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Nonresonant smoothing
for coupled wave + transport equations

and the Vlasov-Maxwell system

Francois Bouchut, Francois Golse and Christophe Pallard

Abstract
Consider a system consisting of a linear wave equation coupled to
a transport equation:

Dt,xu = f ’
(8t + U(é) : vx)f = P(t,d?,f, Df)ga

Such a system is called nonresonant when the maximum speed for
particles governed by the transport equation is less than the propa-
gation speed in the wave equation. Velocity averages of solutions to
such nonresonant coupled systems are shown to be more regular than
those of either the wave or the transport equation alone. This smooth-
ing mechanism is reminiscent of the proof of existence and unique-
ness of C! solutions of the Vlasov-Maxwell system by R. Glassey and
W. Strauss for time intervals on which particle momenta remain uni-
formly bounded, in “Singularity formation in a collisionless plasma
could occur only at high velocities”, Arch. Rational Mech. Anal. 92
(1986), no. 1, 59-90. Applications of our smoothing results to solu-
tions of the Vlasov-Maxwell system are discussed.

1. Nonresonant coupled wave + transport systems

Consider a coupled system consisting of a linear wave equation and a trans-
port equation, of the form
Dt,xu = f7

1.1
(1) 0+ () - V) f = Plt,€, De)g
where O;, = 92 — A,.
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The unknowns in that system are the real-valued functions u = u(t, z, §)
and f = f(t,x,€), while the source term in the right-hand side of the trans-
port equation involves a given real-valued function g = g(¢,z,£). The no-
tation P(t,z,§, De) designates a (smooth) linear differential operator in the
variable ¢ only, while v = v(€) is a smooth RP-valued vector field on RM.

The system (1.1) is posed for all (¢,z,§) € R% x RP x RM. Associated
to this system are the initial conditions

Ult=0 = Ur ,
(1.2) Opup— = U7,
f\t:() = f17

where the functions wuy, u}, f;, together with g, are the data of the Cauchy
problem (1.1)-(1.2).

The subject matter of this work is the local regularity of averages with
respect to £ of the unknown u, namely of functions of the form

(13) o = prltsr) = / ult, 7, €)X (€)dE |

where Y is an arbitrary test function in C°(RM).

One possible approach to this problem would be

e to first establish the regularity of velocity averages of the solution f of
the transport equation

/ St 2, € (€)de

e and since averaging in £ commutes with the d’Alembert O, , operator,
to infer the regularity of p, from the classical energy estimate for the
wave equation

Dt,a:px:/fxdgy

the regularity of its right hand side obtained at the previous step and
that of the initial data wuy, u}.

Step 1 in this procedure is by now classical in kinetic theory: for smooth,
generic v’s,

1

(1.4) /fxdf € HX"V (R, x RP) if gand f € L} (R, x RP x RM),

loc

where m is the order of the differential operator P(t,x,¢&, D¢) involved in
the right-hand side of the transport equation in (1.1).



NONRESONANT SMOOTHING AND THE VLASOV-MAXWELL SYSTEM 867

This gain of regularity was observed for the first time in [11], [12] form = 0
and [5] for m € N* and is referred to as smoothing by Velocity Averaging.
The precise condition on a smooth vector field v required for (1.4) to hold
is that

(VA)
1
sup sup —meas ({£ € supp x| |w + v(€) - k| < en/w? + |k|?}) < 400

>0 (w,k)eRxRD €

The classical energy estimate for the wave equation (see [13, formula (6.3.1)])
finally implies that

1
(15) p€ H, T (R, xRP) if g and fe L2 (R, x RP x RM),
provided that

ur € L*(RM; H, 2 Ry xRP)), ) e LA(RM; H"™V (R, x RP)).

» “ 4 loc loc

However, this method fails to predict the exact amount of regularity on p,
for a large class of systems (1.1), namely those for which
(NR) vy = sup |v(§)| < 1.

£esupp X
The relevance of this condition comes from physical considerations. Various
kinetic models describe the coupling of particle transport with a background
electromagnetic field. For massive particles with uniformly bounded mo-
menta (i.e. with momenta in the support of y), the maximum speed of
transport is less than the speed of light (normalized here to 1), with a uni-
form bound as in (NR).

In order to gain some intuition on the role of this non-resonance con-
dition (NR) in the regularity problem for p, as in (1.3), we propose the
following line of reasoning in the case where P(t,z,&, D;) is the identity (or
equivalently, m = 0). To avoid unnecessary complications, we also assume
that the initial conditions u; and u/ are smooth.

Under assumption (NR), the characteristic manifold of the wave operator
Char (O0,,) = {(t,z,w, k) € T*(R} x R”) | w? — |k|* = 0}
and that of the transport operator
Char (9, +v(§) - V) = {(t,z,w, k) € T*(R% x R”) | w+v(¢) - k =0}
intersect at the zero section:

Char (O,,) N Char (9, +v(¢) - V,) = {(t,2,0,0) | t >0, x € R"}.
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Consider a point (to, To,w, k) € T*(R% x RP) such that (w, k) # (0,0). Then

e cither (¢y, o, w, k) ¢ Char (O;,), and thus u has two derivatives more
than f microlocally at point (tg, g, w, k);

e or (ty,zg,w, k) ¢ Char (0; + v(€) - V), and thus u has one derivative
more than w = (0; + v(§) - V,)u microlocally at point (%o, zo,w, k);
then in the scale of L*-based Sobolev spaces, w = (9; +v(€) - V,)u has
one derivative more than g at (to, zo,w, k), independently of whether
this point belongs to Char (O, ) or not, by the usual energy estimate
for the wave equation O; ,w = g satisfied by w.

