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Estimates of BMO type for singular
integrals on spaces of homogeneous type

and applications to hypoelliptic PDEs

Marco Bramanti and Luca Brandolini

Abstract
Let us consider the class of “nonvariational uniformly hypoelliptic
operators”:
q
Lu= Z a;j (x) X; Xju
ij=1
where: X1, Xo,..., X, is a system of Hormander vector fields in R"

(n > q), {ai;j} is a ¢ x ¢ uniformly elliptic matrix, and the func-
tions a;j (x) are continuous, with a suitable control on the modulus
of continuity. We prove that:

1 Xi X5ull garo@ny < C{HLUHBMO(Q) + HUHBMO(Q)}

for domains ' CC Q that are regular in a suitable sense. Moreover,
the space BMO in the above estimate can be replaced with a scale
of spaces of the kind studied by Spanne. To get this estimate, sev-
eral results are proved, regarding singular and fractional integrals on
general spaces of homogeneous type, in relation with function spaces
of BMO type.

0. Introduction

Let L be a linear second order nonvariational uniformly elliptic operator
in R",

Lu = z": ij (T) Uy, -

ij=1
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It is well known that, if u solves the problem

Lu=f inQ
u=>0 on 0f)

where €2 is a bounded smooth domain of R" and a;; are continuous on Q,
then

Hurﬂj”Lp(Q) S c HfHLP(Q) fOl" any p € (17 OO)

(see, e.g. [20], p.242). Moreover, Chiarenza-Frasca-Longo ([13], [14]) have
shown that the continuity condition can be relaxed assuming a;; € L™ (©2) N
VMO (). These L? estimates are known to fail for p = oo and p = 1,
even for the Laplace operator. A fairly natural question is to ask whether
the John-Nirenberg space BMO and the Hardy space H! can, respectively,
replace L> and L' in similar estimates. (Throughout this introduction, the
reader is assumed to be familiar with the definition of BMO, VMO and
related spaces. However, all the background will be given in detail in §1).

In 1966, Peetre [27] proved the following local result for elliptic operators:
if L is as above, and its coefficients have a modulus of continuity which is
o (1/ [logt|), then for every test function u supported in a ball small enough,

. S C{HL“H* + Hul‘z%”2}

||uIin

where |||, is the BMO seminorm. This estimate exploits another Peetre’s
result of independent interest, namely the continuity of a singular integral
operator of Calderén-Zygmund type on BMO.

In 1993, Chang-Krantz-Stein [11] proved global estimates in suitable
Hardy spaces H? for the second derivatives of solutions to boundary value
problems on bounded domains for the Laplacian.

In 1999, Chang-Dafni-Stein [9] improved the above H? estimates and
established BM O estimates, in the same context (BVPs for the Laplacian).

In the same year, Chang-Li [10] studied H' and BMO estimates for the
second derivatives of solutions to the Dirichlet problem for elliptic operators
with Dini-continuous coefficients. These results partially overlap with those
of Peetre, who proves only local results, but on the other side has a slightly
weaker assumption on the coefficients.

The aim of this paper is to extend to spaces of homogeneous type (of
finite measure) Peetre’s theorem on BM O continuity of Calderén-Zygmund
operators, and several related results, and apply these to prove local BMO
regularity estimates for the class of “uniformly hypoelliptic operators” stud-
ied by the authors in [4], [5].
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More precisely we consider operators of the form

q
(0.1) Lu = Z a;; () X; X;u

ij=1
where: X7, Xo,..., X, is a system of Hérmander vector fields in R™ (n > g),

the ¢ x ¢ matrix {a;;} is symmetric and uniformly elliptic, and the functions
a;; (x) satisfy a continuity assumption of the kind assumed by Peetre. We
shall prove that:

(0.2) ||XinU||BMo(Q/) < C{HLUHBMO(Q) + ||UHBM0(Q)}

for any bounded domain 2, and " CC Q (Q, ' satisfying a suitable regular-
ity assumption). More generally, we shall prove estimates of type (0.2), with
BMO replaced by a scale of spaces (introduced by Spanne [32]), which in
particular contains BMO (see §1 for the definition of these spaces, and §4.2
for the exact statement of this estimate). Here the BMO-type spaces are
defined with respect to the Carnot-Carathéodory distance induced by vec-
tor fields.

To motivate our assumptions on the coefficients a;; (z) and the techniques
we employ to prove (0.2), let us come back again to discuss the elliptic case.
Since the BM O estimate can be seen as an endpoint case of LP estimates,
in view of Chiarenza-Frasca-Longo’s results, it would seem natural to work
with discontinuous coefficients a;;, belonging (at least) to L~ NV MO.

To follow this approach one needs the following two estimates:

||KfHBMO <c HfHBMO
(0.3) 1K, Mo fllgaro < cllall 1 fllzaro

where K is a singular integral operator, [K, M,] f = K (af) — aK (f), and
||a|| is some seminorm of a which is locally small when a has small oscillations
(in some suitable sense). Now, the best estimate of kind (0.3) that we
actually are able to prove (see §5) involves the L2M O seminorm for a:

log? r

lall = sup la(z) - ap,| d.

B, |Bel /g,
But the assumption of finiteness of this ||a|| implies continuity of a, as we
shall see in §1.2. Since, on the other side, the L2M O assumption seems
very natural from the point of view of the techniques involved in the proof
of (0.3), we are led to think that it is better to assume a priori the continuity
of the a;;’s. At this point the Chiarenza-Frasca-Longo commutator technique
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is no longer natural to attack the problem: instead, it is natural (and much
easier!) to apply the classical “Korn’s trick” (see [23]). Let us sketch this
idea in the case of a variable coefficient elliptic operator

Lu = Zn: ij (T) Ug,z, -

ij=1
For a test function u supported in some ball B, (zy), we consider the
frozen operator

n
Lou = Z aij (T0) gz, -
ij=1
Then for a suitable singular integral operator K we have the representa-
tion formula

ey (@) = K (Low) (2) = K (Lu) (@) + 3 K (fag (20) — a4y (] ts,) (2.
ij=1

Now we exploit the BMO continuity of K proved by Peetre and the fact,

proved by Stegenga [33] and Li [24], that

lafll. < efllall oo + el I

where 1 |
ogr
lall ;a0 :SUPT la () — ap,|dx.
B, |B:| Ja,
Then
“urhrkH* S c { “Lu”* + Z H[az’j ($0) - aij ()] urix]- . } S

7:7.]‘

<c { 1Lull, + > (lasll a0 + lai; (w0) = aisll o) [t |, }
1,J
Now, if u is supported in a ball B, small enough, and the coefficients a;;
have a suitable modulus of continuity, then the term

(Nall Laso + llaij (z0) — aijll..)
vanishes with r, and one can derive the BMO estimates. These estimates
hold under assumptions that are weaker than asking a;; € L*MO, and only
require the study of the multiplication operator on BMO (rather than the
commutator).

If one is willing to translate this technique to the setting of hypoelliptic
operators of kind (0.1), what is needed is to prove, in a suitable general
context, a BMO continuity result for singular (and fractional) integral op-
erators, and a theorem stating that the multiplication for @ maps BMO
continuously to itself, whenever a € L>* N LMO.
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These facts will be proved here for general spaces of homogeneous type

of finite measure and will imply, as we shall explain in §4.2, an estimate of
the kind

1X:X; 0l prvogs,y < {1 Eullsaros,) + Iellsaogs,) §

for any function u compactly supported in B, and r small enough. From this
we deduce (0.2), exploiting suitable interpolation inequalities for “Sobolev”
spaces, and several properties related to the geometry induced by the vector
fields, which will be established in §§4.1-4.2.

To summarize, the main results in this paper are divided in two groups:

a) General results which hold in a space of homogeneous type, of finite mea-
sure: Theorem 2.4 (multiplication operator on spaces of BMO type),
Theorem 3.4 (singular integrals on spaces of BMO type), Theorem 3.5
(fractional integrals on spaces of BMO type), and Theorem 5.1 (com-
mutator of a singular integral with the multiplication operator).

b) Applications to Hérmander’s vector fields and “non-variational uniformly
hypoelliptic operators”: Theorem 4.5 (local BMO type estimates),
Theorems 4.13 and 4.15 (interpolation inequality for Sobolev norms
defined by vector fields). We also point out some properties of the
space BMO on a bounded domaim, proved in paragraph 4.1.

The proof of Theorem 4.5 relies on all the other results we have just
quoted, with the exception of Theorem 5.1, which we have inclosed in the
Appendix only for the sake of completeness.

1. Definitions and known results

1.1. Spaces of homogeneous type

Let X be a set. A function d : X x X — R is called a quasidistance on X
if there exists a constant ¢y > 1 such that for any z,y, 2z € X:

d(z,y) >0and d(z,y) =0 x=1y;

d(z,y) =d(y,z);
(1.2) d(z,y) <cald(z,2)+d(2y)).

