) as A ranges among all generalized Young functions
with A, (s) equivalent to sP.

Case .7 L > 1. LP"(G) is the optimal Orlicz range space (see [5, 30]),

Pi
and L(p*,p)(G) is the optimal r.i. range space ([5, 23, 28]).
Case )", p%' = 1. If |G| < oo, then exp L™ (G) is the optimal Orlicz range
space ([22, 28]), and L>"(log L)~!(G) is the optimal r.i. range space.

Case 7 |+ < 1. If |G| < oo, then L>(G) is the optimal Orlicz and r.i.

DPi

range space ([5, 28]).

Example 1.4 Let G be an open subset of R? having finite measure. Con-
sider the generalized Young function .4 given by (1.28). It is not difficult to
verify that A, (s) is equivalent to

2p1p2 apy

§P1+p2 logpﬁ-Pg (1 + 3)

near infinity (see e.g. [14]). Thus, Theorem 1.2 and the subsequent remarks,
together with considerations similar to those of Example 1.2, yield the fol-
lowing information about optimal embeddings of VVO1 ’A(G), when A is any
generalized Young function with A,(s) equivalent to

2p1p2 apy

SP1tp2 10gp1+1’2 (]_ + 3)

near infinity.
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Case p1ps < p1 + p2. The optimal Orlicz range space is generated by the

Young function
2p1P2 apy
§P1tp2—p1P2 logP1+P2—P1P2 (1 + 5).

The optimal r.i. range space agrees with the Lorentz-Zygmund space

2p1p2 2p1p2 a

[, p1+p2—p1p2’ P1+P2 (log L) 2py (G)

Case pyps = p1 + p2, apy < p1 + p2. The optimal Orlicz range space is
generated by the Young function

23{?1+P2)
gP1TP2—apy
e — 1.

The optimal r.i. range space is L°>>?(log L)Wjilpz)_l(G).

Case p1ps = p1 + p2, ap;1 = p1 + p2. The space associated with the Young
2

function e®” — e is the optimal Orlicz range space. The optimal r.i. range
space agrees with the generalized Lorentz-Zygmund space

L>=2(log L)"*?(log log L)~X(G).

Cases p1pa > p1+pa, or pip2 = p1+pa and apy > p1+ps. The space L=(G)
is the optimal Orlicz and r.i. range space.

2. Preliminaries

2.1. Rearrangements and rearrangement invariant spaces

Let G be a measurable subset of R™ and let u be a real-valued measur-
able function in G. The decreasing rearrangement u* of u is the function
from [0, 00) into [0, co] defined as

(2.1) u*(s) =sup{t > 0: |{z € G:|u(x)| > t}| > s} fors > 0.

It is easily verified that u* is the unique non-increasing, right-continuous
function in [0, 00) which is equidistributed with u. Notice that [0,|G]|] 2
supp u*, the support of u*.

Given u € L .(G), the elementary maximal function u** associated

with «* is defined as

(2.2) u(s) = 1/08 u*(r)dr fors > 0.

S
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kk

Since u* is non-increasing, u
that if u, v € Lj,.(G), then

loc

is also non-increasing and u* < u**. Recall

(2.3) (u4v)"(s) < u*(s) +v™(s) fors > 0.

Moreover,

(2.4) if u™(s) <v™(s) for s >0, then /u*(s)g(s) ds < /v*(s)g(s) ds
0 0

for every non-increasing function g : [0, 00) — [0, 00).

A basic property of rearrangements is the Hardy-Littlewood inequality,
which tells us that

(2.5) /G luv|dz < /0 (e

for all measurable functions v and v in G.

A set X(G) of real-valued measurable functions in G is called a rear-
rangement invariant Banach function space if it is a linear space equipped
with a norm || - || x(¢) satisfying the following properties:

(P1) if 0 <wv <waee. in G and v € X(G), then v € X(G) and |jv]|x@) <
[ullx @)

(P2) if u, is a sequence such that 0 < w, /" uw a.e. in G and u € X(G),
then [ju,|lx@) /" ullx@);

(P3) |Ixellx@) < oo for every E C G such that |E| < oo; here, xp denotes
the characteristic function of the set E;

(P4) for every E C G with |E| < oo, there exists a constant C' such that
[ udr < Cllul|x(q) for all u € X(G);

(P5) if u € X(G) and v* = u*, then v € X(G) and ||v| x) = ||ullx@)-
The associate space X (G) of X(G) is defined as

X'(G) = {v : v is a real-valued measurable function in G
and / luv|dx < oo for all u € X(G)},
€

and is an r.i. space endowed with the norm

d
26) ol ) = sup 12214
w0 |[ullx @)
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For every r.i. space X(G),
(2.7) (X)) (G) = X(G),

with equal norms. The Holder type inequality
(2.9 | trlde < @l

holds for every u € X(G) and v € X' (G), and is an obvious consequence of
definition (2.6).

The representation space X (0,|G|) of X(G) is the unique r.i. space
on [0, |G]] satisfying

(2.9) lullx@) = H“*HY(O,|G|)
for every u € X(G). It is equipped with the norm

€]
[ fll=0cy = sup fr(r)yv*(r) dr.

llyr (<170
A property of r.i. spaces states that if X;(G) and X5 (G) are r.i. spaces, then
(2.10) Xl(G) g X2<G) if and only if HUH)@(@ S CHuHXl(G)

for some positive constant C' and for every u € X;(G).
For a detailed treatment of the theory of r.i. spaces, we refer to [4].

Customary examples of r.i. spaces are provided by Lebesgue, Orlicz,
Lorentz and (generalized) Lorentz-Zygmund spaces, whose definition has
already been reproduced in Section 1. Below, some more facts about these
spaces are recalled.

The theory of Orlicz spaces relies on properties of Young functions.
The following properties will come into play in our discussion. Given any
Young function A, we have:

(2.11) A(s) < sa(s) < 2A(2s) for s > 0,

where a is the function appearing in (1.4);

(2.12) kA(s)
(2.13) A(s1) + A(ss)

A(ks) for k> 1 and s > 0;

<
< A(sy 4 s9) for sq,89 > 0.
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The Young conjugate A of A is the Young function defined by g(s) =
sup{rs — A(r) : r > 0} for s > 0, and satisfies

(2.14) A(s) = /08 a '(r)dr for s >0,

where a™! is the (generalized) left-continuous inverse of a. Notice that A=A
Moreover,

(2.15) r< AN ATNr) < 2r forr >0,

where A~! and A~! are (generalized) right-continuous inverses.

The Orlicz space L*(G) is an r.i. space equipped with the Luxemburg
norm defined in (1.5). Its representation space is L*(0,|G|), and its associate
space is, up to equivalent norms, L*(G). Actually, the inequalities

(2.16) lull iy < lullwaye < 2lull aq

hold for every u € LA (G).

A function ¢ : [0,00) — [0,00] is said to dominate another function
¥ 1 [0,00) — [0, 00] globally if a positive constant ¢ exists such that 1(s) <
¢(cs) for s > 0. The function ¢ is said to dominate ¢ near infinity [resp.
near 0] if positive constants ¢ and s, [so] exist such that (1.22) holds for
S > Seo [0 < s < 50]. The functions ¢ and 1 are called globally equivalent
if they dominate each other globally; a corresponding definition is given for
functions equivalent near infinity or near 0. Given two Young functions A
and B, the continuous inclusion L4(G) C LP(G) holds if and only if either
|G| = 0o and A dominates B globally, or |G| < co and A dominates B near
infinity.

