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The Magic Square and Symmetric

Compositions

Alberto Elduque

Abstract

The new construction given by Barton and Sudbery of the Freu-
denthal-Tits magic square, which includes the exceptional classical
simple Lie algebras, will be interpreted and extended by using a pair
of symmetric composition algebras, instead of the standard unital
composition algebras.

1. Introduction

The exceptional simple Lie algebras were constructed in a unified way by
Tits [18] (see also [17, 11]), who used composition algebras and simple Jordan
algebras of degree 3 to build a Magic Square containing all these simple Lie
algebras. A more symmetric approach was taken by Vinberg [19, 16]. Re-
cently, these approaches have been interpreted by Barton and Sudbery [3, 4]
as a construction depending on two composition algebras and closely related
to the triality principle. A similar construction has been given by Landsberg
and Manivel [14, 15], inspired by previous work of Allison and Faulkner [2].

In most known constructions of the exceptional simple Lie algebras from
simpler constituents, the difficult task is to check that the construction gives
indeed a Lie algebra. The aim of this paper is to reinterpret, and extend,
the beautiful approach by Barton and Sudbery from a different perspective.
A Lie algebra will be defined from scratch out of two symmetric composi-
tion algebras. These are nonunital (unless the dimension is 1) composition
algebras which provide very simple formulas for triality (see [13, Ch. VIII]).
The simplicity of these formulas leads to a very easy proof that the new
algebra constructed here is indeed a Lie algebra.
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The next section will review the definition and basic properties needed
about symmetric composition algebras over fields of characteristic 2. Then,
in Section 3, given two such algebras S and S’, a Lie algebra g = g(.5, S") will
be constructed. With a few exceptions in characteristic three, g will be either
simple or semisimple and the Magic Square of Lie algebras will be obtained
by varying S and S’. The symmetry of the construction shows a natural auto-
morphism of order 3 of g. The different possibilities for symmetric composi-
tion algebras of dimension 8 give different nonconjugate such automorphisms
for the exceptional Lie algebras. All this will be considered in Section 4. In the
final section, the approach here will be related to the ones by Barton and
Sudbery, which has been the inspiration for this work, by Allison and Faulk-
ner and by Landsberg and Manivel. It will turn out that the constructions
given by these authors give, up to isomorphism, the Lie algebras g = g(.5,.5"),
with S and S’ para-Hurwitz algebras. Any four dimensional (and essentially
any two dimensional) symmetric composition algebra is a para-Hurwitz alge-
bra, but this is no longer true for eight-dimensional symmetric composition
algebras, due to the existence of the so called Okubo algebras.

The existence of these Okubo algebras gives more interest to our con-
struction. Thus, for instance, over an algebraically closed field F' of charac-
teristic # 2, 3, there is an eight dimensional para-Hurwitz algebra P and an
Okubo algebra S. This gives three different constructions of the simple Lie
algebra of type Eg: g(P, P), g(P,S) and g(S,S). Each such construction
highlights a different order 3 automorphism of Eg (Section 4). While g(P, P)
is closely related to the classical Tits construction of Eg by means of the
Cayley algebra and the simple exceptional Jordan algebra (see Section 5
and [3, 4]), both g(P,S) and g(S,S) provide new constructions of Eg with
nice properties. Moreover, the underlying space of S is sl3(F') and, as a con-
sequence, g(S,S) may be interpreted as a construction of Eg in terms of As.

2. Symmetric composition algebras

A symmetric composition algebra is a triple (S, , ¢), where (S, %) is a (nonas-
sociative) algebra over a field F' with multiplication denoted by z * y for
x,y € S, and where ¢ : S — F'is a regular quadratic form satisfying

(2.1) qxxy) = q(z)q(y),
(2.2) qzxy,z) = q(z,yx*2),

for any x,y,z € S, where ¢(z,y) =q(x + y)— q(x) — q(y) is the polar of g.
Throughout the paper, the notations and conventions in [13, Ch. VIII] will be
followed. If no confusion arises, we will speak of the symmetric composition
algebra S, with * and ¢ tacitly assumed.
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In the presence of (2.1), equation (2.2) is equivalent to

(2.3) (xxy)xz=xx(yxz)=q(x)y

for any z,y € S ([13, (34.1)]).