We will say that two quasidistances d,d’ on X are equivalent, and we will
write d ~ d', if there exist two positive constants ¢, ¢ such that ¢;d’ (z,y) <
d(z,y) < cod (z,y) for any z,y € X.
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For r > 0, let B, () = {y € X : d(x,y) <r}. These “balls” satisfy the
axioms of complete system of neighborhoods in X, and therefore induce a
(separated) topology in X. With respect to this topology, the balls B, (z)
need not to be open. We will explicitly exclude the above kind of pathology:

Definition 1.1 Let (X, d) be a set endowed with a quasidistance d such that
the d-balls are open with respect to the topology induced by d, and let i be a
positive Borel measure on X satisfying the doubling condition: there exists
a positive constant c, such that

(1.3) p (B (x) <cu-p(By () for any x € X,r > 0.
Then (X,d, ) is called a space of homogeneous type.

To simplify notation, the measure du () will be denoted simply by dz,
and 1 (A) will be written |A|. This will not create confusion because through-
out the paper we will consider only one measure. We will also set

B (:C; Z/) = Bd(m,y) (:C) :
The above definition of space of homogeneous type is the one introduced

by Coifman-Weiss [16].

Remark 1.2 In some applications it is natural to consider quasidistances
d that satisfy a quasisymmetric condition, weaker than (1.1):

d(l‘,y) < Cdd(y7x> :

A way to bypass the problem is to set d' (x,y) = d(x,y)+d (y,x) obtaining
an equivalent quasidistance d' that satisfies the symmetry property d' (z,y) =

d (y,z).
The main drawback of property (1.2), compared with the standard tri-
angle inequality, is that it prevents us from writing
‘d(xay) - d(l’()?y)‘ < d(l‘,l’o) :

This, for instance, is why we cannot prove in general that the balls are
open. The lack of the above inequality is partially compensated by a useful
property of quasidistances:

Theorem 1.3 (Macias-Segovia, see [25]) If d is a quasidistance in X, there
exists another quasidistance d', equivalent to d, such that
' (2, y) = d (w0,y)| < cd' (x,20)" [d (x,y) " +d (0,9)" "]

for some constants ¢ > 0, € (0,1], any xo,z,y € X. We say that d' is of
order a.

In view of the above property, without loss of generality we can assume
that d is already of order a (for some a € (0, 1]).
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Throughout the paper we will consider spaces of homogeneous type of
finite measure. By the doubling property, this requirement is equivalent to
the boundedness of the space (see [6]).

1.2. Function spaces

Let (€,d,dz) be a space of homogeneous type of finite measure.

The function spaces we are going to define will depend on a function
¢ : [0,400) — [0,400), which from now on will be assumed to satisfy the
following conditions:

iz ¢ is nondecreasing;

ii: ¢ is doubling:
@ (2t) < cp(t) VE>0;

iii: ¢ satisfies the “logarithmic vanishing estimate”:

t
(1+ [logt|)
for every r > 0,t € (0, 1), some positive constants c, 3.

Note that iii is also equivalent to the following, which will be useful
sometimes:

e (r) c
(15) = (1+ k)’

for any positive integer k,r > 0, some positive constants c, (.
Set:

BMO, () = {f € L'(®) ¢ |l o0 =

1
meS$P>OW /Br 1f (y) = f,] dy < 00}7

where
1

fB. = 77
|B:[ J,

f(y) dy.

(When © is implicitly understood, we will write simply [|f]], ). Since 2
is bounded, there exists R such that for every zy € 2 and r > R we have
B, (z9) = Q. We will call R the diameter of 2. Note that, in the above
definition, taking the supremum for x € €2, > 0 is the same as taking the
supremum for z € 2,0 <r < R.
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For ¢ =1, |||, , coincides with the standard BMO seminorm, denoted
by |||, and we get the classical space “Bounded Mean Oscillation”, intro-
duced by John-Nirenberg in [22]. Note that

1
£l > —55 £l
T e(R)
that is
BMO,, () C BMO (2) C LP(Q2) for every p < oco.
(For the general properties of BM O on spaces of homogeneous type, see [8]).
Let:
||f||BMOgo = HfHMp + ||f||L1(Q) :

We also set LMO (Q2) = BMO,, () if ¢ = 1/|logr| for small r. More

precisely, if R is as above, then LM O (€2) is defined by

—1 - for0<r<R
p(r)=q .
1 for r > R.

Analogously, L2MO () = BMO,, (Q) with ¢ = 1/log®r for small r.
Spanne [32] proves (in the Euclidean case) that if ¢ satisfies the Dini
condition

(1.6) /:@dt@o

then functions in BMO,, () are continuous, with a modulus of continuity

w(r)gc/OT(pT(t)dt.

Conversely, if ¢ is an increasing function such that (1.6) fails, then there
exist unbounded discontinuous functions belonging to BMO,, (2). These
properties still hold in a space of homogeneous type. By Spanne’s crite-
rion, functions in L?2MO are continuous, while functions in LM O may be
discontinuous.

For f € BMO, (), set
1
n(f,0,Q)(r) = xeséffgm/& |f (y) — fB,| dy.

Then, V M O-type spaces are defined by:
VMO, () ={f € BMO,(Q): n(f,¢,Q)(r)—0forr— 0}.

When BMO,, () equals BMO, LMO, L*MO, the spaces VMO,, will
be denoted, respectively, by VMO,V LMO,V L?MO. We recall that VMO
stands for “Vanishing Mean Oscillation”, the space introduced by Sarason
in [31].
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2. Preliminary computations. The multiplication
operator

Let ¢ be as in the previous section, and denote by R the diameter of 2. The
following functions, built up on ¢, well be useful:

Sy (r) = /2R @dta
P =13 é:)(r)
for r € [0, R].
Lemma 2.1 The function S, is nonincreasing on [0, R]; the function ¢
satisfies conditions 1, i, 113 of §1.2.
The proof is a straightforward computation.
Lemma 2.2 For any f € BMO, (), r < R, we have

[logz (2R/7)]

ol <Ufal+ellfl, Do »(@7),

k=1
with ¢ independent of f (where [-] denotes the integral part).
Proof. By the doubling condition

J

J
Z Bk, _fB2k71r SCZ][ ‘f_fB%r
k=1 * Bok,

J
|f = fou | <ed 0 (@) If].,-
BQkT k‘=1

|5,

k=1

Now, for r < R, let j be the positive integer such that 297 1r < R < 27r,
so that j = [log2 T} then fp , = fppand

[10g2 2?]

e Z @(2’“7’).

k=1

|fBr| < |fBR| + |fB2jT
|

From the first line of the proof of the previous Lemma we also read the
following useful relation:

(21) }fBQj'r B fBT
with ¢ independent of 7, r.

< cjllfIl
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Another computation shows that:

Lemma 2.3 There exist constants ', ¢’ such that for every r < R,

[log2 QTR]

¢S, (r) < Z ¢ (2"r) < 'S, (r).

k=1
In view of Lemmas 2.2-2.3, we can write the following estimate, which
will be useful several times:

1f5.| _ I fllsmo,

<c——=
¢ (r) (r)
Let M, : f — af. We now want to study under which assumptions on a
the multiplication operator M, is continuous on BMO,, (€2). We will get a
generalization of the results proved by Stegenga [33] and Li [24].

(2.2)

Theorem 2.4 Ifa €eL*NBMOg (), then M, maps BMO, () into itself

continuously. More precisely:

faflop < e {lall 11l + a5 Flaco, }-
Note that BM Oz (2) € BMO,, (Q2); for instance, if ¢ = 1, then ¢ =~
1/ [logr| and we get Stegenga’s result: LMO N L* multiplies BMO.
Proof. Following [33], p.582 we have

‘]ér |af_ (af)Br‘ - ||];§:” 5. |a—aBT|

szé|MU—f&«

Dividing both members for ¢ (r) and applying (2.2) we get

frar=tan | <28 L 1r— al s Wllowo, 55 £, lo-an

_C{Hamprmw-FHﬂhﬁﬂfHBMow}-

Lemma 2.5 (John-Nirenberg type) For any f € BMO,, (2), a € BMOg ()
and 1 < p < o0,

1 1/p

S (fr-sal) el

/5, v

Lo (f la=an ) <elflomo, lall s
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Proof. The second inequality follows from the first and (2.2). The first fol-
lows from the standard John-Nirenberg inequality (see [8]) and monotonicity
of ¢. Namely, let B denote any ball and r (B) its radius, then:

1 A7
s (L) = e Lo

1
< e sup m]{gv—m <clfll....

BCB,

|
Corollary 2.6 In BMO, (%), with Q bounded, all the norms

[f1ls + [LfIl, (for 1 <p<o0)

are equivalent.

