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Logarithmic derivative of the

Fuler ['-function in Clifford analysis

Guy Laville and Louis Randriamihamison

Abstract

The logarithmic derivative of the I'-function, namely the -func-
tion, has numerous applications. We define analogous functions in a
four dimensional space. We cut lattices and obtain Clifford-valued
functions. These functions are holomorphic cliffordian and have sim-
ilar properties as the i-function. These new functions show links
between well-known constants: the Euler gamma constant and some
generalisations, (#(2), ¢(®(3). We get also the Riemann zeta function
and the Epstein zeta functions.

1. Introduction and Notations

1.1. Introduction

In one real or complex dimension, the finite difference equation
f(z) — f(x +w) = g(z) is satisfied by many basic functions in analysis.

In the case g(x) = 0, we have periodic functions, in case g(z) = —nz"*
we get the Bernoulli polynomials B, (x)

Bn(z) = Bp(z +1) = —na™ L.

Taking g(x) = —1/x, we get the logarithmic derivative of the Euler
I'-function, commonly written ¢(z) = I'(2)/T'(2):

()~ (z +1) = —.

z
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The v function may be written in the form

B 1 11y
o= L )

this shows that it is “half” of the cotangent function.

The cotangent is a generating function of the Bernoulli numbers
bon = (_1)n+lB2n(O)

X 4mp
cotanx = ' — Z @ 2;:62"_1.
n)!

n=1
It is well known that the Taylor series of these functions is related to the
zeta Riemann function:

1 1
imcotan(inz) = — + 2z Z -
z

Now take y € R and compute the real and imaginary parts of it (iy):

R(ip(iy)) = —% - %m cotan(imy)
(i (iy)) :—7—1—2 YRR 2k + 1)y

k>1

Then, y — i1 (iy) has its real part link with trigonometric functions (i.e.
one-fold periodic functions) and his imaginary part is a generating function
for (®(2k + 1). Functions defined by the finite difference equation are basic
in analytic number theory.

The goal of this work is to define and study some special functions but in
a higher dimensional context. First we remark that C is the Clifford algebra
associated to a one-dimensional antieuclidean space. Then, it is natural to
replace C by a Clifford algebra. Second, what is the right choice for the
space of functions? Holomorphic cliffordian functions (defined in the next
paragraph) were designed with special functions in mind.

In this work, we study finite difference equations for 1, 2 and 3 dimen-

sional lattices and obtain generalizations of the functions which are holo-
morphic cliffordian (cf: [LR1])

We want to stress an important fact. For one complex variable real and
pure imaginary are symmetric. From the point of view of Clifford algebras
it is a degenerated case: the vector space is one-dimensional. This explains
that we consider i) (iz), not 1(z).
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1.2. Notations

Let Ry 3 be the Clifford algebra generated by an antieuclidean space of di-
mension 3. Wet take a basis {eg = 1, e1,e9,€3, €;; (i < j), erexes} with
€;€; + €;¢; = _25ij-

S = Rey is the subspace of scalars;

V = Re; @ Rey @ Reg is the subspace of vectors.
All functions in this work are functions f : €2 +— Ry 3 where 2 is a domain

in S @ V, holomorphic cliffordian defined in [LR1]. Recall that f is said to
be left holomorphic cliffordian (H.C.F.) if

VeeQ DAf(x)=0
where A is the Laplacian in R* = S @ V and D is the generalized Cauchy-

Riemann operator
N
D= €; —.

Let w1, ws, w3 be three R-linearly independent paravectors, i.e. elements
of S @ V, half periods of lattices.

We introduce the following translation operators:
(Eif)(x) = f(r —2w;) 1=1,2,3
and the symmetry operator: (Sf)(z) = f(—x).
We get the following commutation relations:
E,E; = E;E; Vi,j E,=E' Vi
And, formally:
Y Er=(I-E)".
neN

Afterwards, g will be an odd H.C.F., that is Sg = —g.

2. Formal series based on 1, 2, 3 dimensional lattices

The aim of this section is to give some algebraic properties of these formal
series, like periodicity or pseudo-periodicity and symmetry.

Starting with an odd H.C.F. we define Z; and H; (i = 1,2, 3) functions
on lattices of 1, 2, 3 dimensions and we study some formal relations. We do
not care about convergence, we work with formal series.

The half lattices we take for our definitions are the same as in the work
of Soeren Krausshar [Kr].

The proofs are easy by using the operators E;, and S.
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2.1. One dimensional lattice
Let Ry = 2Zw; be the entire lattice and ©Q; = {0} U2N*w; be the half lattice,
by deleting zero, Q7 = 2N*w;.

Let’s define Z; and Hy, Z; is odd, periodic of period Z2w;. Z; and H;

are H.C.F.
Zy = Z E?lg
n1€Z
Hi=g+ Y E'g=(I-E)"g.
ni€N*

Proposition 2.1 We have:

(1) (I-E)H =g
(2) (I —SE\)H, =7,

Proof. (1) follows immediately from the definition, but we may compute:

E\Hy = Erg + Z Eptly = Z Ef'g

ni eN* ni eN*
(I-E)H =g+ Y El'g— Y Elg=g
ni eN* ni €N*

(2) arises from:

SE\H, = E;'SH, = E;'(Sg+ Y _ E;™Sg)

n1 €N*
=B (—g- > EMg) = - Y B
ni€N* nieN*
(I-SE)H =g+ Y El'g+ Y E™g=2.
n1EN* niEN* [ |

2.2. Two dimensional lattices

Let Ry = 2Zw1 @ 27w, be the entire lattice and consider the half lattices
Oy = QU (2Zw; ® 2N*wy)
Q) = Q] U (2Zw; & 2N*w,)

Let’s define Z, and H, based on this lattice:

Zy=Y E'Epg= E*Zi, Hy=g+ » Elg+ Y E'Bjg
ni1€Z no€Z ni EN* ni1€Z
no€Z no€N*
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Zy is odd, H.C.F. two-fold periodic of periods 2w; and 2wy, Hs is H.C.F.
and is built by translations of vectors 2wy on the function Z;:

ng EN*

Proposition 2.2 We have:

w

Hy=H, + (I — E) 'Ey 7,
(I -E)Hy =g

(I — Ey)Hy = (I — E,SE)H,
(I — SE\)Hy = Z,

[GAEENEN
T —

A~ /N /N
D

Proof.
(3) One uses the commutation relations in the previous equality.