The classification of the symmetric composition algebras was obtained
in [8] (for characteristic # 3, although the results can be slightly changed to
cover characteristic 2, see also [13, Ch. VIII]) and in [5] (for characteristic 3).

Given any unital composition algebra (or Hurwitz algebra, or Cayley-
Dickson algebra) C' with norm ¢ and standard involution x +— Z, the new
algebra defined on C' but with multiplication

T*xYy =2y,

is a symmetric composition algebra, called the associated para-Hurwitz al-
gebra. In dimensions 1, 2 or 4, any symmetric composition algebra is a
para-Hurwitz algebra, with a few exceptions in dimension 2 which are, nev-
ertheless, forms of para-Hurwitz algebras; while in dimension 8, apart from
the para-Hurwitz algebras, there is a new family of symmetric composition
algebras termed Okubo algebras.

If (S,%*,q) is any symmetric composition algebra, consider the corre-
sponding orthogonal Lie algebra o(S,q) = {d € Endp(S) : q(d(:z:)7y) +
q(z,d(y)) =0 Vz,y € S}, and the subalgebra of 0(5, ¢)* defined by

tri(9, %, q) =

= {(do, d1,dy) € 0(S,q)" : do(x * y) = di(2) * y + x % do(y)Va,y € S}

={(do,dy,dy) € 0(S,q)*: {do(2),y,2) + (x,d1(y), 2) + (z,y,da(2))
Va,y,z € S},

where (z,y,2) = q(z,y * 2). By (2.2), (z,y,2) = (2,2,y) = (y,z,x). Hence
the map

(2.4) 0 : tei(S, *,q) — tri(S, %, q)
' (d07d17d2) — (d27d07d1)

is an automorphism of (5, %,¢q) of order 3. Its fixed subalgebra is (isomor-
phic to) the derivation algebra of (S, %) which, if the dimension is 8 and the
characteristic of the ground field is # 2, 3, is a simple Lie algebra of type G
in the para-Hurwitz case and a simple Lie algebra of type A, (a form of sl3)
in the Okubo case.

Assume from now on that the characteristic of the ground field is # 2.
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A straightforward computation (see [9] for a more general setting) us-
ing (2.3) shows that for any =,y € S, the triple

1 1
(25) tx,y = (Uz,y7 EQ<I7 y>[ - r:l?lya 5(](1‘, y)I - lm'ry>

is in ti(S, %, q), where 0,,(2) = q(z,2)y — q(y, 2)z, r.(2) = 2z * z, and
l.(z) = x % z for any z,y,z € S.

Lemma 2.1 Let (S,*,q) be an eight-dimensional symmetric composition
algebra. Then:

(i) (Principle of Local Triality) The projection my : tei(S, *,q) — 0(S,q),
(do,dy,dy) v+ dqy is an isomorphism.

(i) tei(S,*,q) = tss (:=span (t,, : z,y € S)).
(iii) For any a,b,x,y € S, [tap,tzy] = tous(@)y T teousy)

Proof. (i) is proved in [13, (45.5)] (see also [7]); (ii) follows immediately
from it; and (iii) follows from (i) too, since the zero component of [t,p,ts ]
and of t5, ,(2)y T lr.0,,() coincide. n

Corollary 2.2 Let (S,*,q) be a symmetric composition algebra. Then for
any a,b,x,y € S:

(26) [ta7b7 tw,y] = tUu,b(x)vy + tx’o'a,b(y)'

Proof. (5, *,q) can be embedded in an eight-dimensional symmetric compo-
sition algebra and then Lemma 2.1 applies. Alternatively, one can use (2.1-3)
to check (2.6) directly. |

Lemma 2.3 Let (S, *,q) be a symmetric composition algebra, then for any
a,b,x,yes:

2.7) (a*z)*(y*b)+ (a*xy)* (x*b)

=q(bxa,z)y+q(b*a,y)r —q(z,y)b*a.

Proof. Use the linearized form of (2.3) twice to get

(axx)* (xxb) =qla*xxz,b)x —bx* (z*(a*x))
=q(bxa,x)x —q(z)b*a,

and linearizing this, one gets (2.7). [
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3. Construction of Lie algebras from pairs of symmetric
composition algebras

Let (S, *,q) and (5, %, ¢') be two symmetric composition algebras and define
g =9(5,5") to be the Zy x Zs-graded anticommutative algebra such that
90,00 = t‘d(s, *, q) D tti(sl, *, q/),
910 = 8610 = 83 =S @5
(Unadorned tensor products are considered over the ground field F'.) For any

a € Sandz € S, denote by ¢;(a®x) the element a®x in g1 5y (respectively
8(0,1), 91,1)) if i = 0 (respectively, i = 1,2).

