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Abstract

The analysis of dissipative transport equations within the frame-
work of open quantum systems with Fokker—Planck—type scattering
is carried out from the perspective of a Wigner function approach.
In particular, the well-posedness of the self-consistent whole—space
problem in 3D is analyzed: existence of solutions, uniqueness and
asymptotic behavior in time, where we adopt the viewpoint of mild
solutions in this paper. Also, the admissibility of a density matrix
formulation in Lindblad form with Fokker—Planck dissipation mech-
anisms is discussed. We remark that our solution concept allows to
carry out the analysis directly on the level of the kinetic equation
instead of on the level of the density operator.

1. Introduction

This paper is concerned with the analysis of a class of dissipative quantum
models that arise when considering the motion of an ensemble of quantum
particles (for example, electrons) interacting with a heat bath of oscillators
in thermal equilibrium, and thus the effects of system—environment inter-
actions have to be taken into account. Of particular practical interest are
interaction mechanisms that can be described by Fokker—Planck scattering
terms. On a kinetic level these models are typically represented by an initial
value problem for the Wigner function:

(11) %—Vf (6 V)W 4+ OVIW = LopeWV, 2,6 €RE, t >0,

(1.2)  W(x,£0) =Wi(z,6).

2000 Mathematics Subject Classification: 35Q40, 35510, 81Q99, 81V99.
Keywords: Open quantum system, Wigner equation, large-time behavior, self-similarity.



772 A. ArNOLD, J.L. LOPEZ, P. A. MARKOWICH AND J. SOLER

Here z and £ denote respectively the position and velocity variables of the
phase—space. We are interested in the case in which the potential V' is the
electrostatic Hartree (Coulomb) potential

(13) V=, [ MWD g (e t) = [ wende

T Arw RS |z —y| 7 3

where o = +1 or a = —1 depending on the type of forces acting on the
system (repulsive or attractive) and n(z,t) is the particle position density.
In this model, the nonlinear character of the Wigner—Fokker—Planck equa-
tion (1.1) stems from the self-consistent action of the potential (1.3) on the
system through the pseudo—differential operator

OVIW(x,¢,t) =

i / / Viz+5=n,t) = V(z— 5=n,t)
(2m)® Jrg Jr?, h

(1.4) x Wz, &, t)e € de’ dp

with h denoting the Planck constant and m the effective mass of the particles,
while Lgrp represents the quantum Fokker—Planck operator

(1.5) LorpW = %Agw + 2vdive (EW) + Q%divx(ngV) + Dy A W.
Here v, D,,, D,q, Dy, are positive constants related to the interaction be-
tween the particles and the reservoir (see next section).

The above described quantum model with Fokker—Planck—type scatter-
ing governs the dynamical evolution of an electron ensemble in the single—
particle Hartree approximation interacting dissipatively with an idealized
heat bath consisting of an ensemble of harmonic oscillators [7]. This system
generally fits the framework of open quantum—mechanical systems, present
in a wide range of situations in quantum statistical mechanics [22], [16],
where the particle-background interaction is important. Dissipative phe-
nomena play a relevant role in microelectronics, essentially through the
modeling of quantum transport of charge carriers in quantum semiconductor
devices ([24], [36]). Some other significant fields of application are quantum
optics, quantum Brownian motion ([7], [20], [21]) and damped quantum os-
cillators (A4 of [34]), as well as a variety of technological problems based on
systems representing transport processes that operate far from equilibrium.

The rigorous well-posedness analysis of quantum Fokker—Planck models
in the Wigner phase-space representation will be carried out in this pa-
per for the simplest Markovian approximation of open quantum systems
in the high-temperature limit (for which D, = D,, = 0) and frictionless
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case v = 0. Denoting o = %, the system studied in this paper is

ow

(1.6) o

+ (£ V)W 4+ B[VIW — 0 AV =0

with initial condition (1.2). Our main existence and uniqueness result for
this Wigner—Poisson—Fokker—Planck (WPFP) system shall be given in The-
orem 3.3, and the large—time behavior of the solution is characterized in
Theorem 5.9.

In reference [19] it is shown that this model yields a mathematically
“consistent” master equation (i.e. a positivity—preserving equation at the
density matrix level) which does not take into account energy dissipation
of the electron ensemble by the background. In spite of this, the friction-
less models constitute the only physically relevant Fokker-Planck quantum
models which make quantum entropy grow monotonously (see next sec-
tion). Also, in [20] the simplest systematic Markovian approximation with
dissipation is derived, consisting of equation (1.1) after disregarding the
term %divx(ngV). This fact means that the friction model includes an
elliptic term with respect to the position variable, namely D,,A,W. Setting
D,, = D, = 0 gives the Caldeira-Leggett model [7] which does not belong
to the Lindblad class, and thus positivity of the density matrix operator is
not preserved under temporal evolution. In the next section we shall show in
more detail how the Lindblad form of the evolution equation for the density
matrix provides the necessary properties to ensure that the system is well-
posed (in the sense that total charge and quantum density and entropy are
well-defined, as well as mathematical “consistency” of the problem holds).
The mathematical analysis of the frictionless WPFP problem becomes more
complex due to the a priori lack of elliptic regularization in the x—variable.

The technique to be used to prove existence of mild solutions relies on
the construction of a sequence of approximate problems whose solutions are
shown to verify some appropriate bounds (independent of the regularization)
in order to pass to the limit in the approximation parameter. In essence,
these bounds are based on the regularization of the initial particle density,
which also implies the corresponding elliptic regularization of the potential
through the Poisson equation. For this purpose, we will take advantage of
the Green function representation associated with the WPFP system, which
provides for an equivalent fixed—point nonlinear integral equation useful for
a priori estimates. The uniqueness (resp. stability) proof follows by estimat-
ing the difference of two different solutions in an adequate norm. On the
other hand, the analysis of the asymptotic behavior of the solutions relies
on a nonlinear technique consisting of the introduction of a rescaling group
acting on the WPFP equation (thus of a sequence of rescaled problems),
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the derivation of the necessary compactness properties for the rescaled so-
lutions and potentials in order to pass to the limit in the scale parameter
(somehow connected to the time variable, as we will see later) and the iden-
tification of the large—time limit.

In this paper we shall establish an L'(R3 x RE)-theory for the Wigner
function W (x,&,t). In contrast to collisionless Wigner models (cf. [30]) this
is possible here due to the smoothing effects of the FP—operator. It allows
a direct mathematical analysis of the kinetic equation without going back
to the density operator formulation. Specifically, our main goals are, on
the one hand, the L'-boundedness of the Wigner function locally uniformly
in time, under very weak assumptions on the initial data; on the other
hand, we also deduce strong regularity properties for the Wigner particle
distribution, the density and the potential as well as optimal time decay
estimates. However, these properties cannot be extended (at least with
our techniques) for all times. Actually, global solutions (whose existence
proof requires different techniques) shall be dealt with in a forthcoming
paper. On the other hand, global existence and L! theory have been recently
dealt with in [8] for the frictional problem (i.e. that containing the full FP-
operator (1.5)). Finally, it is proved that the solution of the WPFP problem
behaves like MG for large times, where M denotes the total charge of the
system and G is the fundamental solution of the linear kinetic Fokker—Planck
equation. Therefore, the quantum effects in the system appear to be lost in
the long time limit.

Finally, a comparison of the results of this paper with those corresponding
to the classical picture, i.e., for the Vlasov-Poisson-Fokker-Planck (VPFP)
system, could help to completely clarify the context. The VPFP system has
been extensively studied in last years, see for example [4, 5, 6, 9, 10, 11] and
the references therein. Our existence result makes use of similar norms as
those employed for the existence analysis of the VPFP system (see [5, 10])
which are the appropriate tools for time-dependent kinetic Fokker—Planck
equations. Under some additional hypotheses involving the control of the
second order velocity moment along with strong regularity assumptions on
the initial density, in [31] the existence of global solutions and gain of regu-
larity for the VPFP system is proved.

The paper is organized as follows: In Section 2 we present an overview of
Wigner-Fokker—Planck problems in the context of open quantum systems
and discuss its relation to completely positive and dissipative systems in
Lindblad form. Section 3 is devoted to the existence of local-in—time solu-
tions. In Section 4 we prove uniqueness and stability. Finally, in Section 5
the long time behavior of solutions of the Wigner—Poisson—Fokker—Planck
system is studied.



AN ANALYSIS OF QUANTUM FOKKER-PLANCK MODELS 775

2. Wigner—Fokker—Planck models

2.1. On the derivation of quantum Fokker—Planck models

We consider the motion of an electron in R (or of an electron ensemble in the
single—particle approximation) under the influence of an electric potential
V = V(z,t) : RE x Rf — R and under interactions with a thermal bath
of harmonic oscillators in equilibrium. In particular we shall be concerned
with an extension of the so—called Caldeira-Leggett master equation [7] to
the case of moderate/high temperatures as derived in [19]. For the following
let R(t) : L*(R?) — L*(R?) be the density (matrix) operator of the electron
(ensemble) at time t > 0, i.e. it is a linear, non negative, self-adjoint trace
class operator, and let p = p(x,y,t) € L*(R} x RY) be its integral kernel,
the “density matrix function”:

(21) (ROH@) = [ F@)pl,y.t)dy.

The model for the motion of the electron reads

dp i
(22) o == 2 (H: = Hy)p =z —y)- (Vo = Vy)p
D 2
"‘(qu‘vz'*'vy‘z - h_;;p T — y‘z + Equ(m - y) : (vw + vy))%
where
h2
(2.3) H = —%Az + V(z,t)

is the electron Hamiltonian (H,, H, stand for copies of H acting on the x
and, respectively, y—variable), m is the effective electron mass, A the re-
duced Planck constant and, as stated above, V' is the electric (or Hartree-)
potential. The positive constants vy, D,p,, D,q, Dgq stem from the oscillator

bath (cf. [19]):

n nh? nQUh?
2.4 =— D =nkgT, D)y=——r—. D= ———.
(2:4) VT e T EBE: Hag 12m2kgT’ P 12omkgT

Here > 0 is the coupling (damping) constant of the bath, kp the Boltzmann
constant, T' the temperature of the bath and €2 the cut—off frequency of
the reservoir oscillators. Note that (2.2)—(2.4) was derived in [19] as the
Markovian approximation of the originally non—-Markovian evolution of the
electron in the oscillator bath. The latter is obtained from the full electron—
oscillator model by tracing out the oscillator coordinates. For a somewhat
more phenomenological derivation we refer to [17].