This little argument suggests that, for an arbitrary fized &, if the dif-
ferential operator P(t,x,&, D¢) = Id (or more generally is of order 0) and
lv(€)] < 1, then u(-,-,¢) € H (R, x RP) as soon as' both f and g €
LZQOC(R“F X RD)

This gain of regularity is not only better than (1.5) even in the case
of m = 0, but also relies on a completely different mechanism, as witnessed
by the fact that this smoothing effect occurs pointwise in £&. At variance,
the former procedure relies fundamentally on smoothing the solution of the
transport equation by averaging in &, as implied by condition (VA). It also
completely separates the roles of both the transport and wave equations
in (1.1), while the new mechanism for smoothing described above is based
on the joint properties of the transport and wave equations in (1.1).

Below we call this mechanism “nonresonant smoothing” in view of its anal-
ogy with the classical envelope theory for the Mathieu equation (see [2, §17]
or D. Pesme’s contribution in [4]).

The microlocal argument above fails however to indicate what happens
in the important case where the differential operator in the right hand side
of (1.1) has order m > 0; it also fails in the case where the regularity is
measured in LP-based Sobolev spaces for 1 < p < 400, with p # 2 and
for space dimension 3 . This is of course the most relevant case in view of
physical applications (see the next section).

The outline of the paper is as follows: Section 2 states the main results
on nonresonant smoothing, together with explicit counterexamples showing
that our statements are sharp. Section 3 explains how the relativistic Vlasov-
Maxwell (RVM) system can be put in the form (1.1). Section 4 discusses
applications to the smoothness of solutions to the (RVM) system.

'An analogous important observation was communicated by S. Klainerman to the
second author: under integration along a time-like curve, solutions of the wave equation
gain in regularity relative to the space variables. (This is a natural amplification of
Proposition 2.7 in [14].)
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2. Nonresonant smoothing: main results

As suggested in the previous section, the most direct way to measure non-
resonant smoothing is in L?-based Sobolev spaces. Indeed these are natural
spaces for the classical energy estimate of the wave equation.

Theorem 1 Let f and g € L} (R% x RP x RM), and assume that the ini-
tial data f; € L7, (RP x RM), that u} € L, (R} Hy, (RP)) while u; €
Ly (R HE(RP)). Let P(t,x,&, De) be a linear differential operator of or-
derm € N on Réw with smooth coefficients. Pick x = x(§) be a test function
in CT™(RM) and let v = v(€) be in C™(RM) and satisfy the nonresonant
condition (NR).

Then, if (1.1)-(1.2) hold, the &-average

o) = / ult, 7, €)x(€)de

belongs to H?

ioe(R% x RP).

There is an analogous statement in space dimension 3, with L? and H*
replaced by LP and W*P for 1 < p < 2 and 2 < p < oo. The proof is
essentially the same as in the L? case, except for the arguments that involve
the energy estimate for the wave equation. These are replaced by the fact
that the elementary solution of the wave operator expressing u in terms of f
is proportional to the uniform measure on the unit sphere S2, to which one
can apply the corollary to theorem 7 of [6]. One eventually finds that

11
py € WEP(RY x RP), where 3:1+2inf<—,—/>.
pp
Because this approach relies in the end on LP estimates for the elliptic oper-
ator Qg\, the cases p = 1 or p = +00 require a different treatment based on
the commutation of the Lorentz boosts L; = x;0;+10,,, j = 1,2,3 with O, ,:
this part bears some definite analogy with one of the key techniques in [8].

Proof of Theorem 1. First observe that if f and f; are null functions,
then the transport part in system (1.1) vanishes and theorem 1 follows from
the regularity properties of the wave operator 0,,. By linearity we now
assume uy = uj = 0.

The key argument in the proof of theorem 1 is that some well chosen
combinations of the wave operator O; , and of the transport operators

T* =0, +v(€) -V,

are elliptic in the variables t and z.
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Lemma 1 For y € C™(RM), let v = v(€) in C™(RM) satisfy the nonres-
onant condition (NR), and let X € R. The two following conditions are
equivalent:

e )\ satisfies the condition

(2.1) vy < A<1, where vy = sup |v(§)];
§€ suppx

e for each & € supp x, the second order differential operator
(22) Qé\ = )\Dt,z - (at - ’U(f) ’ vm)(at + ’U(f) : vz)
18 elliptic.

When X wverifies any of these conditions, the symbol qg\ of the operator Qg‘
satisfies the following uniform ellipticity estimates: for all m € N

(k) <

The uniform ellipticity estimates (2.3) provide precisely the quantitative
information missing in the little microlocal argument of the previous section
and necessary to address the case where the source term of the transport
equation in (1.1) effectively involves ¢ derivatives. Notice that one could
also use the operator A0, , — (0; + v(€) - V,)? instead of Q7.