The quantities |- ||zr.a(ey and || - || Lr.a(iog )= (), given by (1.11) and (1.13),
are in general only quasi-norms on the Lorentz and the Lorentz-Zygmund
spaces, respectively, since they may fail to satisfy the triangle inequal-
ity. They can be turned into equivalent norms on replacing u* by u**
in definitions (1.11) and (1.13). In the special cases when the weights
st/r=1/a or s1/P=1/4(log(1 + |G|/s))® are non-increasing (and hence in all
the cases involved in the embeddings discussed in Section 1), also || - || Lr.a(c)
and || - ||r.aqog £)e(c) are norms. The representation spaces of LP(G) and
LP(log L)*(G) are LP%(0,|G|) and LP9(log L)*(0,|G|), respectively. Anal-
ogous considerations hold for generalized Lorentz-Zygmund spaces. Notice
the alternative formula

oo 1/q
Wz e G |u(x >tq/pdt> if ¢ < 00
(2.17) ||U||Lp,q(G) = <q/0 { u(x)] H q
sup;o t[{r € G : Ju(w)] >t}|1/p if ¢ = o0.
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2.2. Orlicz-Lorentz spaces

This subsection is devoted to the study of the spaces L(q, D)(G) of Orlicz-
Lorentz type introduced in Definition 1.1, and of the function By , associated
with A and ¢ as in Definition 1.2. Our first result states that L(q, D)(G) is
actually an r.i. space.

Proposition 2.1 Let G be any measurable subset of R", n > 1. Let q €
(1,00) and let D be a Young function satisfying (1.14). Then:

I. The space L(q, D)(G), equipped with the norm (1.15), is an r.i. space.
II. The space L(q, D)(G) N L>®(G), equipped with the norm (1.16), is an

r.i. space. Moreover, if we define the function ¢, : [0,00) — [0,00) as
(2.18) ©q(s) = min{1, s~ 1/7} for s >0,

and the function Ep : [0,00) — [0, 00] as
(2.19) Ep(t) = { D(t) if0<t<1

00 ift > 1,
then the space L(q; D,00)(G) of those real-valued measurable functions u
i G for which the quantity

(220)  [ullogpmo@ = inf {)\ >0 / B, (M) ds < 1}
0

is finite is an 1.i. space equipped with the norm || - ||L(gD,00) (), and
(2.21) L(q, D)(G) 0 L*(G) = L(g; D, 00)(G),
up to equivalent norms.

Proof. Part I. We have first to check that || - || 1(4,0)(q) is @ norm. The only
nontrivial property of norms to be verified is the triangle inequality. We have

| w+ v Lg,0)@) = HSfl/q(U + )" ()| 22 (0,1

I sV (u + ) (s)w*(s)ds

= sup
we(LPY(G) Hw”(LD)’(G)
< sw Jo° s (s)w* (s)ds + [° s (s)w*(s)ds
we(LPY(Q) HwH(LD)’(G)
* s~ Vay*(s)w*(s)ds < g~ Vay*(s)w*(s)ds
N o U LB I T O
we(LPY(G) [wll Ly @) we(LPY (G) [wllzoy (e

||S_1/qU*<S)||LD(O,|G|) + ||5_1/qv*(3)||LD(O,\G\): llul|Lg,py@) + V] Lg,0) @)

where the second and third equalities are due to (2.7) and the first inequality
to (2.3)—(2.4).
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Consider now properties (P1)—(P5) of the definition of r.i. spaces. Prop-
erty (P1) holds thanks to the corresponding property for L (0, |G]), since
decreasing rearrangement preserves pointwise a.e. inequalities between non-
negative functions.

Property (P2) is a consequence of the corresponding property of L (0, |G])
and of the fact that if 0 < w, " u a.e., then 0 < ) / u* everywhere
(see [4, Prop. 1.7, Chap. 2]).

Assumption (1.14) is equivalent to requiring that

Hsil/qX(O,lEl)(S)||LD(0,|G|) <00

whenever |E| < oo, whence (P3) follows.
Property (P4) holds since, by (2.5) and (2.16),

|E|

[ fuldz < [ (s)ds < 25700 () aoason I oo 6) oo

2|E|\a
- DY(I/[E])
Property (P5) is obvious.
Part II. As an intersection of r.i. spaces, L(q, D)(G) N L*>°(G) is also an
ri. space endowed with the norm (1.16). The proof of the fact that
L(q; D,00)(G) is an r.i. space parallels that of Part . When |G| < oo,
equation (2.21) is trivial, since both L(q, D)(G)NL*(G) and L(q; D, 00)(G)
equal L>(G). The proof of equation (2.21) when |G| = oo is omitted for

brevity: it just makes use of arguments based on the very definitions of the
norms (1.16) and (2.20). |

The fact that the space L, g, ,(G) is always an r.i. space is a consequence
of Proposition 2.1 and of the following proposition.

[ullLig.0) @)

Proposition 2.2 Let g € (1,00) and let A be any Young function satisfy-
ing (1.17). Then the function Ba, is a finite-valued Young function and

(2.22) / T Badr)

rl—&-q

Proof. In order to prove that B4, is a Young function, we need only to
show that the function b1, given by (1.18), is neither identically equal to 0,
nor to co. Since A is a Young function, then a is neither identically 0 nor
identically oo; hence, the same property is enjoyed by a~!. Thus, it suffices
to verify that

(2.23) A(%)ﬁdr < o0
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and

1

s () ) e

Condition (2.23) is equivalent to (1.17), by Lemma 2.3 below. Concern-
ing (2.24), we have

UG ) 5 (1)) e
< (Ga) )

Thus, (2.24) holds. Condition (2.22) is a consequence of Lemmas 2.3—2.4
below. H

Lemma 2.3 Let g € (1,00) and let A be a Young function.
I. The following conditions are equivalent:

(i) /OO A(T)dr < 00; (ii) /OO @dr < 00;

rita r

mﬂ/m(;%5>kwr<m;(W)/m<ib)wbr<m.

I1. The following conditions are equivalent:

(DAi@W<w; (@A%%ﬁ<w

r

(iii) /O(ﬁ)q_ldr< 0o; (i) /O(ZZT)>q_ldr<oo.

Proof. Part I. The equivalence of (i) and (ii) is due to (2.11); since A and o™
are related by (2.14), the equivalence of (iii) and (iv) follows analogously.
The equivalence of (ii) and (iii) is a consequence of the fact that, if any of
the two conditions is satisfied, then a must be finite-valued and, by Fubini’s

theorem,
00 a(l) poo 00 00
/ @dr = / / r~drdr +/ / r~dr dr
T 0 1 a(1) Ja=1(r)
a(l) 1 > 1 -

1
=8, )
qg—1 q—1 a(l)(al(T))

The proof of Part II is analogous. [
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Lemma 2.4 Let g € (1,00) and let A be any Young function satisfy-
ing (1.17). Set

(2.25) o(s) = a ' (b(s)) for s >0,

where b is as in Definition 1.2. Then

(2.26) (/OO %dr)w(/j(s) (%)ﬁma) " m fors>0

and

(2.27) % ( 0” L) ! ——q fors>0.

a(r) q -
Proof. We have

> bt e b(t
(q—l)/ ( / i q/o dr dt
b(s) poo oo
= (/ / thdT—i—/ / thdT)
0 b(s) Jb—1(T)

for s > 0. Hence,

(228) (¢—1) /:o bg)dt <- _- (/Oa(s) (%) Fdr>1_q for s > 0,
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and (2.26) follows. Since

o0 1—q
/ @dt > b(s)s— for s >0,
s 19 q—1

inequality (2.28) also implies (2.27). |

2.3. Sobolev type spaces and inequalities

Let G be an open subset of R” and let A be a Young function. We denote
by VVO1 ’A(G) the Orlicz-Sobolev space of those weakly differentiable functions
in G, with |||Vul[[14(q) < 0o, which decay to 0 on JG, in the sense that the
continuation of u by 0 outside G is a weakly differentiable function in R™ and

(2.29) Hr e G: |u(x)] >t} < o0 for every ¢ > 0.

Obviously, condition (2.29) is automatically satisfied if |G| < co. Given a
generalized Young function A, the anisotropic Orlicz-Sobolev space W™ (G)
is defined analogously, by requiring that ||[Vul| 4(q) < oo.