The assumptions on the parameters, which guarantee the validity of (2.2),
can be found in [19]. Here we only remark that the main hypotheses are:
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(i) the reservoir memory time % is much smaller than the characteristic

time scale of the electrons,
(ii) weak coupling: v < €,
(iii) medium/high temperature: QS kgT/h.
We now introduce the Wigner function W of the electron ensemble, defined
on the phase space RY x Rg for t > 0:

h

1 h _it.
(25) W(l‘,f,t) = (27T)d /]Rd P(x‘i‘%"]ax— %777@6 5T]d?7 S LZ(Rg X Rg)

(cf. [38], [28], [29], [23], [27], [30]). Note that the self-adjointness of R(t)
implies p(x,y,t) = p(y,x,t) (“=” stands for complex conjugation) which
in turn implies that W is real-valued. It is a simple exercise to compute
the evolution equation satisfied by (2.5). From (2.2) we obtain the kinetic
equation (1.1) for W where the pseudo—differential operator is given by (1.4)
and Lopp is the quantum Fokker-Planck operator (1.5). In the classical
limit ~ — 0 we have D,, — 0, D,, — 0 and, formally

D
1
(2.7) OVIW — ——V,V VW

such that the classical Vlasov—Fokker-Planck equation is recovered (see, for
example, [10]):

(2.8) (‘98_1;[/ +(§- V)W — %VIV VW = %Aéw + 2vdive (EW).

We remark that [19] used an asymptotic expansion procedure in the param-
eter a« = Yh/kpT to derive (2.2). The error of the asymptotics is O(a?),
thus (2.2) and, equivalently, (1.1)-(1.4) can be regarded as medium/high tem-
perature model. When the terms in LorpW with coefficients Dy, and D,,
(which both are O(7)) are neglected, then the classical Fokker—Planck oper-
ator (Caldeira—Leggett master equation [7]) is obtained. In [20] it is stated
that this approach, which gives a high temperature O(a?)-accurate model,
is sensible if the coherence length pertaining to the state of the electron is
larger than the de Broglie wavelength \gg = h/v/4mkgT. When the term
with coefficient 7 is also dropped, we obtain an O(«)-accurate model (very
high temperature asymptotics) with Lopp = %Ag. Then electron energy
dissipation by the thermal bath is not described. The mathematical analysis
presented in the following sections will be concerned with exactly this case.
This simplified model requires the most complex mathematical analysis in
the class of (Lindblad) equations (cf. below) due to its lack of z—ellipticity.
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2.2. The density matrix equation in Lindblad form

Many important mathematical properties of open quantum systems can be
shown to hold if the corresponding Markovian evolution equation for the
density operator R(t) is of so—called Lindblad form (cf. [26], [13], [21]).
The evolution equation
d i
2.9 —R=——
(29) dt h
where Hp is self-adjoint, is called of Lindblad form, if linear operators L,
7 =1,2,3,..., exist, such that

o0 . 1
(2.10) A(R) =Y L;RL; - 5 (LR + RL)
Jj=1
with
(2.11) L:=Y LL;
j=1

holds. Here [A, B] := AB — BA denotes the commutator of the opera-
tors A, B. Also Hg,Lj,j = 1,2,..., have to satisfy additional assumptions
such that —1[Hp, -] + A(-) generates a C®-semigroup on the space of trace
class operators on L*(R?). For details we refer to [13]. The main properties
of evolution equations in Lindblad form are:

(a) conservation of positivity (cf. [15], [26], [13]):
(2.12) R(0)>0= R(t) >0, Vi>0

(in the sense of positive definite operators). In fact, the Lindblad form
even gives complete positivity of the evolution semigroup (cf. [26]). The
positivity of R(t) implies that the Husimi transform W" = W"(z, £, t)
of R(t) is pointwise nonnegative on R% x R{ (cf. [27], [23]):

(2.13) W(x,&,1) == W (z,&, 1), Tx (2)% T2 (€) 20, on R xRE,
where W is the Wigner function (2.5) and I', the Gaussian

1 Juf?
(mo )/ P75

(2.14) [y(u) =
As a consequence, a simple calculation leads to

/Rg RgWh(:g,g,t)dgdgc:/]Rg /RgW(x,g,t)d{dx.
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Note that TrR(t), the total charge of the electron ensemble, is left
invariant by the evolution: TrR(t) = TrR(0), Vt > 0, so that

(2.15) M = TrR(0) :/R

T

n(x,t)de = / Wh(z, &, t)dé do > 0.
d Re JRE

We remark that the Husimi transform shall not be used for proving
existence of local-in—time solutions in §3. However, it shall be needed
in §5 for establishing the large-time behavior of the WPFP solution.
The positivity of W" is crucial for deriving estimates on the kinetic
energy and the inertial momentum (cf. (2.29), (2.30)).

(b) dissipativity (in the space of trace class operators, cf. § X.8 of [33], [32]):
the inequality (A(R),sgn(R))us < 0holds, where (A, B)ys =Tr(AB*)
is the usual scalar product on the Hilbert space of Hilbert—Schmidt op-
erators on L?(R?). A(R) is then a dissipative operator in the sense of
the semigroup generator.

(c) entropy growth (cf. [3]): If
(2.16) ZleLj < ZlLij,
= i=

then the quantum entropy (cf. [37]) S(R) := —Tr(RInR) satisfies

d
(2.17) —S(R(t)) >0
dt
for all operators R(t).
Obviously, the properties (b) and (c) refer to the irreversibility of the evo-
lution equation (2.9) (in nontrivial cases).
We shall now try to write the equation (2.2) in Lindblad form. Therefore
we set

(2.18) Li=rx;+00,; 10€C, j=1,....d,

where z; stands here for the operator representing multiplication by the j-th
position coordinate. Clearly, L} = rz; — 00,;. Also we set

(219) Ld+j = Wxy, L2d+j = <p(92], w, @ € (C, ] = 1, c.e ,d.

Moreover, we define the “adjusted” Hamiltonian (see [21])

hu &
(2.20) Hgp=H — 27 > {x,0.,}, neR,

J=1
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where {A, B} = AB + BA denotes the anti-commutator of the operators A
and B. Obviously, Hg is (formally) self-adjoint. A lengthy but simple
exercise gives the integral kernel a = a(z,y) of

i 3d 1 3d 3d
—ﬁ[HE, R] + Zl L;RL; — 5(2 LiL;R+ R»Zl LiL;).
J= J= J=
It has the form
i _
(2.21) a(x,y) = = (He — Hy)p + d (Re(d7) — p) p
1 1
= 5(rl* + 1wz —yPo+ S (01 + |[)|Va + Vo

— ((u —ilm(6r))z - V, — 0Fy - Vo—orz -V, + (u + ilm(67))y - Vy)p.

A comparison shows that we can choose the parameters r,w,d,¢ € C and
i € R such that the right—hand side of (2.2) comes out, iff

2 _ 2Dy 2 N 5 2
(222) [(r,w)P = S22 |(8,9)P = 2Dy, j1=Re(dr) =7, Im(r) = 3 Dy,
We easily can conclude that we can find parameters r,w,d, p, i satisfying
these equations iff the reservoir parameters are such that the following ma-
trix is positive definite:

D Dy, + Lhy )
2.23 . pa =2 > 0.
( ) ( Dyy — §h7 Dy

In terms of the original thermal bath constants, this condition reads (see (2.4))

R
(2.24) T <V3r
or n = 0 (no coupling to the thermal bath, trivial case). (2.24) is satisfied
for medium-high temperatures. We remark that (2.23), (2.24) can be found
in [19], [18].
Under condition (2.23) one possible choice of the Lindblad operators is
given by:

pp

2D by — 2iD
, 5= P w=0, ¢*=2D, —|d*
h 2D

pp

T =

This implies Z?il(L;‘-Lj — L;L%) = —2dy, and entropy growth for all ini-
tial density matrices can only be concluded in the frictionless case v = 0
(see (2.16), (2.17)).
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We shall now argue that the condition (2.23) is also necessary for (2.2)
to be of Lindblad form. The above representation in Lindblad form is (as
usual) not unique. However, only the mixed x/y-terms in (2.2) are relevant
for the validity of the Lindblad form. They arise from the operators L; RL?,
j=1,...,3d. Since these operators are positive, the cancellation of different
Lindblad operators is not possible. From the structure of (2.21) and (2.2)
we readily see that only Lindblad operators of the form (2.18)—(2.19) can be
used to represent the right—hand side of (2.2). Assume now that (2.2) can be
represented by two operators of the form (2.18) (the other cases are trivial).
Using (the obvious generalization of) the relations (2.22) we estimate:

4
_QquDmv

2i .
= Dpgl” = [0171 4+ 0oms” < (|01 + [8) (I * + ) < 7

h

and (2.23) follows.

Note that the Caldeira-Leggett master equation (with D,, = Dy, = 0) is
not of Lindblad form and hence the conservation of positivity of R(t) is not
guaranteed. In fact one can easily construct an initial density matrix R(0),
such that the positivity will be lost under temporal evolution with the
Caldeira-Legget equation. The very high temperature model (v, Dy, Dyq set
to zero), however, is of Lindblad form.