(2.3) sup sup  (w? + |k]?)
§Esuppx w?+k[2>0

Proof of Lemma 1. The symbol ¢ (w, k) = A(—w?+|k|?)+(w—v-k)(w+v-k)
is a homogeneous function of order 2 of the Fourier variables (w, k). Notice
that a & derivative does not affect this property, so that:

2 (em) oy

with N2 (w, k) homogeneous of order 2™ — 2. Hence

= q2\<w’ k)2m

(2.4) sup  (w? + |k[?)
w2+]k[2>0

1 1
D' ——— || = sup Dm<7> ' .
¢ (q?(w>k)> ‘ w2+|k]2=1 ¢ qg\(wak)

Besides, the Cauchy-Schwarz inequality implies the following lower bound
for g¢(w, k):

(1= N+ ME? = (0- k)2 > (1= Nw? + Mk — [v]2]&]?.
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If (2.1) holds, then

my = min (1 — A, inf (A — |U(g)|2)> > 0.

§€ supp x

Therefore g2 (w, k) > my(w? + |k[?), and (2.4) gives:

1 1
Dy < —w sup [NA(w, k).
¢ (C@(%@)‘ m3 w2+ |k[2=1 ¢

sup  (w” + |k[?)
w?+]k|2>0

Since the right hand side of the inequality above depends continuously on &,
we infer the result (2.3) for any compactly supported function x. Conversely,
when (2.1) is not satisfied, it is obvious that the operator Qg‘ is not elliptic
for some £ € supp x. [ |

Once lemma 1 is established, the proof of theorem 1 is based upon con-
trolling Q?u by the usual energy estimate for the wave equation. Finally, the
uniform ellipticity estimates (2.3) are used to control the various contribu-
tions to the -average p, after integrating by parts to bring all {-derivatives
to bear on either y or 1/ qg‘. We summarize in lemma 2 some facts about
the inhomogeneous wave equation in (1.1). Detailed results for the wave
operator may be found in [17].

Lemma 2 Consider the Cauchy problem:

Oou = f (62,8 eRy x RP x RM,
(2.5) Up—g = up (2,§) e RP x RM,
Oup—o = w1 (x,€) € RP x RM.

where f € Lj, (R x RY x RY') and with initial data

loc

up € Ly, (R HL (RD))  and  wy € L (RY; L7 (RD)).

loc loc loc

Then there exists a solution u to (2.5) such that for almost every & € RM,

u(,+,8) € C([0, T, Hype(R?)) NCH([0, T, Lie (R)).

Moreover this solution satisfies u € L, (RY; H, (R x RP)).
For an arbitrary A, we have:
Qiu = ADgu—T; T

The wave equation in (1.1) gives AO;,u = Af. Now if we merge the two
relations in the system (1.1), we get:
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Lemma 3 Suppose that (u, f,q) satisfy (1.1) with null initial conditions
on u. We note P(t,2,&,De)¢ = 3, < 08 (aa(t, x,§)9), and define hq as
the solution of the Cauchy problem

h\tzO - ($7§) € R” x RM?

Oizha = aag  (t,2,8) € RE x RP x RM,
0
@h‘t:o = 0 (IE7£) € RD X RM

Define also h' as the solution of

Okt = 0 (42,8 e RE x RP x RM,
h|t:0 = 0 (ZE,g) S RP x RM,
8th|t:0 = f[ (ﬂf,g) < RD X RM
Then we have T u = > jal<m O ha + .

Proof of Lemma 3. The existence of the functions h, and k! is a conse-
quence of lemma 2. Consider >, .., Ogha + h! and Tgu. The definition
of h, implies that

oo D 0ha) = D 90iha = Y (aag) = Pt,,€ De)g.

laj<m la|<m laj<m

Therefore,

oo 3 Oha+ 1) = Plt,2,€, De)g.

|a|<m

The relations in (1.1) gives:
0T u = Tth@U = Tgrf = P(t,z,€, De)g.

The initial conditions are satisfied:

( > agha+hf) =0 and at( > 8§ha+h1> = fr.
|t=0 |t=0

loe|<m o] <m
Similarly, we have for T¢ u:

(Teu)—o = Ohrup—o + 0v(£) - Vat—o = 0,
3t(T§+u)\t:0 = (f+ A:c“)hf:O +v(§) - Vaup—o = [r-

Since 37, <, 08 ha +h' and T, u solve the same Cauchy problem, they must
coincide everywhere. [
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It follows from lemma 3 that qu = A = D jajem Tt Oha — Tghl.
We write:

Qu=\f— > [Tc,0¢ha — > 0T ho — T h".

|af<m lo|<m
We now localize u with a test function ¢ € C2°(R% x RY):

Qi (ou) = ¢Qiu+ Reu,

here R is a first order linear differential operator in the (¢, ) variables, with
smooth and compactly supported coefficients:

QXpu) = Nof =0 Y [T7,08ha—¢ Y 0T ho — dT h' + Reu.
laj<m la|<m
From lemma 2, we know that the first, second, fourth and last terms of the
right hand side belong to L7 (RM; L*(R, x RP)). Define ay by:
ax=Xof — ¢ > [T, 0¢)he — ¢ Ty h' + Reu.
la|<m
We get:
QXpu) = ax—¢ Y 0T ha.

la|<m

We apply the Fourier transform in the variables (¢, x) to the previous equality
and denote by (w, k) the corresponding Fourier variables.