The anticommutative multiplication of g is defined by means of:

® g(0,0) is a Lie subalgebra of g,

o [(do,di,ds),ti(a® )] = ui(di(a) ® z), [(dy,d), db),Li(a® )] = 1(a®
di(x)), for any (do, d1,d2) € tei(S, *,q), (dy, dy, dy) € ti(S', %,¢),a € S
and z € 5.

e Li(a®),t41(b®y)] = tiza((a % b) ® (z * y)) (indices modulo 3), for
any a,b€ S, x,y € 5.

o [u(a®x),u(b®y)] = ¢ (z,9)0 (tep) +a(a,0)0"(t},), for any i = 0,1,2,
a,b € S and r,y € ', where t,, € tti(S,*,q) (respectively #, €
tei(S’, %, ¢')) is the element in (2.5) for a,b € S (resp. z,y € S’) and ¢
(resp. ') is the automorphism of tvi(S,*,q) (resp. tri(S’,*,q’)) given
in (2.4).

Theorem 3.1 With this multiplication, g = g(5,S") is a Lie algebra.

Proof. The linear maps 0(5,¢) ® S — S: d®a — d(a); S® S — 0(5,q):
a®br o.p;and S®S — F: a®b— q(a,b) are o(S, g)-invariant, and
similarly for S’. This, together with the cyclic symmetry of the definition
of tri(S, *,q), ti(S’,*,¢') and of g, and with (2.5), shows that the only
instances of the Jacobi identity that have to be checked are:

i) J(to(ao ® xo), t1(a1 @ 1), ta(as ® z2)) = 0,
11) J(L()(ao X I’o), Lo(&l X SCl), Lo(ag X 1'2)) = O, and
iii) J(to(a; @ 1), to(as @ z2),11(b®@y)) =0,

for any ag, a,a2,b € S and xg, 1, 29,y € 5.
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For i), since q(zg * x1,x2) is invariant under cyclic permutations, the
component in tri(S, *, q) of

J(Lo(ao X .CE()), Ll(al X ZU1), LQ((ZQ X .172))
is q(zo * 1, x2) times
62 (taO*a17a2> + tal*a21a0 + 0 (ta2*a07a1) N

The three components of this element of tri(S, x, ¢) present the form

1 1
(31) Obo*b1,b2+ (§q(bl * b27 bO)] - lbl*bzrbo) + <§Q(b2 * bOa bl>I - TbQ*b()llH) s
where (bg, b1, b2) is a cyclic permutation of (ag, a1, as). But (2.7) gives

(lbl*bgrbo + Tbg*bolb1> (€) = q(bo * by, ba)c + q(bg * by, c)ba — q(c, ba)by * by

- Ubo*bl,bz (C) - Q(bo * b17 bQ)C,

for any by, b1, be,c € S and this shows that (3.1) is identically zero, thus
proving i).

For ii), just note that

[[to(a0 ® x0), to(a1 ® 21)], to(az @ 9)] =

= Oap,a1(a2) ® ¢' (20, 1) 22 + q(ap, ar)as ® 0;0,11(552),

and the cyclic sum of this latter expression is trivial.

Finally, using (2.3)

[[to(@r1®z1), to(az @ x2)], (b @ y)] =

1
=1 ((iq(al, az)b — (ag * b) * a1> R ¢ (x1,72)y

+q(a1,as)b ® (%q/(xl, To)y — (9 * y) * xl))
=1 (q(al, a2)b @ ¢'(z1,22)y — ((az % b) * a1) ® ¢'(z1, 32)y
—qlar,a2)b @ ((z2 * y) * x1)>

= (((a1 #b) * az) @ ¢'(z1,22)y — qlar, a2)b @ (w2 % y) * xl)),
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while

[[to(@r ® 21), 11 (b @ y)], to(ag ® x2)] + [to(a1 @ 1), [to(az ® 72), 11 (b @ y)]]
[t2((a1 ¥ D)@ (21 y)), to(ag @ x2)]+ [to(ar @ 1), 12 ((ag * b) @ (22 % y))]