A basic tool in our applications to Sobolev type inequalities is the Pdlya-
Szegd principle on the decrease of gradient norms under rearrangement.
In its version for Orlicz norms, such a principle tells us that if A is any
Young function and u € Wy*(G), then u* is locally absolutely continuous
in (0, 00), and

/ du*
230 [t (=)
( ) nw r o

<V
LA@e) = 1VulllLa

(see e.g. [9]). In particular, equality holds in (2.30) whenever u is spheri-
cally symmetric. A version of this principle for anisotropic Orlicz norms is
also available ([22]). It implies that if A is any generalized Young function
and u € Wo(@), then u* is locally absolutely continuous in (0,00) and a
constant K (n), depending only on n, exists such that

’ du*
(2.31) HK(H)TW <— WM < [Vul|pa@),

LA (0,|GI)

where A, is the Young function defined in Section 1.

Inequalities (2.30)—(2.31) enable to reduce the problem of Orlicz-Sobolev
embeddings into r.i. spaces to one-dimensional inequalities for a Hardy type
operator. This is the content of the following proposition, our starting point
in the proofs of Theorems 1.1 and 1.2.
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Proposition 2.5 Letn > 2 and let G be either R™, or an open subset of R"
having finite measure. Let X (G) be an r.i. space on G.

I. Let A be a Young function. Then the following assertions are equivalent:
(i) A constant K, exists such that

(2.32) lullx@) < Kill[Vulllpa@ — for every u € Wy (G).
(ii) A constant Ko exists such that

(2.33) H/| | o f dr‘

for every f € LA(0,|G]).

II. The following assertions are equivalent:

< K.
X061 2| fll a0,

(i) For any generalized Young function A, with prescribed Ay, a constant K,
exists such that

(2.34) |ullx @) < Kil|Vu| pac for every u € WHA(G).
(ii) A constant Ko exists such that

(2.35) H/ =Y F ) dr

for every f € LA(0,|G]).

As for the proof of Proposition 2.5, the fact that (ii) implies (i) in Part I is an
easy consequence of (2.30), whereas the converse implication can be estab-
lished on choosing spherically symmetric test functions in (2.32). The proof
of Part II is analogous: one has to make use of (2.31) instead of (2.30) for
one implication, and to choose A(§) = A,(|¢]) and spherically symmetric
test functions in (2.33) for the reverse implication. The details are omit-
ted for brevity. As a first consequence of Proposition 2.5, the necessity of
condition (1.6) or (1.30) for inequalities in R™ can be derived.

Corollary 2.1 Letn > 2 and let X(R") be any r.i. space on R™.

I. Assume that a constant C exists such that

(2.36) [ullx@n) < ClIVulllLagn

< K. .
X040 2| fll 4 0,101

for some Young function A and for every u € W(}’A(R”). Then A satis-
fies (1.6).
II. Assume that a constant C' exists such that

for every generalized Young function A with prescribed A, and for every

u e Wy (R"). Then A, satisfies (1.30).
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Proof. Part I. By Proposition 2.5, inequality (2.36) implies that (2.33) holds
with |G| = co. On choosing test functions f which vanish outside [1, 00),
we have

[fllza0ee)y = Ifllzage) and
(2.38) -~
Y (r)d > “1n" £ () 0 -
| o = [ 0O 0l
From (2.33), (2.38) and (2.16) one gets
K, I Y f () drr Iy
T 2> Ssup > ||r ||Lg(l 00"
X0 IF000) — feraor) I llza000) ’

dr < oo, which is in

1+’

turn equivalent to ( .6), by Lemma 2.3. The proof of Part II is analogous. l

Hence, ||r‘1/”/||L; ooy <00. This is equivalent to f

3. Theorems 1.1 and 1.2: proof of the embeddings

The present section is devoted to the proof of inequalities (1.20) and (1.22) of
Theorem 1.1, and of inequalities (1.32) and (1.34) of Theorem 1.2. Consider
Theorem 1.1. By Proposition 2.5, Part I, the proof of (1.20) is reduced to
showing that, for any A satisfying (1.6), a constant K7, depending only on n,
exists such that

31/"/ r’l/”/f(r) dr

for every f € L*(0,00). The same proposition ensures that inequality (1.22)
is a consequence of (3.1) and of the fact that, under the additional as-
sumption (1 21), there also exists a constant K5, depending only on n and

dt such that

(3.1) < Ki|[ fll24(0,00)

LB4n(0,00)

on 0 t1+n

(3.2) H / T—l/n’f(r) dTHLOO(O - < KQHfHLA(Qm)

for every f € L4(0,00).
Inequality (3.2) is an easy consequence of (2.8) and (2.16). Indeed,

| [ sma < [l <o g o
s (0,00 0

oogt 1/n’
—2(v [ tlﬁﬁ, dt) 11120020

for every f € L#(0,00). Notice that [
and (1.21), and by Lemma 2.3.

) dt < 0o by assumptions (1.6)

t1+n
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Inequality (3.1) is more delicate, and relies on the following interpolation
theorem, of possible independent interest.

Theorem 3.1 Letge(1,00) and let A be a Young function satisfying (1.17).
Then

(3.3) LA(0,00) € L*(0,00) + L%(0, 00).
Moreover, let T be any linear operator which is bounded from L'(0,00) into
LY(0,00) with norm < Ny, and from L% (0,00) into L9>(0,00) with norm

< N,. ThenT is bounded from L*(0, 00) into LP44(0,00), and a constant C,
depending only on q, exists such that

(3.4) 1Tl 500,00y < € max{ N1, N}/ fll£a(0,00)
for every f € LA4(0,00).

Remark 3.1 Theorem 3.1 can be transposed, with a completely analo-
gous proof, to the more general setting of operators acting between function
spaces defined on non-atomic o-finite measure spaces. Furthermore, quasi-
linear operators, namely operators satisfying the inequality |T'(f + g)| <
E(|Tf| + |Tg|) for some k > 0 and for every f and g can be allowed; in
this case, the constant on the right-hand side of (3.4) has to be replaced
by k C max{N;, N,}.

In order to prove (3.1), we apply Theorem 3.1 to the linear operator T'
defined as

(3.5) Tf(s)=s"4" /OO Y F () dr for s > 0,

at any measurable function f in (0,00) which makes the integral on the
right-hand side of (3.5) finite. The operator T is bounded from L'(0, c0)
into L'(0, 00) with norm < n/, since

Tl < [ 577 [ ) dr ds
0 s
:/ r_l/”,]f(r)|/ s‘””dsdr:n’HfHLl(O,OO).
0 0

Moreover, T is bounded from L™'(0,00) into L™*(0,00) with norm < n,
since

L e KO A O
s> 0

L”vl(O,oo)'

< / T ) dr = | f)

Thus, (3.1) follows from Theorem 3.1.
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The proof of inequalities (1.32) and (1.34) of Theorem 1.2 makes use of
Part II of Proposition 2.5 and is analogous.

Remark 3.2 It is clear from the above proof that inequality (3.1) continues

to hold if n is replaced by any ¢ € (1,00) and A is any Young function
satisfying (1.17); the same is true for inequality (3.2) when A fulfills

/00 (ﬁ)l/(q_l)dr < 00.

Proof of Theorem 3.1. In order to prove inclusion (3.3), we show that
if f is any measurable function in (0, c0) satisfying

(3. | atronds <,
0
and, for t > 0, we decompose f as f = f; + f*, where

(3.7) fi(s) =sign(f(s))min{t, |f(s)|} and f'(s) = f(s) = fus) for s >0,

then f; € L2'(0,00) and f* € L'(0,00). Owing to (1.17), we have a(t) > 0
for t > 0. Thus,

38) 1 liom = / T > T dr < - / C 1A > THalr) dr

1 [ee]
- / A(I(5)])ds < oo.