Iy +

2.3. Equilibrium states

The dissipativity of the quantum Fokker—Planck operator (we assume now
that the Lindblad condition (2.23) holds) immediately raises the question of
possible equilibrium states of Lopp. Therefore we rewrite LoppW as follows

D D
(2.25) —divg <e Bl (e 5'2W)> + 2-2Ldiv, (VW) + Dyy A, W,
multiply by z := Wexp(%m |?) and integrate by parts. We obtain

D ‘£| D |£‘2
4 d pp W LQ pW)d§ dr = 6 PP
Rg ]R

2D
(2.26) x (Wpf\vfz\z Y V52+qulv /| ) dé d.

We estimate, using (2.23),
Dpp h
m

det

-
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For v > 0 we conclude that (2.26) is strictly positive unless z = const.,
which gives W, = 0 as the unique state with LorppW. = 0. For v = 0 we
easily obtain the necessary and sufficient condition

D
VW, +my| =94V, W, = 0
DPP

for LoppWe = 0 to hold. This implies

We<x7§) :h<_m g—z£+x>

for some scalar function k, which again implies W, = 0 for W, € L*(R xRR).
Thus, the Lindblad condition excludes nontrivial equilibrium states of the
quantum Fokker—Planck operator. This seems quite natural, since relaxation
towards a nontrivial steady electron state should arise as consequence of the
presence of an external potential or through the evolution of the particle
quasi—probability function in a bounded domain with appropriate boundary
conditions (see, for example, [4]).

Also we remark that the Lindblad condition (2.23) and v > 0 (non-
vanishing friction) imply that Lggp is uniformly elliptic in (z,€) € R

2.4. Propagation of moments

Another important question concerns the behavior of the zeroth, first and
second order velocity moments of the solution W of (1.1)—(1.4). We define
the electron position density

(2.27) n(z,t) = /R W (x,€,t) de,

the electron current density
(2.28) It = [ W€ 1) de,
R
¢

the electron kinetic energy density

(2.29) e(w,t) = /R %W(x,g,t) de

and the electron inertial momentum density

(2.30) T(,t) = /R oW (€. 8) do
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Instead of the ‘usual’ continuity equation we obtain here

0
(2.31) a_? +divy] = DgyAgn,

and hence we have conservation of the total charge:

(2.32) / n(z,t)de = / n(z,t =0)de =M, Vt>O0.
R4

R¢

T

The current density satisfies
(2.33) d/ (x,t)de + — /Vth) (x,t)d :—27/ (x,t)d
Also, the energy density solves
d t)d L V.V, t)- J(x,t)de =
%/Rge(x’)x—i_a/ x (l’,) (iL‘,)$—
D,,
(2.34) — d=2 — 47/ (z,1) dz,
and the inertial momentum satisfies

d
(2.35) y /Rg T(£,1) de = Q/Rg © - J(x,t) dz + 2Dy, Md.

For future reference we state the following well-known (formal) identities
for positive density matrices R(t) > 0:

hu hn
. + — - — >
(2.36) n(z,t) = p (x o , T o’ t) - 0
and
(2.37) / e(z,t)dx = 1 Tr(—A,R(t)) > 0.
RE 2 * -

x

Also, by duality, [z Z(&,t)dé = Tr(|z|*R(t)) > 0. Clearly, (2.36) implies

(2.38) /R nfat)dr = TeR(?).

T

In the case of Poisson coupling —A,V =an (a = £1) the equation (2.33)
becomes

d
(2.39) g7 /Rg J(z,t)de = =2y /Rg J(z,t)dx



AN ANALYSIS OF QUANTUM FOKKER-PLANCK MODELS 783

which gives exponential relaxation of the total current:

(2.40) /IR J(a,tydr = e / J(a,t = 0) dx.

R¢

T

Similarly, (2.34) becomes

dt/ ( (2, 1) +—|VV(xt)|>d _

D,, D
(2.41) d M — 47/ e(x,t)dx u/ n(x,t)? dz.
m  Jrd

Also we shall use the Husimi energy E” and inertial momentum I”, which
are related to e(x,t) and, respectively, Z(&,t) by means of

hpy - €1 ppon -/ (9§ dMo
(242) EMt) = /Rg/Rg s Whdedo= [ [ Sy W dede + =
dMo

h _ 2 h _ 2
(243) I'(t) = /RJR 2w d:):dg—/Rg/Rg 2 |*W dz dé +

We remark that the formal equations (2.29) and (2.36)—(2.38) only hold
under restrictive regularity assumptions on the density matrix R(t). On the
contrary, the Husimi energy is well-defined for all positive density matrices

R(t) with finite trace and finite kinetic energy s Tr(—A,R(t)) (see [27], [1]).

3. Existence of local-in—time solutions

In this section, local-in—time existence of mild solutions of the WPFP system
in 3D is discussed. Here, “local in time” means that for a fixed T" > 0
there exists a ball of “admissible” initial data for which the corresponding
solutions are defined on (0,7]. Moreover, T' becomes arbitrarily large for
“sufficiently small” initial data. We shall focus our attention on the study
of the frictionless WPFP equation.

Physically, the relevant situation is to consider initial data W7 that cor-
respond to a positive density matrix operator R = R[W] (see (2.1), (2.5)).
Since our model is in Lindblad form this would then imply R[W(¢)] > 0,
t > 0, and hence the (formal) identities (2.32), (2.36) yield the following
a priori estimate on the position density n(x,t) = ng W(z, &, t) dE:

(3.1) In ()| ey = 0! |1 @sy = M.

Indeed, in Proposition 3.10 below we shall prove W (t) € L'(R? x R) for
t € [0,T], and this then gives sense to [|n(t)|| L1 (rs).
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In this section, however, we will not require R/ > 0 as it is not needed
from a mathematical viewpoint. (3.1) is then replaced by

(3.2 In(6)llcogsy < InlR ey + In[R o e,

where R = Rfr — R! is the spectral decomposition of R! into its positive
and negative part.

The mathematical analysis of the frictionless WPFP model is in some
sense more complicated than for the model with friction since the collision
term only acts in the velocity variable £&. Thus, it is necessary to prove the
regularizing effect of the equation with respect to the position coordinate
by a more detailed analysis than for the friction model. In the sequel we
assume d = 3 and the normalization condition A = m = 1 for simplicity
of the calculations. Then, an important part of our efforts will be devoted
to prove that the density n(z,t) is regularized as far as L>°(R?® x (0,7)),
provided that the initial averaged density ng Wiz — t€,€) d€, involving

the displaced variable z — t£, belongs to LP°(R®) for an appropriate py.
Also, if po > ¥ and W' e L'(R? x R) we shall see that the potential
V(-,t) € WH(R?) with p > p(py) and, in particular, V(-,t) € L®(R?).
In addition, if py > 2 we shall prove that V,V(-,t) € L*(R?*)?. Then, the
equivalent integral WPFP equation will be shown to admit a unique solution
W(z,&,t) € C([0,T); L'NLY(R3 x R)), where T' depends on the initial data
and ¢ depends on p, and on the regularity of W?Z.

The main point in deriving these estimates lies in proving the required
regularity for the potential and the Wigner function in order to reformulate
the nonlinear term of the WPFP equation as a convolution with respect to
the momentum variable:

(3.3) —OVIW(x,&,t) = B(x, &) k¢ Wz, £, 1),

where

(34) @(;C,ﬁ,t) = _(2;)3 /]R% (V(l’ + g,t) - V(SL’ — g,t)) e*i&-n d?]

In fact, we easily deduce that

i n U
® = —iF L, (V(x + 5,75) —V(x — 5,75))
(3.5) = —16Re[ie* " F, LV (2¢,1)],

where we denoted the inverse Fourier transform

fm_»—1>yf = (2m)73 /R3 f(z)e ™ Vdr.

x
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Thus, it suffices to control ||]-";i)§V(-,t)||L1(R2) and ||W(~,-,t)||L1(Rngg) to
give sense to the convolution. In order to give a rigorous sense to ©[V|W
we shall later show (under some mild assumptions on the initial data) that
V(,t) € LYR3) for some ¢ > 3 and (FeyW)(x,.,t) € L"(R}) for some
r < 6 which implies that the inverse Fourier transform of (1.4) is well defined.
Therefore the equality (3.3) holds. In this case, the WPFP equation can be
equivalently written as

ow
(36) W%—(fvx)W—aAfW: CD*SW

with the right—hand side being local in position and non—local in velocity,
see also [2].

We start our study with some notations and definitions.

3.1. The fundamental solution and the concept of mild solution

We are now concerned with a description of the fundamental solution of the
FP equation, as well as with the statement of some of its properties. The
concept of mild solution of the WPFP problem is then introduced as a so-
lution of an equivalent integral equation involving the fundamental solution
of the linear FP operator.

The Green’s function G associated with the linear kinetic FP problem is
the fundamental solution of
(3.7) L[W] o %—VZ + (& V)W —0AW =0,
satisfying W (t = 0) = §(x, ). This fundamental solution can be written as
follows (see, for instance, [10] or [5] for details)

(3.8)  G(x,62z,0,t) =Go(w — 2z —tv, € —v,t), 3,6 20ER >0,

where

3/4)% 3zl + 3l — &2 — 2|€2
(3.9) Gg(x,g,t):%exp{_ o2 + |:c20tz;§| £2l¢] }

As usual, formulae (3.8) and (3.9) are found by Fourier transforming
the linear equation (3.7) in the (z,{)-variables and then integrating the
resulting linear first—order hyperbolic equation along the characteristics, cf.
[10], [11], [5]. In the following lemma we list some of the properties of G
that will be useful in the sequel to obtain regularity and compactness for
the mild solutions of the WPFP system (see [10], [5], [9]).
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Lemma 3.1 The fundamental solution G associated with the kinetic FP
equation, given by relations (3.8) and (3.9), satisfies the following properties:

(i) For anyt >0 and z,&, z,v € R® we have

//G(m,f,z,v,t)dzdv = //G(x,f,z,v,t)dxd{':l,
R JRZ R JRS

1 If—vl2}
G(x, & z,v,t)de = - expq — ,
/Rg (@.8,2,0,%) (drot)3 p{ iot

_ 1 O et et Ul
/IR3G<$,€72,U,t)d£ — ((4/3)71’0'>% t% p{ (4/3)0't3 }

3

(i) For any h >0 and for any z,&,z,v € R3¢ > 0, the following equality
18 satisfied:

/R3 G(z— hE, € 2,0, 1) dE =

E 1 ox { ]m—z—(t+h)v|2}'

N (4ro(t3/3 + ht? + h%))% 40(t3/3 + ht? + h2t)

(iii) For any e > 0 and for any x,& € R® t > 0, the fundamental solution G
is scale—invariant (or, equivalently, self-similar) in the following sense:

GO (ZE, 57 t) = 6_12G0(6_3l‘7 6_157 E_Qt)‘

In the sequel we shall consider the WPFP equation as a nonlinear perturba-
tion of equation (3.7). In this context, let us consider the pseudo—differential
term O[V]W as a force term in the right-hand side of (3.7). Then, if we
assume that (W, V') is a regular solution of the WPFP equation, this prob-
lem may be reformulated by using the relation (3.3) in terms of the integral
equation

W(x,,1) :/ / Gz, &, 2,0, )W (z,0) dz dv
RS JRS
t
(3.10) +/0 /R% /R2 G(z,& 2,0,8) (D, W)(z,v,t — s)dzdvds.