In the following we will often apply the multiplication theorem (Theo-
rem 2.4) to a “smooth” function a. This is possible in view of the following
fact: if a is any smooth function and ¢ satisfies the “logarithmic vanishing
property” (1.4), then a belongs to VMO,. More generally:

Lemma 2.7 Let a be a Holder continuous function on a space of homoge-
neous type X :

la () —a(y)| < lalca - d(2,y)
for any x,y € X, some a > 0. Then a € VMO, for every ¢ satisfying the
assumptions in §1.2. Therefore, a multiplies BMO,,:

lafll., < c{llallc 1Sl + lalca | Fllsso, } for any f € BMO,.

In the Euclidean case, for the standard BM O space, the last estimate is
known (see Lemma 3.2 in [36]).

Proof. By continuity of a, ag, = a (%) for some T € B,. Then
1 T

@) T 10T =G0

by (1.4) |

We end this section with some miscellaneous estimates, involving balls
and “radial” functions, which hold in a general space of homogeneous type,
and will be used over and over in the following. The techniques used in
the proof of these estimates are standard, except for the presence of the
function .

— 0 for r — 0,
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Lemma 2.8 Let X be any space of homogeneous type. Then

d(z,y)"
a. dy < cr® for any 3 > 0;
/xy<r |B( )’

d —B
b. / M dy < er ™" for any B> 0;
d(z,y)>r ‘B (37,@/)‘

for every locally integrable f

1 / d(x
c. f W) = few| dy < e ||,
S oy e 0 Friol 01,
for any 8 > 0;
e 1)~ fn| dy <)
0 (1) Ja@yy>r d(z,9)" |B (2;)] #
for any B >0,

where all the constants are independent of r > 0.

Proof. We will prove c, the other proofs being similar or easier.

1 d(z,
o (r )/dm,q |B(ac Y | |f fBr<m>| dy

— 170)2/ d(@ ’ }f — [ dy
1

¥ —0 VY 27F " tr<d(z,y)<2=Fr |B Ty
+oo

@(T)Z(Q 7“) B (z, 21k1 ‘/ka)f(?J)_fBT(m)}dy

c X kP ¢ (27Fr) B
2_(2) <s0(2"“7“) ]i(m—kr)‘f(y) Iy,

p(r) =

(as in the proof of Lemma 2.2, and since ¢ is nondecreasing)
+o0 _k k i
o [ (270) p(27r)
<erf) 27 + 171,
2 ( ORI ”

—+o00
< S @4 k) If]L, = e I/, -
k=0

IN

IN

dy + |fBz—kr
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3. Continuity of singular and fractional integral opera-
tors on BMO,

Definition 3.1 Let (X,d,dz) be a space of homogeneous type.

We will say that a measurable function k (z,y) : X x X — R is a standard
kernel on X if k satisfies the following properties:

(3.1) |k (x,y)] < for any x,y € X;

[B (z;9)]
( “growth estimate”)

B . C d(l’o,l’) ’
(3.2) k(2. y) =k (z0,9)] < B (20; )] (d(:cmy))

for any xo,x,y € X, with d(xo,y) > Md(xo,z), M > 1,¢,8 > 0 (“mean
value inequality”).

We will say that K is a Calderon-Zygmund operator on X if:
1. K is continuous on LP (X) for 1 < p < oo,

2. there exists a standard kernel k (x,y) on X such that for every f € LP,
we have:
K (e) = PV. [ klay) f () dy
X
Remark 3.2 If condition (3.2) holds for some My > 1, then it holds for any
M > My. We can assume M large enough, so that the condition d (zg,y) >
Md (zg,x) implies that d (zo,y) ~ d(z,y). We will use systematically this
equivalence. Also, just not to use one more constant, we will assume that
this “large” value of M s 2. This means to assume that the constant cg4
in (1.2) is < 2. The reader will excuse this little abuse of notation.

Let K be a Calderén-Zygmund operator on a space of homogeneous type.
Then, it is easy to prove (see below) that

(3.3) K :L*®(X)— BMO (X).

For classical Calderén-Zygmund operators, (3.3) is a well-known result (see
for instance [34], pp. 155-157). It is much less easy to prove that

K : BMO (X) — BMO (X)

(3.4) K : BMO, (X) — BMO,, (X).
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In the classical case, (3.4) holds on X = R"™, provided K is of convolution
type (see Peetre [27]). We will prove (3.4) for any Calderén-Zygmund
operator on a space of homogeneous type of finite measure, provided the
kernel satisfies a suitable cancellation property.

Lemma 3.3 Let us define the functions 0, : [0, +00) — R:

1 for0<t<1
nt)y=9¢2—t for1<t<2
0 fort > 2;

Y (t)=n(t) —n(2t);
set:
Vi (z,y) = (27d (z,y)) = n (277d (2,y)) —n (277" d (2,y)) .
Then:

Ry 1 forx#y
(35) jzzoo 'ij (aja y) - {0 f07“ x=y;
(3.6) 95 (@,y) — ¥ (z,9)] < 2777 d (z,y) — d (2,9)]
(3.7) Vi (2, y) #0 only if 2271 < d(z,y) < 2711

The proof is immediate from the definitions.

To prove the BMO, continuity of K on spaces of finite measure, we
proceed as follows. Let

kj (l‘,y) =k (l‘,y) %’ (l',y>
with ¢; (z,y) as in Lemma 3.3, and
Kif (@)= [ b o) 7 ) dy
X
so that

(38)  Kf(x) = PV. /X k(e y) f () dy

= Y [hnswa= Y Kiw),

j=—o00 j=—o00
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Theorem 3.4 Let K be a Calderon-Zygmund operator on a space of homo-
geneous type (X, d,dx). Then

(3.9) IS < ellfll

Moreover, assume that X has finite measure and the kernel of K satisfies
the strong vanishing property:

(3.10) / ki(z,2z) dz =0 for everyz € X, i € Z
X

with k; as above. Then

(3.11) 1K flly < cllfll.e-

Proof. First of all we observe that:

][ |f (x) = [B,|dx < 2][ \f (z) — 7] da.
Br(z0) By (zo)

Therefore, to control a BMO,, norm it is enough to control the integral in
the RHS with a suitable 7. We first prove (3.9). For any ball B, (z) we can
estimate:

(3.12) ]{B( )|Kf(x)—7]dx§

(choosing 7 = fBC ok (z0,y) f (y) dy (where B¢ denotes the complement of B;))

K d dyde =1+11.
< L1 (e '”][T/ (2.9) — k (20, 9)| | ()| dy do = T+

Then, by Holder, LP continuity of K and the doubling condition:

1/p 1/p
zs( |K<fxB2r><x>|pdx) s(][ |f(9:)|pdl’> < cllfll
BT BZr

while

1
Ilgcfoo][d:c,xadx/ —
I loe 7, d@oo)dr | B G m)d@oy)

by (3.2) and Lemma 2.8b. This proves (3.9).

Proof of (3.11). Since, by assumption, K is bounded on LP, and the
series in (3.8) converges, for any p € (1,00), f € LP,

dy < c| fll

ko

> Kf

Jj=—k1

sup
k1,k2

p
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Then, Banach-Steinhaus’ theorem implies the uniform estimate:

k2

> K;f

Jj=—k1

(3.13)

<cllfl,
p

for any p € (1,00), for some ¢ independent of f and ki, ks > 0, any f € LP.
Recall that

k; (z,y) # 0 only if 207" < d(z,y) < 2/t

de < ! ][
@ (r) By (z0)
L ][
@ (r) By (z0)

We will bound the two terms separately. Consider first the case 2972 < r.
Then:

Let us write:

—+00

70 Jol

Kif(z)—7

> Kif(x)

P 1/p
dx
2i—2<r

Z Kif(x)—7

202>y

dz.

J=—k1 J=—k1
(by (3.10))
k2
~ [ k) - aldy -
X Jj=—ki
(if # € B, (z0), d(z,y) < 27 < 8r; d(z0,y) < cq(r+ 87) = 9cgr)

ko

_ /B » > ki) [ ) = oldy = 3 K5 ([ (4) = o] X)) (@)

j=—k1 j=—k1

so that, by (3.13):

/I;T (zo)

and, choosing o = [, ()

2 17“) ( ]Z;r(mo)

by Lemma 2.5 and since ¢ is doubling.

> Kif(x)

Jj=—k1

P
dr < / () —ol" dy
Bcr(mO)

P 1/p
daz) <clfll..

Y. Kif(@)

§:29-2<r
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Let now 2=2 > r. Then
K f (2) = K f (o) = /X ks (2,) — by (20, 9)] [f () — 0] dy

with o; to be chosen later. Let 7 =) K;f (%), then

j:20=2>p

goir)]i Z Kf (z) —7|dx
P “h | s w01 ) =l dy
WW{B )d@"/me —dy (20.9)| [k (z0.9)| f (4) — o] dy

= A+ B.
To bound A, we note that since 1; (z,y) # 0 only if d (z,y) > 277!, we have:
d(z,y) > 2771 >2r > 2d(x,2¢),

therefore we can apply the mean value inequality (3.2); moreover, since
d(x,y) > 2771 implies d (xg,y) > 2/~ we can write

¢ p(c27h) / |f (y) — oy
AL ][ (x,m9)" dx E o dy
© (1) JB, (o) 0) o (c2i71) d(zo,y)>c2i-1 A (70, y)" | B (z0;)|

27— 2>r

(choosing 0; = fp_,; ,, by Lemma 2.8d)

ST e@hL,

v ji20=2>rp

IN

We now exploit assumption (1.5) on ¢. Let jo = [log, 47]; then

0 (02‘7_1) < cp (2j> = cp (Qj—jo . 2jo)
<c(l+5—j0)" 0 (2°) < c(L+j —jo) ¢ (4r).