@ou = a— Y (ST ha).

lal<m

Now pick a test function x € C2*(R}') and fix A such that condition (2.1) of
lemma 1 holds. Averaging in £ in the sense of distributions, we find:

_ 1 1, ——
[ouwds = [ Savie— Y [ opdThaxds =1— Y L
3 3

lo|<m || <m

We want to establish that (1 + w? + |k|?) fg/m\txdf belongs to L7 . But we
already know [ duyde € L2, by lemma 2, so it is enough to show that
(2 1K) [ Guxde € 12,
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e Consider first )
Iy = / —/\cﬁxdé.
¢3

By the Cauchy-Schwarz inequality,

Ik ? -
‘ / — dxdé| < / (%) @l
qz q supp X
ObViOUSly, ]lsuppxa)\ S Lix@ S0 ]lsuprdS‘ S Lz)7k7§ and
(26) H(wQ + |k’|2)[0HL3) . < CD()\y X) ||]lsupra)\||Lim7§ )
with
2 2\ X >l
e G- | [ e ek
13 Lz,

e Now consider terms like
1 —
I, = /—Aagqug haxd€,
€3
which can be written as:
« /7\ o X
(=)l /¢T£ e (@)dg,

after integrating by parts. We apply the Cauchy-Schwarz inequality

again:
‘ / qﬁTg‘ha@?(—A)df </ {ag(j)} de [ 16T holde.
9z e Suppx

From lemma 2, we know that lpp,¢ T, ha € Lix,g and

28) @+ kA

L2 SCa(/\aX)HﬂsuppxqughaHLz ’
k o

w,

with

29 a0 [ e rk|2>a§(q>‘7)]2d§

3

1
2

0o
Lw,k

It remains to bound the quantities Cy and C,,. This follow immediately from
the uniform estimates (2.3) of lemma 1. |
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The result stated in theorem 1 is sharp, unlike that in (1.5). First, the H?
regularity is optimal.

Proposition 1 There exists u € LQ(R’jr x R x RM) satisfying:
O, u(t,z,8) = f(t,z,€) € L*(RY x R x RM),
(0 + v, f(t,x) = g(t,2,8) € L*(RL x R x RM),
and such that

b= [ult. s ONOd ¢ HE(R, X R)

Proof. Consider u of the form:

v: RxR — R
(t,z) +— Y(x—1t)P(x+1).

Write the Fourier transform of u as

u(w, k) = // U(z —t)®(z + t)e e grdy

= [[waqe et
= // —i(FRut5520) gy dy

= 5/@(u)e"w_ﬂg“du/\lf(v)e_i%”dv

- 2()HE)

The Sobolev H® norm for u is given by:

e = i//(1+w2+k2) (“’+k)‘ ‘xp( “’)‘Zdwdk

_ %// (1+ (@ — B) + (o + B)2)" |13(e) 2|(8) [2dadps

|

- %/ / (1+20% +20%)" [@(a) | U(3)[*dadp.

Pick € > 0. Choose ® = &, with compact support included in R* such that
d. € H*\H***. Take U € C°(R*). Then u, satisfies
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o u c H%

ulte = 5 [[ (1207 +28)" 1B (@)P1(9)Pdads

< / / (1+20%)" (1+26°)° [B.(0) [ ¥(8) [*dad
< 2/(1+2ﬁ2) 0(3 |d5/1+2a) D, () [2da
< B[ U1F 197 < 400

o u & H*™:
1 - ~
Hu€H§{2+E = 5//(1+2a2+252)2+ |<p6(a)|2|\p(@)|2dadﬁ

1 L~ ~

> 5 [[ (4269 80P (9) Pdaas
1 [~ -

> 5 [18O)Pds [ (1402 @) Pda
1

> @ = o

Since ®. € H?(R) we obtain:
f(t ) = 0 puc(t,x) = =4V (x — )@ (x + t) € H'(R: x R),
and
g(t,z) = (9, +v0,) f(t,z) € L*(R: xR) (Jo] < 1).

From assumptions on supports of &, and ¥, we infer that supp u is compact
and included in R% x R, so that we have u—y = 0 and dyup—y = 0. But
uc ¢ H**(R% x R), which implies u, ¢ H2M(R% x R). u

loc
Second, the nonresonant condition (NR) cannot be dispensed with. Oth-
erwise, p, is in general less regular than H?, as shown by the following
example.

Proposition 2 There exists u € L}, (R%. x R x RM) such that
Oy u(t,z,8) = f(t,z,&) € L (R: x R x RM),
0 - ) f(La) = glt,2,€) € L2, (R, x R x RM),
but with
p= [ ult.o. (€ ¢ HEL(RS < B)
Here v(§) = 1.
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Proof. Consider
u(z,t) = V(r —t)®(z + 1),
with W, ® to be chosen later. One has:
O u(t,z) = —4V'(z — )P (z + t)
(O — On)f(t,x) = 8V (x —t)d'(z + 1)
The initial conditions are given by:
Up—p = VP, O = —V'® + VP,
Now pick ¥ and ® so that:
UelCrXRY), P(r)=rxls.
Then f and g belong to L? (R x RP):
ft,2,8) = =4V (x — 1) Upyiso,
gtz &) = 8V'(x — 1) Lyysso.
By construction, u—o = 0 and Jyu—o = 0. However u ¢ H} (R x RP), for:
(2.10) Olu = U~ 0" +20,U70,0T + U~ 920"

where ®* (¢, z) stands for ®(z 4 ¢), and with the following derivatives in the
sense of distributions:

f(t, ),
g(t,x).

aquJr(t,J?) = lpys>0,
ag@+(ta$) = \/§5x+t:0-

The two first terms of (2.10) belong to L, whereas in the last one we
get 0z 44=0- u

One final comment: the first counterexample above shows that the smooth-
ing mechanism of Velocity Averaging cannot improve upon nonresonant
smoothing when condition (NR) holds®. However, the same mechanism as
in Velocity Averaging helps when condition (NR) fails, if it is known that
the set of &-s for which (NR) is not verified is of small measure in some
sense. This situation occurs in the relativistic Vlasov-Maxwell (RVM) sys-
tem when only a few particles reach large momenta. We shall explain in
section 4 below how this last idea helps in studying the regularity of weak
solutions of (RVM) as in [5] with smooth initial data.