We remark that, under some regularity conditions on the Wigner function
and the potential that will be proved in the sequel, the problems WPFP
and (3.10) will be shown to be equivalent. We may consider the solution W
to be split into two parts W = W' + W?2, the first of which W, the linear
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part, just depending on the initial data W’ and the second one W? basi-
cally depending upon the potential V' through the pseudo—differential op-
erator ©[V]. This decomposition is particularly suitable for a convolution,
in order to get estimates and stability results for the Wigner function W.
A similar method was first proposed by G.H. Cottet and J. Soler in [14]
for the same purpose in the context of Navier—Stokes equations. In fact, we
adopt formula (3.10) as our definition of mild solution (see also [11], [32]).
Here we state the precise concept:

Definition 3.2 We call the pair (W, V), belonging to C([0,T]; L*(R3 x RE))
and to C'((0,T]; L=(R?)), respectively, a mild solution of the WPFP equa-
tion (3.6) with initial data W' € L'(R3 x RE) if ® ¢ W is locally integrable
with respect to the Lebesgue measure d(x,€,t), and if (W, V') solves the in-
tegral equation (3.10) for 0 <t < T, and V = ﬁ%‘ xn with n(-,t) € L'(R3)
for0 <t <T.

Also, we shall say that f = f(z,&,t) € S, if

<
LP(R3)

Our main result in this section is the following:

(3.11) max{l

h>0

3f<$— h£7£7t)d£
Re

Theorem 3.3 Let W' € L' (RS x RY) NSy, be the initial condition of the
WPFEP problem such that py > 9/8. Then, the WPFP problem admits a
mild solution W € C([0,T); L'(RE x R}) N S,), with r > 2 and the decay
bounds established in (3.34), defined on a mazimal time interval [0,T). If
in addition W' e LP(R3 x RE), then W e C([0,T); L' N LY(R3 x R})), where
Po, P and q are related as in (3.45). Also, the density and the potential satisfy
the additional reqularity properties:

V(-,t) € L¥(R?), V,V(,t)€ Li(R*3 n(,t) e LP(R?),

Furthermore, if py > 2 then V,V €

such that ¢ = q(py) and + = 1 % 5

q p
L>=(R*)% and if po > 2 then n € L*(R?), with the bounds given in Proposi-
tion 3.9. Here, T depends on o, py and W'. Also, T is arbitrarily large for

initial data W' with S}~ and HWIHLI(Rngg) sufficiently small.

The rest of the section is devoted to the proof of this theorem. At this
point we should distinguish between the mild solution to Eq. (3.6) (with
convoluted nonlinearity) for py > 9/8, in terms of which Theorem 3.3 is
stated, and the mild solution to Eq. (1.6) (with the original form of the
pseudo—differential operator) for py > 7/6. The equivalence between both
of them is sketched in the last remark of §3.2.
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We notice that W1(x, &, t) in the above decomposition actually solves the
linear WEP problem L[W] =0 (V = 0) with initial datum W?Z. In addition,
we have (see [9], [5], [11])

Lemma 3.4 If we define
(3.12) flz, & t) = /R% /R§ G(z,&, z,v,t)g9(z,v) dz dv,
then the following decay estimate
£y )l (RIxRY) < ct %% HgHLP ®exRY), 1 <p<qg=<oo,t>0,
holds, where C' is a positive constant. In particular, for p = q we have

1f(, '7t)HLq(R§><R§’) < \|9HL«1(R§XR§>), t > 0.

The same result holds true when
t
(3.13) flx & t) = / / / G(z,&, z,v,t — s)g(z,v,s)dzdv ds.
0 Jr3 JRS

In this case, for every 1 < p < q < 0o, we have

t _g(l_1
1£Co Dl < C [ (6= DllgC,-,)lomsny ds.

In order to give simpler expressions for the corresponding position densities
n* = n(W¥F), with k = 1,2, we now introduce the following notation:

1 z|? t3
We |2| s dh(t) = _+ht2+h2t
™o )2

3
Then, we find the following integral representation for the “two—parts” den-
sity (with the notation n'? = [ Wh2d¢) :

1 _ ; ex —M
(3.15)  ni(xt) = ((4/3)70)% 3 /Rg p{ (4/3)‘7753}
X Wz —tv,v) dvdz,

R3

(3.16) n?(z,t) = ;/tﬁs%/ eXp{ x—z|2}
’ ((4/3)m0) 3 Jo R3 (4/3)0s?
/(C[)*gW)(z—sv,v,t—s)dvdzds,
R3

(3.14) N(z) =

where we have used Lemma 3.1 (i) and the change of variables z — tv +— 2.
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Formulae (3.15) and (3.16) illustrate the fact that the solution operator
acts on the density just as a convolution in the position variable by a Gaus-
sian which spreads with time, producing a regularizing effect on the system

(see [5], [10]). Indeed, formulae (3.15)—(3.16) can be rewritten as
(3.17)  n'(x,t) = t%N(L»@c Wz — tv,v) dv,
(2/3)at? R}
t
(3.18)  ni(x,t) = / S%N<L>
0 (2/3)os?
*g /R%(q) *¢ W)(x — sv,v,t — s)dv ds.

The next crucial ingredient lies in deriving a prior: estimates. For this
purpose it is not sufficient to assume LP-bounds of the initial density n! =
n(WT). As one can see from (3.17) and (3.18) we shall also need to control
some appropriate LP-norms of

(3.19) mh() = ma (W (@) = [ W(a— ke ) de.

uniformly with respect to h, for all h > 0.
Thus, according to Lemma 3.1 (ii) we can express the density averages
nf = ny (W), following the notation introduced in (3.19), as follows:

(3.20) nl(z,t) = /R W (x — e, €,t) de
3

1 * I r — v,V)av
a (3dh(t))%N< 2adh(t))*x g @ v e)d

(3.21) n2(x,t) :/RS Wz(x—h€,§,t)d£:/0t (3dhts))%N( 202 (8))

*g /3(<I> *x W)(z — (s+ h)v,v,t —s)dvds.
R

v

3.2. A priori estimates

In this section we shall derive a—priori estimates for mild solutions of (3.10),
ie. for W e C([0,T]; L'(R} x RY)). This regularity assumption implies the
following estimate for the particle density n = [ Wd¢ :

(3.22) IOl @g) < MW @exry), 0<t<T
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For a positive initial density matrix R’ and a smooth enough solution, we
would of course have the charge conservation (3.1). The main goal of this
section is to develop the main tools to derive the uniform boundedness (with
respect to h > 0) of ny,(-, ) in L* N L7 for some ¢ > 2, which implies the fol-
lowing regularity result on the potential: V(-,t) € W1H4(R3) for some ¢ > 3
and V(-,t) € L°(R?) by a Sobolev imbedding.

In Proposition 3.9 we shall prove that W (-,-,t) € L'(R} xR{), t > 0, and
hence the convolution in (3.6) is well-defined and the weak formulation (3.6)
of the WPFP problem makes sense. Note that for the usual Wigner—Poisson
problem without Fokker—Planck scattering kernel the property W (-, t) €
L'(R3 x RY) is generally not satisfied. Actually, this can be considered
as a specific property due to the regularizing effect of the Fokker—Planck
operator.

Our first task is to prove the LP-boundedness of the averaged densi-
ties n¥. For that we define for an arbitrary f = f(x,&,t)

Sy(t. ) = max{[[nn(£)(, )| oy, h > 0}
for any 1 < p < oo, and we denote by

Sp(f) = max{[ln;, ()l zows), h = 0} = S, (0, f).

In the case f = |W]| the functional dependence of S, will be omitted in the
sequel, i.e. Sy(t,|[W]) = Sp(t), and S)(t), j = 1, 2, is defined as SJ(t) =
S,(t, [W7]) (compare (3.20), (3.21)). Notice that the S, norms are natural
in this context, since they allow in a natural way to estimate the particle
density: [|n(,t)||zrrs) < Sp(t).

From now on, unless otherwise specified, C' will denote various positive
constants depending on generic parameters of the problem. Besides, we shall
(by a slight abuse of notation) also denote by S, the space consisting of all
functions f with bounded S, (¢, f) norm (cf. (3.11)).