On the other hand, [, (ﬁ) =1 d7 < 00, by assumption (1.17) and Lemma 2.3.
Hence,

t
1fill oo = / (f] > 7} dr
0
1

< (=) " ([ (i) o)
(3.9) - </Ot <Wlﬂ)_ dr)w /Ooo A(If(s)])ds < oo.

Inclusion (3.3) is proved. Such an inclusion ensures that the domain of 7'
contains the set of functions f satisfying (3.6), and hence T is well defined
on LA(0,00).
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Let us now establish inequality (3.4). Throughout the proof, we shall
denote the function By, simply by B. Assume that f satisfies (3.6) and
let K be a positive constant to be chosen later. We have

/O°°B (ng)) dr = /Ooo b(t){IT f| > 4K} dt

< ["EEqirs) > arcey

:/Ow@% (_ /too|{\Tf| > 2KT}\dT) dt
_ <_@ /too|{|Tf| > 2KT}|dT> z::O

+/OOO% (@) (/too 1T > 2K7}|d7)

(3.10) < limsup@ /OO {|Tf| > 2Kt} dr

t—0+

+/0°O% (@) (/too|{|Tf| > 2K7}|d7) dt.

Here, we have made use of the fact that [[{|Tf| > 2K7}| dr < oo for t > 0,
a consequence of estimates (3.14) and (3.19) below. We have also exploited
the local absolute continuity of B, a finite-valued Young function. Now, let
o :]0,00) — [0,00] be the (non-decreasing) function given by (2.25), and
decompose f as f = fou)+ 7Y, where f,;) and f7) are defined as in (3.7),
with ¢ replaced by o(t). By the linearity of T,

(311) [{IT] > 2K7}| < [{|T o] > K} +|{ITS70| > K7}| for t,7 > 0.

Inequalities (3.10) and (3.11) yield

(3.12) /OOOB(%) dr <

B(t &
< Timsup 2 / {ITfs| > K7} dr
t—ot+ ¢
B(t &
+1imsupﬁ/ {ITF70| > Kr}|dr
t—o+ U

+/0°°% (@) </tooy{\ch,(t)\ > KT}|dT) dt
+/0°O% (@) (/too]{\Tf"(t)] > KT}|dT> dt.
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Let us estimate the four summands on the right-hand side of (3.12). The
boundedness of T from L%!(0, 00) into L#*°(0, 0o0) comes into play in dealing
with the terms involving f,u). By (2.17), this property of 7" implies that

3.13) {|T K7} < N el/qczeq for ¢ 0
13) WThol > K7 < (22) ([ 11> 0)pna) for >0

Hence, if t > 0,

@/ {ITh) > K}l dr <

t

<(5) [ A (/ e o))

- (&) G ([ 0= o)

(J[\Q) b(1t> a1 (/U(t)(ﬁ)q_lldg)ql/ﬁ{lﬂ > 0}|a(6) db

o ([

where the last 1nequahty is due to (2.27), Lemma 2.4. Next, by (3.13) again,

/Ow%(it)> (/m {IT fo| > K7} dT) if |

% / (T) (/to:lq(/og {11 > 0}|1/qd9> dT) dt
)

)

IA

IN

Il
S/ N 7 N 7 N T N

N\S NL? N\E NIZ

) (5 /Og(tf{rf|>e}|l/qde)th
[ ([ (2 ([ = o) a)i
/OOOTq( |{|f|>0}|1/qd9) (/D ( )dt)dT
1) < (3) [T ([0 = o)

A generalized version of the weighted Hardy inequality (see [12, Lemma 1])
tells us that (2.26) is a sufficient (and necessary, up to the constant) condition
for the inequality

(3.16) /0 w@( /O " o) d9>da < [%r /0 () h(r) dr

to hold for every measurable function A : [0, 00) — [0, c0).

IN
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On applying (3.16) with h(t) = |{|f] > t}|'/9, we infer from (3.15) that

A“%(@) (/too [T fot| > KT}ldT) dt <

< ()7 [ i > e

(3.17) _ (%)qﬁ /Ooo A(I(s)]) ds.

The boundedness of T from L'(0, c0) into L'(0, 0o) plays its role in the esti-
mate of the summands depending on f°*) on the right-hand side of (3.12).
Such an assumption on 7" ensures that

oo N o
(3.18) / \{\Tf"(t)\ > K7}|dr < ?1 {|f| > 7} dr fort>0.
t ()

g

Thus, by (2.25),

2 [T g > ke < ) [ > rhar
& b(®) OOaT THdr
< Fato(y ., (NS>
(3.19) <% [ o> = 3 [ A as

Inequality (3.18) and equation (2.25) also imply that

/f%(@) (/too {ITf79| > K7} dr) dt <
= %/ﬁ%(@) (/U: {If1> T}|d¢> dt

00 o (1)
~2 (] T E(ED) s> e
<% [ M I >
(3.20) <% [ o> mar =2 [ agsen s

where 07! is the (generalized) left-continuous inverse of o.
Combining (3.12), (3.14), (3.17), (3.19) and (3.20) leads to

(3.21) A%('ij(g“)') dr < K%)q(q(ql_)ql;fl qqﬁgl] /OOZ(|f(s)|)ds.
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The choice K = max{Ny, Na} in (3.21) yields

02 [ B( ) < [T ansenas

with C' = w + 2. In the derivation of (3.22) one has to make use

g—1)a+1
of (2.12) and of the fact that C' > 1. Inequality (3.4) follows from (3.22), by
the very definition of Luxemburg norm. [

4. Theorems 1.1 and 1.2: optimality

Our task in this section is to prove the second part of the statements of
Theorems 1.1 and 1.2, where it is claimed that the spaces appearing on
the right-hand sides of inequalities (1.20), (1.22) and (1.32), (1.34) are the
best possible among all r.i. spaces. Notice that we only need to consider
Theorem 1.1, since the result in Theorem 1.2 follows on choosing A(&) =
A, (|¢]) and applying Theorem 1.1.

Thanks to Proposition 2.5, the question of the optimality of the spaces
L(n,Ba,)(G) and L(n, B4,)(G)NL®(G) in (1.20) and (1.22), respectively,
is equivalent to a corresponding problem for a one-dimensional inequality.
The crucial step in attacking this problem turns out to be the Holder type
inequality for non-increasing functions in Orlicz spaces contained in the fol-
lowing theorem.

Theorem 4.1 Let g€ (1,00) and let A be a Young function satisfying (1.17).
I. Assume that

(4.1) /OO (AZ>>ﬁdr:oo.

,
Then there ezists a constant K1(q), depending only on q, such that

(4.2) /0 £ (5)g(s)] ds < Ki(@)lls™9F*(8)l] Laa 0,00 15779 ()| 120 o)

for any measurable functions f and g in (0, 00).
II. Assume that

(4.3) /Oo (AZT))ﬁdr < .

Then a constant «(A,q), depending only on A and q, ezists such that in-
equality (4.2) holds for every measurable function g in (0,00) and every
measurable function f in (0,00) satisfying

(4.4) [{s € (0,00) : [f(s)] = esssup [f[}| = a(q, A).
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Remark 4.1 Obviously, owing to the Hardy-Littlewood inequality (2.5), a
completely analogous version of Theorem 4.1 holds if f and g are replaced
by functions u and v defined on a measurable set G C R".

The proof of Theorem 4.1 is split into several lemmas and is presented in
the second part of this section.