Hence
4r = Cia .
A<er @Iy b S e (14— ) <
SO(T) Jj=Jjo

[e9]

<ot (g 22 flL < e I f L = el L, -
7=0
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To bound B, recall that, by (3.6) and Theorem 1.3,

b (2, ) — ¥; (o, y)| <277 |d (2,y) — d (0, )|
S C2_jd<x0>$)a [d ('1707?/)17& + d(l}y)lia} :

We claim that the previous inequality can be improved as follows:

(3.14) (05 (2, y) — 5 (20, 9)| < 279 (w0, 2)* d (20, y)" ™"
Namely: if d(zg,y) < 27! and d(x,y) < 277!, then the left hand side
vanishes. Otherwise, since d (xg,2) < r < 2972 we can write

d(z,y) < ca (277 +d(20,7))

Now, if 2771 < d (zg,y), the last inequality implies d (x,y) < cd (z,y), and
the claim is proved, while if 271 < d (z,y) the last inequality implies
d(2,y) < Fd(2.y) + cad (z0.9)
and recalling that ¢; < 2 (see Remark 3.2), this again means that d (z,y) <
cd (3707 y) :
From (3.14) we have:

- f (y)_fB '71‘
B<— 2]][ xm)adx/ d(a:,y)la} -
2 Y |B (20, )

292>

dy

(by Lemma 2.8¢)

oo

C i« . . 11—
< > 279 (27 (27 TSI
so(f)j =
S o (2) IfIl,, <cllfll,,
J =jo

where in the last inequality we have exploited (1.4) as in the estimate of A.
Finally,

>t

90 By (z0)
: ( [y >
< K,/ (x ) =1 Kl (o
@( (zo) | g5— 2<p QO (z0) |gj— 25y
<cl|fll,,-

[ |
We will need also a similar result for fractional integral operators on
spaces of homogeneous type.
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Theorem 3.5 Let X be a space of homogeneous type of finite measure, and
let ko (x,y) (for any o € (0,1)) be a “fractional integral kernel”, such that:

3. k)a x, > ;1—04
(3.15) felowl = gy

N B . C d(iCo,lU) ’
(316) |ko¢< >y) ka( O’y)‘ S |B (_ro;y)‘lia (d(ifoa?/)>

for some positive constants c, 3, any xo,x,y such that d(xo,y) > 2d (zg, ).
Assume that the space satisfies the following geometric property (a kind of
“reverse doubling condition”):

| By ()] <7”)'y
3.17 — = <c|—
17 B, =\,
for any r,rq with r < ro < R, some positive c,~y. Let

gﬂm:/mmwﬂw@

Then

||IafHBMO¢ <c ||fHBMO¢ :

Remark 3.6 a. For the standard BMO space (that is, ¢ = 1), from the
proof below, the following estimate can be obtained:

Hafll. < ellfllpa-

This theorem is well known in Euclidean spaces (see for instance 6.29 p. 221

b. Note that, in a general space of homogeneous type, property (3.16) does
not hold automatically for the “natural” kernel ko (z,y) = |B (z;y)|*"", but
has to be required axiomatically. (See [3] for a discussion of this fact and
how this problem can be sometimes bypassed).

c. Condition (3.17) holds, for instance, if (X,d,dx) is a space with no
“atoms”, which satisfies “condition P” stated in [3], [7]. Assumption (3.17)
could be weakened, but here we are not interested in stating these results in
their full generality.
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Proof.

= A+ B,

having chosen
T =/ ko (2o, y) f (y) dy.
d(zo,y)>2r

Now,

AL ! ][ / )’ ———o—dydx
()0 T (z0) Jd(z,y)<cr |B ’
Lf W)l
Wy da
(7“ ]{9 mo),;/ <z |B(z9)|

( ][Bcr (=)

ok

o ¢ (5F)
c ‘BL x ‘ fll, ,dz+
f()Z 0 E2 .,

+c ][ Z ‘BE—L (x)’a ‘fB"Tk’dx
»(20) ’

— o (r)

IN

AS)

| A

f (y) - fBﬂ

ok

dy +

Is.,

ok

i

T IO)

IN

- Cl +Cg

Since ¢ (%) /o (r) < ¢, by (3.17)

o <clfl.. Ji B @ e < o7 ]
r{(Z0

for some positive 7. By Lemmas 2.2 and 2.3,

7ol < e (U + 171 S0 (55) )

S, (;7) - //2: ‘pT(t)dt < ¢ (2R) [log (?) + klog 2}

Since



EsTIMATES OF BMO TYPE 531

we can write

OQSchHl]i( ﬁ)dx
0 (2R) 2R\ ax~ K
relfll, 2 Jim) llog (—) 1B, (=) 22—] da

< S+ e e o (2 w1 171,

By (1.4), #1) and %@(QR) log (i—R) vanish with r. Hence we have
proved that

A<w(r)|Ifl.,
with w (r) — 0 for r — 0.
To bound B:
B S ¢ ][ d(:l'o?l')ﬁ dZC/ |f (y> _ le_2;| + |fB2T!de = D1 -+ DQ.
@ (r) B (0) d(zo,y)>2r | B (w035 y)| d(xo,y)

By Lemma 2.8d,

*7Lp ’

Disef doafdzlof Ifl. <clor ]
BT(IO

by (2:2),

1 1
D, <l f ot L dy
EMOe & (r) Ji.(wo) dwow)z2r | B (zo;y))' ™" d (20, y)"
(with 2% ~ R/2r)
rd / 1
— dy
o (r )Z1 E o)<y |B (20;9)] " d (0,7)°
Tﬁ o, % ¢
<CHf||BMO¢,g0()Z| ( 2)‘ :

B
= (&)

To conclude the proof, we have to show that the function

r? B (w0, 3))]
NT); ()"

is bounded for small r (actually, we will show that it vanishes with r).

=

< CHf“BMQ,,

<.
||

Sy
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Since, by Lemma 2.1, the function ¢ satisfies the “logarithmic vanishing
property” (1.4), it will be enough to show that the function

k R\ ™
B Zo, 57

o=y Bl
- (&)

vanishes like some positive power of r, for r — 0. To see this, we ex-

ploit (3.17):

a k

6] |B ('1707 R)‘ j(B—a)

g(r)<r — ZQ :

j=1

We now distinguish the three cases:

i. 0—ay=-9<0. Then

5|B (o, R)|"

g(r) < T <

ii. 8 —ay =4 > 0. Then, recalling that 2¥ ~ &

B « B a B—ary
g(r) < rﬁ’ (ZL}%vﬁR” J2k < crﬁ‘ (:Z%%R” (E) 10g, E

B (xo, B)|

(6%
< cro‘7| log, — < er®™¢
r

Re
for any € < ary, and small r.
iii. # —ay=0. Then

B @ B @
g(?") < T’ﬁ‘ (Z.R?’QR)’ k< CTﬁ’ (x[?i’ﬁR)‘ 10g2§ < crP—e

for any ¢ < 3, and small r.

Therefore

Dy <c ||fHBMO<p

for small . This finishes the proof. [ |
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4. Applications to uniformly hypoelliptic operators

4.1. Some geometric preliminaries

Let ©Q be a bounded domain of R™ (throughout this section the word
“bounded” always refers to the Euclidean metric), and let X7, Xs,..., X,
(¢ < mn) be a system of smooth real vector fields defined in a neighborhood €2,
of € and satisfying Hormander’s condition of step s in €2,. Let d be the
Carnot-Carathéodory distance induced in €2 by this system (see for instance
[26] for the definition of d). For € Q, let B, (x) = {y € Q, : d(z,y) <7r}.
It is well known (see [26]) that there exist positive constants c,rg,cy,co
depending on €2 such that:

(4.1) | By, ()] < ¢|B, (x)] for any x € Q,r <1
(4.2) elr —yl <d(z,y) < cylz—y|"* for any z,y € Q.

In order to apply to this context the abstract theory of spaces of ho-
mogenous type developed in §§2-3, we need to know that in (Q,d, dx) the
doubling condition holds. Explicitly, this means that

|Ba () N Q| < ¢|B, (x) N Q| for any z € Q,r > 0.
This requires some regularity property of 0€2.
Definition 4.1 Under the above assumptions, we say that ) is d-regqular if
B, ()N Q| = ¢|B, (z)
for every x € Q, 0 < r <diam(f2).