— (1 0) 5 ) @ (21 % 9) 22) = (a2 50) % 1) @ (w2 % y) 1))

= (0 # D) % a2) @ (¢, 2)y — (02 %) 1)

~ ((ag % b) % a1) @ (3 % y) * xl))

=0 (((01 xb) % a2) ® ¢ (1, 22)y — q(a1, a2)b ® (w2 * y) * 371))- -

Remark 3.2 The definition of g = g(5,5’) can be generalized by taking
three nonzero scalars 0 # «; € F (i = 0, 1,2) and modifying the multiplica-
tion of elements in g1y ® g5,1) © 9(1,1) as follows:

[Lila ®@ ), 141 (b @ Y)] = igotisa((axb) @ (z % y)),
[tila ® x),1:(b @ y)] = Ciprcipa (¢ (2, 9)0 (tas) + q(a,0)0" (L, ),

(indices modulo 3) for any a,b € S, z,y € S’. Denote the resulting Lie
algebra by g,(S5,5"), with a = (a, a1,a2). If F is quadratically closed,
then the new algebra thus obtained is isomorphic to the original one g(.5, .5").
More specifically, by scaling the elements ¢;(a ® ) by nonzero scalars p; € F
(i = 0,1,2), it is checked that g,(S,5’) is isomorphic to g,(S5,S"), where
va = (vag, vian, vean) and v; = 5 iy flive, indices modulo 3 (which
implies that u? = v, 140 Vi and o e = vovits).

In order to study some properties of the Lie algebras g(S,.5’), the next
result is useful.

Lemma 3.3 Let (S,*,q) be a symmetric composition algebra. Then
tei(S, *,q) =kermy @ tgs (direct sum of ideals)
and ts s is isomorphic to o(S,q) (by means of m).

Proof. It is clear that m : tri(S, %, ¢) — 0(S, q) takes the subalgebra tg g of
tri(.S, *, ¢) isomorphically onto 0(S, ¢) = 05,5. Moreover, inside g = g(S, F'),

[ker mo, ts,5] = [ker mo, [9¢1,0), 81,0))] € [[ker mo, 9¢1,0)), 8¢1,0)] = 0. u
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Recall ([10, Lemma 3.3]) that any four-dimensional symmetric compo-
sition algebra (S, *,q) is a para-Hurwitz algebra. If e is the unit of the
corresponding Hurwitz algebra (it is called the para-unit of (S, *,q)), then
S =Fe® (Fe)t = Fe®|S,S], where [S,S] = span(a*xb—bx*a:a,beS)
is a three dimensional simple Lie algebra under the commutator in S (or in
the associative Hurwitz algebra —an algebra of quaternions—). Actually, any
three dimensional simple Lie algebra appears in this way.

The Principle of Local Triality (Lemma 2.1) asserts that kermy = 0 for

eight dimensional symmetric composition algebras. However:

Corollary 3.4 Let (S, *,q) be a symmetric composition algebra.
(i) If dim S = 1, then tei(S, *,q) = 0.

(i) If dim S = 2, then o(S,q) is one dimensional. If d spans 0(S,q), then
tei(S, *,q) = {(ad, fd,vd) : o, 3,7 € F, a+ 5+~ = 0}.

(iii) If dim S = 4, then tri(S, *, q) = ker my @© ker m; @ ker my and
ker my = {(0,l,7, —7,7) : a € [S, S|} =[S, 5],

where T is the reflection through the para unit e of S (t(e) =e, 7(a) =
—a for any a € (Fe)t). Moreover, tss = kerm, @ kermy. (Note that
ker m; = ' (kermp), i = 0,1,2.)

Proof. Item (i) is clear since 0(S,¢) = 0 if dim S = 1.

Let us consider next the four dimensional case. We have a * b = ab for
any a,b € S for a suitable product on S that makes it a quaternion (four
dimensional Hurwitz) algebra. Moreover, 7(a) = a for any a € S. Then

ker g = {(0,dy,ds) : dy(x) xy + x *x da(y) = 0 Va,y € S}.

With z = e and then y = e (the para-unit) one obtains that d; = [,7 and
dy = —r,7 for some a € S. Since d; € 0(5,q), it follows that a € [S,S] =
(Fe)*. Lemma 3.3 shows here that dim tti(S, *, q) is 9 and the simple ideals
kerm; (i = 0,1,2) are different and of dimension 3. This proves (iii).