Lemma 3.5 Consider f and g related as in (3.12). Then, the following
decay estimates hold for any 1 < p < ¢q < o00:

S‘J(ta f) S Ot_%(%_%)sp(g)v
and hence from (3.10)
Ha-bg
(3.23) S,(t) < Ct S,y

An analogous result holds true when f and g are related as in (3.13). In
this case

9,1

(324 St < [ 9 s, g ds.
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Proof. We focus here on the proof of (3.24), since the first part of the lemma
is proved similarly. From the properties of the fundamental solution G
we have

[0 () 5 O)l| Loy =

/ot (47md;jj —apEp {_#f—s)}

*x/3g(x—(t—s+h)v,v,s)dv
R

v

La(RY)

1_1

¢
(3.25) < C’/ ds (t — 3)_%(5_5) X /3 g(x — (t — s+ h)v,v,s)dv
0 RS

Ly (R3)

with p < ¢, where we have applied the Young inequality to estimate the
convolution in the x variable. Now, taking maximum with respect to the
parameter h > 0 on both sides of this inequality yields the assertion (3.24). B

Note that this result directly provides for a bound of n'(z,t) in LI(R?):
(326)  [In'( B)llpeesy < Sp(H) < Ct267VSL 1<p<g<on
We now proceed to estimate S and, hence, [|n*(-, )|l Lo(ws).

Lemma 3.6 Let 1 < p < g < o0 and % < r <2 be fired, and assume that
W e C([0,T]; LYRS x RY)) is a mild solution of (3.10), satisfying (3.22).

Then, the following estimates

(327) IFLV ) < C(Si0)+/MS,(0),
(3.28) S2(1) < C’/Ot(t S A <Sr(s) + \/MSr(s)) ds

hold, where M = [gs ng Wldédx denotes the total charge of the system.
Proof. Set f = |W?| and g = ® x¢ W in (3.24) (cf. (3.10)). Then we have

t
(3.29) S2(t) < 0/ (t— 5) 726708, (s, |® *e W) ds
0
for every 1 < p < ¢ < oco. From (3.5), an easy computation leads to
(3.30) Syl | % W) < CS, (O IFL V (5Ol s e,
since

[ 1@ W@ = b €.ty de <
3
< C/Rg /R% FoL V2 OlIW (e — he,€ — n,0)| dnde

B C/]Rs |‘7:96_'—1>77V(2777t)||nh(|w|)($ — hn,t)| dn,
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and hence

<
Lp(R3)

L 15 Wit = he, €.8)
3

IN

C [ 12V Ol (W — o )2y

Sﬂlwyb)thmWWN@an

Finally, we also have
£ty (et (o

1
VOl = 4|
We now estimate the L' norm of |-|7*(F.%,n)(-,t) in Bg and B separately,
with Br denoting the ball of radius R in R? centered at the origin. On the
one hand, we find for Bf

_ ||| D

L1 L1

< ONF2 0l )]0 s
ey S CIF2nC Dl

Hence,

(3:31) Dl < Clln, )l < CS, (1)

172,V (s
On the other hand, using analogous arguments we obtain for Bp:

I
|

(Fotyn) (1) < O FlynC )l pasy < Clin 8)llLe @s)

L1(Br)

with 3 < ¢ < co. Therefore, the interpolation inequality for LP spaces yields

1F 2,V C D < Cllnt )2 @) InC, )]sy
(3.32) < CM°S.(1)",

where 1/¢' = 6 + (1 — 6)/r for the fixed r € (3,2]. In (3.32) we used the
bound (3.1) for n. Combining (3.31) and (3.32) yields (3.27), where we have
fixed ¢ such that 6 = 1. Now, from (3.30) and (3.27) we obtain

(3.33) &ﬁ4¢&wm550@u(&uy+¢M&@O
and the proof concludes by inserting (3.33) into (3.29). |

In the following result we derive the dominant time decay rates for S, (¢)
on bounded time intervals. For that, as easily deduced from Lemma 3.6, it
is enough to control the S,(¢) norm for some r > 3.
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osition 3.7 Let W be a mild solution of (3.10) on [0,T].

Let py with % < po < 2 be fized, and W be the initial datum for the
WPFP system such that Séo is bounded. Then, there exists a T > 0
depending on S;O and M such that, for every O <t < T, the estimate

(3.34) S,(t) < C(T)t 2

is satisfied, where ¢ = q(po) > % 15 arbitrarily close to % for po suffi-
ciently close to %. Estimate (3.34) is also valid for ¢ = py and hence,
by interpolation, for any q such that py < q < q(po). If po > % one can
choose q(po) > 3 in (3.34).

(b) If po > 3, then (3.34) holds true for q = oc.

Proof. Part (a): (3.23) and Lemma 3.6 yield the following estimate for .S, (¢):

(3.35)

1 1

S,(t) < Oyt 2w gl

+ /(f(t _ ) 3GDg,(s) (Sr(s) + w/Msr(s)) ds

for any 1 < p < ¢ < oo with ¢ > py and C; and C5 represent different
positive constants. The constant r = r(py) with max(2,py) < r < 2 will be
chosen later in the proof.

First step. Estimating S,,(t) and S,(¢). (3.35) provides the following
bound for the choice ¢ =p = py :

(3.36)

Sp(t) < 18T+ C /0 "5, () (Sr(s) + ,/Msr(s)> ds,

and the following one for the choice ¢ = r and p = py:

3
(3.37)  S.(t) < Cit Sy
t 9,1 _1
+Cy [t =) 35, (5) <Sr(3) + ,/Msr(s)) ds
Define o1
Ky(t) = { t250 " 8,(t)  for p > po,

and, for continuous-in-¢ K,(t), denote by K, := max{K,(¢),0 <t < T}.

Then,

(3.38)

from (3.36) and (3.37) it is easily deduced that

91 1
I
Ky (t) < C1S, + 023(1, 1- 5(]3—0 - ;))K K,
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and

9,1 _1 1 1 1 1
K1) < Cisly + GAGIB(1- 2 - - S - )R K,

2'pp T po T
9,1 1 9 1 1 9 1 1
3.39 Cyt2P T)B(l————— 1—————)[( VMK,
( 3) + Co 0 2<p0 r)? 4(p0 T) PO )

with B(a,b) denoting the Beta function defined by
t
B(a,b) = / (t —s)* s 1ds.
0

We recall that, when the arguments a,b are positive, then this integral is

convergent and equals B(a,b) = C(a,b)t*** where C(a,b) is a constant

depending on a and b. For our fixed py > % one can now easily choose a

r = r(py) > max(2,py), such that the Beta functions appearing in (3.38)
and (3.39) are convergent. Finally, if we define K := max{K,,, K,} we

obtain from (3.38), (3.39):

0

(3.40) K <GSh+ T 25 DK 4 G i VMK
For small values of T' > 0, K = K(T) is continuous in 7" and K(0) < 1S},
(from (3.40)). Using K2 < K2+1 in (3.40) hence yiclds the a priori estimate:

1- J 1 — 4Coa(T, M)T' 2G5 (011, + Co/M T 165
K < 8
2Co0(T, M)T' 2G5
1
< ~ 9,1 1y
2C,T" 20567

as long as T' = T(S! /M) is “small enough” such that the radicand of the

po’
square root is positive. Here we used the definition

(T, M) =1+ VM7 > 1.
This concludes the first step of the proof.

Second step. Estimating S,(t). We first prove an estimate for ¢ “close
enough” and greater than 3. Putting p = r in formula (3.35) we have

9

(3.41) er /Ot@s — ) 3G (8,()2 + VIIS,(s)?) ds.

The uniform bound on K, (t) yields

(3.42) Sr(s) <y(M,T)s 2
where the function v is of the form v(M,T) = C{(M,T)S! + C5(M,T).

1 1
(%)
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Hence the integrability conditions of the Beta functions in (3.41) give

% — =<3 and = == < —. These inequalities and the range of r € (%,2]
imply 3 18
. Po
b o) g min( 0 19

as possible choices for ¢ = q(po). For future reference we remark that py > %
allows to choose ¢(pg) > 3. We insert (3.42) in (3.41) and observe that the
first term of the right-hand side of (3.41) dominates (due to the inequality
L — L < %), This finishes Part (a) of the proof.

Ppo T

Part (b): To obtain a bound for S (t) we now consider p = ¢ > py > %
in formula (3.35), which becomes

9,1 1 t
S0 <t Pst vy [(50 (Sr(s)Jr\/MSr(s)) ds,
0

with 7 = r(pg) to be fixed later on. In terms of K, as defined in the first
part of this proof, it reads

K (t) < CySL + Cy(T, M, SL)T% 7o) / K, (s)s 2 Got im0 ds

’Po

2

)/0 Kq(s)s 4(P0+p10 q T(PO))d’

Q=

(3.43) - Co(T, M, SI T2 G0~

? 7 Po
where we have used that
Sy (1) < C(T, M, S )2~ 7w,
for some pg € (%, 2) large enough and

3 1 1 2
=, Po) <7r(po) <2 ith — — —— <=
rnax<2 po) r(po) < wi 5 G 9
(first step of the proof). We remark that Szgo is bounded due to the interpo-
lation SI < S! +Sf, and Sf = HWIHLi(Rngg). Considering the relations

1 1 2 1 1 1 1 2
(3.44) —F <-4+ -+ —, — = =<

po Do 9 q r(po) po g 9
for % < Po < po < q, we see that the exponents in the power functions in the
integrals of (3.43) exceed —1.

Hence we can apply the Gronwall lemma to (3.43) and obtain K,(t) < C,
with py < ¢ such that (3.44) is fulfilled, where C' is a positive constant
depending on T, S! and ”WIHLI(Rngg). Thus, for py > § we may choose
q = q(po) = oo and this concludes the proof. [ |
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This result will be useful when discussing the regularizing effect of the
system on the density and the potential as a function of the choice of pg,
starting from the hypothesis W’ € L1(R? x ]Rg’) N Sp,-

Let us now recall a general result on singular integrals of convolution
type whose proof can be found in [35]. We shall adapt the statement of the
lemma to the particular case in which V' = m *n is the self-consistent
Hartree potential.