We first accomplish the proof of Theorem 1.1. Let us begin with Part I,
and let us assume that (1.19) is fulfilled. Consider the case where G = R".
We have to show that, if X (R") is an r.i. space satisfying (2.32) with G = R,
then a constant K exists such that

(4.5) [ullx @y < KljullLn,a.)@m

for every uw € L(n,Ba,)(R"™). By Proposition 2.5, inequality (2.33) holds
with |G| = co. We now make use of a duality argument, involving associate
spaces (see also [10, Proof of Lemma 1] and [18, Proof of Theorem 4.6]).
By (2.33), (2.6) and (2.16),

|55 () dr|| 50,00

Ky, > sup
FeLA(0,00) ”f”LA(O,oo)
>0
f r= 7 f(r) dr ds
= sup sup
FELA(0,00) geX' (0,00) HQHX (o,oo)Hf“LA 0,00)
>0
I f (=" [ g (s) ds dr
= sup sup
9eX (0,00) fEL(0,00) ngy’(opo)HfHLA(o,oo)
>0
r g (s) ds|| 4
(4.6) > sup H fO HLA(O,oo)
geX' (0,00) Hg | ’Y’(O,oo)
Hence,
(@.7) [y < Kalglke
0 LA(0,00)

for every g € YI(O, 00). From inequality (4.7) and from Theorem 4.1, Part I,
we infer that

£ (8)g*(s) ds s)ds
p WL
geyl(O,oo) HgHY/(O,OO) gEX (0,00) H?” f g HL’Z(O,OO)
(4.8) < Ko Ki(n)ls™/" F* ()] 54 (0.00) = B2 K1 ()| F 1 n.Ba ) (0,00)

for every f € L(n, Ba,)(0,00).
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By (2.7) and (2.9), the first supremum in (4.8) equals || f[|x( - Thus,
we conclude that

[f 1= 0,.00) < K2 Ki(n)[| fll Lm0 (0,00)
for every f € L(n, Ba,)(0,00), whence (4.5) follows, owing to (2.9).
Let us now take into account the case where GG is an open subset of R"
having finite measure. Let X (G) be any r.i. space satisfying (2.32). Via the
same argument as above, one deduces that

(4.9) ol /0?“ g*(s)ds

N < Ksll9lls 0 a1y
LA0,|G|)

for every g € X (0,]G|). Theorem 4.1 implies that

(4.10)
1G]
i [r(8)g*(s)ds < Kl(n)l‘s_l/nf*(s)HLBA»"(0,|G|)

LA(0,00)

for any measurable functions f and ¢ in (0, 00), vanishing outside (0, |G|).
We claim that a constant C, depending only A, |G| and n, exists such that

sl/"// g (r)dr sl/”// g (r)dr
0 0
for every ¢ vanishing outside (0,|G]). Indeed, we have

s_l/”// g (r)dr 3_1/",/ g*(r)dr
0 0

(4.11) <C

LA(0,00)

LA(0,|G))

<

LA(0,00)

6]
(4.12) - (/0 g°(r) dr) 1™ X (161000 () 120,00

LA(0,|GY)

At
1-‘(—71)’ dt < oo, as a consequence

Notice that the last norm is finite since fo -

of (1.6) and of Lemma 2.3. Now,

n\G’l/n /GI /G )
A [ ear=geaan [ s

6]
(4.13) §/ s'mg™(s) ds < 2|1l Loy :
0 LA(0,/c)

s~/ / g (r)dr
0

Combining (4.12)—(4.13) yields (4.11). On making use of (4.9)—(4.11), one
can argue as in the case where G = R™ and conclude that there exists a con-
stant K such that [jul|xq) < K||u||L(n7BA’n)(G) for every u € L(n, Ba,)(G).
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Consider Part II. The optimality of L(n, B4 ,,)(G)NL®(G) is clear when
|G| < o0, since, in this case, L(n, Ba,)(G) N L®(G) = L*(G) C X(G) for
any r.i. space X (G), thanks to property (P4).

Assume, instead, that G = R". Owing to (2.10), it suffices to show that

(4.14) L(n, B4,)(R™) N L®(R") C X (R")

for every r.i. space X (R") satisfying (2.32) with G = R™.

Let u € L(n, Ba,)(R™) N L*°(R™). Then, in particular, u is essentially
bounded. Thus, if [supp u| < oo, then u belongs to any r.i. space, and hence
to u € X(R™), by properties (P4)-(P5) of r.i. spaces. Assume now that
|supp u| = co. Given t > 0, let us decompose u as u(z) = uy(x) + u'(z) for
x € R™, where u; and u' are defined analogously as in (3.7). Notice that u,
and u' belong to L(n, Ba,)(R™)NL>(R™), since u does and |u,(z)| < |u(z)],
lut(z)] < |u(x)| for z € R™. We have |suppu’| = [{|u] > t}| < oo, since
u € L(n,Ba,)(R™). Inasmuch as u' is essentially bounded, we conclude
as above that u' € X(R") for every ¢ > 0. Next, consider u;. Since we
are assuming that |suppu| = oo, then |[{u; > t}| = |[{|u|] > t}| > alq, A),
provided that ¢ is sufficiently small, where a(q, A) is the number appearing
in Theorem 4.1. Thus, since esssup|u;| = t, then the function f = u
satisfies assumption (4.4) of Theorem 4.1. The same argument as in the
proof of Part I now yields u; € X(R"). Hence, u € X(R™). The proof of
Theorem 1.1 is complete.

Let us now come to Theorem 4.1. The outline of the proof is as follows.
Inequality (4.2) is first transformed into an equivalent inequality where the
product of norms is replaced by a sum of integrals on the right-hand side. Via
a discretization and truncation argument, this inequality is further reduced
to an inequality restricted to characteristic functions of intervals and linear
combinations of them, which is dealt with in Lemma 4.4. The proof of
this lemma requires an inequality between certain Orlicz norms of powers
(Lemma 4.3), which in turn relies upon an inequality involving integrals of
the function A (Lemma 4.2).

As a preliminary step, we associate with any A and ¢ as in the statement
of Theorem 4.1 the functions A, &, ¥, © : [0,00] — [0,00] defined, for
s >0, by:

1

(4.15) Ads) = /0 <%)_ dr,

where a is the function appearing in (1.4),

(4.16) O(s) =4 /0 S fl(;) dr,
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(4.17) U(s) = (sd7(s7))",

where @~ ! is the (generalized) right-continuous inverse of ®, and

(4.18) O(s) — (/Z (bl—l(r))q_l dr)liq,

where b~! is given by (1.18).

Lemma 4.2 Letq € (1,00) and let A be a Young function satisfying (1.17).
Let ® and © be the functions defined by (4.16) and (4.18). Then there exists
a constant Ks(q), depending only on q, such that

(4.19) @(m)su@(q»q’@(s) Jor s € (0, B(A, ).
where

) @D i < o0

) (o= 1)dr:oo,

a(A~ (21QA ) if [T
00 if [ (

and A is given by (4.15)

(4.20)  B(A,q) = {

Proof. Inequality (4.19) reads

o 1 (I*l qu ) s Z(r)
& (/ ( - ) dT) < ¢ (Ka(q)) / -dr
o/ (@ (Ka(@)?) \OTH(7) | it

Consider the left-hand side of (4.21). We have, by Fubini’s theorem,

L () ) )+
oo (L) )
UG (@)

)‘q dt
-

(4.22) = (Ala ()"0 — (A(oo)) - e (S)WI for s > 0.

|

)
e~
L8

- =

o\..
/—\
\/

Q.



OPTIMAL ORLICZ-SOBOLEV EMBEDDINGS 459

Moreover,

(4.23) /: (le(r)y_;r > //2 <b_11<r)>q_;r > W for s > 0.