If d is the Euclidean distance, the above property holds, for instance,
if 2 is Lipschitz, or satisfies a uniform inner cone condition (i.e. outer cusps
are not allowed); if d is the Carnot-Carathéodory distance induced by a
system of Hormander’s vector fields, then the metric balls can actually have
cusps (from the Euclidean point of view); nevertheless, they turn out to be
d-regular:

Lemma 4.2

i. Let Q = Bgr(x9) C Q, be a metric ball. Then, B (zo) is d-reqular.

ii. The union of a finite number of d-reqular domains in 2, is d-reqular.

iii. If Q is a bounded d-reqular domain in Q,, then (Q,d,dx) is a space of
homogeneous type.
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Proof.

i. First of all, note that (4.1) holds for any r. Indeed, for r > r¢

|B2r (:C)‘ ’Qo’
B, (1)) = B (@) =

because, by (4.2), inf,cq | By, ()] > ¢ > 0.

Let Bg (z9) be a metric ball, x € By (xo), d(z,20) = p < R. Assume
r < 3p and let 7y : [0,1] — Bgr (z¢) be a subunit curve, connecting z, to z,
of total length £ (y) < p+ %. Let 1 be a point of vy such that the arc of v

connecting xo to 1 has length p — ¢ (and therefore the remaining part of
that connects x; to x has length strictly less than %r) It follows that:

r

d(zg,x1) <p—§

d( )<g
T1,% 3"

Then
Br/g (1'1) C Bg (1'0) N B, (l’) .

Namely, for z € B, 3 (x1) we have:

(e < dlon ) o3 <=4 = < B

2
d(z,z) <d(z,21)+d(z1,2) < g - 3 ="
But then, by (4.1),
|Br (o) N By (z)| = |Byys (21)] = ¢|Ba (21)| = ¢|B, (2)] .

If r > 3p the previous argument works taking x; = x.

ii. Let 1,5 be two d-regular domains, and pick x € €3 U Q5. Then,
assuming for instance that x € )y,

By () N (4 U Q)| = By (x) N[ = ¢| B, (x)],
because (; is d-regular. The same reasoning holds for n sets.
iii. Let z € (), then:
By () N Q| = ¢|B, (2)| = ¢|Bay (2)] 2 ¢[Bar (2) N Y

where the first inequality holds because () is d-regular, the second
by (4.1). [
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Remark 4.3 In the proof of the previous Lemma we used only the definition
of Carnot-Carathéodory distance as the infimum of the length of paths con-
necting two points, without requiring the existence of a minimizing geodesic,
that can be guaranteed only under stronger assumptions. See e.g. [2] and the
discussion on pp. 1086-7 of [19].

If Q2 is d-regular, the space BMO,, (2) is defined, explicitly, by the seminorm:

T !
= Ssu
P xGQ,vp>0 |Br (37) N Q‘ 2 (7”)

[ 1@~ frcal dy
B-NQ

When € is implicitly understood, we will simply write B, (z) for
{yeQ:d(z,y) <r}.

In this context, we will need several basic facts relating BM O, spaces
and norms relative to different domains of R™. These facts are contained in
the following important lemma:

Lemma 4.4 Let us consider the space of homogeneous type (2, d, dx), where
Q is a d-reqular, bounded domain of R™.

i. Let ' be a d-regular subset of 2 such that, for some p > 0 and
Xg € Q,
Q' C B, (zo) C Bs, (z9) C .

Then, for every f € BMO, (Q),
(4.3) 11l g < en(f,0,9) (2p).

In particular, if f € VMO, (), for every e > 0 there exist py such that for
every p < po and €Y as above, we have

(4.4) 11l < e
ii. If Q' is any d-regular subset of €2, then
(4.5) 1100 < €l f 1l
iii. If sprtf C B, (x¢) with Ba, (x¢) C €, then
(4.6) £l p00 < cllf1im,, -

iv. Let B}, B? be a pair of (nondisjoint) balls of same radius, with B}, U
Bi C Q. Then for any f € BMO, (Q),

(4.7) ||f||BMO¢(B}UBT2) < C{HfHBMOq,(BiT) + HfHBMOq:(BET)} :



536 M. BRAMANTI AND L. BRANDOLINI

In the Euclidean case, for the standard BMO space, (4.5) has been
proved by [36] (see Lemma 2.1 p.357).

Proof. Observe that (4.4) follows from (4.3). To prove (4.3), let x € 0.
Then By, (z) D €, hence

1
T / 1 (9) = fonor| dy.
BN

zeQ r<2p |Br (LU) N Q/‘ 2 (T)
Now,

1
|B, () N Y| ¢ (r) /Brrm/ \f (v) = fB,rer| dy

2
< T TN TRE Jper ! 0T

< W . \f () — fB.| dy

(since B, (z) C B3, (z9) C 2 for r < 2p,)
<en(f,, Q) (r) < en(f, e, ) (2p),

that is (4.3).
To prove (4.5), pick z € ' and r <diam(£?'). Since

|B, ()N QY| > ¢|B, (x)] > ¢|B, (£) N Q]

we have

1
1B, (z) N QY] ¢ (r) /B o 1f () =[] dy
2

ST TR o0~ o

C
e o T faal dr < clfl .

To prove (4.6), pick By () with z € Q. If x ¢ By, (z9) the quantity

1
’BS (ZU) N Q’ © (3) /Bs(m)rm ‘f (y) - fBS(x)ﬂQ| dy

does not vanish only if B (x) N B, (z0) # 0, which implies s > r, but then
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it is bounded by

2
| B (« )mngp( )/B xm\f( y) — fs,] dy

=1B.(0) OQW {/ |f (y) = fo.| dy +|Bs (x) Q20 By ]élf(y)!dy}

|B,| 2 B 2
STACLIEG Brlf(y) fBrldy+¢(r) Br\f(y)\dy

< {1l + 1oy } < e lmaro oy

since

|Bs (x) N Q| > |B. () N Q| > ¢|B, (x)] > ¢
for r fixed and x ranging on ).

On the other hand, if x € B,

1
|Bs () N Q| (s) /Bs(oc)mQ ’f (y) — st(m)mQ‘ dy

2 /
S f Yy _f (T »
B 0) 0 B @)l 7 ®) S o, |} ) ™ Fmetom:
2 |B, (z) N QN B3|
* - f)ldy
B@ o) 1B @Bl Jpone” Y

< (W s + 1701} < W srs0, 80

The last inequality holds by the following argument:
if Bs (x) N B, =0, then

/ |f ()] dy = 0;
BrNBs(z)
if By (x) N BS, =0, then

dy+

|Bs (x) N QN BS,.|=0;

if B (z) intersects both B, and BS,, then s > r/2 and | B, (x) N Ba, (x0)|
is bounded away from zero; therefore
2 |Bs (x) N QN BS,|

|Bs (z) N Q@ (s)  |Bs (2) N By Jp.npu)
2

T Jy N €l

|f (y)| dy
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To prove iv, let (; (i = 1,2) be smooth cutoff functions such that
sprt ¢; C B, (1 4+ ¢ =1 in B} U B2 Then

1 a0, srupzy < W fCllao,sromz) + 1 Gllsaro, (srusz) <
(by (4.5))

< {1 lmaro,(yom) + 1 Gllmmo,(mom) } <
(by (4.6))

< C{“fClHBMOg,(BA}r) + ||fC2HBM0¢(BET)} =
(by Lemma 2.7)

< e {Wllro, (5,) + 1o (o5, }-

4.2. Local estimates for uniformly hypoelliptic operators

The main goal of this section is to prove local BM O -estimates for a class of
“nonvariational uniformly hypoelliptic operators” that have been introduced
by the authors in [4] and [5].

Let X, Xy, ..., X, be a system of smooth real vector fields defined and
satisfying Hérmander’s condition in a bounded domain 2, of R" (n > q).
Let Q C €, be a d-regular domain (see §4.1). We introduce the Sobolev
spaces S*? induced by the vector fields X; by:

q q
1 sz = 1o+ D IXefllo + D 1K X5l
i=1

ij=1

Let now ¢ be as in §1.2 We say that f € S%¥ (Q) if

q q
1 200y = I llseaay + 11 + D IXif Il + D IXGXGS 1, , < oo
=1

ij=1
Finally, for any norm ||-|| we will write:
q
IDA = Do IXif
i=1

12l = > I X-

1,j=1

We can now state our main result:
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Theorem 4.5 Let Xy, Xy, ..., Xy, be as above, and consider the differen-
tial operator

q
E = Z aij(iC)Xin
ij=1
where the symmetric matric a;j(x) satisfies the uniform ellipticity condition
(on R?):

q
plEP <) ay(0)&g < ptgP
ij=1
for every £ € RY, a.e. x € Q and some positive constant p. Also, assume
the coefficients a;; to be continuous and to belong to VMOgz () (where ¢
and ¢ are defined as in §1.2). Then the following estimate holds:

1oy < e { 1L ooy + 1 asonio |
for every f € S?%(Q), V' cC Q, Q and Q' d-regular.