Lemma 3.8 The following assertions hold true for V :

(i) If 1 < p < q < oo satisfy % = % — % and n(-,t) € LP(R3), then

V(- t) € LY(R3)? and
V(D llze@sys < Clp,g)lIn D)l es) ,

where C(p,q) is a positive constant which depends on p and q. Fur-
thermore, if n(-,t) € LP(R?) wz’thé = % — 3, then V,V (-, t) € LI(R?)

and
VoV (D)l awsy < Clo, @)lIn( )|l oes) -
(i) If
3 1 1 1 1 1 1
1<p<-<q<o0, —-+—==1, O0=(=-—= / Z_Z

and n(-,t) € L*(R*) N LY(R3), we have V € L>*(R?) and
V(D)) < C0, @I Loy 00, )| afz)-

Also, if n(-,t) € LP(R®) N LY(R3) with

1<p<3<qg<oo and 92(&—%)/(1—1),

then V,V € L>(R?)3 and

IV2V ()l reys < Clo, @) InG, )12 sy (s ) Fagesy-

(i) If n(-,t) € LP(R?) with 1 < p < oo, then 9,,0,,V(-,t) € L*(R*) and
the following estimates hold:

102,02,V (-, )| o (sy < C0) I )l omsy,  1<4,5 <3,
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Some a priori regularities for the particle density and the potential are
stated in the following proposition, which is a direct consequence of the
estimates given in Proposition 3.7 and Lemma 3.8.

Proposition 3.9 Assume W to be a mild solution of (3.10) on [0,T)]. Let
Po > % be fived such that W1 € LY(R3 x RZ’) NSy,- Then, for arbitrary small
€ > 0, there exists T = T(SL M) > 0 such that the following regularity

po’
properties are verified for 0 <t <T':

9.
() [V t)|| oo msy < O 20 ¢
(i) If 3 < po < 2, then V,V € L>(R*)? and
VoV (-, )| ooy < Ct2 30
(ili) If po > 5, then the density n € L*(R?) and
_ 9
||n(,t)||Loo(R3) S Ct 2po |

The constants C in (i) and (ii) may depend on e.

Finally, as consequence of the regularization effect of the Fokker—Planck
kernel, we also find the following bound for the L? norm of the Wigner
function.

Proposition 3.10 Assume W to be a mild solution of (3.10) on [0,T]. Let
% < po < 2 be fixed such that Séo s bounded. Then, the following estimate
holds in (0,T] for every 1 < p < q < oo satisfying

6 6 9
3.45 - < —-+4-—
(3.45) P g 2po
(1 1
HW(, 'at)HLQ(Rngg) <Ct 6(” Q)HWIHLP(R%ng)a

where C' is a positive constant depending on T and M .
Proof. First we choose a constant r € (2,2] sufficiently close to 2 such that

6 6 9,1 1
(3.45a) —<—+1——<———>

P q 2\po T

holds, and such that r lies in the interval of admissible ¢(po) for our fixed py
(see the proof of Proposition 3.7 (a)). Applying Lemma 3.4 to (3.10) yields

_g(1_1
W (s Ol Lars xRY) S Gyt 5 q)HWIHLp(Rngg)

(3.46) Gy [ (819) VS L)) IW ()l sy s,
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where we estimated
(@ % W) (-5 -5 8) [ Laraxmg) < C (ST(S) + MST(S)> W, - 8) |l ogaxry)

via the Young inequality and we used (3.27). Then, from Proposition 3.7,
(3.46) becomes

(1 1
W (., ‘715)HLQ(Rngg) < (it 5 q>||WIHLp(Rngg)

1

t 1
(347) +Ca(sh) [ <55(%?)+\/M5%(%?)> IW (-, ) | ageges ds.

Define N, ,(t) := tﬁ(%_%)HW(-, ',t)HLq(Rngg). Then, from (3.47) it is a
simple matter to obtain the estimate

Npgq(t) < Cl||WI||Lv(Rng§)
1 1 t _9( 1L _1)_g(l_1
+ 0 (s) TG [ H(51)-0G9) (1 4 VIS ED)N, (s) ds.
0

Now the proof ends as a straightforward consequence of the Gronwall in-
equality, since (3.45a) guarantees the integrability of the coefficient in the

last integral. [
Remark. As a consequence of Proposition 3.10, choosing py > £ implies

6
that W(.,.,t) € LY(R3 x R}) with some ¢ > £, which implies
(FernW)(a, 1) € LY (R})

a.e. in x € R?® with some ¢’ < 6. This completes the equivalence of the
pseudo—differential operator (1.4) with its convolution form (cf. (3.3)).

3.3. Sequence of approximate solutions and passage to the limit

We shall now define a sequence of linearized problems formally approximat-
ing the WPFP equation. For every n € Ny we consider mild solutions of
the equation

%Wn—l-l 4 (é— . Vm)WTH_l _ UA&WTL—H — _H[Vn]wn’

with
1

= —— %
4 |z| - Jr?

and W"(z,&,0) = W(x, &) for every n > 1.

V™ (z,t) W™(x, &, t) dE



AN ANALYSIS OF QUANTUM FOKKER-PLANCK MODELS 799

We consider W%(x,£,t) = 0 to avoid regularity problems with the def-
inition of A[VO]WP. Using the integral formulation, the sequence {IW"} is
defined iteratively by

W) = [ ] Gl z o W (2, 0) dz do
R3 JR3

t
(3.48) +// / G(x,&,2,0,5) (D" x W")(2,v,t — s) dz dv ds,
0 Jr3 JRr3

where we have used the convoluted form of the nonlinear term, with " =

B(V™). It W € C([0,T); LY(R®)) and 256 P Wn € L=(0,T;5,) for some

% < r < 2, then estimates like in the proof of Proposition 3.10 show

that again W™t e C([0,T]; L*(R®)). Estimate (3.34) shows that also
$2Go Pyt ¢ L>(0,T}S,), and hence the sequence {WW"} is well-defined.

We are now concerned with the passage to the limit as n — oco. For
this purpose, we shall firstly prove that {WW"},cn is a Cauchy sequence in
a suitable space in order to give sense to the limit solution. Note that the
estimates derived in Lemmata 3.5 and 3.6 and Propositions 3.7 and 3.9 are
still valid independently of n.

Lemma 3.11 Assume that W' belongs to L'(R3 x RE) N S,, with py > 3.
Then, there exists a (small enough) T > 0 such that {W"},en is a Cauchy
sequence in L>(0,T;S,,) and {t%(%_%)W”}neN is a Cauchy sequence in
L*>(0,T;S,), with 0 <r — % sufficiently small.

Proof. Consider the difference W™+ — W in the norm of the spaces S,,
for g < r < 2. We can estimate

t 1 1
St W =) < C [ (= ) G5, (5, B xg W — 57 W) ds
0

according to Lemma 3.5. Now, introducing the term ®"x:W"~! in the above
expression we deduce

Sy, Wt — W) <

< C/Ot(t R {sp(s, - W"‘ll)(Sr(s, W)+ /MS, (s, |W"])>

Syl W) (S WP = W) o 2218, G [Wr = W) )} s

for 1 <p < g < o0, as in Lemma 3.6, with M = [z, ng Wldédx. Following
a similar reasoning as in Proposition 3.7, we set

1 1

Kn(t) — 2o P)Sp(t, (W) for p > po
P(t) — n
Sp(t, W) for p < po
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and denote by K’ := max{KJ(t),0 <t < T}. Then, applying exactly the
same ideas as in the proof of Proposition 3.7, we obtain

Kn+1 S CTl—Q(%_i) 2K+T4 po )«/ KH—FCT
where we denoted
K = max{ K], K~} and K7 = max{ K W™ =W, K, [ =W},

Now, if we set K™ := max{K™, v/ K"} then we have K"*! < \(K, T, M)K",
with

A T0) = 0755 (o VAT VATV

We already know from (3.40) that

which implies

_ oVRIT b 1/2
\/E< < 1 C MT : Po )
201+ v MT3 % T))Tlfﬁ(%j)
for small values of T'. Then it is a simple matter to observe that a suffi-

cient condition to guarantee that A < 1 is given by “small enough” times T’
such that
9,1
cr' i 1
Tl_z(%_;) < ;, SZIJO < ( 1 ) 9,1 1,°
CvM 400, (1 4+ VMT 5 )12 600

Iterating this bound we have K™*' < A»K!, which concludes the proof. W

Then, the sequence of approximate solutions W" converges to a certain
function W in L*(0,T7;S,,), as well as

N[
3=

2o D s convergent in  L*>(0,7'; S,).
This implies that
n(W") — n(W) in L>=(0,T; L7 (RS x R})),
and
G DnWn) — 56 Dn(W)  in L0, T; LM (R? x RY),

with r > %
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As a consequence, using Lemma 3.8 (ii) we deduce that the sequence
£33V is a Cauchy sequence in L>(0,T; L= (R3)3).

Since W™ is a solution of the integral equation (3.48), the Cauchy
property proved in Lemma 3.11 implies that the integral formula (3.10) is
verified by W by passing to the limit in (3.48), for which we use Lemma 3.4
and the arguments of Proposition 3.7. Similar to the above L!'-argument
for (3.48) we verify W € C([0,T]; L'(R)), and hence W is a mild solution
of the WPFP problem.

Now the passage to the limit as n goes to infinity is justified and this
proves Theorem 3.3.

Notice that the ’smallness’ assumption on the size of the initial data for
existence of solutions to be proved in [0,7), with T large, stems from the
T—dependence on SI{O and M in the proof of Proposition 3.7.

The conditions in Theorem 3.3 on the initial data are satisfied e.g. for
an initial density matrix function p! € S, the Schwartz space, which also
implies W1 € S.

4. Uniqueness and stability

We now turn to show the uniqueness result. Assume that there exist two
different solutions W; and W5 of the WPFP problem satisfying the bounds
proved in the previous section. We set w(z,§,t) = Wi(x, &, t) — Wa(z, &, t)
and n(w)(z,t) = ng w(z, &, t)dE. Tt is clear that w solves the following

problem:
0
(4.1) a—lf + (€ Vo)w + 0[Vy — VoW, + 0[VaJw = 0 Acw,  w(x,€,0) =0,
with V) = V(W,) and V, = V().
If we now consider the problem (4.1) as a nonlinear perturbation of a
heat equation, we find the following integral formulation for the Wigner
function w:

¢
w(z, &, t) = —/0 /R% /}R2 G(x,&, z,v,5)0[Vi — Vao]Wi(z,v,t — s)dzdvds

t
a /0 /R% /Rg G(z,€, 2,v,8)0[Valw(z,v,t — s) dz dvds.