2This is consistent with the fact that Velocity Averaging lemmas are used neither
in the Pfaffelmoser proof of global existence of classical solutions to the Vlasov-Poisson
system (see [7]), nor in the corresponding Glassey-Strauss argument for the relativistic
Vlasov-Maxwell system, which both deal with solutions having bounded support in the
momentum variable. Recently R. Glassey confirmed to the second author that any at-
tempt to use the Velocity Averaging method in order to simplify the arguments in [8] or
extend their validity had not been successful yet.
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3. Kinetic formulation of Maxwell’s equations; applica-
tions to the RVM system

By a “kinetic formulation of Maxwell’s equations”, we mean a representation
of the four components of the electromagnetic potential as moments of a
single, scalar potential which depends of course on ¢ and x but also on
an extra variable £&. The moments mentioned above are {-averages of this
potential, like p, in (1.3).

Maxwell’s system of equations in the vacuum reads

@E—Vx/\B:—j,

(3.1) Ve B0
V., -B=0,

where the unknowns £ = FE(t,z) and B = B(t,z) are respectively the
electric and magnetic field, while the current j = j(¢,z) and charge den-
sity p = p(t,x) are given. The system (3.1) is well-posed on R, x R? in
some appropriate class of functions once initial conditions are prescribed,
as follows:

(3.2) Ej—o = Er, Bj—o = By,

where E; and Bj are compatible with the second and fourth equations
in (3.1) and provided that p and j satisfy the continuity equation

(3.3) op+V,-7=0.

Suppose now that, instead of the macroscopic quantities p and j, one
is given a microscopic, phase-space density of charges f(¢,z,¢), as in the
kinetic theory of gases. In other words, f(t,z,§) is the density of (like)
charged particles (electrons or ions) which, at time ¢, occupy position x and
have momentum £. The macroscopic density of charge and the current are
given in terms of the microscopic density f by the formulas

(34)  pltr) = / o, 6)de,  j(t,a) = / F(t 2, (€,

where the velocity of particles with momentum £ is expressed as

_ ¢

in dimensionless variables. In kinetic theory, the continuity equation (3.3)
is usually implied by a transport equation on f, of the form

(3.6) Of +v(€)-Vof =S, with /Sdgzo.



NONRESONANT SMOOTHING AND THE VLASOV-MAXWELL SYSTEM 879
In order to satisfy (3.1)-(3.2), we first choose a vector field A; = A;(z)
such that
(37) vz/\A[:B[, Vx'AIIO,

and define AY) = AD (¢, 2) by

0 mA(I) =Y,
(3.8) Ay = Ar,
n _

Solve then for u = u(t, z,£) the Cauchy problem for the wave equation

Dt,xu - fa
(39) U‘t:() = 0,
3tu‘t:0 =0.

Elementary computations based on the continuity equation (3.3) and the
uniqueness of solutions to the Cauchy problem (3.1)-(3.2) show that

(3.10) ¢ = /udg, A=AD ¢ /uu(g) d¢

are respectively the scalar and vector potentials satisfying the wave equations
Oiep =p, DOraAd=7,

the Lorentz gauge condition

(3.11) Ohp+V,-A=0,

and giving the electromagnetic field by the formulas

E=—0,A—V,p=—-9,A"D -9, / wv(€) dé — V, / udé,

(3.12)
B—Vx/\A:Vx/\A(”+Vx/\/uv(§)d§.

Thus Maxwell’s system of equations (3.1)-(3.2) can be replaced by the single
scalar wave equation (3.9) with the continuity equation implied by (3.6).

This kinetic formulation of Maxwell’s system of equations is of course very
natural when the electromagnetic field is the self-consistent field of a plasma.
This is precisely the situation described by the relativistic Vlasov-Maxwell
system.
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In this case, the source term S in (3.6) is the term modeling the acceler-
ation by the Lorentz force.

Wf+v() Vof = —=(E+0(§) ANB)-Vef,
OE —VyAB=—j;,

OB+V,NE=0,
V. - B=0,

with v(€) as in (3.5) and the notations

(314  py= / fta6)de,  jp= / £t €)0(€) de

This system for the unknown (f, E, B) = (f(t,x,&), E(t,z), B(t,x)) is posed
in Ry x R x R and is completed by the initial conditions

(3.15) fi=o=fr, Eu—o=FE;, Bjy—o=DB;.
The main results known to this date on (RVM) are

e the global existence of weak (and even renormalized) solutions, proved
by R. DiPerna and P.-L. Lions [5];

e existence and uniqueness of classical solutions under the assumption
that supp f(¢,z,-) is bounded for each ¢ > 0, proved by R. Glassey
and W. Strauss [8].

Subsequently, the global existence and uniqueness of classical solutions
to (RVM) was established in [9] under the weaker assumption that the
macroscopic energy density satisfy

(3.16) / VITERfde € LRy T2 (R®)).