Remark 4.6 The assumption a;; € VMOgz () is fulfilled whatever ¢ is
if, for instance, a;; have a continuity modulus which, with respect to d, is
o(1/logr|®) for every a > 0. For ¢ =1, it is enough to require the conti-
nuity modulus to be o (1/ |logr|). This, in turn, holds for instance if the a;;’s
are Dini-continuous.

The proof of this result will be achieved throughout this section. We shall
use many of the results proved by Rothschild and Stein [29] as well as some
of the results in [4], [5]. From now on we shall therefore assume the reader
familiar with [29]. Also, we will strictly follow notations and definitions as
introduced in [5].

As a first step we apply Rothschild-Stein’s “lifting theorem” (see Theo-
rem 1.1. in [5]) to the vector fields X;. We obtain new vector fields X; which
are free up to order s and satisfy Hormander’s condition of step s, in some
domain Q@ C RY, with N >n. For £ = (z,t) € Q, x € R", t € RV set
’dij (I‘,t) = Qi (I) and let

q
L= a;(©)X.X,
ij=1
be the lifted operator, defined in Q.

Since most of the proof of Theorem 4.5 will involve the lifted vector
fields X; and the lifted operator £, living in R”, instead of the original vector
fields X; and operator £ living in R", we change for a while our notation,
denoting by S%P, S2¢, etc., the Sobolev spaces induced by the X;’s, for
functions defined in RY.
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The main steps of the proof of Theorem 4.5 are summarized in the fol-
lowing two theorems:

Theorem 4.7 There exists r > 0 such that for any f € S?>%(Q), f com-
pactly supported in some ball B, C €2,

489 Whowwn < 2], 0 * W laworion -

Theorem 4.8 For every f € 5%¢(Q), Q' cC Q,

+ ||f||BMo¢(Q)} :

The proof of Theorem 4.7 is based on a representation formula for sec-
ond order derivatives of f, which is derived from the “parametrix formula”
of Rothschild-Stein. To handle the variable coefficients a;; we use a ver-
sion of “Korn’s trick”, which exploits the continuity of the coefficients (and
represents one of the major differences from the line followed in [5]). The
representation formula we get involves some integral operators, which we
show to satisfy the assumptions of the theorems in §§2-3.

Theorem 4.8 follows from Theorem 4.7 using cutoff functions and suitable
interpolation inequalities for Sobolev norms. For technical reasons which
will be explained later, the proof of these interpolation results significantly
differs from the analogous estimate contained in [5].

(4.9 £l < {7

52:¢(9Q)

4.2.1. The parametrix formula

Here we recall some facts and notation used in [5]; this paragraph can be
skipped by the reader who is already familiar with this paper.

By Rothschild-Stein “approximation theorem” (see Theorem 1.6 in [5]),
we can locally approximate the vector fields )?, with left invariant vector
fields Y; defined on a suitable homogeneous group G' (which is actually RY
endowed with a suitable group structure). This approximation is expressed
by the following identity which holds for every f € Cg° (G):

X (f (0 () () = (Yif + BT ) (©¢ ()

where @5( ) = ©(&,n) is a local diffeomorphism in RY, and the vector
fields RS are remainders in a suitable sense > (see [5]).
Next, we freeze L at some point &, € Q and consider the frozen lifted

operator:
q

Lo= Z 51’3‘(50))22')(]'.

ij=1
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To study ENO, we will consider the approximating operator, defined on G:

q

Ly="Y (&)Y

ij=1
which, by [18], has a fundamental solution, denoted by I" (&, -), which is ho-
mogeneous of degree 2 — (), where () is the “homogeneous dimension” of G.

Let us recall the key definition which describes the singular and fractional
integral operators which appear in this context.

Definition 4.9 We say that k(£o;€,n) is a frozen kernel of type £, for some
nonnegative integer £, if for every positive integer m we can write

Hp,

k(&0 &m) =Y _ai(©)bi(n) [DT(€: )] (O(n,€))+ao(€)bo(n) [Dol (&0 )] (O(1, €))

i=1

where a;, b; (1 =0,1,... Hy,,) are test functions, D; are differential operators
such that: for 1 = 1,...,H,, , D; is homogeneous of degree < 2 — { (so
that D;I'(&o; ) is a homogeneous function of degree > £ — Q), and Dy is a
differential operator such that DoI'(&; ) has m derivatives with respect to
the vector fields Y; (i=1,...,q).

We say that T(&) is a frozen operator of type ¢ > 1 if k(&y;&,1m) is a
frozen kernel of type ¢ and

T(0) () = / K(Eo:€.m) F(n) dn;

we say that T'(&y) is a frozen operator of type 0 if k(&o; €, 7m) is a frozen kernel
of type 0 and

T(&0)f(€) = PV. / K(Eo:€.m) £(n) di + o (60,€) £ (€).

where a is a bounded function, smooth in & for any fized &.

Next, we recall the basic “representation formula” which holds in this
context (see Theorem 3.1 in [5]).

Theorem 4.10 (Parametriz for Eo) For every test function a, every &g,
there exist a frozen operator of type two, P(&), and ¢* frozen operators of
type one, Si;(&), (1,7 =1,...,q) such that for every test function f,

(4.10) P(&)Lof(€) = al&) (&) + Y @ij(&) Sij(&0) F(£).

1,j=1

We remark that the above formula holds for any compactly supported
function f € S%P, not necessarily smooth.
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4.2.2. Representation formula for second order derivatives and
proof of Theorem 4.7

We are going to derive from (4.10) a representation formula for the second
derivatives X; X ;f that will be the starting point to get our estimates. Note
that in the following reasoning we will leave the point &, frozen.

Taking the derivative )N(Z)N(j of both sides of (4.10), writing £, = £ +
(ZO _y ) and exploiting the properties of the composition of differential
operators with operators of type ¢ (see Lemma 2.9 and Theorem 2.10 in [5]
for details), we get the following:

(4.11) X3 X [a(€)f(E)] = T (&) LF(E)+
LT (&) ( S [ (6) — iy () )z-)?jf) (6)+

1,j=1

= >l (L1 6% + T 6)1(6) ).

4,j=1

In the above formula, all the operators T, Tlij are of type 0.

We are going to use the following fact, which will be proved at the end
of this paragraph:

Lemma 4.11 If T (&) is a frozen operator of type 0 or 1

1T (&) fHBMO(p(BT) <c Hf”BMO(p(Br)

with ¢ independent of &g.

In this context, the structure of space of homogeneous type which is more
natural to consider, is that introduced by Rothschild and Stein, who defined
the following quasidistance:

d(&n) =119 ()],

where ||-|| is the homogeneous norm on G (see [29]). Unlike the Carnot-
Carathéodory distance, introduced in §4.1, which is defined globally, d is
defined only locally. However, the two distances are locally equivalent, and
it is therefore irrelevant to assume any of the two in the definition of the
function spaces BMO,,, 5?%, etc.; in particular, in view of this equivalence,
we will also employ the results of §4.1. Also, we note that the Rothschild-
Stein’s quasidistance d is involved only in the proof of Lemma 4.11, which
is established for small balls B,. In the remaining parts of this section we
shall use the Carnot-Carathéodory distance.
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Proof of Theorem 4.7 We start writing (4.11) for f € SZP (B,(&)),
with 7 to be chosen later, and a € C§° with a = 1 on B,(§). Assume that
the continuity moduli of a;;’s are bounded by w (r). Then, taking BMO,,
norms of both sides of (4.11), applying Lemma 4.11 and Theorem 2.4, we get:

R -l

BMOy(By) BMOy(Br)

q
+e 3 gl 5p, +w ()}
ij=1

q
%t
{855 * 71}

where we used w (r) to bound the term [[a;;(§) — @ij ()|l (5, that comes
from the multiplication Lemma.