Finally, if dim S' = 2, we may extend scalars and then assume that S is
para-Hurwitz. The argument above shows then that ker 7y = {(0, l,7, —7,7):
a € (Fe)t} = {(0,1,7,—1,7) : a € (Fe)t}, by commutativity. But (Fe)t =
Fa for some a and 0o(S,q) = F(l,7). Lemma 3.3 then shows that tti(.S, *, q)
is two dimensional and hence

tei(S, %, q) = kermg + ker my = {(ad, 8d,vd) : o, 5,7y € F, a+ 4+ v =0}

for any d spanning o(S, q). [
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The Zy x Zy-grading of the Lie algebra g = g(5,5") constructed above
induces a Z, gradation given by g5 = g@,0) D 8¢1,0) and g1 = g@,1) D 9(1,1)-
The structure of gg is given by:

Corollary 3.5 Let (S,*,q) and (S',*,q") be two symmetric composition al-
gebras and let g = g(S,S") and g5 as above. Then gy is the direct sum of the
ideals ker my, kermy and an ideal isomorphic to the orthogonal Lie algebra
o(S® S, qLq).

Proof. From Lemma 3.3, ti(S, *,q) = tgs @ kermy = 0(S, q) & ker 7y, and
tei(S',*,¢') =ty g @ kerm) = 0(5’,¢') ® ker 7. Both ker my and ker 7, are
trivially ideals of gg and

gg = ker mp @ ker 7y @ (t57s Pty g ®IS® S’)
(direct sum of three ideals). Now the linear map:

lss®leg®SRS —o(S®S,qLq)
ta,b = Ya,b
t;:,y = Yoy

AT Yoz

where v, = Q(u, —)v — Q(v, —)u for any u,v € S& S  and Q@ =¢q L ¢, is
an isomorphism of Lie algebras. [

Note that the same result with the same proof applies to g0y @ g(,1)
(respectively, g(,0) ® §¢1,1)), With kerm; and ker m; (resp. ker 7y and ker 7))
replacing ker my and ker 7(), because of the cyclic symmetry of g.

If the characteristic of the ground field is # 2,3, then g = g(5,5’) =
g5 @ g1 and Corollary 3.5 gives the structure of gg. From here it is easy
to check that g is simple as a Zs-graded algebra, since any nonzero ideal [
of gy satisfies [I,g;] = g1, unless dimS = dim S’ = 2. This leads quickly
to the conclusion that g is simple with the possible exception of dim .S =
dim S’ = 2. The type of the Lie algebra obtained is summarized in the next
table (the Magic Square):

dim S
1 2 4 8
1 Al A2 03 F4
dim S 21 Ay Ay® Ay As Eg
4 Cg A5 D6 E7
81| Fy FEk B, Eg



484 A. ELDUQUE

Let us check a couple of instances of this table:

e Assume dim S’ = 1, dim S = 4. Then after a scalar extension if necessary,
S’ = F and S is the para-Hurwitz algebra associated to the split quaternion
algebra Maty(F'). By Corollary 3.4,

tri(S',x,¢) =0 and  ti(S,*,q) = sly B sly & sly,

where the three copies of sly correspond to kerm; (i = 0,1,2). Take b; a
Cartan subalgebra of ker m; and h = ho @ h; @ hy. Let ¢; € b (identified as a
subspace of h*) such that the roots of b on g are £2¢; (i = 0,1,2). The
weights of b on (;(S ® 5") are +¢;41 + €42 (indices modulo 3). Hence b is a
Cartan subalgebra of g and the set of roots is

{feite;:0<i<j<2}U{#2e:i=0,1,2}.

This is the root system of type C5. A set of simple roots is given by
II = {80 —&1,&1 — &9, 282}.

e Assume now that dim S’ = 2, dim S = 8. Then after a scalar extension if
necessary, ¢ and ¢’ have maximal Witt index, so

a b

tri(S, %, q) 2 0(4,4) = { ( . —at) ca,b,c € Maty(F), b= —b',c= —ct}.

Also tei(S’,*,¢") = Fky & Fky, where ky = (d, —d,0) and ky = (d,0, —d),

d = ((1) Y ) € o(1,1) = o(S',q).