Finally, R. Glassey and W. Strauss established the global existence and
uniqueness of classical solutions to (RVM) for small (in some sense) initial
data in [10], by proving that (3.16) holds for such initial data.
The main open problem on (RVM) is to prove (or disprove) the same
result as in [8] without assuming (3.16) or the support condition for all ¢ > 0:
“Let f7, Er and B; be compactly supported and C'*°. Does there exist a
unique global C'* solution to the Cauchy problem (3.13)-(3.15)7”

The system (RVM) can be somewhat simplified by using the kinetic
formulation of the Maxwell equation. It becomes

Ouf +0(§) - Vaf = Ve - [=(E+0v(E) AB)f],

3.17
( ) Dt,mu - f7
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where (E, B) are given in terms of u by (3.12). The initial conditions are

(3.18) Jit=0 = fr,  wj=0 = Oyu=0 = 0.

The formulation (3.17)-(3.18)-(3.12) of (RVM) is the main reason for
considering coupled wave + transport systems as (1.1). It greatly simplifies
the formulas in [8] representing the electromagnetic field in terms of the
acceleration part in the transport equation of (RVM). Indeed, these formulas
occupy 13 of the 32 pages in [8] and their complexity somewhat hinders a
complete understanding of the key arguments in this otherwise carefully
written paper.

Finally, let us mention that the functions u and v(&)u with u as in (3.17)
are natural physical quantities. They can be viewed as the Liénard-Wiechert
potentials (see [16, § 63] ) distributed under the initial microscopic density f;.

4. Regularity of solutions of the (RVM) system

This section expands on the idea introduced in the last paragraph of sec-
tion 2, namely merging the techniques of Velocity Averaging with nonreso-
nant smoothing. We concentrate on the important example of the (RVM)
system, for which we have been able to establish the following a priori reg-
ularity result on the electromagnetic field.

Theorem 2 Consider initial data (fr, Er, Br) such that f; € L>(R? x R?),
fr >0 a.e., E; and By € H. (R?) satisfy

(4.1) VB =0, Ve - [ fu.

and the finite energy condition

(4.2) / V14 €2 frdzdE + /(|E[|2 +|Br[})dx < +oo

holds. Let (f, E,B) be a weak solution of the (RVM) system (the existence
of which is predicted by [5]). If the macroscopic energy density satisfies

(4.3) / VITIERfde € IL (R, x BY),  with p€]2,2]

then the electromagnetic field has reqularity given by

4p — 6
dp+3°

(4.4) E and B € Hj (R%L xR?),  with s <
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Before giving the proof of this result, let us stress a few points. Observe
first that the condition (4.3) is indeed weaker than the condition (3.16) under
which R. Glassey and W. Strauss have proved in [9] the global existence and
uniqueness of a classical solution, with

E and B belonging to L2 (R, ; WH>(R?)).

loc

Accordingly, the regularity on E and B predicted by theorem 2 is weaker.
Besides, taking p = oo and copying the proof of theorem 2 would not give
the W1 control of [9], which is based on iterating twice a rather intricate
procedure which is close in spirit to the mechanism of nonresonant smoothing
described above. It would instead give a weaker piece of information, namely
that £ and B € H. (R, x R*). Tt could be that the regularity predicted
in theorem 2 is not optimal and would be improved by using part of the
information in [8] or [9].

However, the assumption (4.3) is not more natural than (3.16). The only
natural condition on the macroscopic energy density is that

/ VITERf(tx.€)de € LE(LY)

which is guaranteed® by the conservation of energy for (RVM) but we have
not yet been able to use it to control the density of particles with large
momenta in a way compatible with nonresonant smoothing as suggested in
the last paragraph of section 2.

Our second main observation on theorem 2 is that the Sobolev regularity
index it predicts exceeds that predicted by Velocity Averaging. For example,
in the case where (4.3) holds with p = 2, a direct application of the Velocity
Averaging lemma of [5] (or Theorem 1.5.6 of [3]) would imply that

(4.5) p= / fd¢ and j = / v(€) fde € HYP (R x R?)
which, by the classical energy estimate for Maxwell’s system, entails that

E and B e H/'(R* x R%).

loc

This regularity is indeed weaker than the one predicted by theorem 2, in
this case that
E and B e H,''(R". x R?).

loc

At variance with the Velocity Averaging method however, theorem 2 says
nothing of the regularity of the density of charge p and current j.

3Actually, the theory of weak solutions to the (RVM) only predicts that the total
energy at time ¢ is less than or equal to that at time 0, for any positive ¢.
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Proof of Theorem 2. First, a simple interpolation argument leads to L?
estimates on the charge and current densities.

Lemma 4 Let f = f(t,x,£) be a measurable function on Ry x R3 x R3.
Then, for each o € [0, 1], one has

(16) H

<oz,

6
a3

t,x »T

Further, for each R >0

T

Proof of Lemma 4. We have for each R > 0 :

d¢ + d
/|§<R|f|£ [Ong

4
[i1ae < TR+ 7 [ler1riae

Taking R such that

‘/¢1+ Pl

S 3(1—a) f a+3
pe=

_6
aF3

t,x t T

—
=
Y
Iy
Il

A

1
Rl = 7z [ el 1r1de,

and Slnce < 8 it comes

[ e <lszE ( [lerisiae) ™

The estimate (4.7) is obtained from (4.6) applied to the function ¢~ p f:

[ o] < ol H/ el fde]|”
|E|I>R 1.2

t,x

/ flde
lEI>R 2

t,x

| e —r I,
§I>R 2, Rt we

The second step in the proof of theorem 2 is a more accurate version of
lemma 1.