Since a;; € VMOg () with Q D Bs,, in view of Lemma 4.4i, for r small
enough we can write, by (4.11):

BMO,(B,)

q
412) |%%| 27 %]
( ) #Xnf BMOw(B) / BMO, +; f BMO,(By)

T }

Next, we want to get rid of the term H)N(lfHBMO (5, I (4.13). To do

this, we start again with (4.10), take only one derivative X; and reason like
above, getting:

X5 [al€) F()] = S (&) LF(E) + S (&) (Z [@5(€0) — @ij (-)] Ei@f) €)

(4.13) - Z ai5(&0) T (€0) f(£)-

In the last formula, S (&), T% (&) are, respectively, frozen operators of
type 1, 0.
Taking BM O, norms in (4.13) and substituting in (4.12) we get

%% ] 1,

SC{‘

NG AP

BMO,

||f||BMo¢<Br } +e[ |

BMOy(By) BMOy(Br)
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with € small for small r. Hence we conclude:

(4.14) i C{HcfH HfHBMow(B,«)}

for r small enough. [

BMO,(By)

Proof of Lemma 4.11 Let T (&) be a frozen operator of type 0. This
means that:

(&) £ () = o (&) B(E) £ (€) + PV / k(Eo:€.m) (n) dn

where a (&) is bounded and 3 (£) is smooth, therefore, by Lemma 2.7, the
operator

fr=al&)Bf

maps BMO,, in itself continuously, uniformly in §y; as to the singular ker-
nel k, we can rewrite it in the following way:

k(&o; €,m) = a(§)b(n) [DT(&; )] (©(n,€)) +
+ Y ai(©)bi(n) [DiT (&o: )] (1, €)) + ao(€)bo(n) [Dol (03 )] (B(n, €))

where:
- a,bya;, b; (1 =0,1,... H,) are test functions;

- D is a differential operator homogeneous of degree 2, so that DI'(&p;-)
is a homogeneous function of degree —Q);

- D, are differential operators such that: forv=1,..., H,,, D; is homo-
geneous of degree < 2, so that D;I"(&;-) is a homogeneous function of
degree > —Q);

- Dy is a differential operator such that DoI'(&p; -) has m derivatives with
respect to the vector fields Y; (i = 1,...,¢q).

We now consider the most singular term:

k(§,m) = a(§)b(n) [DT(&o; )] (O(n, £))

and split it as follows:

_ a(§)b(€)e(€) [DI'(&o; )] (O(n,€))
Fem = EEIE)
a(§)b(§) [DT (§o; )]( (n.€))

+a() [b(n) - b(é)] [ ['(&; )1 (©(n,€))

+

= kO (57 77) + kl (57 77) + kQ (5’ n)
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where ¢ is the function appearing in the formula of change of variables (see
Theorem 1.7 in [5]):

u=0(&n); dn=g(&u)du; g(§u)=c(§)L+0(ul)).

The key properties of the kernels k; are: kg is singular, but satisfies
a strong vanishing property, whereas ki, ko, are locally integrable, that is
define fractional integral operators. Namely:

/ %@mwmza@w@w@[/ VYT (s w)du = 0
r<p(&mM<R r<|lul|<R
(see Theorem 2.4 in [5]) while

a(§)b(&) [DT(&o; )] (©(n,€))
9(&0(&n)

[9(§,©(&m) —c(§)] =

_ al§b(§) [DL(&; )] (O(n,€))
L+ o (e Enl)

(e &l

so that

cla©)e)|
ki(§n)| < ——F—-
BEIS T (6@

Finally, since b is smooth and © is a diffeomorphism,

[a(€) [bn) — B(E)] (DT (€0: )] (©(n,€) | <
< claf€)lIn — € 1DT(&; ) (001, )
< cla(€)]1(0(1,€))| IDT(&o; ) (O(n,©))
cla)
~ e m®

Next, we claim that:

1. If S(&) is a frozen operator of type 1, S (&) maps BMO,, (B,) in
itself continuously;

2. The operator Ty, defined by:

(4.15) RHOZPV/%@WHWM,

with kg (€, 1) as above, maps BMO,, (B,) in itself continuously.

Note that, by the above reasoning, the operator 7' (&) can be written
as Tpy plus a frozen operator of type 1, plus a multiplication operator, which
is continuous on BMO,. Therefore the claim implies Lemma 4.11.
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Proof of the claim (sketch). By definition, a frozen operator of type 1
has a kernel which is the sum of several terms. Using Proposition 2.17 in [5],
each of these terms can be proved to satisfy the assumptions of Theorem 3.5
(continuity of fractional integrals on BMO,,).

Analogously, the kernel kg in (4.15) can be proved to satisfy the as-
sumption of Theorem 3.4 (continuity of singular integrals on BMO,,). Note
that the vanishing property of ky on spherical shells implies the vanishing
property (3.10) required by Theorem 3.4.

Finally, we note that in both these estimates the constant is indepen-
dent of &, according to the “uniform hypoellipticity estimate” contained in
Theorem 2.2 of [4], which in turns relies on the ellipticity assumption on the
matrix a;;. |

This completes the proof of Theorem 4.7.

4.2.3. Interpolation inequalities and proof of Theorems 4.8 and 4.5

The standard technique to get the interior estimate of Theorem 4.8 starting
from the estimate for functions with small compact support (Theorem 4.7)
requires cutoff functions and interpolation inequalities for Sobolev norms.

Lemma 4.12 For any 0 <t < s, £ € RY there exists ( € C§° (RN) with
the following properties:

i. 0<¢<1,{=1o0n B (&) and sprt¢ C B, (£);
ii.

&
(s—t)"

where D¥ denotes any differential operator of the kind 5(:1'1 X

|D*¢| < fork=1,2,3
-
iii. For any f € BMO,,,

|f D¢

C
e = (5 1F | ss0,

fork=0,1,2

and s —t small enough.

We will write
B (§) = ¢ < B;s(§)

to indicate that ¢ satisfies all the previous properties. Note that i) and ii)
can be accomplished as in [5], while property iii) follows by Lemma 2.7.

Comparing ii) and iii) we note that the regularity of ¢ required by the

multiplication theorem for BM O, yields in iii the constant m, instead
of ﬁ which is typical in LP estimates.
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Theorem 4.13 (Interpolation inequality for Sobolev mnorms). For every
R >0,pe€ (1,00), € > 0, there exist positive constants ¢, such that if
f e 5 (RY), f compactly supported in Br(0), then

> Cc
(4.16) |%r| . <elafllso, + = I/ lso,

)BMOq, €

for everyi=1,...,q, where Af =% 1 X?f.

)

homogeneous of degree (2 — Q). Write (4.10) with Lo replaced by A, a a
test function equal to 1 on Bg (0) and f € C5° (Bg (0)). We get:

(4.17) f(&) = BAS(E) + 51/(€)

where Py, S are, respectively, constant operators of type 2, 1 (more precisely,
they satisfy the definition of “frozen operators”, with I'(&y;-) replaced by I).
Applying X; to both sides of (4.10), we get

Proof. Let A* = 377  V;? and let ' be the fundamental solution of A*,

X, f(€) = PLAF(E) + Sof(€),

where P;, Sy are, respectively, a constant operator of type 1 and an operator
of type 0 (in the same sense). Hence, in view of Theorem 3.6 of [5], the
result will follow if we prove that, for any € > 0 small enough,

c
H‘PlAfH*,(p <e HAfHBMOW + s ||f||BMO¢ :

Let k(&,n) be the kernel of P, (. be a cutoff function with B./5(§) < ¢ <
B.(£), and let us split:

PAS(E) = / k(Em) [L— G ()] Af(n) di

p(&m)>e/2

n / k(& m) Af(n) ¢ (n) dn
p(&m)<e
=1 (&) +11(8).

Then, integrating by parts
HO=[ AT GOIHED) () S
p(&m)>e/2
E/ha (&) f(n)dn
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with: .
ho(&m) # 0only if o < d(w,y) <e
7% (§1,m) — b7 (§2,m)| < e(e) d(&1,62)" for any &1, &

From the above properties we have:

u@ww@ﬂsmM@@ﬁ/mwm.

Hence I (§) maps L' in C7 continuously, and therefore BMO,, in BMO,,
with norm bounded by some ¢ (¢), which is readily seen to have the order
of e7¢

To bound 11, let

EM@z/@Kk@mgW@mwn

The point is to prove that
”Teg”BM% <cg” HgHBMOS@ for some > 0.

(This, with ¢ = Af, will imply the desired result). Here we revise the
proof of Theorem 3.5, with the kernel k, (z,y) replaced by k. (z,y) =
k(z,y) ¢ (x,y), ¢ (z,y) asmooth cutoff vanishing for d (x,y) > . Let I, the
fractional integral operator with kernel k.. As in the proof of Theorem 3.5,

we split:
1

— |I.f (x) —7|de = A+ B.
o (r) ][B,«(mo)
Then,if cr < e

A
rw<w|3 )l ="

(as in the proof of Theorem 3.5)

w (r) 1 £l
(for a suitable function w () — 0 for r — 0)
<wi (&) [[flly

for another function wy (¢) — 0 fore — 0. If er > ¢

|f ||1 ady < (5) ||f||*,ap

rfEO

IAI_

r(20) my<s|B

similarly to the proof of Theorem 3.5, for some function wy(¢) — 0 for
e — 0.
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To bound B: if ¢r > ¢ for a suitable ¢, then B =0. If cr < ¢,
IB] < — ][ d (o, )" dx/ £ (9) = foar| + || d
By (o)

% (T) 2r<d(zo,y)<ce |B (zo;y) |1_a d (o, y)ﬁ
= D + Ds.