Now, application of Lemma 3.6 with p = ¢ = r easily gives

t 9,1 1
Sitw) < o) [ {s 35D (24 VS 505, w)
0

9(1 _1

(4.2 T N/ o PR ENT Y
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where we have estimated
M(w)(t) = [[n(Wr = Wa) (-, D)l 1) < lw(, - 0l e xre):

On the other hand, repeating the same type of arguments leading to
Proposition 3.10 yields
Hw(‘, '7t) HLl(R%x]Rg) <

t
{5786 (14 VALSED) e, 8) gy

3

(4.3) + Sp(w,s) + \/M(w)(s)ST(s,w)} ds.

Denoting X (t) = max{S,(¢t,w), ||w(:, -,t)||L1(Rngg)}, the estimate (4.2) be-
comes

t 9,1 1 9,1 1
(@) sw <o [ (3+\/Msz<%‘?)> X(s) ds,
0

while (4.3) becomes

46)  X(t) < C(T) /t{2+s% %P (3+\/Ms%<%%>>})((s) ds,

0
which implies that S, (t,w) = 0 and ||w(-, -,t)||L1(Rngg) = 0 for every t > 0
via the Gronwall lemma. Then W; = W5, and thus the existence of a unique
mild solution W of the WPFP system satisfying the estimates proved in
Section 3 is guaranteed.

Note that the same arguments yield the stability of mild solutions with
respect to small perturbations of the initial data in L*(RZ x R¥) NS, but

then on the right-hand side of (4.6) there also appears a constant-in-time
term depending on S,(W{ — W) and ||W] — W21||L1(Rngg):

t _9(L_1 9(L_1y
X() < CLX(0) + Go(T) | {2+s 357 <3+ M3 r)}X(s)ds,

which allows to conclude the stability via the Gronwall inequality.
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5. Large—time behavior

The aim of this section is to give a description of the asymptotic behavior
of global solutions W (x,&,t) of the three—dimensional frictionless WPFP
system. In particular, we shall prove that global mild solutions W (which
satisfy certain t—uniform a—priori bounds that are motivated by the local—-
in—time analysis of Section 3) converge as t — oo towards the total charge
of the system times the Green’s function G, defined by (3.8) and (3.9). This
means that the quantum effect due to the Coulomb potential term vanishes
as t — o0.

In this section we shall need the positivity of the Husimi function, and
hence R(t) > 0 and W(t) € L*(R3 x Rf) as announced in §2. We shall also
consider a solution W (t) defined for ¢ € [0, 00), which satisfies

(5.1) Wl oo (0,000 (RexRE) < OHWIHLl(Rnggp
(5.2) M,, = sup{S,,(t),0 <t < oo} < o0

for pg > % and

(5.3) M, = sup{t25s 7S, (1),0 < t < 00} < 0

for % < r < 2. These bounds, which were shown in Section 3 to hold locally
in time, also appear to be inherent to the properties of global solutions of
Vlasov—Fokker—Planck equations, as can be seen in [11].

5.1. Rescaling and a priori estimates

For any € > 0,t > 0 and z,¢& € R?® we define the following sequence of
rescaled solutions

(5.4) Wz, &,t) = ¢ W (e 3a, e 1€ e 2t),

keeping the same self-similarity factors as the fundamental solution G, as
stated in Lemma 3.1 (iii). Also, denote by W/ (z,&) = W(z,£,0). Then,
after a simple change of variables we deduce the following expression for the
rescaled density

(5.5) ne(x,t) = n(Wo)(x,t) = e "n(e >z, e ?t).

Moreover, we set V, = ﬁm * N, which yields

Vi(z,t) = € V(e 3w, e %t).
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We also rescale the Husimi transform W" (cf. (2.13)) according to our
group of scale transformations. Let W/ denote the rescaled Husimi function
defined by Weh = Wekpe (2, ), where I'. stands for the Gaussian function

T(z,€) = ¢ 23 (el HeeP)

so that
Wiz, &) = e 2W(e3x, 1€, e72t).

Straightforward computations lead to the following

Lemma 5.1 For any e > 0,t > 0 and 1 < p < oo, the following equalities
hold:

. 12 7
(Z) ”W€(7 ) t)HLP(Rng?’) =€ ||W(, € 2t)||LP(IR{§><R3)~
€ 3
. 9 _
(i) [Ine(-, t)l|eeey = € #[In(-, €2t) || o).
(iii) [Ve(, )| poesy = €2V (- €720) | o).
We shall now derive the equation satisfied by the rescaled pair (W, V;).

Lemma 5.2 Let the pair (W, V') be a mild solution of the WPFP equation.
Then, for any € > 0 fized, (W, V.) is a mild solution of the problem

(5.6a) 65;/6 + (€ - Vo)W + €0 [V W, = 0 AWV,

(5.6b) W (t=0)=e2W;(e 3z, e 1)

in R3 x Rg’ x (0,T), where the rescaled pseudo—differential operator 0.[V¢] is
given by

O [VIW. (2, €,1) = 27r /R/R( o+ ) Vi —etl, t)>
(5.7) X We(z,n,t)e” &= Ydy dn.

In the sequel we shall denote by WPFEFP, the rescaled problem (5.6)—(5.7)
with initial data W (z,&,0) = W/ (z,&). As for the non-rescaled system, we
observe that W, admits a 'two-parts’ integral representation W, = W!+W?
with W¥* k = 1,2, defined as in formula (3.10) up to the natural action of
the scaling group, where the self-similarity of G stated in Lemma 3.1 (iii)
and the expression (5.7) defining the rescaled pseudo—differential operator
have been taken into account.
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Our sequence of rescaled solutions W, contains information about the
long time behavior of solutions of the WPFP problem in the following way:
We first prove that {W.}. converges towards a function g in an appropriate
sense as € — 0. Indeed, after passing to the limit with the scale parameter
¢ — 0 in the rescaled problem (5.6), we show that the nonlinear term is
asymptotically “killed” and identify ¢ as the unique distributional solution
of the linear kinetic FP equation subject to the initial condition g(z,§,0) =
Méy, i.e. g = MG. Now, it is enough to observe that the convergence
W, — ¢ is equivalent to T6W(T%$, T3, 7) — g(z,§,1), as 7 — oo by setting
t=1and e = 7 2. In order to develop this process we shall need uniform
estimates with respect to € which allow for the passage to the limit. Notice
that, with the same notation (affected by the scaling) as in Section 3, the
rescaled densities n* = n(WF), k = 1, 2 are derived in an analogous way as
those for the non—rescaled system.

In the following lemma we collect some extensions of the properties
proved for the original WPFP problem to the rescaled WPFP, problem.
These properties are easily transfered to the rescaled equation up to the
obvious changes in the proofs already given. Let

Spe(t) = max{||ng, ([W])(-, )| ore), b > 0}
for any 1 < p < oo, and denote by
Spe = max{[[ng,(IW )l zrzs), b > 0}.

Lemma 5.3 The following assertions hold true for mild solutions of the
WPFP equation:

(1) Let 1 < g <oo. Then, S,(t) = e_%Sq(e_zt).
(ii) Let 1< p<gq<oo. Then, S: (t)<Ct 2G=0s! .

P 3
(iii) Let 1 <p<q<oo, 5 <r <2 Then,

st < ce | (=) 36D, (s) (sm(s) + \/MST,E(s)) ds.

() If €SL . is small enough for py > § fized, then there exists a positive

Po,€

T =T(W') such that

(5.8) Spc(t) < (CUT)SE  + Co(T)) 260

Po,e

for every g <g<rand0 <t <T. Here, Cy and Cy are uniformly
bounded in € < 1. In addition, if py > 2 then S, (t) satisfies (5.8) for
q > 3. Also, if py > % then (5.8) is still valid for ¢ = co.
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Proof. The estimate (iii) follows from re—establishing Lemma 3.6 for the
mild solution of the scaled WPFP equation (5.6a). Similarly, the esti-
mate (iv) can be established for the scaled WPFP equation (5.6a) like Propo-
sition 3.7. |

Before proving the convergence properties of W, which rigorously allow
for passing to the limit ¢ — 0, we shall clarify how the nonlinear term of
the rescaled problem WPFP, will be asymptotically simplified. To this aim,
we will use essentially the scaling properties of the system and the bounds
established in Lemma 5.3. However, we firstly need the following result
based on the regularizing nature of the FP equation.

Lemma 5.4 Let py > 2 fired and W' € L'(RE x R}) be such that the
hypotheses (5.1), (5.2), and (5.3) are satisfied. Then, the following estimate
9

Spoe(t) < C’(WI, t)e »

is fulfilled for 0 < % — p sufficiently small, t > 0 and € small enough, where
C(WT t) is a positive constant depending on the initial data W' and on
time, but not on €. Furthermore, for 0 < d <t we have

1Fo 2 Vel )| iesy < C(WH,6,T)(¢ — 5) 2P

Proof. We first estimate Sy, .(¢). For that, we choose 1 < p < p < py and
use Lemma 5.3 (ii) and (iii) to obtain the following bound:

x max{S;(s),0 <s <t} max{s%(%_%)&,e(s),() <s< t} ds
t 1 1
+ CyvVMe / (t— s)_%(%_%){% »r)
0

(5.9) x max{S;z.(s),0 <s <t} max{s%(%_%) Sre(s),0<s< t} ds.