3

)
6
Lao+3
6

\ / ellfide]|”
La+3

]/ww f1de||”

3

IN

Y

Rw = I,

3

IN

6
La+3 -
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Lemma 5 Let v = v(§) € WH(R3) satisfy |v(€)| < 1 for all ¢ € R3. For
each X €][v(&)*, 1], set ¢} (w, k) = w?* — [v(§) - k> = A(w® — |k[*). Then, for
each £ € R?,

w? + [k]? 2
4.8 inf sup = ,
(48) OBt e gihse R@ k) 1=

with the inf attained at \(§) = 3(1 4 [v(€)[*). For such choice of A,

(4.9) sup  (w” + [K]%)

De—;
w2+|k|2>0

4 (w, k)

1 12|V (€)
‘SG—W@VV'

Proof of Lemma 5. We write the Cauchy-Schwarz inequality for qg‘:
g2 (w, k) = (1= Nw? + (A = [(©) )|k,

This becomes an equality if v(£) and k are linearly dependent, so that

sup el L sup w? + [k|?
w2+|k[2>0 CI?(W, k) w2+|k|2>0 (1 =ANw? + (A = [v(§) ]} k[
S r
= up -
(ro)er? x (0.2 (1 — A)r?2 cos? 0 + (A — |v(§)[*)r? sin? 6
1
= su
ge[og,r[ (1 —X)cos20 + (X — [v(€)[?)sin? 6
1 1
4.10 = .
(4.10) maX(l—)\’)\—]v(f)P)
The functions
1 1
A= —— d A ———
e (Gl

defined for A €][v(€)|?, 1] are nondecreasing and nonincreasing respectively
so the lower bound for the right hand side of (4.10) is attained at A such

that the equality
1 1

L=XA A= v

holds. This implies
1
A=+ (E)P)

and gives the bound (4.8).
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Now we establish (4.9):

(w?+k[?) Dgiqg(i’ 5 ‘ e O A0 it '2«%5}6” k)(v(§) - k)
w? 2, 3[Vo(O[(k]* + w?)
< (W k) 2w B
w2—|—|k3|2 2
<3|Vo(¢)| (TA(W@) :

where we used

M) = 51+ @)

and the assumptions v € W and |v| < 1. We conclude that
4

sup (w?” + [k[?)
w?+|k|2>0

D

A <O

(1= ()

With these estimates at our disposal, the proof of theorem 2 follows the
line of the Velocity Averaging method. The main idea, as can be seen in [11],
[12] and [5], consists in splitting the momentum space in two regions:

e in the first region, defined by the inequality |{| < R, the speed of

particles is bounded by

R

[v(§)] < \/ﬁ ;

hence the condition (NR) is satisfied so that nonresonant smoothing
holds for the electromagnetic field created by these particles; further,
the ellipticity estimates (4.8) and (4.9) control the growth of the H!
norm of this part of the electromagnetic field as R — +oc;

e in the second region, defined by the inequality |{| > R, the control on
the macroscopic energy density (4.3) together with the estimates (4.6)
and (4.7) imply that the densities of charge and current created by
the corresponding particles are small in L? as R — +o00; the L? norms
of the corresponding fields are then controlled by the classical energy

estimate for Maxwell’s system of equations.

Let O € C°(R?) be a cut-off function verifying

Or(§) =1 V| <R,
Or(§) =0 VI§| > 2R.
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We define
U = QRU, Uy = (1—913)’&,

fl - 0Rf7 f2 - (1_0R>f7
so that
U= uy + Uy and f=f+f2,

with the two systems:

Dt,a:ul = fla
(4.11)
Ofi+v-Vofi = —OrVe-[(E+vAB)f],
U zU = s
(4.12) tatiz = Jo
Ofa+v-Vyfs = —(1—@R)V§' [(E+vAB)f],
with initial conditions:
(4.13) Ur—o = 0, 1= =0, fi—o = OrlT,
(4.14) Upj—g = 0,  Opuig—o =0, fay_g = (1 = ORr)f1.

Recall that the fields are given by:
E = —atAI—at/uv(f)df—Vx/udﬁ,
B = V,ANA"+V, /\/uv(é)dﬁ.
We recast these expressions as:
E = —9A - /(atulv(g) + V,up)d€ — /(8tu21)(§) + V,ug)dE
- EI + El + E27
B = V,ANA"+ /vx A ugv(€)dE + /vz A uyv(€)dé
= B'+ B+ Bs.

The part dealing with initial data E' and B! has the desired smoothness.
We consider now E; and B; for which we can use nonresonant smoothing.
For any test function ¢ € C°(R, x R?), theorem 1 applied to (4.11) gives:

H /wul@m@)d&Hm < Gyl fllz2ae,) + Corll (B +v A B) fllia,)

| [ wuw©0umede],, < Cnlflinacy + Copl(E+ 0 A B) e,
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The constants Cy, r and Cfp, r depend on R. The growth with respect to R
is read in (2.7) and (2.9). We use lemma 5 to bound it:

2 13 :
H/ {(w2+!kl2>@—ﬂ d¢ 32(/ <1+\£|2>2d£) < CR3,
q 5 l¢|<4R

3

and

Ut 'k|2)@2RDf<ql_2)rd§ Hw <[ | weoras |€|2)4d€>%
CR:.