Combining (4.22)—(4.23) yields

(424) [(Ala™ ()" ~(A(0)) 1] 7 > (g+1)7 (//w (ﬁ)d)_

for s > 0. As far as the right-hand side of (4.21) is concerned, an application
of Fubini’s theorem gives

s —1 a"l(s) ps
/L (,T) dT:/ / 4 dr dr
0 T4 0 a(r)
o) /] N a(s)
e[ () e 5)

for s > 0. On the other hand,

(4.26) / QAU / T s (g - 1y - 200y )

T4 T4 31/(‘]_1)

for s > 0. On making first use of (4.25)—(4.26), and then of (2.11) with A

replaced by A and a replaced by a~!, we easily deduce that

a™ls) /] N\ aT 9 _ 91/(1-q) 25 ¢=1(7)
N = — dr < A
@)= [ <a<r>) rs <q—1><1—21/<1—q>>/0 a4

2¢ (2 — 21/(1-9)) 1 A7)
4.2 <
2 ~ (¢— (1 —2V0-0) /O i O

for s > 0. Now, if fOO(AZT))l/(qfl)dr = 00, then A(00)!™% = 0, by Lemma 2.3.

Thus, inequality (4.21) holds for every s > 0, as a consequence of (4.24)

and (4.27). If, on the contrary, [~ (AZT))l/(q_l) dr < oo, then A(oc0)'™7 > 0,

and the very definition of 3(A4, q) easily implies that

1

(4.28) [(Ala"(s))" "% = (A(o0)) "9 71 < —A(a'(s)) for 0 < s < B(A, q).

—~ DN | —

From (4.24), (4.27) and (4.28) we infer that (4.21) holds for s € (0, 5(A, q)].
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Lemma 4.3 Let q € (1,00) and let A be a Young function satisfying (1.17).
Then

(4.29) 1< 262(0) 5™ X100 (8)]] 2.0 0,00y 1™ Xitio0) ()] 3 0,00

for every t > a(A,q)/2. Here

e ()l <0
(4.30) a4, q) = ¥ (/e <<zf$>>)q’)) A() )
0 if [~ (A?r)) " dr = oo,

where WU and © are defined in (4.17) and (4.18), respectively, Ko(q) is the
constant appearing in (4.19) and B(A,q) is defined by (4.20).

Proof. Computations show that

t—1/4

@30 e = gy >0

where H~! is the (generalized) right-continuous inverse of the Young func-
tion H given by

(4.32) H(s) = qsq/ Baqlr) dr for s > 0.

rltq

[13, Lemma 5] ensures that

(4.33) H(s) < q(;)ql(/sz (é}?:,(r))q_ldo ﬁfor s> 0.

Hence, owing to (2.11) applied to Ba,, we have H(s) < s7O(s) for s > 0.
Thus, if F : [0,00) — [0, 00] is defined as F(s) = s7©(s) for s > 0, then

(4.34) H'(r)>F'(r) forr>0,

where H~ and F~! are (generalized) right-continuous inverses. From (4.31),
from (2.15) applied to H, and from (4.34) we deduce that

_ F7(1/t)
(435) ||S l/qX[O,t)<S)||LBA»q(O,OO) Z W for ¢t > 0.
On the other hand, it is not difficult to verify that
(4.36) 5™ Xitoo) ()| L3 (0.00) = ¥ (1/E)  for ¢ >0,

where U1 is the (generalized) right-continuous inverse of .
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Now, define L : [0,00) — [0,00] as L(s) = (s@_l(sq'))q, for s > 0, and
observe that

(4.37) L (r) =

for r > 0,

where L~! is the (generalized) right-continuous inverse of L. Lemma 4.2
implies that

(KZ(Q))ql@fl(T(Kﬂq))q/) >® (7)) forT>0
[respectively, for 0 < 7 < (K3(q))"7O(B(A, ¢)(Ka(q))~)] if

() = oo () < oo
) )

Hence,

L(Ky(q)s) > V(s) for s >0 [0 <s< (K2(q))_1@1/ql(ﬁ(z4,q)(KQ(q))_ql)}_
Thus,

(4.38) L*l(r) < KQ(Q)\Ijil(T‘)

forr >0 [0 <r <U((Ka(q)) 'OV (B(A, q)(K2(g))7))]. Inequality (4.29)
is a consequence of (4.35)—(4.38). [

Lemma 4.4 Letq € (1,00) and let A be a Young function satisfying (1.17).
Then

/ )\X[Ot Z )\’LX tz t+1 dS < 2K2( )|:/ BA,q (As_l/qX[O,t)(s))dS
0

€L

(4.39) +/ (1/‘1/ D Xt ( dr)ds}

€L

for all nonnegative A\, \;, i € Z, for all nonnegative t; such that t; < t; 1 for
1 € Z, and for all

aA, o _
= (Qq)[/ Bag(As™ X101 (s))ds
0

(4.40) +/ (‘1/‘1/ D AiXit b ( dr)d}

€L

where Ks(q) is the constant appearing in Lemma 4.2, and «(A,q) is the
number defined by (4.30).
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Proof. By the monotone convergence theorem for integrals, it suffices to
prove that

N-1

/ AX[O,t)<S) Z )\2 X[t tit1) ( )dS < 2K2< )|:/ BA,Q()\Sil/qX[O,t)(S»dS
0

i=—N

(4.41) +/ ( —d / Nzl AiXti. o) ( )ds]

for A\, \;, t, t; as in the statement and for every N € N.
We claim that inequality (4.41) is a consequence of

/0 AX[o,1) (8 Z Ai Xlti, ti) (8) ds < 2K2(Q)||/\3_1/qX[0,t)(3)”LBA,q(o,oo)

s N—1

q/ Z )\iX[thtiJrl)(/r) dr
0 =N

for t > a(A, q)/2. To see this, set

o0 0 s N—-1
M :/ BAvq(AS_I/qX[O,t)<S))dS+/ A(S_l/q / Z )\ix[thtiJrl)(T) dT)dS’
0 0 0 j=—N

apply (4.42) with A(s) replaced by A (s) = A(s)/M, and observe that, after
this replacement, By ,4(s) is changed into Bywm ,(s) = Bag(s)/M, A(s) into
AM(s) = A(Ms)/M and «(A, q) into a(AM,q) = Ma(A, q). Consequently,

||)\s_1/qX[0,t)(5>||LBAM,q(o,oo) =1

(4.42)

LA(0,00)

and
s N—1

Hsl/q/ ZAM ton) (7 d‘

whence (4.41) follows.
Let us establish (4.42). We may clearly suppose that A = 1. We have

(4.43) / X[Ot Z AzX[t tLH =
0

<M

e Y

LA]\/I )

-N
( O ift <t n
if t € (tj,t;41] for some
Ai(ti Aj :
— ZN 1= t) F A () je{-N,...,N -1}

\ i=—N
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When t < ¢y there is nothing to prove. Assume that ¢ € (¢;,t;11] for some
j€{=N,...,N —1}. Then

s N—1

1/q/ Z AiX, tz+1 r)dr

—1/q Z ()‘Z(S - ti)X[ti,tiH)(s) + )‘i<ti+1 - ti)X[tiH,OO)(S))

(4.44)

LA(0,00)

P Lﬁ(O,oo)
Jj—1
> s/ ( Z )\i(tiJrl - ti)X[ti+1,oo)(S) + )‘j(s - tj)X[tj7t)(S)
i=—N
+ )‘j(s - tj)X[t,tj+1)<S) + )‘j(tj+1 - tj)X[tj+1,OO)(S)) B
LA(0,00)
j—1
> ||s~1a ( Z Aitiscr = ) Xtoo) (8) + A5 (E = L) X(tt541) (5)
i=—N
+ At — tj)X[th,OO)(S)) .
LA(0,00)
j—1
— ( D Niltipr — 1) +>\j(t—tj)> s w0 (9]
N LA(0,00)
If t > ty, then we have
s N—1
(4.45) g1/ / Z AiX(ti, tiy) (1) dr
LA(O,oo)
= |71 Z (Ai(s = i) Xts,ti1) (8) + Ailtinn — ti)x[tiﬂvo")(s)) i
Pt LA(0,00)
> 71/q Z /\ z+1 X[tH—l 00)( ) _
LA(0,00)
> ||/ Z Ai(tiv1 — 1) Xt (8)||
LA(0,00)
N-1
= Z )\i(ti+1 — tz) Sil/q X[t,oo)(S) B .
=N LA(0,00)

Owing to Lemma 4.3, inequality (4.42) follows from (4.43) and (4.44) if
t € (tj,tj41] for some j € {—N,..., N — 1}, and from (4.43) and (4.45) if
t>1tn. [ |
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Proof of Theorem 4.1. The statement will be proved with «(A, q) defined
by (4.30). For simplicity of notation, throughout the proof we denote B,
by B. Owing to the Hardy-Littlewood inequality (2.5), we may assume that
f = f*and g = g*. We claim that inequality (4.2) will follow if we show

that
/ f*(s)g*(s)ds < K1(q )(/OOOB(S_I/qf*(S))dS

(4.46) + /0 mﬁ(s—l/q’ /0 S g (r) dr)ds)

for any f and ¢ as in the statement and satisfying, in addition,

(4.47) /OOO B(s79f*(s))ds < 1 and /00021 <s—1/‘f /0 g*(r) dr) ds < 1.