The diagonal matrices in 0(4,4) form a Cartan subalgebra of o(4,4) with
roots £¢; £¢;, 1 <i < j <4 (where gi(diag(al, c Oy, Q. —a4)) =
«;) and system of simple roots {e; — €9,69 — €3,63 — £4,63 + €4}

Also consider {d1, 0o} the dual basis in (Fk; @ Fky)* of {ky,ks}. The di-
rect sum b of the given Cartan subalgebra in tti(S, *, q) and of tri(S’, %, ¢)
is a Cartan subalgebra in g = g(95,5"). The roots in g are e; £ ¢,
1 <i<j <4 Since ggp = S ® S’ with the natural action of 0(4,4) =
ti(S, *,q) on S; the roots in g1y are £e; £ (61 + d2), 1 < i < 4, and the
roots in g 1) and in g 1) are obtained by applying to the roots in g ) the
triality automorphisms on the Dynkin diagram of D, that fixes e; — €3 and
permutes cyclically e; — €9,e3 — €4 and €3 + 4, while substituting d; + d
by é; and d;. As a consequence, the roots in g 1) (respectively g 1)) are
s(de1 £eatesteyg) £ 6 (vesp. 2(te; £ ey 63+ y) £02) with an odd
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(resp. even) number of minus signs in the £’s. A system of simple roots is
given by

1 1
{52—§(€1+52+53+€4),51—52,53+54,52—53,53—54,51—5(61+52+53—54)}
which is a system of type Eg.

In characteristic 3, the algebra obtained by means of tensoring the Z-span
of a Chevalley basis of the complex simple Lie algebras of type A, or Fg with
the ground field are no longer simple, but have a one-dimensional center such
that the quotients modulo this center are simple. This is reflected on our Lie
algebras g = g(.5,5") as follows. Let (S, *,q) be a symmetric composition
algebra of dimension 2. After a scalar extension we may assume that S
has a basis {ej, e} with g(e1) = q(e2) = 0, g(e1,e2) = 1 and e x e; = eq,
ey k€9 = €1 and e; * ea = e * e; = 0 (the para-Hurwitz algebra associated
to the Hurwitz algebra F' x F). Then t., ., =0, j = 1,2, while

1 1
t€1,62 = <081,627 51 - r€1l62’ 51 - le1reg)

(o )0 ) (5 )
()G )0 y)

so that 6(te, ¢,) = te,.e, and hence, for any other symmetric composition
algebra (57, %, ¢'),
[Li(S®S"), 6, (S® 8] € tss® tei(S,*,¢)

for any ¢ = 0,1,2. Thus [g, g] has codimension 1 if dim S = 2 # dim S’ and
codimension 2 if dimS = dim S’ = 2. All the other entries of the Magic
Square remain unchanged.

I

4. Related finite order automorphisms

Given two symmetric composition algebras (S, x,¢) and (S’ *,q’), the tri-
ality automorphisms 6 of tri(S, *,q) and 6’ of ti(S’,*,¢’), given in (2.4),
immediately define an automorphism © of order 3 of the Lie algebra

g=9(5,9) = (tti(S, *,q) B tei( S, *, q’)> ® (@?:OLZ-(S ® S')),
defined by means of

a) @|tﬁ(5,*,q) = 07 @ltﬁ(S/,*,q’) = 0/’
b) O(i(a®z)) = tis1(a®x) Va € S,z € ' (indices modulo 3)
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The fixed subalgebra of O is
g= <Der(S, *) @ Der (S, >|<)> ®u(S®S"), where =194 t1+ L2

If the characteristic of the ground field is # 2,3, Der(S, %) is trivial if
dim S = 1 or 2, a simple three dimensional Lie algebra if dim S = 4, a central
simple Lie algebra of type A, if (.S, *,¢) is an Okubo algebra, and a central
simple Lie algebra of type G if (S, *, ¢) is an eight-dimensional para-Hurwitz
algebra. (In characteristic 3 this is no longer true [6, 1].)