(4) Start from (3) and proceed similarly.

(I—E\)Hy= (I—E\)Hy+ (I — E) 'Ey(I— E\)Z, = (I — E\)H, = g.

(5) Start from (3) and apply some simplifications. Then one uses (2):

(I—Ey)Hy = (I —Ey)H 1+ EyZy) = Hi+ Ey(Zy— Hy) = Hi— ExSE H,.
(6) First, compute a part making use of (2):

SE\Hy = SE\H,+ Y _ SE\E}Z,

no EN*

SE\Hy = SE\H, + Y  E;"SE\Z,

no €N*

=SEH — Y E™7Z

no €N*

=H -2 - Y E™Z.

na€N*
Second, from this result we may infer using (3):

(I - SE\)Hy, = H, + Z E3Z,—Hy+ 7, + Z Ey™ 7,

ngeN* ng EN*

= E7Z =2,
ne”L [
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2.3. Three dimensional lattices

Let R3 = 27w, @ 27wy @ 2Zws be the entire lattice and consider the half
lattice:

Qg = QQ U 2Zu}1 D QZWQ D QN*Wg
Q; = Q; U 2Zw1 @ QZWQ @ 2N*W3

Let’s define Z3 and Hs based on this lattice:

Zy= Y EPEPEfg= Y EPZ

n1€Z n3€Z
no€Z
n3€”Z
P 1 no ns3
Hs = Hy + E ET'ES?ES®g
ni1€Z
No€ZL
n3€EN*

Z3 is an odd H.C.F. three-fold periodic with periods 2wy, 2ws, 2ws ; H3 is an
H.C.F. and is built by translations of vectors 2ws on the function Zs:

n3eN*

Proposition 2.3 We have:

(7) Hs = Hy+ (I — E3) ' E3Z,
(8) (I -E\)H3 =g

(9) (I — Ey)Hs = (I — E,SE))H,
(10) (I — E3)Hs = (I — E3SE))H,
(11) (I — SEy\)H;s = Zs.

Proof.

(7) can be proved in the same way as (3). This may be taken as definition
for Hs and explains clearly the structure of the function.

(8) same as (4):
(I — E\)Hs = (I — E\)Hy+ (I — E3)'E3(I — E1)Zy =g
(9) same as (5):

(I — Ey)Hy = (I — Ey)Ho + (I — E3) 'E3(I — E»)Zs
= (I — Ey)Hy = (I — E,SE)H,
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(10) make use of (6):

(I—Eg)Hg = (I—Eg)H2+E3Z2 — H2+E3<Z2—H2) — HQ—EgsElHQ

(11) make an analogous computation as in (6):

SE\Hy = SE\Hy+ Y SE\EYZy=SEHy+ > E;™Z,

n3EN* n3zeN*
(I — SEy)Hs = Hy + Z E3Zy — Ho+ Zo + Z B3 7,
n3€N* n3€EN*
= E'Zy=17

n3€Z

3. H,, H,, H3 with converging terms

We now generalize the v function, more exactly the z — 4 (iz) function
to the context of higher dimensional spaces: namely clifford-valued and
holomorphic cliffordian. We take g(x) = —z~! which is an odd H.C.F.
on (S @ V)*. The series which was introduced previously did not converge,
thus we add polynomials which may be called convergence preserving factors
to get absolutely locally uniformly converging series.

Definition 3.1 We introduce the following functions:

Hy(z)= -2+ Z{(n —z) P —nt}

neQy
Hy(z) = —az7 ' + Z {n—2)t—n"t—ntan1}
neQ;
_ o1 1 _ -1 =l -1 11 —1
Hi(z) = -2+ Z{(n—x) —n - —n o axn —n o an an o}
ney

where n = 2njwy or n = 2nywy + 2Nawy 01 1 = 2n4wW; + 2Naws + 2n3ws 18 the
paravector corresponding to the lattice.

If we modify the Z;, Z5, Z3 functions by adding the converging factors,
then we get the (3, (s, (3 functions defined in [LR2] and apply in [LR3]. (In
the classical complex case, it coincides with the Weierstrass ¢ function of
the elliptic functions theory).
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For further computations, we need the (h|V,) operator, which is merely
the derivative in the h direction:

(hV)(x) = h
(R|V)(z™!) = —otha ™t
(Vo) (g(x)) = 2™ ha ™"

We have some commutation relations:
Eio (h|V,) = (h|V,)o E
So(h|V,)=—(h|Vy)oS

where all operators act on the variable x.

Now we look at our previous study but involving converging terms.

3.1. H; and Z; functions

We need a technical trick. We introduce two variables in our functions:

Zi(zy) =gl +y)+ > Efi(gz+y) —g(v)

ny1EL*

Hy(z,y) =gz +y)+ Y El(gz+y) —g(y))

n1 eN*

Of course, we find again our previously defined functions by putting y = 0:
Zy(z) = Z1(2,0) and Hy(x) = Hy(z,0).

We emphasize explicitly the variable, for example:
Eyo H(z,y) = H(z — 2w, y)

Here are some intermediate formulas, useful for the proof of the next
proposition

(12) Hi(—2w,y) =0  Vy

(13) By Hi(z,y) = Hi(z,y) — g(z +y) + E1,9(y)
(14) B Hi(z,y) — By Hi(2,y) = —Ey9(y)

(15) (I — Say)Hi(2,y) = g(x +y) + Zi(=,y)

Proposition 3.1

(16) (I — EB)Hy(z) =2""
(17) (I = SE ) Hi(z) = Gi(x).
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Proof of (12)...(17).
(12)
Hy(—2w1,y) = Eyg(y) + Y (Eﬁj“g(y) - Eﬁjg(y)) =0

n1 eN*

(it is a telescopic sum) and

lim Eflg(y) = lim —(y—2mw) ' =0

ni——+oo ni1—-+00
(13)
By Hi(z,y) = Eyg(z +y) Z En gz +y) — 9(v))

n1 eN*

EyH(z,y) = Y B9z +y) —g(v) + Eng(y)

n1 eN*

= Hi(z,y) — g(z +y) + Eyg(y)

(14) We compare the translation action on the = variable and that on the y
variable. Then we apply (12). This then leads to