To verify our claim, notice that if f and g are any functions making the
right-hand side of (4.2) finite, then the new functions f and g, defined for
e>0 as

_ 7(s) _ g*(S)
— d
1) = 0 Ollrom + e ™ ) = [ [ ) drlagm £ €

satisfy (4.47); notice also that f fulfills (4.4)_if f does. Moreover, an appli-
cation of (4.46) with f* and ¢g* replaced by f and g yields

: ()95 e
L
<

) Ol + ) (IO g ) drl sy +¢)
@) [~ s~f*(s)
> </ B(||<->—1/qf*<->r|m,w>+e)d5

«[7A( <>/f/g{>gd<u)d<oo) =) dS)
)

(4.48) < Ki(q

Inequality (4.48) implies (4.2), thanks to the arbitrariness of e.
We now prove (4.46). For every k € Z such that

(4.49) 251 <ess sup | f],

define the non-increasing function fj : [0,00) — [0, 00) as
0 if f*(s) < 2%,

(4.50) fe(s) = < fr(s) —2F if 28 < f*(s) < 2KFL

2k if f*(s) > 2k+L,



OPTIMAL ORLICZ-SOBOLEV EMBEDDINGS 465

Furthermore, set
Fp={s>0:21 < fr < ob+2)
and, for k, m € 7Z,
Grm ={s € F}, : 2™ < g* < 2™}

Note that each of the sets Fj, and Gy, is either empty or an interval, and
that Fy = UpnezGrm. Furthermore, Fy, C {f* > 2F1} = {f; > 2¥} an
interval whose endpoints are 0 and |{f, > 2*}|. One has,

| e[ (Z ka(s)f*(s)> g*(s) ds
- Z / B () ()9 () ds < )3 | 2@ e as
=3 [ 2 e (a1 ds
- |2 e OREMOTICLE
sy <3 | 2 2 ()

By Lemma 4.4, we have that, for every k satisfying (4.49),

oo

/ P Xinza(s 22 XGi,m (8) ds < 2K>(q ){/ B(ka_l/qX{szzk}(S>> o
0 0

(4.52) + /0 Zi(sl/q’ /0 ngpmxgk,m(r) dr> ds}.

Observe that ¢t = |{f; > 2*}| in this application of Lemma 4.4. Thus, we
need to know that

A [oe)
1> 2] > 2100 { | B (9) ds

(4.53) +/OOO (Vq/ Z2mxgk )d}

Since (4.49) is in force, then
(4.54) {fe =25 = {7 = 2"} = [{f 22"} > a4, 9),

by assumption (4.4).
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Moreover, inasmuch as

(4.55) 2"X (5201 (8) < ful(s) < f*(s) for s >0,

(4.56) Z XGim (8) < Zg 8)XGrm (8) = g7 (8)xF, (5) < g7(s) for s >0,

and we are assuming (4.47), then
/ B(2k5_1/qX{fk22k}(8)> ds +/ g(s_l/q// Zmeghm (r) dr) ds
0 0 -
(4.57) S/ B(Sl/qf*(s))ds—l—/ g(sl/q// g (r) dr)ds < 2.
0 0 0

Inequality (4.53) is a consequence of (4.54) and (4.57).
Now, by (4.55)—(4.56),

/OO B(2"s x50y (5)) ds + /OO 2[(51/‘1/ /S > 2"Xe (1) dr) ds
0 0 (-
(4.58) < /000 B(s_l/qfk(s))ds + /000 A (S_l/q/ /Os g (r)xr,(r) dr) ds.

Combining (4.51), (4.52) and (4.58) yields, via the monotone convergence
theorem for integrals,

/f s)ds < 16Ks(q U ZB s7YVaf (s)

(4.59) + /O zkjfx(sl/q’ /0 g (r)x, (r) dr)ds].

By property (2.13) and by monotone convergence again, the right-hand side
of (4.59) does not exceed

16K, (q) U —1/q2fk ds+/ N( _l/q//Osg*(r)zk:)(pk(r)dr)ds].

Since

(4.60) ka(s) = f*(s) and Zka(s) =1 for s>0,

inequality (4.46) follows with K;(q) = 16K5(q). [
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5. Comparison between A and B,

The present section is devoted to the study of relations between a given
Young function A, satisfying (1.17) for some ¢ € (1,00), and the Young
function B4, associated with A and ¢ as in Definition 1.2. Our first ob-
servation, contained in Proposition 5.1, is that A always dominates By ,.
In subsequent Proposition 5.2, the couples (A, g) for which A and By, are
equivalent are described in terms of the Matuzewska-Orlicz indices of A.
As a consequence, the cases of equality of the spaces L(q, Ba,)(G) and
L(q, A)(G), and of related spaces, are characterized.

Proposition 5.1 Let ¢ € (1,00) and let A be a Young function satisfy-
ing (1.17). Then A dominates Ba,,.

Proof. We have to prove that there exists a positive constant ¢ such that
Ba,(s) < Aes) for s > 0. Owing to (2.11) and to corresponding estimates
for Ba,, this inequality is equivalent to b(s) < ka(ks) for s > 0 and for
some constant k, where b is given as in Definition 2.11; the latter inequality
is in turn equivalent to

(5.1) kb=t (r) > a ' (r/k) for r > 0.

Inequality (5.1) reads

oa ([, (] &)

Since

1

-1 g\ 1 s
> —qg (= > 0.
dr) a(t)q/) > ka <k> for s >0

<$) 1/(¢—1)

is non-increasing in (0, 00), then

%/0 (%)l(q_l)drz (ﬁ)l/(q—l)

for t > 0. Consequently,

[ ) ) st [ v,

Hence, (5.2) follows with k£ = max{1, (¢ — 1)*1/(‘7*1)}. [

Q
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Proposition 5.2 Let g € (1,00) and let A be a Young function. Let n > 1.

I. Assume that (1.17) is fulfilled. Then the following assertions are equiv-
alent:

(1) Bayg is equivalent to A;
(ii) A is finite-valued and 1(A) < q;

(iii) If G is any measurable subset of R™ having infinite measure, then
L(q, Bay)(G) = L(q, A)(G) (up to equivalent norms).

I1. Assume that (1.17) is fulfilled. Let A° be any Young function which
agrees with A near 0 (in particular, the choice A® = A is admissible). Then
the following assertions are equivalent:

(i) Bao, ts equivalent to A near 0;

(iii) If G is any measurable subset of R™ having infinite measure and A s
any Young function which agrees with A near 0 and satisfies

then L(q, Bao4)(G) N L>(G) = L(q, A)G) N L=(G) (up to equivalent

norms).