For the exceptional Lie algebras that appear in the Magic Square, the
possibilities are summarized in the next table, where pH,, stands for a para-
Hurwitz algebra of dimension n and Ok for an Okubo algebra (eight di-
mensional). The right most column represents the corresponding extended
Dynkin diagram X](\}) with marked nodes, where Xy is the entry in the third
column. Recall that over an algebraically closed field of characteristic 0, any
order three automorphism of a simple Lie algebra of type Xy is determined,
up to conjugation, by some marked nodes in X](\}) such that the sum of the
labels of the nodes is 3 [12, Theorem 8.6]. A Z in the third column means
a one-dimensional central ideal.

In case the two symmetric composition algebras coincide, there is a
natural order 2 automorphism ¥ of g = g(5,5), defined by means of:

a) ¥ interchanges the two copies of tti(.S, ¥, q) in g ).
b) \IJ(LZ'((I ® x)) =u(r®a)Vi=0,1,2, VYa,z € S.

For the most interesting case of an eight-dimensional S, the fixed subalgebra
is a direct sum of a three-dimensional simple Lie algebra and a simple Lie
algebra of type Fs.

5. Relationship with previous constructions

Let C' be a Hurwitz algebra with norm ¢ and define a new multiplication
on C' by means of

(5.1) TkY =y =Ty

for any x,y € C'. Then C = (C, %, q) is the para-Hurwitz algebra associated
to the opposite algebra of C.

To relate our construction to Barton and Sudbery’s construction, we will
deal with these para-Hurwitz algebras C = (C,*,q).
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Order 3 automorphisms

S S’ g g Dynkin diagram
le pH8 F4 B3 ®Z l_g_o#él—g
pH, Ok F, Ay B Ay (13 2 3 401 g

1 2 3 2 1
pH, pHs By DioZaZ I,
‘1
1 2 3 2 1
pHy Ok Ey Ay®A® A, ° o
b1
1 2 3 4 3 2 1
pH, pHg E; Ag D 7 0—0—0—i>—0—o—o
2
1 2 3 4 3 2 1
pH, Ok Er As P A, O—O—.—i—O—O—O
2
1 2 3 4 5 6 4 2
pHg pHg Eg Do 7 .—O—O—O—O—i—O—.
3
1 2 3 4 5 6 4 2
pHg Ok FEyg Es ® A, o—o—o—o—o—I—o—o
3
1 2 3 4 5 6 4 2
Ok Ok Ey Ag O—O—O—O—O—i—O—O
3

Now, for dy,di,ds € 0(C,q), do(x xy) = di(x) * y + x x da(y) for any
x,y € C if and only if dy(yz) = ydi(z) + do(y)Z for any x,y € C, which is

equivalent to any of the next two conditions

do(zy) = do(2)y + 2d, (y)
do(zy) = dy(2)y + 2da(y)

(5.2)

for any z,y € C, where d(z) = d(z).

Barton and Sudbery [4, (4.1)] consider the Lie algebra

TiC = {(f,9,h) € o(C,q)" : f(xy) = xg(y) + h(x)y Yz,y € C},

while Allison and Faulkner [2, Section 3] consider

t(C) ={(f,9,h) € 0(C,q)* : fzy) = g(x)y + zh(y) Yo,y € C}.
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Hence (5.2) shows that t(C') = tri(C, x, ¢), while the the linear map
(5.3) O tei(C %, q) — TriCi .
(do, d1,d2) — (do, dy, d2)

is an isomorphism of Lie algebras. Besides, for any (do, dy, ds) € tei(C, %, q),
®0(dy, dy, dy) =P(da, do, dy) = (da, do, dy) =O0%5(do, d1, do) =0%sP(dy, dy, do),
where fpg is the order 3 automorphism
Ops: TriC — TriC
(f.9,h) = (g.h, f)
given in [4, Lemma 4.3].
Now for any =,y € C, Barton and Sudbery consider the element

Ty = <4Sz,ya RyR; — R, Ry, LyLz — Lng> e TriC,

where S, ,(2) = (x, 2)y — (y, 2)x, with (z,y) = %q(az,y), and L, (resp. R,)
denote the left (resp. right) multiplication by z in C. Thus, 45,, = 20,,.
Also, from (2.3),

RyRz — R Ry(2) = (27)y — (zy)x

xz)ky— (y*z)*x
- Q(l',y)z - 2T:vly(z)7

and similarly L,L; — L,L; = q(x,y)] — 2l,r, for any x,y € C. Therefore,
for any x,y € C,

(5.4) Tyy =2P(tsy).