EroHi (e, )~ By Hi(z.y) = Y (Bl oly) - B g(y)) = —Eug(y)

ny EN*
(15) Let S,y be the following symmetry operator:
SeyHi(x,y) = Hi(—x, —y).
We obtain
SeyHi(2,y) = Hi(=2, —y)
gz +y)— Y By (9l +y) — 9(v))

ni EN*
([ - Smy)Hl(xay) = g(.’L’ + y) + Zl(xay>
We get a summation on the entire lattice.
(16) Ey.Hi(x,y) = Hi(x,y) — g(x+y); then take y = 0, we get Ey Hy(x) =
Hy(z) — g(x)
(17) Insert y = 0 into (15):
(I = Sz)Hy(z) = g(z) + Z1()
(I —SEy)H, = H, — S(H, —g) following (16)
= H1 — SHl + Sg
=9+2Z1—9="2.
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3.2. H, and Z, functions

In analogy to the previously introduced function, we again introduce the
functions:

Zo(r,y)=gx+y) + > EUEZ(ge+y) —gly) — (€|Vy)g(y))

ni,no€ZL

(n1 nz) (0,0)
Hy(z,y) =gz +y) + > Eii(g(z+y)—gy) — (|V,)g(y))
n1eN*
+ > ERER(g(z+y) — g(y) — (2]V,)g(y))
n1EZL
no€N*

and coming back to one variable functions:

Put E" = EJ" o E}?, then

Zo(x,y) = gz +y)+ Y Ep(glz+y) — gly) — (=[V,)g(y))

neRr;

Hy(z,y) = g(z+y)+ Y Ey(g(z+y) — g(y) — (2|V,)g(y)).

ne

Remark:

The links between Z, and Z; as well as Hy and H; are more intricate
because we have to take care of convergence terms. In particular, the term
(x| Vy)g(y) does not exist in Hy and Z;.

Zy(x,y) = Zy(x,y) — ZE (x|Vy)g(y)

+ Y ERER(g(x+y) —9(y) — (2(V,)9(y))
Hy(z,y) = Hi(w,y) — > Ef3(x|V,)g(y)
+ Y ERER(g(e+y) — g(y) — (2]V,)a(y)) -

no€N*
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We shall need the following equality:
Hy(—2wi,y) = Hi(—2w1,y) + Z By (2wi1Vy)g(y)

n1 EN*
+ Y EUER(9(—2w1 +y) — g(y) + (201|Vy)g(y))-
n1€Z
no €EN*

In particular, for y = 0 we get in view of (12)

Hg(—2w1) = Z (2n1w1)_12w1(2n1w1)_1

n1eN*

+ Z {(—2711(,01 — QTLQ(UQ — 2&)1)_1 + (2n1w1 + 2n2w2)_1

n1EZ
no €N*

+ (2n1w1 4 2n9ws) 12w (201w + 2n2w2)_1}.

Here are some intermediate formulas but useful for the proof of the next
proposition

(18) EvyHa(z,y) = Hz( y) = 9(x +y) + Eyg(y) + By (x|Vy)g(y)

(19) EwHy(z,y) — By Ha(7,y) = —FEyg(y) — By (2[Vy)g(y) + Ha(—2w1,y)
(20) EroHa(z,y) = Ha(z,y) — g(x +y) + Ha(—2w1,y)

(21) (I = Say)Ha(z,y) = g(x +y) + Za(z,y.)

Proposition 3.2

(22) (I — E\)Hy(z) = 271 — Hy(—2w)

(23) (I — SE1)Hy(z) = (o(x) — Ho(—2wy).

Proof of (18)...(23).

(18) Apply the translation action and keep the remaining terms.

(19) Apply the translation action on z, then on y. After that a comparison
of the terms leads to compare term by term:

B Hy(z,y) — E\yHy(z,y) = Er,Hi(2,y) — By Hi(2,y)
— > BN ((z—201)|Vy)gy) + Y Ept(a|V,)g(y)

nq €N* ni €N*

+ 3 BRER(g(z +y - 201) — g(y) — (@ — 201)[V,)g(y)
S

_ Z EXER2(g(z +y) — 9(y) — (2[V,)g(y))-
ni1€Z

no €N*
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Elm H2('r; y) - ElyHQ(xu y) - _Elyg(y> - Ely(x|vg)(y>
— > Ef(—2w|V,)g(y)

n1 EN*

+ Z By Ey{g(z +y —2w) — gl +y) — (—2w1|Vy)g(y)}-
n1E€EZL
no €N*

But this last summation is independent of x because

S B (gla +y — 2wi) — gz +y)) = 0.

ni1€Z
Thus, we get
Z EN By {g(x +y —2w) — glo +y) — (—2w1|Vy)g(y) }
n1€Z
noeN*
= ) EMERZ(g(y — 2w1) — g(y) — (—2w1|V,)g(1)).
n1E€Z
no €N*

At last, in the two series we recognize the term: Hy(—2ws,y).
For the next computation, first notice the equality:
Say © Ery(2]V,)g(y) = By, (2[V,)g(y)
which is a consequence of:

Sy © Ely(x|vy)g(y) = —(x‘vy)g(—y — 2w,)
= (2|Vy)g(y + 2w1) = By, (2|V,)g(y)

(21) SeyHa(x,y) =Sy Hi(x,y) Z B (2]Vy)g(y)

n1 €N*
— Y EME(g9(z+y) + g(y) — (]V,)g(y))-
n1EZL
no €N*

Then we obtain:

(I — Soy)Ho(w,y) = gz +y) + Zo(z,y) — > Epi(z|V,)g(y)

ny1EL*

+ Y ERER(g(z+y) — g(y) — (2[V,)g(y)).

n1€Z
no€Z*

We get a summation on the entire lattice.