II1. Let A% be any Young function which agrees with A near infinity and

satisfies
.\ VD
/( ) dr < oo
o \A>(r)

(in particular, the choice A® = A is admissible if A fulfills (1.17)). Then
the following assertions are equivalent:

(i) Basgq is equivalent to A near infinity;
(ii) A is finite-valued and 1 (A) < g;
(i) If G is any measurable subset of R™ having finite measure, then
L(q, Ba=4)(G) = L(q, A)(G)

(up to equivalent norms).
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Proof. Part I (ii) implies (i). Since A always dominates By ,, we have only
to show that B4 , dominates A. It is easily seen, thanks to inequalities (2.11),
that I(a) = I(A) — 1, whence I(a) < ¢ — 1. A well-known property of
Matuzewska-Orlicz indices (see e.g. [6]) tells us that, for every v > I(a),
a constant C' exists such that

(5.3) a(s) < Ca(r)(f)7 if 0 <r <s.

r

Now choose v € (I(a),q —1). Then

i L () s te (2T [

— Cﬁ(qﬁ;iy) (a(lt))q_l for ¢ > 0.

Thus, a positive constant C exists such that

o0 t 4T\ ¢ o0 —1(¢)\1—¢
/ (/ (L) dr) s [ o
a=1(s) 0 Cl(?“) CL(t)q a=1(s) q— 1

for t > 0, whence b='(s) < ((¢—1)/C1)"@Ya=1(s) for s > 0. This inequal-
ity tells us that B4, dominates A.

(iii) implies (ii). Assumption (iii) clearly ensures that L(g, A)(0, c0) is an
r.i. space, and, by (2.10), also that L(g, A)(0,00) = L(q, Ba,)(0,00) with
equivalent norms. Therefore, a constant Cs exists such that

£ 1| (g, 4)0,00) < Coll f1|L(g,B.4)(0,00)

for every f € L(q,Ba,)(0,00). Combining this inequality with inequal-
ity (3.1) (with n replaced by ¢) tells us that there exists a constant Cj
such that

[ / T f () drllzagee) < Csll F(5)lLao.co)

for every f € L*(0,00). Hence, owing to [13, Lemma 5], a constant k exists
such that

(5.5) </koo (é(;))q_l dr)l/q(/os i@ dr)w < ks for s> 0.

Lemma 4 of the same paper then entails that I(g_l) < 1/q', whence
i(A7Y) > 1/q, since i(A™') + I(A™!) = 1 (see [7]). Such an estimate




470 A. CiaNcHI

for i(A™!) ensures that A is finite-valued. In fact, if A(s) were equal to oo
for large s, then A~!(r) would be constant for large r, whence i(A~') = 0.
Moreover, since A(s) is also strictly positive for s > 0 by assumption (1.17),
then A is strictly increasing. Hence, the condition i(A™1) > 1/q is equivalent
to I(A) < q (see [7] again). Thus, (ii) follows.

(i) implies (iii). This implication is a straightforward consequence of
the definition of the norms in L(q, A)(G) and L(q, Bay)(G), and of the
fact that Luxemburg norms associated with equivalent Young functions are
equivalent.

Part II. (ii) implies (i). Condition (ii) is equivalent to Iy(a) < g—1.
Moreover, given any v > Iy(a), constants C' and sq exist such that inequal-
ity (5.3) holds if 0 < r < s < s5. One can then proceed analogously as
in Part I and show that B4, dominates A near 0, and hence that B4, is
equivalent to A near 0. It is not difficult to verify that B4o, is equivalent
to Ba, near 0. Consequently, (i) follows.

q

(iii) implies (ii). Since we are assuming that [~ ;41(2 dr < oo, then

-~

Proposition 2.1 ensures that L(g, A)(0, 00)NL*>®(0,00) is an r.i. space, which
agrees with L(q, B4o 4)(0,00) N L>(0,00), by (iii). In particular, by (2.10),
a positive constant C exists such that

(5.6) 11l £, 2) (0,000 L (0,.00) < CLl 1 L(a,B 0 ,)(0.000L (0,00)

for every f € L(q,Bao,)(0,00) N L>®(0,00). Now, let A be any Young
function which agrees with A (and hence with AY) near 0 and satisfies

A (%)W”dr <o,

Then B, is equivalent to By, near 0, and the functions Ep \ and B Bao.,

defined as in (2.19), are globally equivalent. Hence, by Proposition 2.1,
Part 11,

L(q, B4,)(0,00) N L>(0,00) = L(q, Bao4)(0,00) N L>=(0, 00);
therefore, a constant Cy exists such that

(5.7) 1|20, 40 O.00)nL2(0,00) < Coll flL(a,B5.,) 000001 (0,50)

for every f € L(q, B4,)(0,00)NL>*(0,00). By inequalities (3.1)—(3.2) (with
A replaced by A and n replaced by q), a constant Cj exists such that

(5.8) ‘ / TV () dy / V() dr

for every f € L4(0, 00).

_l’_
L(g,B 4,4)(0,00)

< Gs|| fll 40,00
L>(0,00)
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From (5.6)—(5.8), we deduce that

s_l/q/ r_l/q/f(r) dr

S ‘

[

s

LA(0,00) L(g,A)(0,00)

[

s

L(q,A)(0,00)NL>®(0,00)

|

S

S ‘

< G105

L(q,B 4 ,4)(0,00))NL>(0,00)

(5.9) < GGG fl Lao,00)

for every f € LA(0,00). Owing to [13, Lemma 5], one infers from (5.9) that
a constant k exists such that

w0 ([ () @) ([ ) s e

Since both A and A agree with A near 0, then A and A are > equivalent near 0.
This ensures that (5.10) also holds, with A replaced by A (possibly with a
different constant k) for small s. Therefore, via analogous arguments as in
the proof of [13, Lemma 4], one can deduce that

~—1

I[)(A ) < 1/q/,

-~

and hence that Io(A) = I(A) < q.

(i) implies (iii). Since Bjo, is equivalent to A near 0, and A agrees
with A near 0, then Bjo, is equivalent to A near 0. Thus, the func-
tions Ep,, and Ej, defined as in (2.19), are globally equivalent. Con-
sequently, L(q; Bao 4, 00)(G) = L(g; A, 0)(G). By Proposition 2.1, Part 11,
assertion (iii) follows.

Part I11. (ii) implies (i). Analogously as in Parts I and II, we have that
I*(a) < g — 1 and that, given any v > I*°(a), constants C' and s, exist

such that inequality (5.3) holds if s, < r < s. Hence, it is not difficult to
show that there exists a constant C; such that

G11) %/ (=) Tar<o (=0) :

for large t, where a* is the non decreasing left-continuous function such
that A>(s) = [Ja*(r)dr. Since a™(s) = a(s) for large s, one can infer
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from (5.11) that b1(r) < Cya™'(r) for some constant Cy and for sufficiently
large r. Then B4, dominates A near infinity and, by Proposition 5.1, it is
in fact equivalent to A near infinity.

(iii) implies (ii). From inequality (3.1), applied with n and A replaced
by g and A, respectively, and from the fact that A agrees with A near
infinity we get that a constant Cy, depending only on A, n and |G| exists
such that

< Col| fll a0, 61)
LA (0,|G])

s_l/q/ r_l/q’f(r) dr

for every f € LA7(0,|G|). [13, Theorem 5] then tells us that there exists a
constant k such that

o0 ([ () o) ([ )

for large s. Since A equals A* near infinity, then inequality (5.12) also holds
with A% replaced by A (possibly with a different constant k) for large s.

Hence, by [13, Lemma 4], I.(A) < 1/¢/, whence we conclude as above that
I.(A) <q.

(i) implies (iii). Since Ba, is equivalent to A near infinity and, by
Proposition 2.2 applied to A,

* Bps <A
/ Ai’q(t)dt<oo, then/ ®) dt < oo.

t1+a t1+q

Hence, L(q, A)(G) is anr.i. space. The equation L(q, Ba~ 4)(G)=L(g, A)(G)
follows from the equivalence of Luxemburg norms over sets of finite measure
associated with Young functions equivalent near infinity. [
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