SIS

[V}

IN

We infer that:
HlaX(Cw,R s C{/},R) < C¢R9/2.

Moreover the following estimates are given by [3]:

(4.15) 1O, < il

z,§

and
// €1 F(t 2, €)dde + / E(t,2)2 + |B(t,2)2dz < C < +oo.
Hence we get:

(4.16) |VE | g + ([ Br][an < CRz.

Next we estimate Fy and By. Let x € C®(R, x R?) verifying |x| < 1.
We use (4.7) with x fv and yf:

3
9 _a a+3
(4.17) Ixfoldsl) < —a=zlIxfullz= || [ v+ IEPIxSoldE ,
6
€1>R 2, R e Lats
and
3
9 o atd
s |[ e <l | VIR
>R 2, ReFs ” La+3
Define
J>R = fod§
l§I>R
and

pon= [ g
1> R
the current density and charge density created by high energy particles.
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The previous inequalities become:

) 9 QL a+3
Iisalls, < = IFIEE / VIFIEPRde]|
’ Tat3 . Lo+3
3
9 353 > o
Ixpsrllz, < =g IflL= V14 EPxfldE||
o a3 @8 Lo+3

where we used |x| <1 and |v| < 1. But we assumed that:

/ VITIERSde € I, (B x BY) withp ] 2]

So fix a such that 6
a+3

Since (4.15) ensures f € Ly, . it follows:

p:

3(1—a)

3Ca max (|xponlsz, Norllsz, ) < OCaR™47 = 9C, R,

Now we use a local energy inequality for the wave equation:

Lemma 6 Let Q CR™, f € LY([0,T], L*(Q)) with T > 0, and consider the
solution u to the Cauchy problem for the wave equation:

Dt,a:u - f7
u\t:O = 07
atU‘t:[) = 0.

Pick xq € Q, r > T such that
B, ={x eR": |z —zo| <71} C .

Define for any t € [0,T]
E(t) = / Ocu(t,z) > + |Vu(t, z)Pda.
Brft

Then the following estimate holds:
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We apply lemma 6 to [ usd€ which solves the equation:

s [ uads = [ fude.

with null initial data. Then pick y, r and 7" such that:
Supp C {(t,2) € [0, T] x R? : t + |2 < v} € X7 ({1}).

We get the inequality

/BTT |8t/u2d§|2+ |Vx/u2d§|2dx < (/OT (/jgrt‘/fgdf‘2dx>%dt)2.

With the assumptions on supports, the right hand side is bounded by:

o

We have also a lower bound for the left hand side:

1
T (Hwat / und€ |25 + UV, / U2d§||%g) .

Gathering these two parts, we obtain estimates for the derivatives of [ uad¢:

2
< T |lxpsrllzs -
12

max (||wat [ wadelzz, 0w [ ustnng) < CR,

We can also apply lemma 6 to [uovdé. We then get the same bound.
Estimates for the electromagnetic field follow:

(4.19) [ Eallr2 < CuR?,
and
(4.20) 0Bl < ClLR.

Hence the electromagnetic field can be split as the sum of a field whose H*
norm tends to infinity with R and of a field whose L? norm vanishes with 1/R.
One concludes by a straightforward interpolation argument; ¥ E and ¢ B be-
long to H*® whenever s < 6, with

_ 2p—3  4p—6
2p—3+5 4p+3° -
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5. Conclusion

In this note, we have discussed a mechanism of nonresonant smoothing for
a wave equation coupled to a transport equation. The main application of
this idea seems to be the (RVM) system, with Maxwell’s system of equa-
tions reduced to a scalar wave equation by a kinetic formulation reminiscent
of the notion of Liénard-Wiechert potentials. While theorem 2 exemplifies
the power of using the method of Velocity Averaging together with non-
resonant smoothing, it is very likely that the regularity statement (4.4) is
not optimal.

However, we believe that the idea of using (some form of) nonresonant
smoothing for the vast majority of particles with momenta below a certain
threshold together with the method of Velocity Averaging to control the few
particles with higher momenta might prove helpful in the question of global
existence of classical solutions to the (RVM) system, still open to this date
except for special cases (small data, almost neutral initial data, 2 + 1/2D
solutions. . .)

Finally, this mechanism of nonresonant smoothing is by no means con-
fined to the examples considered here, but can easily be generalized to a
wide generality of systems of coupled hyperbolic equations.

For example, one could think of models arising in the study of the
laser-plasma interaction or Langmuir turbulence. Such models involve a
wave equation for the electromagetic field and another wave equation for
the acoustic disturbances in the plasma coupled by terms involving in par-
ticular the ponderomotive force: see [1], or the contribution by D. Pesme
in [4].

The nonresonance condition adapted to a system of two coupled wave
equations reduces to saying that the speeds of propagation in both wave
equations are different, a condition obviously satisfied in the case of laser-
plasma interaction, where the speed of light is to be compared to the speed
of sound in the plasma. In this case, nonresonant smoothing entails a gain
of three derivatives on one of the fields, which might be useful in the math-
ematical treatment of models such as considered in [1].

Note added in proof. S. Klainerman recently informed the second author
of a new approach to the Glassey-Strauss theorem by himself and G. Staffi-
lani [15]. One of the steps in their proof is similar to the integration by parts
in £ using estimate (2.3).
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