For (22) and (23), put y = 0 and we easily get: SHy = Hy — g — Z
and E1H2 H2 g-'-Hg(—le) [ |
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3.3. H3 and Z3 functions

As previously we introduce:

Zs(x,y) =g(z +y) + > ENERER [g(z+y) - g(y)
(n1,n2,n3)€Z3
(n1,m2,m3)7#(0,0,0)
1
— (@[Vy)g(y) = 5(@IV,)°9(9)*g(v)]-
For the sake of clarity, we put:
1
h(w,y) = g(x +y) = 9(y) = (2|Vy)g(y) = 5(|Vy)*g(y)

Hy(x,y) = g(x,y) + > Efih(z,y)

n1EN*
+ > EUERh(zy)+ Y ERERERh(x,y)
ni1€Z ni1,n2€ZL
naEN* n3zeN*

and coming back to one variable functions:

Zg(ﬂ?) = Zg(.CE,O) s Hg(.l?) = Hg(l‘,O)

707

Remark: For the next calculation, it is interesting to give the links be-
tween Z3 and Z,, as well as Hy and H,, because we will use again the

formulas which have been obtained in section 3.2.

ni,ne€Z

(TL1 7n2)7é(0’0)
+ ) ENERER h(z,y)

(n1,n2) €Z2
nsEL*

Hy(z,y) = Ha(z,y) ZE 29(y)

ni eN*

Y ERE LIV el) Y BB A ).

ni1€L (n1,n2)€Z?
no€N* n3€eN*

Let x be —2wy, thus we get Hz(—2wy,y):

Hy(—2w1,y) = Ha(—2w1,y) — Z By l(2Wl|vy)29(3/)
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Here are some intermediate formulas but useful for the proof of the next
proposition:

(24)  EyHs(a,y) = Ha(w,y) — g(x +y) + By [9(y) + (2[V,)g(y)
+ 519, 0(0)]
(25)  EwHs(z,y) — EyHs(2,y) = —Ei, g(y) — E1y (2|V,)9(y)
= By 5019, (9) + Hy(—1,9) + (21V)om 2 Hy(w,9)

(26) E1.Hs(z,y) = H3(x,y) — g(x + y) + H3(—2w1,y)
+ (2| Vi) w=—20, Ha(w, y)(I — Suy) Hz(x, y)
(27) =g(z +y) + Zs(z,y).

Proposition 3.3

(28) (I = EnHs(x) =a7! = Hy(—2w1) — (2[Ve)wm—20, H3(w)
(29) (I = SEV)Hs(x) = (3(x) — Hs(—2w1) — (2[Ve)wm—20, H3(w)

Proof of (24) ... (29)

(24) We use the link between Hs and Hs and we apply a translation ac-
tion on the variable y. In the right hand side of the equality, we use
formula (18) and we group together the terms to get H3 and then we
keep the extra terms

n1 1
Ely H3(Jf,y) - ElyHQ(xuy) - Z Elerl E(x‘vy)2g<y)

n1€N*
- > ELE 5 :c|V) gy)+ > ENERER h(z.y).
n1€Z (nl ’rLQ)EZ2
ng EN* n3EN*

Finally, we immediately obtain:
EvyHs(z,y) = Ha(z,y) — g(:v +y) + Eyg(y) + Ey(2|V,)g(y)
1
- > Ely 5 (@Vy) 29(y) + Euy 5(1‘\%)29(?;)

n1 EN*
- 3 B ER SV, ()

n1€Z
no €N*

+ > ENERE h(zy).

(n1,n2)€Z?
nzeN*
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(25) Furthermore, we get:
Ey, Hy(z,y) — By H3($ y) = Bz Ha(z,y) — Evy Ho(w,y)

- ENEL, :c]V Vely)+ > EpH %(56|Vy)29(y)

niEN* n1 €N*
- Y ELERE, (:c|V + > EEgy 5 (@[V,) ()
n1€Z ni1€Z
no €N* no€N*
+ Y BRERERE.hxy)— Y ERERES h(xy).
(711 n2 EZQ (n1 ng)EZQ
nz€eN* n3€eN*

A termwise comparison of the sums thus leads to:

E.Hy(z,y) — By Hs(x,y) = EipHa(x,y) — ElyHQ(I Y)
Y B 2alV, )+ X B A@l9)Re

n1EN* n €N
Y mpmleaam e+ Y EE e
nel n1€Z
noEN* nz2 el
ni1 mn2 ns3 1 2
+ Y BB Ey (b = 2wy) - hz,y)) = By 5 (2]V,)%9().
(n1,n2)€Z?
n3€N*
In view of
1 ) 1 2
5@ = 2wV, °g(y) = 5(2[V,) g(y)+
1

+ 5(=201[V,)’g(y) + (2[V,)(=21[V,)g(y)
we may infer:

By, Hs(x, y)—Ely Hs(x,y) = —E1y g(y) — Evy(2|Vy)g(y) + Ha(—2w1,y)
-, Ely2 (=201 V,)’g(y) = > BV (x[V,)(=261[V,) 9()

n1€N* nleN*
1 n n:
— By (2] — Y ERER ~(—2w|V,)* g(y)
n1EZL
no €N*
— 3 BRER V) (~2w]V,) gly) + > E’“EWE”B[ (z4y—2w;)
<“;:;3§”

~ (e +9)~ (20 9,)(y) - (419, (~21 Vg 0) — 5 (~21 1V, g(9)]
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Notice that
> ER(g(z+y—2w) —glz+y)) =0.

ni1€Z

Thus, this sum does not depend on x. Therefore it is possible to
substitute g(y — 2w;) — g(y) in the last sum, and we get:

By, Hy(z,y) — Evy H3(7,y) = —Ey, g(y) — By (2|Vy) g(y)
By, LIV, a) + Ho(~2019) = Y B lV,)(~2119,)a(0)

n1 EN*
— > ERER(2|V,)(—2wi|V,)g(y)

ni €72
no €N*

_ Z E”QE”?’ZE (2|Vy)(—2w1|Vy)g(y).

no €72 n1EZ
n3eN* .

Lemma 1
<x|vw)w:—2w1H2(W,y) == 0

Proof.

(2| Vo) Ha(w,y) =(w+y) 'z (w +y)

+ > ERw+y) tewty) " —y ey
n1 €EN*

+ > ERER[(w+y) tew+y) T -y ey

n1E€Z
no €N*
the sum is zero when w = —2w;. [ |
Lemma 2
(2| Vi) wm—ton Hs(w, ) = = Y Ep(2|V,)(—2w1|V,)g(y)
niEN*
— Y ERER(a|V,)(—2w|V,)g(y)
n1€Z
no €N*
— Y ERER > ER(x|V,)(—21|V,)g(y)).
ni1€Z n1€Z

nzeN*
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Proof.
(21Ve) Hy(w,y) = (2Ve) Ha(wy) = ) Ely2 (2]V.) (@I V,)9(y)

n1 €N*
-y E"1E§;2 @IV ([V,) gy + Y B ERERx

n1€Z (n1,n2)€Z2
ngEN* n3eN*

N _ . 1
< [wty) ey —y ey = 5@ VL)(@IVy) e()].
We make the following computation:

1 o
= (#|V)(w|Vy)?9(y) = @[V (—y 'wy lwy™)
2
= —y ey lwy T —y oy ey s = (2] V) (w] V) g(y).
Now we insert w = —2wy, and we get:

(Ve )omtin Ha(w,y) = = Y Efs(2]V,) (@] V,)g(y)

n1 €N*

— Y ERER(2(V,)(w|V,)g(y)
n1EZ
no€N*

— ) ERER Y ER(2|V,)(@|V,)g(v).
no€L ni€”Z
nz€eN* .
We have got the equality (25).