D, < C][ d (20, )" da |Bee (20)[* | fll. o7~ < e 1 f]l. 03
By (zo)
while, as in the proof of Theorem 3.5,

Dy < w3 (r) 1 fll paro, < wa (@) [1fll paso,

for some functions ws (€) ,wy (), vanishing with . A careful reading of the
proof of Theorem 3.5 shows that all the functions w; (¢) vanish at least as €”
for some positive . This concludes the proof. |

To handle functions which do not vanish at the boundary of the do-
main, we need a more flexible version of Theorem 4.13. However, the un-
pleasant presence, in the right-hand side of (4.16), of the exponent a (gen-
erally greater than 1), as well as the extra-singularity of the constant in
Lemma 4.12iii, with the subsequent lack of homogeneity in the interpola-
tion inequality, forces us to modify the technique used in [4], [5].

By the way, we want to correct a minor mistake which occurs in [5],
where we have stated an interpolation inequality for S*? norms similar to
Theorem 4.13, in the weaker form

IDfIl, < e ||D*f[], +c(e) I £,

Unfortunately, the subsequent arguments in [5] require ¢ (¢) to have the form
c¢/e; this sharper result can be actually proved with a slight modification of
the proof.

First of all, we need the following technical lemma, which is adapted
from [12], Lemma 4.1 p. 27.

Lemma 4.14 Let ¢ (t) be a bounded nonnegative function defined on the
interval [Ty, T1], where Ty > Ty > 0. Suppose that for any Ty <t < s < Ty,
satisfies

A

(4.18) W (t) <Y (s) + s+ B,
(s —1t)
where 9, A, B, a are nonnegative constants, and ¥ < % Then
A
4.19 <cy|—=——%+B|, VI < R<T;
119) w0t Bl ¥h<p<R<T

where ¢, only depends on .
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Proof. Let ty = p,tiy = t; + (1—7)7°(R—p) (i=0,1,2,...), where
0 < 7 < 1is to be determined. From (4.18)

A
¥ (L) <0 (tir) + (I-7) 7 (R—p)]°

+B (i=0,1,2,...).

By iteration,
k—1

A o G
U (to) < ™Y (t) + =) 9T+ BY 9
0 EGIETRS 2
Since 9 < %, we can choose 7 such that 977% = %; then

2 A 3
2

0 _ﬁk k o o
) SO e

For k — +o0, we get (4.19). |

B.

wirno

We can now state our interpolation inequality for functions not neces-
sarily vanishing at the boundary:

Theorem 4.15 For any f € S*?(Bg), 0 < p< R, >0

2 Ca
||Df||BMO¢(B,,) < 0 HD fHBMoq,(BR) + sa (R . p)?a ||f||BMO<P(BR)

where ¢, is independent of f,p, R, 0, and « is as in Theorem 4.13.

Proof. If f € S*%(Bg),0 <t < s < R and ( is a cutoff function with
B, < ¢ < By, applying (4.16) to f(, using Lemmas 4.4ii, 2.7 and 4.12,
we get:

||Df||BMOq,(Bt) <cl||D (Cf)HBMOw(BS)
< e { 116Dl paso sy + IPEDF I pasor s +

+c ||fD2CHBMO¢(BS)} T Ec_i 1l 5ar0,(5.)
1 1
e L
1

Ca
+ (s — t)3 ||f||BMO¢(BS)} + o ||f||BMO¢(BS) .

IDf prro, . +

Next, we pick ¢ = % (s —t)*:
IDf L gaso, 5 < 0 (5 = DD | pasoien + 12 saso, s +

1 C3
e — .
o Wlswro,0 } + 5oy Wl o0
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Let ¢ () = |Dfll prro, (5,)- Then

Cy

2
Y (t) <o (s) + W 1 Baco,mry T 90 |D f“BMOw(BR)

for any 0 <t < s < R, and by Lemma 4.14 we get

Cy
Y (p) < Caw 1/ | 5aso, Ry T Cad ||D2fHBMO¢(BR)

for any 0 < p < R. [ |

Proof of Theorem 4.8. If f € S*% (), Bg C 2, (R small enough to apply
Theorem 4.7),t < R, s = (t + R) /2, and ( is a cutoff function, B; < { < B,
we can apply (4.8) to f(, getting

BMO,(Bs)

HDQf”BMO(P(Bt) = C{HE(fC)H + HfCHBMO@(BS)} <

(reasoning as above)

1 ~ 1
<ol e R,
_C{s—tH f BMO<,,(B5)+(s—t)2 | Hsroqma +

1 1
+ =5 W0, ) + 725 W, o0

Adding HDf”BMO(p(Bt) to both sides, and applying Theorem 4.15 with
§=¢c(s—1)" and p = s, we get

BMO, + € Hf“s?,w(BR) +

P Sy R Ty }
ca (R o t)4a+2 BMOy(BR) (R . t)3 BMOy(BRr) ( -

oo < {7 7]

We fix ¢ such that ce =9 < %, so that

1 lseieco <O lls20 50
C

404+1
* W { H fHBMO +(Br) ”f“BMO*"(BR)} '

Finally, applying Lemma 4.14 we get

ooy < ez { B 2], oo+ W v |-

BMO,(Br)
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for R small enough. This implies (4.9), provided € is d-regular, by the
following argument.

Let @ C UL, By € Uiz Big C Q. Then:

I llsze@) < el llse sy, CZHngw B)

3] HBMO s+ Wl (o

|
c{H o * Wlnose

where: the first and last inequality are (4.5); the second is a consequence
of (4.7), and the third is the estimate we have just proved. This completes
the proof of Theorem 4.8. [ |

Conclusion of the proof of Theorem 4.5. Finally, from (4.9) we can
easily come back to the original (“unlifted”) variables, getting:

(4.20) 1 ooy < e { 1L Isomi@ + 1 asoon )

where now the function f is defined on the domain €2 of R™, the func-
tion spaces S?¥ are defined with respect to the original vector fields X
and the metric induced by these vector fields. (See [5] p. 815 for the details.)

The possibility of comparing BM O, norms in the “lifted” and “unlifted”

context relies on Theorem 1.14 in [5]). This is exactly the assertion of
Theorem 4.5. u

5. Appendix. The commutator theorem on BMO,,

In this section we will describe a result which does not play directly any role
in the previous parts of this paper but, as we have explained in the Introduc-
tion, partially motivates the assumptions we have made on the coefficients
of the differential operator. Moreover, it can be of independent interest.

Let X be a space of homogeneous type of finite measure and K a
Calderon-Zygmund operator on X (see Definition 3.1) associated to a “stan-
dard kernel” k satisfying (3.1), (3.2) and the following weak cancellation

property:
/ k(z,y) dy‘ <c
d(z,y)>r

independent of z,7 > 0. Moreover, assume that k* (z,y) = k (y, z) satisfies
the same assumptions.

(5.1)
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Let C, be the commutator [M,, K],
Cuf = aK f— K (af).

In [6] it is proved that if a € BMO, then C, is continuous on LP (X) for
every p € (1,00), and

1Cafll, < cllall, II£1],-
By Theorem 2.4, this also implies that, for ¢, ¢ as in §2.1 and a € L* N
BMOg, C, is bounded on BMO,, and

(5.2) ICafIsaro, < e {llallo + lall. g} 1fllavo, -

We are interested in proving a similar estimate, with a bound on [|C,||
independent of ||a||; in other words, we want to prove that the operator
norm of C, is small whenever the oscillation of a (but not its absolute size)
is small, in a suitable sense. This result extends, in the same spirit, the
original commutator theorem due to Coifman-Rochberg-Weiss, see [15].

To get rid of the term |[lal|, in (5.2), we have to replace the seminorm
lall, 5 with a stronger one, defined by a new function, even smaller than ¢:

Theorem 5.1 Under the above assumptions, the following holds:

HCafHBM@ <c HGH*,@ ||f||BMO¢
where ()
. r
5(r) = D
14 S, (r) + S, (r)

§¢(r):/TR%(/:‘p£S ds)dt.

Remark 5.2 For ¢ = 1 we get the following result: if a € L*MO (see §1.2),
then Cy, maps BMO in itself continuously, with ||C,|| bounded by the L* MO
seminorm of a. As we have seen in §2.1, this assumption implies that a is
a continuous function. More generally, it is easy to check that, under our
assumptions, the function @ always satisfies the bound

~

p(r) <

5— for small r.
log” r
This, in view of Spanne’s criterion, implies that functions in BMOg are
always continuous (but not necessarily Hélder continuous, nor Dini con-
tinuous). Stegenga [33] and Li [24] have proved that if a € L™ and the
multiplication operator M, is bounded on BMQO, then a € LMO. Since the
continuity of the commutator implies the continuity of M, (and is a strictly
stronger result), the assumption a € L2MO is “almost necessary” for the
commutator estimate.
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A complete proof of Theorem 5.1 is rather long and, essentially, does
not introduce new ideas with respect to the techniques we have employed
in sections 2-3. Therefore, for seek of brevity, we prefer to omit it. We only
observe that to prove the theorem one has to estimate separately [|C, f|],, o
and ||C,f||,. The assumptions on the “adjoint” kernel k* are involved only
in the proof of the estimate

ICaflly < cllall, 171l

given in [6].
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