Now if C' and C" are two Hurwitz algebras and L3(C, C") is the Lie algebra
defined in [4, Theorem 4.4], the linear map

A:g(C,C" — Ly(C,C")
such that

1) A(do,dl,dg) = q)(dg,dl,dg) and A(dlo,dll,dé) = (I)/g 6,d/1,d,2) for any
(do,dy,dy) in tei(C, %, q) (resp. (dj,d},d;) € ti(C’,*,q')), where @
(resp. ®') is defined by (5.3),

ii) A(Li(a@)x)) =F 1 (a®x), forany i =0,1,2, a € C and z € ',

takes the multiplication in g(C', C’) into the multiplication in Lg(C, C") given
in [4, (4.23)-(4.26)], so that it is an isomorphism.
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Therefore, since any para-Hurwitz algebra can be obtained as the C =
(C, %, q) of some Hurwitz algebra, the Lie algebras L3(C,C") are exactly, up
to isomorphism, the Lie algebras g(.5, S”) for para-Hurwitz algebras S and 5’.

On the other hand, Allison and Faulkner give, in [2, Section 4], a general
construction of Lie algebras starting with structurable algebras. Important
examples of these algebras are the tensor products C' ® C of two Hurwitz
algebras. In this case, one checks easily that the operators in [2, eq. (I)] take
the following form:

Th = Lygglage — LagzLvgy
= & (Lol — L) © ¢/ (0,0)] + 4(a, )T © 3 (LyLs — LeL,).
Ty = RpgyRage — Ragz Risy
= & (BB~ Raly) @ (x,0)] + (0, 0)] © 3 (RyRe — ReRy)
T, = R((am)(b@y)_(z‘)@g)(a@x)) + LigyLagz — LagaLigy
=04y @ ¢ (2,y)] +q(a, D) @ 0, .
Therefore, the “inner triple” (T}, T}, T3) is exactly

q(z, )Ty + q(a,b)T), € t(C) B ¢(C"),

where
R 1 1
Ta,b = (Ua,by 5 (LELa - Lc‘sz) s 5 (RERa - R&Rb)> .
But
LyL, — L;Ly, = RyR; — R, Ry
and

RyR, — RuRy = LyLs — Lo L;.

Thus, the argument leading to (5.4) gives that the inner triple (7p, 71, T») is
exactly

(55) q/@’ y)ta,b + Q(av b)t/z,y

Now, with ¥V = t(C) & t(C") and 0 # ~v,71,72 € F, Allison and Faulkner
construct the Lie algebra (the direct sum of V and three copies of C'® C")

K(C&®C'9,71,72) =Va (CeC)01] e (CeC)12] @ (C o C')[20],
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where (a®)[ij] = —y7; ' (@®7)[ji], with multiplication given by extending
the Lie product in V by setting

1, (b @ y)jk]] = (ab@xy)[ik] = —y; ' (ab @ Tg) ki,

[(a® ]

[(d d17d2 ,(a @ 2)[if] = (di(a) ® 2)[ij],

[(dy d'pd' ), (a®2)[ij]] = (a ®d' DGR

[(a @ 2)[i], (0 @ y)ig] = vir; " (d'(2,9)0" (tas) + a(a, b)0™(t,)) .
where (i, 7, k) is a cyclic permutation of (0, 1,2), for any a,b € C, z,y € (",

(do,dy,dy) € t(C) and (dj, d|,d,) € (C"). Note that the numbering of the
indices in [2] and here are slightly different.

With «; = 74742 (indices modulo 3), and using the construction in
Remark 3.2, it is straightforward to check that the linear map

r: gg(é, C") = K(C ® C';790,7,72)

such that
i) T is the identity on tei(C, *,q) @ tei(C’, %, q) = t(C) & t(C"),
i) T(t;(a®z)) = —(a®x)[i+1,i+2] for any a € C and z € C' (indices
modulo 3),
is an isomorphism of Lie algebras.

Finally, the construction given by Landsberg and Manivel is (isomorphic
to) the construction K(C' ® C’;1,1,1). This is seen by identifying, in [14,
Theorem 2.1], u; ® vy with (u ® v)[01], us ® ve with (u ® v)[12] and uz ® vs
with (v ® v)[02] = —(u ® ©v)[20]. Therefore, this construction gives again
exactly the Lie algebras g(S,S’) for para-Hurwitz algebras S and S’.
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