(26) is the result of (24) and (25).
(27) Sa:y H3(l',y) SwaQ z y Z Ely 2 ZL‘|V ( )

ni€N*
n1 ng n1 s r—ns3
+ E EY, By, 2 )+ E By, By By h(z,y)
n1€Z (n1,m2)€Z
no€N* n3zeN*

(28) Insert y = 0 into (26).
(29) comes from (27) and (28)
+ <x|vw)w:—2mH3(w)}
(I — SEv)Hs(x) = g(z) + Zs(x) + Sg(x) — Hz(—2wr)
— (Vi) w=—20, H3(w)
(I — SEl)Hg(l') = Z3(ZL‘) — H3(—2w1) - (m|Vw)w:_2w1H3(w). ]
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4. Asymptotic study of converging factors

In the following paragraphs, we shall take a special lattice, built on an
orthonormal basis. This choice allows us to compute things explicitly. It is
a lattice with “complex multiplication” in the sense of the classical one
complex variable theory. It is an open problem to get explicit results for
other lattices.

Put:
_1 _1 _1
w1—261, W2—262, W3—263

From the following computations we shall get well-known or not so much
well-known constants, in the same manner that the v Euler constant ensues
from the v function. If the series converges, then the constant is simply the
summation of this series. But in case of non convergence, we can expand
the partial sum by using the Euler-Mac-Laurin formula and this expansion
defines a well defined constant. For example, we can expand the sum

N
1 1 1 1
2y IV~ 5y ~ et elR)

n=1

thus this expansion defines the Euler constant . So, for convenience’s sake,
we define

%?fd
r is the dimension of the lattice, d is the degree of the denominator which
is always homogeneous « is nothing or a multiindice according to generic
multivariable of the numerator: We draw attention to the fact that these
numbers are well-known in number theory. The fifth series and the following

ones are values of Epstein zeta functions attached to orthonormal lattices.
But, the point of view here, is to look at them like Euler v-constant.

o
1
V1,1 =7 series E —, Euler constant
n
ni=1
=1
1 = CR(p) series E B values of ( Riemann function.
ni=1 1
(o)
. Z 1
ny+n
ni,ne=1 1 + 2
(o)
71’0 series Mt
2,2
| 2

ni,ne=1
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- 1
V3,2 series E ———
ni+ns+n
ningng=1 1 Ty

o0
71’0’0 series S R 2t
3,2 E , 2 2 2
ns+ns5+n
ninamng=1 1 Tyt 3
o0 - -
: n? +n3 +nj
o series E
3,6 (n? + n2 + n3)3

ni,nz,n3=1

[o¢]
910 , (n? +nd)ns + (n3 + n2)ny + (n2 + n?)ny
s series E ! 2 2 3 3 !
V3,6 (n? + n2 +n2)
ni,n2,n3=1 1 2 3
o0 b
73’0 series E ni + 3
2,6 12 1 2\3
ny+n
pio= (i +n3)
(o]
72’1 series —nln?(nl i)
2,6 2 2)3
ny+n
2 T

4.1. 1, function

The aim of this section is to replace the non convergent series corresponding
to the convergence terms by an asymptotically equivalent function which
is obtained, like in the Euler-Mac-Laurin formula, by an explicit although
hard integral calculus.

The case of the 1 function is well known, and it will be our model for
the 1, and 13 functions.

The comparison between the functions H; and 1); gives us some interest-
ing connection between the previously introduced constants.

1
Here we have w; = — e; with e% = -1
2

We expect to find the well-known 1) function. Following the classical
technique, we use the Euler—-Mac-Laurin summation formula, comparing the
finite sum and the integral:
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Recall this summation formula:

= [ #wde+ (1) + 5)

+Z e (1 ) = 1)

1 n
RCTEST / o (1) (1)

where by, are the Bernoulli numbers and 9,11 is the Fourier series

sin 2nwx
(2nm)?r

para(e) = (-1 2+ 1Y

n=1
which is the periodic extension of the Bernoulli polynomial By, from [0, 1].

1
For f(t) = o) we have:

"1 "1 1 1 1
- = —dt + = (1 + —) + constant + 0<—)
k , 2 n n

k=1

1 1
= In(n) + constant + — + 0(—).
2n n

The substitution of the diverging series containing convergence terms
of Hy by his asymptotic development leads us to the definition:

Definition 4.1

N
P1(z) ZNEIJIFIOO{Z nieg — )" (lnN)el}.

Of course the difference Hy(z) — ¢y (z) is interesting

N—+oco

N
Hi(xz) —¢y(x) = lim (Z% — 1nN>el = ve;.
k=1

It is not surprising to recover the Euler constant.

Be careful about the computation of the 1, function: we are in a Clifford
algebra which is non-commutative!
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4.2. 15 function

Here we have w; = % €1, Wy = % ea  eie; +eje; = —20;;. It is easy to write
down Hs:
Hy(z) = 27"+ > ((mer —2)7" = (mer) ™)
n1EN*
- Z (nie1) 'a(nie)) ™!
n1EN*
+ Y (M- =m =T e w )
n1€ZL
ng EN*

ﬁ .
where n° = nje; + noes . We may write also:

Hy(z) = Hi(z) — 12e1zer + g ((ﬁ> — a:)_l -t = W‘lxﬁ_l)
n1€Z
no €N*

Recall that «; 5 is
S e
k2 6
keN*

Now we use an iterated Euler-Mac-Laurin summation formula, and sub-
stitute the convergence terms by their asymptotic equivalent. First we study

some double sums: For

—_1 —Nni1€1 — N2ty
no = 2 2
ny +n;
we have:
N N N N N N
Y=Y Y a2 Y o S
- 2 2 72— 7 2 2 “27 o2
n n n n n
n1:—N TL2:1 TL1:—N TLQZI 1 + 2 nl,TLQZI 1 + 2 =1 2
Use a process of symmetrization:
N N N
)DIDDEEED PETRC PR R
- 2 2
ny+n n
ni=—N n2=1 ni,na=1 1 + 2 no=1 2
For
2 2

n nmn n
—_1 -1 1 12 2
n'x = e1re+————(e1restesre; )+ —5——5— esres,

(n + n3) (nf +n3)? (nf +n3)?
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we have:
N N N N 9 9
g E wlam T = E E M ejxre; + Le Te
a (3 +nd)2 T (g
n1:—N n2:1 TL1:—N n2=1
N N
= ———— €1X€] + ——5— €37y E — €9X€.
2 2\2 2 2\2 2
n n n n n
mm_l( [+ n3) (ni +n3) o
We then get
N N N 1
— 1 ——
E E nlem Tt = E R (e1xe; + eqwes) + E 629562
n n
ni=—N na2=1 ni,na=1 1 2 no=1 2

To estimate double sums, let’s write Euler—-Mac-Laurin two times for a
symmetric function f(z,y) = f(y,x):

iif(p,q):/1N/1Nf(x,y)dxdy+/1Nf(x,1)dx+/1Nf(a: N)dx

p=1 ¢=1

3 (FLD) + 2N+ FVN) b [ (00 (V) — 0150 )]y

n b_z(alf(N’ N)+ 3 f(N,1) — 01 f(1,N) — &1 £(1,1))

b2 (5’182f(N N) = 29,05 f(1,N) + 9105(1, 1))

// ©3(1)03 f(t,u) dtdu

+6/1 s() (D} f(t,1) + 07 f(t,N)) dt

Lo 33
+ 36 / / ©3(t)ps(u)070y f(t, u) dtdu
1 J1

use the bound: )

lps(t)] < (1 + a)bz
. . . r+y .
Taking this formula with f(x,y) = ——=, we obtain:
2?2 + y?
N

n1+n2 :c+y
>y o p ey
n1+n2 x? + y?

ni=1ns=1

1
+/1 1Ty 2 N2 dy—l—constant—l—O(N)
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Compute the integral:

717

1
// Tty drdy = §(x+y) In(z* +y )—i—xArctan(y) —l—yArctan(x)
Y

xQ—I—yQ

/ ;; 1?; do = = hq(x2 +y°) + Arctan(g).

Finally we get:

ZZ"“F"Q (In2+ 5)N =N 4933 + O(+ Ly

n n
ni=1ns=1 1+ 2

With the same summation formula with f(x,y) = 3
T +y

N N 1
Z Z T / / da:dy + constant + O(N)
1

The classical function Ti is defined by:

1
Ti(x) = / n Arctant dt.
0

Recalling that

also the Catalan constant:
Ti(1) = G = 0,91596559
The Ti function satisfies:

Ve>0 Ti(x)—Ti(2) = gln(x).

Xz

// iny dudy = —%(Ti(g) +Ti(2)).

At last we get the asymptotic formula

AL A | ™ 1

2
n n
ni1=1ngo=1 1 + 2

Then

we get:
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Definition 4.2

o(x) = 1(x) + lim { Z Z <(g+ln2)N—lnN>eg

N—+o0
ni=—N na=1

+ (InN)ey — gln N(ejze; + e2xe2)}.

We also may write:

= z
+(2

Mz

Po(z) =1 (x) + lim { _i

N —+ ln 2)N €9

ni=—N na=1

— g In N(eyze; + egxeg)}.

Now we do the same substraction as we did in the case of the one dimen-
sional lattice. Here, we obtain the Euler constant and some other constants.

Proposition 4.1

Hy(x) — ¢o(x) = ver + (v + 13)e2 — (V12 + 722) (1261 + eames)

with:
1.0 . ni + No
0_ { 2+ Z)N +1 N} ~1,004 ..
V2.2 Nir-rklwzznl n2( + ) i
ni=1n9s=1
and

N N 1
— {
2= lim >, D nZ + n2

ni=1ng=1

—gmN}z—Q&SH

4.3. 3 function
%61, Wy = %62, W3 = %63, €i€; + €€ = —2(5”

In this paragraph, we shall use some polynomials P, (z) introduced in [LR1].
We only need

Here we have w; =

= e1xrey P0020($) = €2x€2 ; P0002(95) = €3x€3
errerxe; ;  Pooso(x) = esweqres;  Pooos(x) = ezxeszes

= ejxrejxrey + ejxresxre; + esxreixre;

O:

w

o

o
~~ I~ —~
— — ~— ~—

= €9LEoXEe3 + €ox€e3T ey + €3TCoTECs.
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719
Making an explicit expansion we get
Hy(x) = —a '+ ) [(mey —2) ™" — (nmyer) ']
n1€N*
— Z nier) tw(nier) ™t + (nier) te(nier) ta(nger) Y
n1eN*
+ Z [(n1€1+n262—$)_1—(n1€1+n262)_1—(n1€1—|—n2€2)_1
n1€Z
ng€N*

z(nie +n262)_1]

— Z (n161 + n2€2)_1

1 1
x(nie; + nges) " z(nie; + noes)

ni1€Z

ng EN*

—_ —_ — — ] =1
+ g [ R U i T A T R T R T

(n1,n2)€Z2
n3€EN*

ﬁ
where W = nje; + ngeq + nses

Hs(x) =Hy(x) + 71,3 Posoo() + Z

Poo:so( )
ni1€Z
no EN*
+ E Pozw()
n1E€EZ
nzGN*
—_ —_ - — 1 ——] ——
+ E A D A DA TR T I
(n1,n2) 622
nz€eN*

Recall that ~; 3 is

1
2
eN*

We get:
nd +n3
Hs(x) = Hay(x) + 713 (P0300(£17) + P0030(33)) + Z (21722)3 Pooso(x)
1y EN* (nf +n3)
na€EN*
nlnz(nl + ng)
+ — 553~ Fo210(7)
P TR
ngEN*
+Y [(@eat e w e -
(n1,n2)€Z?

s
rn 1] .
n3EN*
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—nje1 — Ngey — Nze