It is easy to observe that

max{S;.(s),0 < s <t} < ¢ Pmax{S;(r),0 < 7 < e 2} = M.,
9,1 1

max{sﬂﬁfF)Sm(s),O <s< t} <

9

< e_P_(ﬂmax{T%(%_%)Sr(T),O <7<
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and

max{s%(%_%) Sre(s),0<s < t} <

Then, a simple computation shows that the r.h.s. of the estimate (5.9) for
Spo.c(t) can be bounded by

91

Cot 2TV §E 4 Cpe T 25 w0 T M (M + VMTIGT /M)
where we have used Lemma 5.3 (i). We now estimate M, and M, .. An in-
terpolation argument for the norm S; between S} and S, gives

9

1 1
My < C|IWH7 Mpye ¥,

HLl(Rngg)

where we used hypothesis (5.1) and M,, = max{S,,(t),0 < ¢t < co}. By
9
hypothesis (5.3) we have M, . < M,e »" < oco. Therefore, we have

~3-d) -5 o 13- A by
Spoe(t) < Cit 27 wle v S, 4+ Gyl 27 e W HLl R3><R3)Mp°
1,1 o
x max{M,, \/MT}elfg(ﬁ’JrPO’) (1 +VMTiGY) 621")
and the proof of the first assertion concludes by identifying
I —2(A_Ly r L1 1y Ins 1
C(W 7t) = Oyt 2'% wo S +02 p ot ||W ||[2,1(R?;XR§)MP20

x max{M,, \/M} ( T VMTIGT )

when choosing p close enough to 2 and < p < p close enough to

The proof of the second assertlon stems from an application of Lemma 5.3
(iv) with initial condition given by W,(z,&,d) instead of W (z,€). First we
must check that the quantity €S, () is small enough, which is guaranteed

. 9
since €Sy,(0) < C(W1,8)e 7 for & < p < 2 thus 1 — 5 > 0. As

consequence, Lemma 5.3 (iv) yields

IF 2V Ol < C(Sct) + /M50

< (t=0) 2% T (CUT) S (8) + Co(T))

Finally, the result follows from the first part of the Lemma. [ ]
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These bounds give the maximum rate of decay (with respect to the scal-
ing group) of the pseudo—differential term in the rescaled equation (5.6). If
we now reformulate this term as a convolution, i.e. —0[V ]W, = @ x:W, with

4 4
o, = —z'fyig <VE(:c + %,t) — Ve(z — Ty’t))

T

_ . e 4t — 5
= —16¢ " Re (262 ¢ (.7: 15‘/;) (26—4715))

and @ (x,&,t) = e (e 3z, 671, €72t), we find that, using the same kind
of ideas developed in the previous sections in order to estimate

| Fot V(O] ey

Ty
the following estimate holds:

Proposition 5.5 Under the hypotheses of Lemma 5.4, we have

9,1 1

————— _9
(@ % WO, Ol ey < COVE )W [y (£ — 8) 270w

for 0 < g — p sufficiently small and € small enough, where C(W?1,5) is a
positive constant depending on W' and § but not on €. As a consequence,

the nonlinear term of the WPFP, problem decays like eV in LY (R3 x Rg)

The proof is an easy consequence of the Young inequality and the second
assertion in Lemma 5.4.

5.2. Compactness in L'

We recall the following result due to Bouchut and Dolbeault ([6, p.510]):

Lemma 5.6 Let 0 > 0, T >0 and 1 < p < oo and consider the solution
feC(0,T]; LP(R*Y)) of

Lof = 0f +v-Vof —oAyf =hin (0,T) x R*Y, f(-,0) = fo.

Assume that fy € F' a bounded set of LP(R?*N) and h € H a bounded subset
of L1((0,T); LP(R?N)), with 1 < q < co. Then, for anyn > 0 and w bounded
open subset of R*V | f is compact in C(n, T]; LP(w)).

Our proof of compactness in L' is based on a straightforward application
of this result. We have
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Corollary 5.7 Denote by

h6(17, 57 t) = _EQ[K]Ws(‘ra 57 t)'

Then, for € sufficiently small there is 0 > 0 such that, for every 0 < n < T,
we have

[ he HLOO([n,T];Ll(Rngg)) < C(W',0)e

The proof is a direct consequence of Proposition 5.5. We shall also need
the following bounds for the kinetic energy and the inertial momentum

E(t) = /R Ce(wt)ydz,  I(t) = /R (T(€,t) dE.

Proposition 5.8 Assume that Sé/5 is bounded and that the initial kinetic
energy E(0) and the initial inertial momentum 1(0) are finite. Then, there
exist positive constants C' = C(T') such that, for every t > 0:

(1) E(t) < C(1+1t).
(ii) 1(t) < C(1+t)3.
Proof. (i) From Lemma 3.8 (i) and (3.34) with py = ¢ = ¢ we first deduce
IV Bl < Clin-8)l g oy < ).

Then, the result can be deduced from the energy equation (see (2.41))

(5.10) dt/ ( + SV, t)|2) dx = 30 M.
Integrating (5.10) over (0,¢) yields
E(t) = E(0) + 30 Mt + — {Hv V(- 0)ems) = VeV 2@} -

Now, using the bound for the potential energy we find E(t) < Cy(1 +t),
which concludes the proof of (i).

(ii) follows from the inertial momentum equation (2.35)

—I—Q/R3/R3 Wz, &, t) dE du.

Integrating this equation with respect to time and taking into account the
identity

//Rs/w Whg;gtdfdx_// /R3 Wz, €, 1) d¢ dx,
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we obtain
I(t) = 1(0) +2/0t/RB /Rs(xf)Wh(x,ﬁ,s) d du ds.
z 3

Then, an application of the Holder inequality leads to

I(t) < 1(0) + C/Ot () /B (s) ds.

The proof concludes by using the relations (2.42) and (2.43). |

Using Proposition 5.8 and the relation between the Husimi kinetic en-
ergy and the kinetic energy given in (2.42), the following estimate for the
growth in time of the kinetic energy associated with the rescaled Husimi
function holds:

€17 _ €17 _
/Rg;, /Rg 7W€h(m’§’t) dgde = € /R% /Rg TW}L(J:,& € t) d¢ dx
< Cel(1+e ) <CO(1+1).

Also, for the inertial momentum associated with W we find

/Rg /R 2P (z € 1) dode = € /Rg /R [P (2, €, €72t) du de
< CS1+e2)P <C+1)3.
Now, for n > 0 fixed we can apply Lemma 5.6 to the family
F={Wx,& t),e <6t
with €y = €y(n) sufficiently small, and deduce the following result:

Theorem 5.9 Let (W, V) be a mild solution of the WPFP equation (1.6)
with initial condition W' € L'(R3 x RE), such that the initial kinetic energy
E(0) and the initial inertial momentum 1(0) are finite. Let also W (t) €
L*(R3 x RY), R(t) > 0 and S}, be bounded with py > ¢ fived, such that the
hypotheses (5.1), (5.2) and (5.3) are fulfilled. Then,

tliglo ||W(7 7t) - MG0<'7 Y t)”Ll(Wt) =0

for any w bounded open subset of RS, where w; = {(t%:c, téf) s.t. (z,€) € w}.
Also,
tliglo ||Wh(a 7t) - MG0<'7 * t)”Ll(Rngg) =0.
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Proof. Fix 0 < n < T such that n <t < T and consider the families
F = {W6<'7 ) ')7 0<e S 60(77)}’ H= {he('v '7t)7 0<e S 60(”)}7

with h. = —ef[V,JW.. Then, by Lemma 5.1 (i) and hypothesis (5.1) F is
a bounded subset of L>(0,00; L'(R3 x R})). Also, H is a bounded subset
of L>([n, T]; L'(R3 x R})) by Corollary 5.7. Lemma 5.6 now implies that
F is compact in C([n, T]; L'(w)) for every 0 < n < T, w being an arbitrary
bounded subset of R? x Rg’. Let g denote one of its accumulation points.
Then, according to Corollary 5.7 we can pass to the limit ¢ — 0 in the
rescaled problem (5.6) and obtain that the nonlinear term vanishes at the
limit, so that g is the unique weak solution of the linear equation (3.7) with
initial condition g(-,0) = Mdy (cf. (5.6b)), dy representing the Dirac mass
centered at 0 and M being the total charge of the system. Thus, g(z,¢&,1t)
coincides with MGq(x,&,t) in the sense of distributions because Gy is the
fundamental solution of the linear operator L defined in (3.7). The first
assertion of the Theorem follows straightforwardly from the self-similarity
of Gy (cf. Lemma 3.1 (iii)) by setting ¢ = 1 and 7 = € 2, then performing
the change of variables x +— T%x, £ T%S.

Now it is a simple matter to see that the sequence of rescaled Husimi
functions W/ is also compact in C([n, T|; L*(w)). To this end, choose R > 0
such that w C By and let yr be the characteristic function associated with
Bpr, where Bp denotes the ball in RS of radius R centered at the origin.
Then, we have

W = gllpiw) < IH(We = 9) *a6 Tellpi) + 119 *a6 Te = gllzro)
S NWe=g) ko elexall i) +I[(We=g) ka6 V(L =xR) 1) T 9% e =9l L1 (0)
< |[[We = gll1Bor) + CllTellrse) + 19 *26 Te — gllLr(s)-
Here, C' = C(|[W| 12(rs), 9]l 22 (re)) and B, denotes the complementary set
of Bg. Passing to the limit as e — 0 proves the compactness of W/ in L!(w).

Now, it suffices to observe that the kinetic energy and the inertial mo-
mentum associated with W/ satisfy

EWMH(t) <C(T), IWHt)<C(T), 0<t<T, e<l

As consequence, we claim that the sequence W is compact in the whole
space C([n,T]; L'(R? xR?)) for every 0 < n < T, as follows from the
estimate
c(T
[ [ —gldede < [ WP - gldgdz+ CL.
RS JR? Br R?

where we have used that (|¢]* + [z|*)W/, (|¢]* + |z[*)g € L' (R x Rf) with
bounds independent of e. Note that we used the positivity of W/ for this

L'-bound. The proof concludes by identifying t = 1 and € = T3, [ |
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