. s 161 — N2€z — N3e3

We have to study triple sums: For 7! = R
nj +n3 + nj

N N N N
O S e ET L
- 2 2 2
ns+ns5+n
nl,nQZ—N ns=1 nino=—Nng=1 "1 +ny+ny
N n
3
I—Z—eg— Z pemie L Ik D DR s s
ny+ns5+n
nz=1 nz,n3= 1 nimnamz=1 1 2 3
By a process of symmetrization:
N N N N
—_1 1 N + N3
n = — —€3 — 2 ﬁ €3
n ns—+n
nl,nQ:—N nz=1 nzy=1 3 no,n3=1 2 3
N
4 Z N1 + no + N3 ¢
Q 2 2 2 “3-
ny+ns5+n
3n1,n2,n3 1 1 N2 g
5 n;n
—_ _
For 7w lanm!= E 5 12] g Cile;
i1 (nf + n3 + n3)
7]
N N N N 3 9
—_1, -1 _ ny;
norn = i T 2)2611’62
ne+ns+n
TLl,nQ:—N n3=1 nl,ng——N nz=1 =1 1 2
N N
1 1
= —5 €3Te3 + E 5 (Pozoo( ) + Poo2o() + 2Po002( ))
— N3 . Nyt n;
naz=1 ni,ng=1
N
4 1
+ 5 E 3 (Poz200() + Pooz2o(x) 4 Poooz())
3 ny +n; + nj
ni,n2,nz=1
)
— ] =1 —_ k
For 7w lzntam!'=— L) €;Te;Te
(n2 +n2 +n2)3 J ?
igk=1 V12
N N 3
7l e 3
g E norn g E { n2—|—n2—|—n2)3P0003(x)
nl,TLQZ—N n3=1 nl,ng——N nz=1 1 2 3
2 2

2)3P0021(5C)}

2 2
nj +n;y + nj

)3P0201(£C) - (

(n? 4+ n3 +nj
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N
1 n3 + n3
:—Zﬁpooos ) —2 Z 1 3 P0003()

ng=1"9 n1n31

- ninz(ni + n3)
Z GEREE (Pozo1 () + Pooa ()

4 ny + n3)ns
-5 Z _ (n<1 + n3 +)n3) (P0201( )+ P0021($))

|
Lol

XN: n? +nd +nd (
( 0003 95)

2 2 2\3
ni,nz,n3=1 i ng 713)

Now we write down the three time iterated Euler-Mac-Laurin formula
for a symmetric function f(z,y, 2):

Y fpar) =

p,q,r=1

///fa:y, )dzdydz + = // (z,y,1) + f(z,y, N)) dzdy

+1/1 (f(2,1,1) +2f(2,1,N) + f(z, N, N) da

N /N
— b, / / (a3f($, y,N) — 05 f(z,y, 1)) dzxdy + constant + O(%)
1 1

We deduce:

N

+nj + + 40+ 2 1
Z (m nj + nj /// z? y2 2)3 dxdydz+Constant+O(N).

n? +n3 + n3)3 (22 +y2 + 2

ni,ngz,ng=1

We have:

25 4y 4 2B

/// (x2+y2+ )5 dxdydz

B Z T (y+\/y +z2) Ti<y+\/y2+z2)
T+ Va2 + 22 T+ VvV + 22

p-C-{x,y,Z}

1 T Y 1 T
— - ——— Arctan | —— | — - ———= Arctan | —— | .
8 Va2 + 22 <\/£E2+22) 8 \/y? +22 (\/yz—l—z@)
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At last we get the asymptotic formula:

N

3 3 3
ny +ns + ni 3 3.0,0 1
= —rn(N O(=).
2 (MR +n3+nd? 8 n(N) + 3567+ Ol)

ni,nz,n3=1
In the same way

N

(n1+n2n3 /// x +y
dzdyd tant ‘
Z (n? +n3 +nj)3 (22 + 9% + 2 ) raydz+ constan +O(N)

ni,nz,n3=1

Now we must integrate:

a: +y
dxdyd
/// (@2 + 2 +22) raes

(y+W)_;T (y+\/m>
4 T +
)

T+ V2 + 22 Va2 + 22

xZ
1 T )+1 y Arct ( x )
- —F—— AlCtanl | ———— ).
8 '/ZE2+2:2 T2 4 22 8 /y2+z2 /y2+z2

We have the asymptotic formula:

————— Arctan (

N

(n%—}-n%)n;z, m 1 2,1,0 1
= —In(NV O(—=).
2> (nf+n3+n3)* 8 (W) +37%5" + O(F)

ni,n2,n3=1

Now for the homogeneous terms of degree —2:

N

dxdyd
Z n1+n2+n3 ///x2+y+2xyz

ni,ne,n3=

1
dxd tant
// [1‘2+y T Py +N2] Tay + constan +0(N)

Computation of the integral:

1
[ s dton -

B Z _xTi<z+\/z2+x2> T.<z+\/z2+x2)

pe{mae) Y+ \y? + 22 —y + Yy + 22

e e
24+ y?+1 T+ Va2 T+ Va2

// 1 dndu — T(y+\/y +N2) <y+\/y +N2)
Y x +vVx?2+ N2 x +vVx?+ N2
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The asymptotic formula is here:

N

Y gm0y (T VR e (V)

9 1

The last one is for homogeneous terms of degree —1:

S ny+ng+ng rTHy+z
Z — 5 dadydz
n1+n2—|—n3 2+ y?+z

ni,n2,n3=1
1 N
/ / r+y+ n r+y+ dudy
22 +y2+1 224 y2 + N2

r+1+1 r+1+N r+ N+ N
+— 2 + dx
41 2+141 2241+ N2 224+ N2+ N2
//(a ) ol
2@y 2 vy
tant + O(—).
+ constant + (N)

Computation of the integral:

r+yt+=z 1

p.c{z,y,z}

- x $2+22Arctan( + SYVY + 22 Arctan
v =)

L T(y%—\/y +z2) T<y+\/y2+22)
2 r+ Va2 + 22 —r+V2r+22) |

)

1
//Mda:dy = §(x+y) In(z® +y° + 2°)

2 4 4% + 22
\/:C2+22Arctan( ) VY +22Arctan( )
Va?+ VY2 + 22
ZT<y+\/y +22)+ T<y+\/y2+22>
:c—l—\/x2+z2 —z+Va?+ 22

/M dr = - 1n(m2 2+ A T, <$)

x? 4 y% + 22 N VYR 22
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rT+y+z
dzdy =
//82 (xz—l—y +z2> v

Yy VA
= ———— Arctan +
\/932—|—z2 <\/£E2+22) y? + 22

Arctan(L)
/y2+22
* At( Y ) Y At< i )
— — ATIctan — rctan | ——
(y+\/y +22) (y+\/y +z2>
T+ Va2 + 22 T+ Va?+ 22

Now we have our asymptotic formula:

N
ni + Ny + N3 [3 V2
MmN _ 3054 30/ Arctan Y2
QZ R R A U V2 Arctan =+ 7 ( (V2 + 1)+
n1,m2,n3=

+ Ti((\/§ - 1)2)) - gG - 3—7T] N2+ [% ln§ + 3v2 Arctan g—l—

4 4
. 2 337
+1(T1 (V2+1) )+T1((\/§—1) ) ——G—1—6—3]N
3. m 100
(4 8) In N + 735" + O( ).
We can define the 13 function:

Definition 4.3
Y3(x) = o(w) + NIEEOO{ Z Z '+ InNejg

ni,ne=—N nz=1
3 2
+ 2((% +m2)N — 1nN>e3 + [21115 + 4\/§Arctan§ +Ti(V2+1)?)

+Ti(vV2-1)%) —2G — 7T:| N?e; + [2 11r1§ + 4v/2 Arctan g + Ti(V2+1)?)

+ Ti((v2 - 1)? )—2G—1}Tﬂ—4}Ne3+ (1—6)1nN63

- glnN (Pozoo() + Poozo(a) + 2Poooz())

-2 [Ti ((14—\/5)2) +Ti ((—1+\/§)2) — QG] N(P0200($)+ Poozo(z)+ PODOQ(ZU))
+ 37 In(N) (Posoo() + Poozo(x) + Poooa())

+ ZIHN (P0201<l’) + P0021($)> + Zln NPOOOS('T)}
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Another expression for the 13 function:

Us(z) = o) + ET“{ME_:_N; g %1nNeg+[21ng+

+ 4v/2 Arctan g + Ti((V2+1)?) + Ti((vV2 — 1)?) — 2G — %ﬂ - 4} Nes

+ [2 In ; + 4v/2 Arctan g + Ti((V2+1)?) + Ti((vV2-1)?) —2G —w} NZeq

™
+ § In N (Pogoo(u) + P0020<x))

—9 [Ti (1+v2)?) + Ti (-1 +v2)?) - QG} X
x N (POQOO(LC) + P0020($C) + P0002(«T))
+ 27 In(N) (Posoo(x) + Poozo(x) + Poooz(z))

s T
+ Z IHN (P0201(.%') + P0021<LU)) + Z 1HNP0003<LC)}.

Proposition 4.2

4 100

332

4
- (%,2 + 272+ 3 73,2) (P0200($) + Poozo () + P0002(l‘))

Hy(z) —3(x) = ver + (v +1m2) €2+ (v + 2% + ) €3

4
+7§,’2P0030( )+ (2726 "‘3736 )P0003( )

+ '73,% (P0210(1') + Pooo1(x) + Poogl(:p))
+ 71,3 (Posoo(z) + Pooso(x) + Pooos(x))

—+ 2736 (P0201( )"‘POOQl(:E))

3
with ; ;
3,0 (ng +ny)
Yo,6 = 5 o3
2 Ay
no €N*
and

2.1 Z ning(ny + ng)

Yo, = 2 213
’ ns+n
no€N*
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5. Special values

It is well known that the 1 function verifies
¥(1) =—.
Using our definitions, this relation corresponds exactly to
wl(_el) = —7e1.

So, it seems natural to write some analogous relations with ¥y and 5.
Proposition 5.1 We have the following special values:

1) i(—e) = —ver.

2) ( Ve) o V2(x) = (71,2 4+ 722) (Pozoo(u) + Poozo(u)).

5) ( V. )x, 1 V() = —73’(? Poozo(u) — 273,’3 Pooos(u) — 722,’é Pogio(u)

2
Voo + ’72 ; O) (P0201 (u) + P0021(U))

)

=
(71 3+ 73 6 ) (PO300(U) + Pooso(u) + Pooos (u)) .

Proof. The two first relations follow respectively from H;(—e;) = 0 and
(u |Vx)m:_elH2(x) = 0 written previously.

For the third: —( V2 ) Hs(z) = 0.

r=-—e1

%(u |VI)2 Hj(z) =

— o ur ur T + Z (nie; — ) tu(nie; — ) tu(nie; — )
n1EN*

— Z nier) u(nier)” u(nlel)_l

ni€N*

-1

+ Z (nie1 + ngey — ) u(nier + noeg — 1) tu(nie; + ngey — )7t

n1€Z
no €N*

— Z (71161 + ngeg)_lu(nlel + ngeg)_lu(nlel + n2€2)_1

(n1,n2)€Z?
n3EN*

This is zero when we put x = —e;. [
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6. Conclusion

The functions 9, are holomorphic cliffordian functions. They may be de-
fined by

dul@) = Jim { D7 (- )+ puale N

Here €, n is the subset of the €2 lattice such that 0 < n; < N. The
holomorphic cliffordian polynomial ¢y_1(z, N) is of degree k — 1. With it,
the limit exists. The choice of this polynomial is a consequence of Euler—
Mac-Laurin formula.

These functions may also be defined by

Yp(x) = =2~ + H § Z (n~ta)P n_lﬂ + i Z (ntx)Pn!

p=0 ney p=k neQy

where the symbol [[...]] means that non-converging terms must be substi-
tuted by finite terms in their asymptotic developments.

The ideas and algorithms seems to work for all dimensions. But we think
that this paper would be less understandable if we would write it in general.

Notice that holomorphic cliffordian functions in Ry 3 are defined by a
third order operator unlike holomorphic functions in C which are defined
by a first order operator. The substitution of constants by polynomials of
degree two is clear in formulas giving Hs(z) — ¥3(x).

Proposition 5.1 shows that it is possible to compute special values of 1,
functions, giving links between well-known or not so well-known constants.
It will be interesting to understand more deeply these links.

Connections between 1 and (, studied in [LR2], generating elliptic clif-
fordian functions are described above.

Quote W. Sprossig [Sp]:

“The effective application of methods of Clifford analysis to
partial differential equations needs systems of elementary func-
tions which are Clifford regular and still satisfy most of the prop-
erties which we know from the complex plane”.

Special function for higher dimensional spaces is a program reached in part
in [Sp], [DSS], [So], [LR2], [LR3]. We think that “Clifford regular” should be
understood in the sense of holomorphic cliffordian, it is the case in chapter 2

of [GS].

Acknowledgments: A part of this work has got advantage of discussions
with Driss Essouabri. We thank him.
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